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Vapor-cell spectroscopy is an essential technique in many fields and is particularly relevant for quantum
technologies. Most atom- and ion-trapping experiments rely on simultaneous spectroscopy of two atomic tran-
sitions, employing a separate apparatus for each transition. We demonstrate simultaneous spectroscopy on two
atomic transitions, within a single apparatus, using spatially overlapped beams from two independent lasers. This
method enables compact setups and offers superior spectroscopic performance, leading to sharper spectroscopy
peaks, stronger absorption signals, and superior laser stability. Doppler-free locking features become accessible
over a frequency range several hundred megahertz wider than for standard saturated absorption spectroscopy.
Exploring the full parameter space associated with dual-frequency spectroscopy reveals a latticelike structure
of sharp resonance features, which enhances experimental versatility by allowing laser frequency stabilization
within a wide manifold of locations in two-dimensional frequency space. We present data for 133Cs and 85Rb and
compare our results to a theoretical model. Employing the technique for frequency stabilization close to the D2

line of 85Rb results in an improvement in frequency stability by a factor typically between 2 and 3 for averaging
times of up to 1 s. The technique will advance portable quantum technologies and facilitate high-precision
measurements.

DOI: 10.1103/PhysRevA.108.013521

I. INTRODUCTION

The last decade has seen an explosion of interest in quan-
tum technologies and experiments that exploit the coherent
interaction of atoms with frequency-stabilized laser radiation.
This includes not only growth in laboratory-based precision
experiments [1–3] but also ambitious proposals to test key
aspects of fundamental physics using space-based apparatus
[4–7] and distributed atomic sensor networks [8]; these rely
on precise laser frequency stabilization. At the same time,
the quantum technology sector is finding highly important,
real-world applications for atomic physics techniques in areas
such as subterranean mapping, inertial navigation, and med-
ical imaging [9–14], resulting in the need for compact and
robust systems. Typically, at least two independent lasers are
required, as light resonant with two different atomic transi-
tions, referred to as the “cooler” and “repumper” transitions,
is essential [15].

Herein, we demonstrate simultaneous frequency stabiliza-
tion of two lasers using a single spectroscopic setup, achieving
superior frequency stability compared to standard techniques
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while at the same time reducing the size and complexity of the
required hardware.

Frequency stabilization of lasers for atom-cooling and -
trapping experiments is generally achieved via a feedback
servo that controls the laser diode current and/or other feed-
back parameters. The signal used for this feedback is usually
generated from spectroscopic measurements on an atomic va-
por cell, although a range of other approaches is possible; see
[16] for a full review of active laser frequency stabilization.
A common technique with atomic vapor is based on saturated
absorption spectroscopy [17,18], combined with modulation
of the laser current and phase-sensitive detection of the spec-
troscopic signal [19].

Dual-frequency spectroscopy techniques were previously
applied to stabilize lasers for multistep excitation processes
[20] and the generation of Rydberg atoms [21], in atomic
vapor magnetometry [22,23], and to address atypical atomic
transitions [24]. Herein, we show the utility and unique ben-
efits of the approach in the context of laser stabilization for
cooling and trapping experiments; variation of both lasers’
frequencies opens up a two-dimensional parameter space
where optical pumping effects create a lattice of Doppler-
free resonance features, offering an expanded set of potential
“locking points” at which the lasers’ frequencies can be
stabilized. We show how two lasers can be stabilized si-
multaneously, with improved frequency stability, based on
the resulting spectroscopic signals. This differs significantly
from previous implementations in cooling and trapping ex-
periments, which were based on fixed-frequency modulation
of a single laser source [24–27].
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FIG. 1. (a) Experimental setup used for dual-beam spectroscopy. For clarity, the spatially overlapped laser beams are illustrated side by
side. (b) Level structure for 133Cs, indicating the role of the cooler and repumper lasers. (c) Level structure for 85Rb.

These results are of particular relevance to the burgeon-
ing field of portable quantum technologies [28–31]. Here,
the achievable reductions in size, weight, and complexity
offered by allowing multiple beams to share one spatial path-
way are important. Furthermore, the drive for miniaturization
increases the desirability of using small vapor cells with
correspondingly reduced optical depths [32–35]. Operating
these quantum technology systems outside the laboratory re-
sults in exposure to increased environmental noise, requiring
improvements in signal strength and sensitivity. We analyze
two examples for alkali atoms, 133Cs and 85Rb, which are
frequently used and highly relevant in quantum technologies.
The locking scheme was successfully applied in [30] to create
a magneto-optical trap with 108 Rb atoms, without further
description.

This paper is structured as follows: we describe the ex-
perimental implementation of this technique and present a
rate-equation model that explains its key features. Experimen-
tal results spanning the full two-dimensional (2D) frequency
space associated with dual-frequency spectroscopy are shown,
and simultaneous frequency stabilization of lasers addressing
two different transitions within the same atomic species is
performed. As a result, the frequency stability of these lasers
is found to be up to 3 times better than that achieved using
conventional spectroscopic stabilization.

II. SETUP AND LAYOUT

Consider two orthogonally polarized laser beams from
independent lasers, which are combined and spatially over-
lapped at a polarizing beam splitter. The two beams copropa-
gate through a Doppler-free spectroscopy setup [18], sharing
the same optical components, as illustrated in Fig. 1(a). After
interacting with the cell the laser beams are separated at a
polarizing beam splitter, and their intensities are individually
recorded on separate photodiodes, yielding outputs V1 and
V2. This configuration is chosen as required for most atomic
physics experiments, which rely on two frequencies (cooler
and repumper) for atom cooling, as shown for the examples
of 133Cs and 85Rb in Fig. 1(b).

The frequencies of both beams are tuned close to resonance
with the D2 line of the relevant atomic species, in our case
133Cs and 85Rb: the repumper laser is resonant with transitions

from the lower hyperfine state of the “ground” (S-state) man-
ifold, and the cooler laser is resonant with transitions from
the upper hyperfine state [see Fig. 1(b)]. Throughout this
paper, laser frequencies will always be specified relative to the
highest-frequency atomic transition in their respective mani-
folds, e.g., relative to the F = 4 → F ′ = 5 transition for the
cooler laser for 133Cs.

The use of only a single optical frequency for spectroscopy
on the D lines of alkali-metal atoms results in pumping of the
atomic population into a state not addressed by the pumping
light, just as observed in magneto-optical trapping experi-
ments [15,36], leading to attenuation of the atomic response
and a weaker spectroscopic signal. When light resonant with
both cooler and repumper transitions is present [see Fig. 1(b)],
there are no long-lived, noninteracting states in which atoms
can accumulate; simultaneous use of both lasers therefore
prevents attenuation of the spectroscopic signal via optical
pumping. Figure 2 shows the results of this experiment with
one laser frequency fixed and the other scanned, correspond-
ing to a one-dimensional (1D) slice through the available
parameter space, for 133Cs. Figure 2(a) details the output of
the repumper photodiode, with one laser scanned across the
F = 3 → F ′ = 3, 4, 5 transition (blue line), while light tuned
to −365 MHz from the F = 4 → F ′ = 5 transition is also
present. The full experimental parameters used are given in
Appendix B.

Figure 3 shows a comparable measurement for 85Rb.
Figure 3(a) presents the spectrum measured by the cooler
photodiode, where one laser is scanned across the F = 2 →
F ′ = 2, 3, 4 transition, while light tuned to the F = 3 →
F ′ = 3 transition is also present (blue line). Figures 2(a) and
3(a) clearly show that the use of dual-frequency spectroscopy
(blue line) substantially increases the overall absorption of
the light by the atomic vapor and the size and spread of
the sub-Doppler features in comparison to standard Doppler-
free spectroscopy (gray line). The dashed lines represent a
fit to the Doppler valley, i.e., the expected absorption in
the absence of sub-Doppler features revealed by pump-probe
spectroscopy; the spectroscopic signals are then locally nor-
malized against this fit (a standard approach to removing the
Doppler-broadened absorption and leaving only the desired
sub-Doppler features) and differentiated with respect to the
frequency of the scanned laser to yield the “error signal” S,
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FIG. 2. (a): 133Cs spectroscopy signal V2 from the repumper photodiode [see Fig. 1(a)] while light from the cooler laser, tuned 365 MHz
below the F = 4 → F ′ = 5 transition, is also present in the cell (solid blue line). A standard Doppler-free saturated absorption spectroscopy
signal (gray dashed line) is shown for reference, while the dotted lines are fits to the Doppler-broadened absorption profile in each case. The
addition of light tuned to the cooler transition substantially increases the size and spread of the Doppler-free features. (b) Doppler-free error
signal (see text) resulting from the spectroscopic signals in (a). In both panels, the laser-frequency axis is that of the repumper laser relative to
the F = 3 → F ′ = 4 transition.

plotted in Figs. 2(b) and 3(b); this is the signal typically
used for feedback stabilization of a laser’s frequency based
on Doppler-free spectroscopy, and it is given by S( fi ) =
V −1

DB,i(dVi/dfi ), where VDB,i is the photodiode signal corre-
sponding to the fitted, Doppler-broadened light transmission
for a given laser frequency, Vi denotes the measured photodi-
ode output, and fi is the frequency of the relevant laser.

The comparisons in Figs. 2(b) and 3(b) show how dual-
frequency spectroscopy yields greater error signal sensitivity
dS/df and broader capture ranges (the range of laser frequen-
cies over which the sign of dS/df is unchanged) about the
zero crossings of the error signal, known as the “lock points”
because laser frequency can be stabilized most effectively at
these values. In addition, a greater number of potential lock

points become available over a wider frequency range than
for conventional pump-probe spectroscopy.

III. MODEL AND THEORY

An intuitive analysis of this system can explain the en-
hanced absorption, the increased number of absorption peaks,
and the latticelike structure observed in 2D frequency space,
which is seen Figs. 4(a) and 5(a). When the cooler and re-
pumper lasers are simultaneously resonant with atoms with
similar velocities, the absorption of light from both beams
is enhanced. For copropagating beams the simultaneous res-
onance condition requires that the two laser frequencies are
separated by a fixed amount, thus creating a set of sharp
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FIG. 3. (a) 85Rb spectroscopy signal V1 from the cooler photodiode [see Fig. 1(a)] while light from the repumper laser, resonant with
the F = 3 → F ′ = 3 transition, is also present in the cell (solid blue line). A standard Doppler-free saturated absorption spectroscopy signal
(dashed gray line) is shown for reference, while the dotted lines are fits to the Doppler-broadened absorption profile in each case. The addition
of light tuned to the repumper transition increases the size and spread of the Doppler-free features. (b) Doppler-free error signal (see text)
resulting from the spectroscopic signals in (a). In both panels, the laser-frequency axis is that of the cooler laser relative to the F = 4 → F ′ = 5
transition.
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FIG. 4. (a) Spectroscopic signal V2 from the 133Cs repumper laser photodiode as a function of the frequencies of both lasers. Frequencies
for the cooler and repumper lasers are given relative to the F = 4 → F ′ = 5 and F = 3 → F ′ = 4 transitions, respectively. (b) Prediction of
the rate-equation model for the relative optical absorption cross section per atom from the repumper beam σ2. To guide the eye, pluses indicate
the points where the two lasers are simultaneously resonant with relevant transitions in stationary atoms such that optical pumping effects lead
to diagonal line features; the black pluses represent transitions that produce line features in the absorption of both lasers, while the white pluses
represent cycling transitions that do not heavily affect the absorption of the other laser. The rate-equation model describes the observed key
features very well. The simulation assumes that the intensity of the return beam is always half of that of the incoming beam.

features, similar to those seen in saturated absorption spec-
troscopy, that map out diagonal lines of positive slope in 2D
frequency space. For counterpropagating beams, the same
effect is present, but the sign of the slope is reversed. Since
both copropagating and counterpropagating beams are present
in the vapor cell, the dual-frequency optical pumping effects
can be expected to produce diagonal line features with both
positive and negative slopes. We show below that the full
lattice structure is required for efficient, simultaneous laser
stabilization.

We develop a theoretical model that correctly predicts
the key features of our results and elucidates the underlying
physical mechanisms. For this the transient behavior of atoms
traversing the beam is approximated as follows: we assume
that some fraction of the atoms NF recently entered the laser
beam and remains in an equal mixture of the two hyperfine
states of the 6S1/2 level. The remaining atomic population is

taken to be in a state of dynamic equilibrium. This is a reason-
able approximation, as very few cycles of optical pumping are
required to redistribute the atomic population.

To determine the influence of these “equilibrium-state”
atoms on the spectroscopic signals, we adopt a similar ap-
proach to [37], developing a rate-equation-based model in
which we consider the six-level systems shown in Fig. 1. For
convenience, we label the atomic states A–F , in ascending
order from the bottom of the figure. For now, consider only
a single atom with fixed laser detunings—the thermal distri-
bution of atomic velocities and corresponding Doppler shifts
will be factored in later. We define a set of rate coefficients,
τi j and �i j , such that the stimulated and spontaneous tran-
sition rates between, for example, states E and B are given
by τEBIEB and �EB, respectively, where IEB is the intensity
of the laser light tuned to the relevant set of transitions (i.e.,
cooler or repumper). The spontaneous decay rates for the
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FIG. 5. (a) Spectroscopic signal V1 from the 133Cs cooler laser photodiode as a function of the frequencies of both lasers. (b) Corresponding
theoretical prediction for the optical absorption cross section per atom σ1. Both panels are analogous to their counterparts in Fig. 4 and were
produced under the same conditions.
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relevant transitions are already known accurately; see, for ex-
ample, [38]. To determine the rate coefficients for stimulated
transitions, we equate the steady-state results for the upper
state population produced by our rate-equation model to those
produced by solving the full optical Bloch equations for a
two-level system. For a transition with spontaneous decay
rate �, illumination of detuning δ, and intensity I , with Rabi
frequency �, we obtain

�2/4

δ2 + �2/2 + �2/4
= τ I

2τ I + �
. (1)

Therefore, labeling the dipole matrix element 〈E |x|B〉 be-
tween two levels as XEB, we find that

τEB = �2
EB�EB

4IEB
(
δ2

EB + �2
EB/2

) = e2|XEB|2�EB

2h̄2cε0
(
δ2

EB + �2
EB/2

) , (2)

with similar results for the other transitions. Hence, using each
state’s label to denote the population fraction in that state, the
rate equations governing the system are given by

dF

dt
= (B − F )τFBIFB − F�FB, (3)

with corresponding expressions for the time derivatives of the
populations of the remaining states (see Appendix A). Setting
all time derivatives to zero and the total population across all
states equal to 1, we solve the equations to find the fractional
steady-state populations in each state. The full derivation is
given in Appendix A. Here, we simply quote the result, first
defining the following notation:

γi j = τi j Ii j + �i j, (4)

ki j = τi j Ii j∑
k γik

, (5)

ζi = 1∑
j τ jiI ji

, (6)

and the composite coefficient


 = (kEAγEB + kDAγDB)ζB

1 − (kFBγFB + kEBγEB + kDBγDB)ζB
, (7)

with summations carried out only where explicitly indicated,
over all dipole-allowed transitions. We find that in the steady
state

A =
⎡
⎣1 +

∑
i

kiA + 


⎛
⎝1 +

∑
j

k jB

⎞
⎠

⎤
⎦

−1

, (8)

with the remaining fractional populations given by

B = 
A, (9)

and for the upper manifold

i = kiAA + kiBB, (10)

where i ∈ {C, D, E , F }, as given in Fig. 1.
Having obtained the steady-state populations, we can now

determine the rate of photon loss per equilibrium-state atom
Leq from a given beam as

Leq =
∑

( j − i)τi j Ii j, (11)

where the sum is taken over all combinations of upper man-
ifold states i and lower manifold states j between which
dipole-allowed transitions can be stimulated by the chosen
beam ignoring the negligible stimulation of cooler (repumper)
transitions by repumper (cooler) lasers. The unpumped atoms
can be taken into consideration at this stage as well, yielding

L = (1 − NF )
∑

( j − i)τi j Ii j + NF

∑ 1

2
τi j Ii j . (12)

Equation (12) can be used to determine the rate of atten-
uation of a laser beam by stationary atoms subject to known
illumination conditions. To accurately model a thermal atomic
vapor, the velocity distribution of the atoms and correspond-
ing Doppler shift in each beam’s effective detuning must be
taken into account. This can be done by integrating Eq. (12)
over the atomic velocity distribution, where the dependence
of L on atomic velocity comes in via the dependence of the
values of δi j in Eq. (2) on atomic velocity (due to the Doppler
shift) and the corresponding variation in the values of τi j . We
define Lthermal as the average loss rate of photons from the
beam per atom, given the atoms’ thermal velocity distribu-
tion. In the case of a thermal atomic vapor at temperature T ,
considering only the first-order Doppler shift, this is given by

Lthermal = 1

N

∫ ∞

−∞
L(v) exp (−mv2/2kBT )dv, (13)

where m is the mass of the atoms, kB is the Boltzmann
constant, and the integration variable v corresponds to the
atomic velocity component along the axis of the laser beams.
N = √

2πkBT/m is the normalization constant for the 1D
Boltzmann distribution. Furthermore, one must consider that
there are counterpropagating beams within the vapor cell.
These can be taken into account by summing the contributions
of the different beams to the stimulated transition rates, such
that in the equations above τi j Ii j becomes τi j Ii j (beam 1) +
τi j Ii j (beam 2). Note that for counterpropagating beams the
signs of the Doppler shift on the value of δi j in Eq. (2) will
be opposite for the two beams.

With this substitution made, Eq. (13) can be used to deduce
the mean optical absorption cross section per atom [39]. for a
given laser as a function of both laser frequencies; normalized
against its maximum value, we label the absorption cross
section per atom σ1 and σ2 for the repumper and cooler lasers,
respectively.

The results are shown in Figs. 4 and 5 alongside our
experimental data. The theoretical model explains the key
observed features well. The presence of each beam increases
the strength of the absorption of the other beam and creates
sharp locking features, similar to those seen in saturated ab-
sorption spectroscopy, in a diagonal crisscross pattern across
the Doppler valley. Exact, quantitative agreement requires a
more complex model that is not developed here.

IV. EXPERIMENTAL RESULTS

Figures 4 and 5 show the output signals from the photo-
diodes depicted in Fig. 1(a) as a function of the frequencies
of both the cooler and repumper lasers for the case of 133Cs.
These were obtained by synchronously scanning both laser
frequencies across the relevant frequency range. This results
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FIG. 6. Measured Allan deviation of the frequency of lasers stabilized to the (a) cooler and (b) repumper transitions of the D2 line of 85Rb,
using both dual-frequency (solid blue line) and conventional Doppler-free (dotted gray line) spectroscopy to generate the feedback signal for
laser stabilization. Note that the point of interest is not the absolute degree of stability achieved, but the improvement consistently provided by
employing the dual-frequency spectroscopy scheme.

in the collection of data along diagonal lines in 2D frequency
space. The gray area in Figs. 4 and 5 indicates parts between
the plot axes where no data have been taken.

Figure 4(a) shows the output of the repumper photo-
diode V2 for 133Cs in comparison to the result of the
rate-equation model in Fig. 4(b). An independent frequency
reference was provided by simultaneously directing light from
each of the lasers to a standard saturated absorption spec-
troscopy apparatus. The rate-equation model reproduces the
experimentally observed features well for a 75-mm cell at
298 K. The diameter of each beam was 1.25 mm, with
0.14 mW of cooler light and 0.23 mW of repumper light
present.

Figures 4 and 5 show that the rate-equation model suc-
cessfully explains the key features of the technique and
predicts qualitative trends; the numerical model reveals both
the enhanced absorption and the existence and origins of the
diagonal line features observed. A quantitative comparison is
not attempted due to the simplifications involved in the model.
The core benefits of dual-frequency spectroscopy are clearly
visible in both spectra: the presence of the additional cooler
(repumper) frequency light enhances the absorption signal of
the repumper (cooler) light by the atomic vapor and generates
sharp, sub-Doppler features in a diagonal grid pattern over
a frequency range of about 700 MHz—considerably broader
than the 450 MHz (for the cooler laser) or 350 MHz (for the
repumper laser) over which conventional saturated absorption
spectroscopy produces Doppler-free resonance features. This
enables the technique to be used for frequency stabilization at
a wider range of frequency offsets than is usually possible.

The enhancement of the absorption signal is also shown
in Fig. 2(a). For reference, the blue dual-frequency data
displayed in Fig. 2(a) would correspond to a vertical slice
through Fig. 4(a) at a cooler frequency of −365 MHz, while
the conventional, single-frequency spectrum [gray data in
Fig. 2(a)] would be reproduced by a vertical slice in the limit
of large detuning of the cooler laser. The strong observed en-
hancement of the absorption signal translates to more accurate
laser frequency stabilization by providing a feedback signal
with improved sensitivity and signal-to-noise ratio. This will
be discussed and characterized in the next section.

V. APPLICATION TO LASER
FREQUENCY STABILIZATION

As shown above, dual-frequency spectroscopy offers im-
proved feedback signal strength and sensitivity compared to
conventional spectroscopy. The dual-frequency error signals
allow superior laser frequency stabilization for two lasers
simultaneously, as seen in Fig. 6, which is discussed in more
detail below.

The simplest way to achieve this is to select the correct
locations in 2D frequency space (lock points) at which to sta-
bilize the lasers’ frequencies; in general, the dual-frequency
stabilization signal for each laser can depend on the frequency
of the other laser, but efficient frequency stabilization is pos-
sible at lock points where the local gradient of each laser’s
stabilization signal with respect to the other laser’s frequency
is zero or at a wider range of points through the use of a
composite feedback signal (see Appendix C).

The simplest approach to this, and the one we adopt in our
cold-atom experiment [30,31], is to stabilize the lasers at posi-
tions in 2D frequency space where, to first order in frequency
changes about the chosen point, there is no dependence of the
error signal for one laser on the frequency of the other laser,
i.e.,

dS1

df2
= d2V1

df1df2
= 0, (14)

with the corresponding condition for dS2/df1. Figure 7 shows
the “cross derivatives”—the derivatives of the absorption
strength for one laser with respect to both laser frequencies—
for 133Cs as an example. These are derived as d2σ1/(df1df2)
and d2σ2/(df2df1) from the results shown in Figs. 5(b) and
4(b).

From Fig. 7, one can identify the positions where these
derivatives are both zero and, therefore, independent laser
frequency stabilization (to first order) is possible. The corre-
sponding figure for Rb is given in Appendix D. In particular,
this condition is fulfilled wherever local maxima or minima in
both V1 and V2 are coincident in frequency space. A local mini-
mum in both signal voltages occurs at each of the intersections
of the lines of positive and negative slope in 2D frequency
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FIG. 7. Normalized cross derivatives (see text) of the theoretical optical absorption cross section per atom σ for 133Cs (a) cooler and
(b) repumper lasers, with respect to the frequencies of both lasers, d2σ1/(df1df2) and d2σ2/(df2df1), respectively. Zeros of these derivatives,
such as those that occur at the intersections of the diagonal line features of opposite slope, are locations where the lasers can be simultaneously
stabilized without interdependence of their lock points. The dashed black circles highlight one such point, showing that the zero of the cross
derivative occurs at the same point in frequency space for both lasers.

space that occur in both laser signals; see, for example, the
point highlighted in Fig. 7. This immediately creates a number
of suitable locking points equal to the square of the number of
relevant transition pairings (corresponding to the four black
diamonds that are common to both Figs. 4 and 5). The loca-
tions of these locking points depend only on the frequency
of the two lasers, not on the applied optical power (except
for extremely high or low illumination intensities that would
not be used in real experiments); the method is therefore not
adversely affected by changes in incident optical power. As
an example, for 133Cs this yields 16 potential dual-frequency
locking points, well in excess of the ∼5 plausible locking
points generally usable with conventional spectroscopic sta-
bilization. Furthermore, these lock points are spread over a
frequency range 200 MHz broader than the standard transi-
tion manifold, allowing more flexibility for off-resonant laser
stabilization.

The stability of two simultaneously locked lasers is char-
acterized in Fig. 6 by determining the Allan deviation of the
laser frequencies for averaging times between 0.2 ms and
1 s and compared to conventional Doppler-free spectroscopic
stabilization with otherwise identical system parameters.
The frequency stability was measured by logging the de-
viation of the stabilization signal from zero over a period
of 10 s. Figure 6 compares dual-frequency stabilization to
the F = 3 → F ′ = 3 and F = 2 → F ′ = 3 transitions of
85Rb against individual stabilization to the F = 3 → F ′ = 4
transition and the F = 2 → F ′ = 2 ⊗ 3 crossover transition
[40].

The absolute values of the frequency stability achieved
are within the expected range, being superior to those
measured in systems with a broader response, such as
wavemeter-based stabilization [41] but inferior to those ob-
tained with custom-built, ultrastable laser systems [42,43].
Since our cooler and repumper lasers employ very dif-
ferent hardware—a butterfly packaged-distributed-feedback
laser and an external cavity diode laser, respectively—they
experience different technical sources of frequency instability,
so the differing time profiles of their Allan deviations are not
unexpected.

The improvement in stability achieved through the use of
dual-frequency spectroscopy, within an otherwise identical
system, is clearly visible in Fig. 6 and, for the cooler laser,
corresponds approximately to the improvement expected from
the increase in the gradient of the stabilization feedback signal
over most of the range of averaging times studied. Over a
small range of averaging times on the order of 10 ms the Allan
deviation for the cooler laser becomes comparable using both
single- and dual-frequency spectroscopy; the reason for this
are not fully understood, but it may be related to nontrivial
coupled feedback effects in the laser stabilization electronics
and is likely a technical artifact specific to our experimental
arrangement.

Similarly, the full stability improvement seen for the re-
pumper laser—a factor >10 over most of the range of
averaging times studied—cannot be explained by our model.
The better than expected performance here could stem from
technical considerations specific to our feedback hardware or
from a sharpening of the atomic response by coherent effects
omitted from our rate-equation model.

Going beyond the method described here, a broader range
of locking points can be accessed through the generation of
composite feedback signals that are a function of the outputs
from both photodiodes; this technique is explained in detail in
Appendix C.

For simultaneous laser stabilization using dual-frequency
spectroscopy, both lasers must be brought to and maintained
at frequencies close to the desired locking point while the
feedback control is engaged. If passive laser stability is poor,
this can be slightly more challenging than locking a single
laser. This difficulty can be mitigated with customized control
electronics and user interfaces.

VI. CONCLUSIONS

Our results show that the use of spatially overlapping
beams tuned to different atomic transitions can allow optical
pumping effects to be exploited to enhance signal strength in
atomic vapor spectroscopy. Optical pumping effects lead to a
large number of crossover features, allowing laser stabiliza-
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tion at a greater range of frequencies than via conventional
Doppler-free spectroscopy. The technique provides clear ad-
vantages wherever two frequencies are required and space,
weight, and optical components are at a premium, as well as
in situations where signal strength and frequency sensitivity
are important. This applies to a number of quantum technol-
ogy research areas, ranging from portable devices such as
gravimeters, magnetometers, and atomic clocks to precision
laboratory-based experiments where the accuracy of laser fre-
quency stabilization is paramount.

We provided detailed data on spectroscopy on the D2 lines
of cesium and rubidium in unheated, 75-mm-long cells at
20 ◦C. The enhanced contrast of the absorption signal is par-
ticularly relevant for short vapor cells [34,35,44]. The same
principles demonstrated here will apply within any atomic
vapor that exhibits sharp, saturable optical transitions. In par-
ticular, the absence of a “cycling transition” in lower-mass
alkali-metal atoms (Li, Na, and K), brought about by the small
energy separation of the hyperfine states of the upper manifold
of the D2 lines, suggests that the benefits of avoiding optical
pumping to dark states may be enhanced for these species.

Future extensions of this technique include demodulation
of the signal from one photodiode at the current modula-
tion frequencies of both lasers, thus yielding two different
derivative signals from each photodiode (e.g., dV1/df1 and
dV1/df2 from the cooler photodiode) and enabling frequency
stabilization at almost any point in 2D frequency space. Dual-
frequency forms of modulation transfer spectroscopy [45]
should also be possible, allowing this important technique to
be exploited through current modulation of either one of the
two lasers, avoiding the need for costly electro-optic modu-
lation equipment. Finally, including further laser frequencies
may open up yet more technical possibilities and reveal addi-
tional physical phenomena.

All data necessary to support the conclusions of this paper
are given in the paper. All further data related to this work are
available from the authors upon request.
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APPENDIX A: RATE EQUATION MODEL

We provide the expressions for the time derivatives of the
remaining atomic state populations:

dE

dt
= (A − E )τEAIEA + (B − E )τEBIEB − E�EB − E�EA,

(A1)

dD

dt
= (B − D)τDBIDB + (A − D)τDAIDA − D�DB − D�DA,

(A2)
dC

dt
= (A − C)τCAICA − C�CA, (A3)

dB

dt
= (F − B)τFBIFB + (E − B)τEBIEB

+ (D − B)τDBIDB + F�FB + E�EB + D�DB, (A4)

and

dA

dt
= (E − A)τEAIEA + (D − A)τDAIDA

+ (C − A)τCAICA + E�EA + D�DA + C�CA. (A5)

Then, employing the terms defined in Eq. (1), (2), and
(4)–(7) and setting all time derivatives to zero, as is the case
in the steady state, Eq. (3) and its counterparts above can be
rearranged to give

F = BτFBIFB

γFB
= BkFB, (A6)

E = AτEAIEA + BτEBIEB

γEA + γEB
= AkEA + BkEB, (A7)

D = AτDAIDA + BτDBIDB

γDA + γDB
= AkDA + BkDB, (A8)

C = AτCAICA

γCA
= BkCA, (A9)

B = DγDB + EγEB + FγFB

τDBIDB + τEBIEB + τFBIFB

= DγDB + EγEB + FγFB

ζB
, (A10)

and

A = CγCA + DγDA + EγEA

τCAICA + τDAIDA + τEAIEA

= CγCA + DγDA + EγEA

ζA
. (A11)

Substitution of Eqs. (A6) to (A8) into (A10) then yields

B = ζ−1
B [γDB(AkDA + BkDB)

+ γEB(AkEA + BkEB) + γFBBkFB]. (A12)

Collecting terms in A and B and dividing through by the
coefficient of B, one finds that

B = 
A. (A13)

Now all other state populations can be expressed in terms
of A. As a final constraint, we impose the condition that the
sum over all state-population fractions must be equal to 1.
Expressing all state populations in terms of A and setting their
sum equal to 1 yields Eq. (8). Combining this with Eq. (A6)
to (A9) and (A13) above directly gives all of the steady-state
population fractions.
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APPENDIX B: DETAILS OF EXPERIMENTAL
DATA COLLECTION

During the data collection for Fig. 2 in the main text,
0.37 mW of cooler light, at a fixed frequency of −365 MHz
(relative to the F = 4 → F ′ = 5 transition), was directed into
the apparatus alongside 0.25 mW of repumper light. For
Fig. 3, the same beam diameters were used with 0.17 mW
of cooler light and 0.42 mW of repumper light. The repumper
light was resonant with the F = 3 → F ′ = 3 transition of the
D2 line of 85Rb.

In Figs. 4(a) and 5(a) optical transmission data were
collected across a broad region of 2D frequency space by
synchronously scanning the frequencies of both lasers. Syn-
chronous laser frequency ramps were performed by adding a
linear ramp to the current supplied to each laser diode and
simultaneously ramping the voltage supplied to piezoelectric
transducers that control the alignment of diffraction gratings
used for external cavity feedback. The result is laser frequen-
cies, f1 and f2, described by

f1 = a + bt, f2 = c + dt, (B1)

where t is the time since the start of the ramp, f1 and f2 are the
frequencies of the cooler and repumper lasers, respectively,
and a–d are constant coefficients. The resulting equation ex-
pressing f2 as a function of f1 is

f2 = d

b
f1 +

(
c − da

b

)
. (B2)

This equation describes a diagonal line in the parameter plane
displayed in Fig. 4, with gradient d/b and offset c − (da/b).
By adjusting either of the static frequency offsets, a and
c, data along multiple such lines were collected and used
to build up a full 2D data set as displayed. Note that the
boundaries of the region within which data were collected
consequently form diagonal lines in 2D frequency space,
hence the grayed-out triangles in the corners of Figs. 4(a)
and 5(a). The spectroscopic signals from conventional, single-
frequency spectroscopy apparatus were collected at the same
time for each laser, enabling independent determination of
laser frequency.

APPENDIX C: STABILIZATION WITH NONZERO
CROSS DERIVATIVES

In the main text laser frequency stabilization at selected
locations in 2D frequency space was considered, where the
derivative of each laser’s stabilization signal with respect to
the frequency of the other laser was zero. However, a more
general method exists that enables frequency stabilization at
a much wider range of locations within 2D frequency space.
Consider two lasers with frequencies f1 and f2 generating
corresponding photodiode outputs V1 and V2. We assume that
the currents of the two lasers are modulated at different fre-
quencies to avoid direct cross talk.

Evaluating all derivatives at the chosen locking point, the
gradient of the spectroscopic signal after demodulation S1 is
given by

dS1

df1
= ϑ1

d2V1

df 2
1

(C1)

and

dS1

df2
= ϑ1

d2V1

df1 df2
, (C2)

where ϑ1 and ϑ2 are constants that depend on the param-
eters of the laser current modulation, with corresponding
expressions for the gradient of S2. One can therefore define
a composite parameter χ1 with no first-order dependence on
f2:

χ1 = S1 − κ1S2, (C3)

where

κ1 = ϑ1

ϑ2

d2V1

df1 df2

(
d2V2

df 2
2

)−1

, (C4)

with the value of κ1 being determined by the requirement
that the contributions of the first and second terms in (C3)
to the gradient of χ1 with respect to f2 cancel. Corresponding
expressions exist for χ2. Thus, it is possible to generate a feed-
back signal for each laser that is, to first order, independent of
the frequency of the other laser.

To determine the expected laser frequency stability when
using this approach, one can define the “signal-limited stabil-
ity factor” (MSL), which is equal to the ratio of the sensitivity
of the spectroscopic signal (to changes in laser frequency,
about the desired lock point) in dual-frequency spectroscopy
to the same parameter in a conventional spectroscopic setup;
in this case the SLSF for laser 1 is therefore given by

MSL,1 = dχ1

df1

/(
dScon

dfcon

√
1 + κ2

1

)
, (C5)

where dScon/dfcon is the gradient of the feedback signal
about the lock point in an equivalent conventional saturated

absorption spectroscopy apparatus. The factor of
√

1 + κ2
1

normalizes against the amplification of the feedback signal
that has been performed via postprocessing. One therefore
finds that

MSL,1 =
(

dS1

df1
− κ1

dS2

df1

)/(
dScon

dfcon

√
1 + κ2

1

)
, (C6)

with an equivalent expression for MSL,2. This factor represents
the quality of the frequency stabilization that can be achieved
at any given locking point; lasers can be stabilized with supe-
rior performance to conventional spectroscopy at any location
where both SLSF values exceed 1.

APPENDIX D: CROSS DERIVATIVES
AND LOCKING POINTS FOR 85Rb

By applying our theoretical model to 85Rb, we ob-
tain the structure of the cross derivatives of the optical
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FIG. 8. Normalized cross derivatives of the theoretical optical absorption cross section per atom σ for 85Rb (a) cooler and (b) repumper
lasers, analogous to those shown in Fig. 7 for 133Cs, with respect to the frequencies of both lasers. Zeros of this derivative, such as those that
occur at the intersections of the diagonal line features of opposite slope, are locations where the lasers can be simultaneously stabilized without
interdependence of their lock points.

absorption cross section for this species. Figure 8 shows
the cross derivatives d2σ1/(df1df2) and d2σ2/(df2df1) vs f1

and f2 and highlights suitable locking points for the case
of 85Rb.
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