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We present a numerical study of the active harmonic mode locking (HML) of quantum cascade lasers (QCLs)
in the terahertz (THz) spectral range. This is a recently experimentally demonstrated technique based on the
modulation of the bias current of the laser by radio-frequency (rf) injection, allowing for the generation of
multiple short pulses per round-trip in the QCL cavity. We first study the Fabry-Pérot (FP) configuration,
unraveling the impact of both laser intrinsic parameters and rf injection on the characteristics of the generated
harmonic pulses. Our study demonstrates that the key parameter for the achievement of ultrashort pulses
is the QCL gain bandwidth: by pushing this quantity beyond 1 THz, we reproduce second-order ultrashort
harmonic pulses with a duration of 2.5 ps. This suggests that the combination of the HML technique with
the design of optimized cavities providing a larger gain, such as multistack active regions, can allow for the
generation of narrow pulses approaching the picosecond limit in THz QCLs. Then a direct comparison with
the experiment is presented, which reveals that the introduction of an unmodulated section in the laser cavity is
crucial to considerably reduce the duration of the generated pulses. Finally, motivated by recent observations of
high-contrast localized structures such as optical solitons in free-running ring QCLs, we investigate the formation
of harmonic pulses in these unidirectional cavities. We make a comparative analysis aimed at understanding if
this configuration can guarantee an improvement in the performance of the HML with respect to the FP case. We
find that the intrinsic properties of ring QCLs, such as unidirectionality and the absence of spatial hole burning,
lead to a 1.5-ps pulse duration, promoting these devices as strong candidates for the generation of ultrashort

pulses in the THz range.
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I. INTRODUCTION

Quantum cascade lasers (QCLs) are semiconductor lasers
based on intraband transitions occurring between confined
states in the conduction band of heterostructures made of
narrow (thickness on the nanometer scale) layers of semi-
conductor materials [1]. They are, therefore, unipolar devices.
The emission wavelength and all the characteristics of these
lasers can be chosen by performing band-gap engineering and,
for this reason, emission in spectral ranges not covered by
conventional bipolar semiconductor lasers is achieved. Quan-
tum cascade lasers were first demonstrated in the mid-infrared
(mid-IR) spectral region [2] and then in the terahertz (THz)
range [3], where they represent the only compact light source
emitting high power [4]. In the past decade, the study of the
multimode emission of THz QCLs has experienced a rapid
development, with the experimental observation and charac-
terization of self-generated optical frequency combs (OFCs)
[5], coherent regimes which can be exploited for important ap-
plications in the imaging, communication, and spectroscopic
domains [4,6-9]. More recently, the demonstration of har-
monic frequency combs in the THz range has been achieved,
with the observation of spontaneous formation of multimode
regimes characterized by equally spaced optical lines with the
spacing of a multiple of the free-spectral range (FSR) of the
QCL cavity [10-13]. Moreover, it has been shown recently
that in a long-cavity THz QCL the free-running harmonic
pulsations of the density or carriers result in more stability
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than the fundamental pulses [14]. In both mid-IR and THz
ranges, the spontaneous OFCs are characterized by the coexis-
tence of amplitude modulated (AM) and frequency modulated
behavior, as outlined by theoretical [15-24] and experimental
[5,25-28] works, and therefore present different properties
when compared with the regimes obtained by performing an
active mode locking of the laser. The fundamental active mode
locking of QCLs in the THz region has been implemented by
modulating the bias current of the laser by radio-frequency (rf)
injection. In this case high-contrast regular pulses character-
ized by AM behavior are generated and occur on the timescale
of the round-trip frequency of the laser cavity [29-33]. A
challenging problem related to the generation of these QCL
pulses is the development of strategies to increase their rep-
etition rate and decrease their width, with the long-standing
goal to achieve a pulse duration of 1 ps or lower, in the THz
range. Active harmonic mode locking (HML) constitutes a
possible solution for this problem. This technique is based
on the modulation of the bias current with a frequency which
is a multiple of the beat-note (BN) frequency of the laser. In
this way, depending on the order of the HML, multiple times
faster coherent operation of the laser is actively induced, with
the generation of pulses with repetition frequency which is a
multiple of the round-trip frequency of the QCL. Recently, the
first experimental demonstration of active HML of THz QCLs
has been reported [12,13], paving the way for promising po-
tential applications in high bit-rate THz communication and
photonic generation of microwaves at high frequencies [12].
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In this experiment a Fabry-Pérot (FP) QCL was employed for
the generation of second-order harmonic pulses, characterized
by a measured duration of 25 ps. However, no further experi-
ment and no systematic theoretical study on this method have
been presented so far. This motivates the theoretical analysis
presented in this work, aimed to outline the ideal configuration
for the implementation of the active HML and provide guid-
ance for future experiments. For this purpose, we adopt the
effective semiconductor Maxwell-Bloch equations (ESMBE:s)
[16,17,34], a theoretical model which encompasses the main
features of the interaction between the light and the active
medium of a QCL.

The first part of the work is dedicated to the FP config-
uration. We initially adopt convenient values for the ESMBE
parameters that allow one to reproduce with reasonable agree-
ment the main experimental observations on spontaneous
generation of frequency combs and fundamental active mode
locking in THz QCLs and that also enable the reproduction
of harmonic regimes by modulating the driving current [16].
Using this as a starting point, we investigate the influence
of the intrinsic laser characteristics, tuning « factor, gain
bandwidth, carrier lifetime, and the impact of the rf injection
parameters on the characteristics of the HML in FP THz
QCLs. This analysis leads to a convenient optimization of
the HML performance, with the numerical reproduction of
second-order harmonic pulses with a duration of 2.5 ps.

Furthermore, we simulate the configuration exploited in
[12], establishing a direct comparison with the experiment and
highlighting possible strategies to reduce the pulse duration.
We find out that the introduction of an unmodulated section in
the FP cavity is crucial in order to obtain a pulse duration
around 8 ps, reducing the experimentally measured value of
25 ps by a factor of 3.

Then, motivated by recent experimental observations
of high-contrast pulse-shaped localized structures in free-
running ring QCLs such as Kerr optical solitons [35], we
configure the ESMBE:s for the description of a multimode ring
QCL and we investigate the active HML in this configuration.
We remark that no experimental practical realization of this
technique in ring QCLs has been presented so far, so this
analysis is aimed to outline if these systems could lead to
improved pulse characteristics with respect to the FP case.
In fact, a comprehensive comparative analysis between these
two schemes is proposed, with the result that ring QCLs can
actually ensure some progress in the realization of HML:
High-power coherent sequences of pulses of duration 1.5 ps
are numerically reproduced.

In Sec. II we introduce the ESMBEs for a THz QCL in both
ring and FP configurations and we describe how the HML is
implemented in the numerical model. Section III is dedicated
to the numerical results for the FP cavity. In Sec. IIT A we ana-
lyze the role of the laser intrinsic parameters for a THz QCL in
the achievement of HML, highlighting the points of difference
with the fundamental active mode locking. In particular, we
consider how the values of the o factor, carrier lifetime, and
gain bandwidth impact the generation of coherent harmonic
states when we perform HML. In Sec. IIIB we study the
effect of the rf injection parameters, such as the modulation
depth, the length of the modulated portion of the laser cavity,
and the value of the current in the unmodulated section, with

particular focus on the analysis of contrast, duration, and peak
power of the emitted pulses. Section IV is dedicated to the
analysis of the configuration exploited in the experiment of
Ref. [12]. Section V is about the numerical results for HML
in ring QCLs, and a comparison with the FP case, based on a
large stream of numerical simulations, is proposed. Section VI
summarizes the work.

II. NUMERICAL MODEL

In order to study the dynamics of THz QCLs in the pres-
ence of harmonic modulation of the bias current, we exploit
the ESMBEs. This model was first introduced in [34] for
the description of a broadband ring QCL and then adapted
to the Fabry-Pérot configuration in [17] for the description
of the multimode dynamics of a mid-IR QCL. Recently, it
was used in [16] for the study of a THz QCL in free-running
operation and with active mode locking; in particular, the
fundamental active mode locking was deeply analyzed and
characterized in [16] and it was also shown that this model
allows one to reproduce harmonic pulses when the modulation
frequency is a multiple of the cavity FSR. This model is based
on a phenomenological expression for the optical suscepti-
bility of a semiconductor material and includes a linewidth
enhancement factor, the dependence of the gain and refractive
index on the density of carriers and frequency. In the FP case,
it also encompasses the spatial hole burning (SHB), account-
ing for the dynamics of the carrier grating present in this
configuration [7,8]. In this work, we study the HML in both
ring and FP QCLs and therefore we introduce the ESMBEs
for these two configurations.

A. Effective semiconductor Maxwell-Bloch equations
for Fabry-Pérot QCLs

The full set of ESMBEs for FP QCLs adopted in this work
is [16,17]
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where E*(z,t) and E~(z,t) are the forward and backward
envelopes, respectively, for the electric fields propagating in-
side the cavity; P(j' and P; are the forward and backward
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FIG. 1. Fabry-Pérot QCL configuration under rf injection. Here
Lc is the length of the portion of the cavity with constant value of
the bias current (dc operation). In the cavity section between z = Lc
and z = L the rf injection is implemented and the bias current is a
sinusoidal function of the time. The E* and E~ are the forward and
backward fields, respectively, propagating inside the laser cavity.

polarization envelopes, respectively; Ny is the density of car-
riers at zeroth order; N1+ and N, are the first-order carrier
density terms, which reproduce the carrier grating due to SHB
occurring in the FP resonator furthermore; v is the group
velocity; op is the waveguide loss; « is the linewidth enhance-
ment factor; Spom is the full width at half maximum (FWHM)
of the gain spectrum in the limit of the two-level system (i.e.,
where we consider o < 1); fo is the differential gain; &g is
the vacuum dielectric permittivity; ¢y, is the relative dielectric
constant of the QCL active medium; / is the bias current; V
is the volume of the QCL active medium; t. is the carrier
lifetime; and the coefficient g is expressed by the equation
¢ lwoNpFC, 7
2eon,C
where N, is the number of stages of cascading structure, wg
is cold cavity frequency closest to the gain peak and it is
used as a reference frequency, I'. is the optical confinement
factor, c is the speed of light in vacuum, and n, is the effective
background refractive index of the medium. The boundary
conditions for the FP cavity are

E~(L,t) = vVRET(L,1), (8)

E*(0,1) = VRE (0, 1), )

where R is the reflectivity of each facet of the QCL (we
assume a symmetric configuration) and L is the cavity length.
We want to implement a sinusoidal modulation of the bias cur-
rent into a portion of the laser cavity, while the other portion is
kept at the constant value of the current /. In fact, several the-
oretical and experimental studies about the QCL dynamics in
the presence of rf injection have shown that this configuration
enables the emission of a train of single-peaked high-contrast
pulses [16,34,36-38]. This configuration is shown in Fig. 1.
The bias current in the laser cavity is then expressed by

if0 < z< Le

. (10)
ifLc <z<L,

Iy
I(z,t) =
@) {I() + 15 cos(2m Qmt)

R<1 1

R=1 1

|:] dc operation

- rf injection

FIG. 2. QCL configuration under rf injection in a unidirectional
ring cavity. We suppose three mirrors with reflectivity R = 1 and
one mirror with reflectivity R < 1, which enables a portion of the
light to escape from the resonator. Similar to the FP case, Lc is the
length of the cavity section with constant value of the bias current
(dc operation), while between z = Lc and z = L the bias current is
modulated through rf injection.

where [ is the central value of the current, I is amplitude of
the modulation, and €2 is the modulation frequency. Since
we want to implement harmonic mode locking, the modu-
lation frequency is a multiple n of the beat-note frequency,
ie., Qv = nfpN. Furthermore, the parameter p =1 — LTC
represents the portion of the cavity where the rf injection is
applied.

B. Effective semiconductor Maxwell-Bloch equations
for ring QCLs

In addition to the FP resonator, we also study in this work
the unidirectional ring QCL. A scheme of this configuration
is shown in Fig. 2. The ESMBEs for this system can be
retrieved starting from Eqgs. (1)—(6), by assuming the hypothe-
ses specific to the ring configuration. The unidirectionality
implies that a single propagating field is considered, lacking
the counterpropagating wave. Therefore, we impose

E~ =0, (11
Py~ =0. (12)

Furthermore, the absence of a standing wave in the cavity
prevents the onset of the SHB, so we can eliminate the dy-
namical variables describing the carrier grating, imposing in
Egs. (1)-(6)

N, =0, (13)
N~ =0. (14)

Then we can remove the superscript +, so that the electric
field is named E, and we can write the ESMBEs for a ring

013501-3



SILVESTRI, QI, TAIMRE, AND RAKIC

PHYSICAL REVIEW A 108, 013501 (2023)

TABLE 1. Effective semiconductor Maxwell-Bloch equations’
parameters.

Parameter Value
length of the laser cavity L =2 mm
effective refractive index n.=3.6
confinement factor r.=0.13
mirror reflectivity R=03

fo=7x107% um?

V =3.6 x 10° ym?
N, =90

Vo = 3THz

o =3.8cm™

differential gain

volume of the active region
number of stages

central emission frequency

waveguide losses !

QCL:
oE 10E oy,
— 4+ —— = —Z=E + gP,, 15
0z + v ot 2 + 8 as)
PR : : :
FTi 7 8hom (1 + ia)[—Poy + ifocoepr(1 + i )NoE], (16)

Wo _ L No @ ipop, — ERY (17)
ar eV 1, 4h 0 o+
Finally, we complete the model with the boundary condition

characteristic of this scheme (for further details, see [39]):
E(0,1) = VRE(L,1). (18)

We remark that in [34], Eqgs. (15)—(17) are coupled with a
different boundary condition, with R replacing +/R in Eq. (18).
This is due to the fact that a different configuration is ana-
lyzed. In fact, in [34] two mirrors with reflectivity R < 1 are
considered in the ring scheme, while in Fig. 2 we assume a
single region of coupling with the outside, associated with one
reflection coefficient R < 1. We chose to study the scheme
in Fig. 2 because it closely matches recently implemented
experimental configurations for ring QCLs [7,8,35,40]. Since
this work is aimed at investigating active HML, with the
introduction of the rf injection in a portion of the QCL cavity
(see Fig. 2), the bias current is expressed also in this case by
Eq. (10).

III. NUMERICAL RESULTS FOR FABRY-PEROT QCLS

This section is dedicated to the numerical results obtained
by integrating the ESMBEs (1)-(6) with the boundary condi-
tions (8) and (9) and the bias current expressed by Eq. (10),
modulating at multiples of the round-trip frequency fzn,
which is extracted from a 1-ps-long free-running simulation
with constant bias current / corresponding to the central value
Iy implemented in the rf injection. In all the performed sim-
ulations, the parameters shown in Table I are fixed and the
value fgn is about 20.8 GHz. The numerical method used
for integration of the differential equations is based on a
finite-difference scheme, discretizing in both time and space
[17,41]. The same numerical method has been also used to
integrate the ESMBEs in the ring configuration. The param-
eters of Table I have been chosen because they are typical of
THz QCLs [8] and they allow us to correctly reproduce the
multimode dynamics of these devices in free-running oper-
ation and with fundamental active mode locking (see [16]),

providing reasonable agreement with the experimental results
available in the literature. The aim of the study proposed in
this section is to highlight the role of the other parameters,
which belong to two categories: the laser parameters, such as
the « factor, carrier lifetime 7., and gain bandwidth, and the rf
injection parameters, such as the current in the unmodulated
portion, the modulation depth, and the length of modulated
section of the cavity. We want to investigate how variations
of these parameters influence the achievement of harmonic
active mode-locked pulses and their characteristics. In par-
ticular, we characterize these power pulses by considering
their duration, measured as the FWHM, and their contrast,
defined by

S=Pmax_Pmin’ (19)

Pmax

where Py, and P, are the maximum and minimum values
of the output power, respectively.

A. Effect of laser intrinsic parameters

We want to investigate the role of the laser parameters and
in particular our analysis begins with the « factor. In [16] it
has been shown that with the parameters of Table I and by
considering t. =5 ps [7], dhom = 0.32 THz, and o = —0.1
[42] it is possible to obtain a sequence of harmonic pulses by
modulating the bias current at a multiple of the BN frequency
nfpn, with a reduction of the contrast of these pulses with
respect to the case n = 1, where contrast 1 is reported; fur-
thermore, the obtained numerical optical spectrum for the case
n = 2 resembles the experimental one reported in Ref. [12].
We remark that the exploited value of o is in agreement
with typical values of gain bandwidth reported in the liter-
ature for a THz QCL [14,31]. In this case the value of the
threshold current is Iy, = 650 mA. We recall that, since the
actual gain bandwidth is given by the sum of 8,y and an
a-dependent term, an increase of « at fixed Spon, implies an
increase of the gain bandwidth. However, the o-dependent
contribution is a minority compared to dpom (see [17]), and
its increase with the linewidth enhancement factor (LEF) does
not affect our statements. The exploited rf injection parame-
ters are In = 1.541y,, Iy = 1.541y,, and p = 0.5 (half cavity
modulated). Corresponding to this set of parameters, we re-
port lasing for Iy > Ig; = 0.54[y, and harmonic pulses for
Iy < Iz, = 0.691y,, so for the simulation results shown in the
following, we fix Iy = 0.62l,, at the center of the interval
delimited by Iy, and Ig,, where the active HML occurs. More
details about the role of I for the laser dynamics will be given
in Sec. III B. An example of the experimental realization of
active mode locking in a QCL with Iy < Iy, was reported
in Ref. [38]. Moreover, we would like to mention that the
considered value of I5 has been chosen according to recently
performed experiments in the presence of strong rf injection,
which have shown that high values of the modulation depth
favor the emission of a regular repetition of short pulses [43].

If we fix these values for all the parameters, but we vary o
between —0.1 and 1.1, in steps of 0.3, we obtain the scenario
shown in Fig. 3. In this figure we show the temporal evolution
of the normalized output power (obtained by dividing the out-
put power of each time trace by the maximum output power
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FIG. 3. Effect of the o factor on the laser dynamics under rf injection. The temporal evolution of the normalized output power is shown
for different values of a: —0.1, 0.2, 0.5, 0.8, and 1.1. (a) and (c) Modulation at the BN frequency for a time interval of (a) 5 ns and a zoom in
on (c) 0.5 ns. (b) and (d) Modulation at twice the BN frequency for a time interval of (b) 5 ns and a zoom in on (d) 0.5 ns. Simulations were
performed for the parameters of Table I and 7. = 5 ps, dhom = 0.32 THz, Iy = 1.54Ly,, In = 1.541y,, I = 0.621y,,, and p = 0.5.

for that time trace) for different values of «, corresponding to
fundamental and harmonic active mode locking. We display
the normalized power instead of the power, because a change
of o implies a change of the maximum power, so the com-
parison between the different waveforms appearing in each
panel of Fig. 3 would be difficult and not efficient at all. From
Figs. 3(a) and 3(c) we can observe that if the modulation fre-
quency is fpn (fundamental active mode locking), the pulses
are stable with respect to changing «, and for all the cases we
report a train of single-peaked power pulses with contrast 1.
Conversely, if we implement HML at a modulation frequency
2 fn the situation drastically changes, as it can be observed
in Figs. 3(b)-3(d). In this case, for the two lowest values
of « we report regular harmonic pulses with contrast about
0.5, but then for higher values we observe the occurrence of
power amplitude modulations on the nanosecond timescale,
which implies a loss of coherence [Fig. 3(b)]. A zoom in on
a time interval of 0.5 ns [Fig. 3(d)] shows that the increase
of o causes a loss of the repetition frequency corresponding
to 2 fgn and the occurrence of dynamics on the fundamental
round-trip frequency. We can explain this result by consid-
ering that the presence of a nonzero « factor in QCLs is
one of the mechanisms which favors the occurrence of dense
multimode dynamics. In fact, larger values of « correspond to
an increase of the coupling between phase and amplitude of
the electric field propagating in the FP resonator, leading to
higher modal competition [7,27]. For this reason, an increase
of this parameter beyond a certain threshold value which
depends on the other laser parameters favors the occurrence
of irregular unlocked regimes, as previously pointed out in a
theoretical investigation on self-starting OFCs in these devices
[17]. Then, also in the case of HML, for a high value of « the
system is not able to support the propagation of coherent har-
monic pulses, and multimode unlocked states characterized by

oscillations at the fundamental beat note are observable. This
result suggests the coherence of the pulses in rf injected FP
QCLs if favored by « lower than a threshold value and that
therefore an experimental implementation of this technique
can be more easily achieved in THz QCLs than in the mid-IR
region, where higher values of this parameter are reported in
the literature [7,8].

Let us explore how the value of the carrier lifetime influ-
ences the HML. In this case we fix all the parameters as in
the previous analysis concerning the role of « and we vary
the carrier lifetime 7. between 1 and 13 ps in steps of 4
ps. In this analysis we set @ = —0.1. Since the variation of
the 7. implies also a variation of the laser threshold Iy, in
order to have consistency between the results we consider
for all the performed simulations Iy = 1.54L,, In = 1.54Ly,
and Iy = 0.621,, where Iy, is different for each considered
value of the carrier lifetime. Also in this case we decided to
represent the normalized output power, because a change of
the carrier lifetime implies a change of the maximum power,
which would make a comparison between the set of time
traces appearing on the same panel difficult. The results of
our numerical investigation are shown in Fig. 4(a), where, as
already mentioned, the normalized output power of the QCL
under a modulation of the current at frequency Q2 = 2 /gy is
presented. We note that an increase of 7. causes a reduction of
the contrast [note that in Fig. 4(a) the minimum of each curve
increases with 7., while the maximum is fixed to 1 because
of the normalization] and for the highest value t. = 13 ps the
regular repetition of harmonic pulses is lost, with two adjacent
peaks corresponding to slightly different values of the power
[see the inset in Fig. 4(a)]. If we calculate the FWHM of
the pulses, we notice that for t, = 1 ps we obtain a mini-
mum pulse duration of 10.29 ps, while the FWHM increases
by increasing the value of the carrier lifetime, as shown in
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FIG. 4. Effect of the carrier lifetime 7. on the laser dynamics
under rf injection modulating at 2 fgn. (a) Temporal evolution of the
normalized output power for different values of z.: 1, 5, 9, and 13
ps. The inset shows a zoomed in view of the temporal power trace.
Simulations were performed for the parameters of Table I and
oa=—0.1, 6Som=0.32 THz, Iy=1.54ly, I = 1.541,,
Iy = 0.621y,, and p=0.5. Here RT denotes the round-trip
time. (b) Calculated pulse width (FWHM) for the harmonic regimes
presented in (a).

Fig. 4(b). For the highest value 7. = 13 ps we report a pulse
duration of 11.8 ps. Therefore, when the dynamics of the laser
occurs on a faster timescale (lower carrier lifetime), also the
system is able to support more efficiently a regular emission
of a fast train of pulses and both the contrast and duration
of these pulses are improved. Conversely, this effect vanishes
if we consider the case n = 1 (modulation at the round-trip
frequency): In this case we verified that the system is able to
support a sequence of pulses with repetition frequency fgn
and contrast 1 independently of the considered value of the
carrier lifetime. Furthermore, we remark that the values of
pulse duration found have the same order of magnitude as the
experimental pulse width reported in [12]. The experimental
value (about 25 ps) is slightly higher than the duration of our
simulated pulses, but this can be justified by considering that
the laser cavity length exploited in the experiment is 6 mm,
while we are considering a QCL 2 mm long: In the presence of
a longer round-trip time, it is expected to have a longer pulse
duration, but the orders of magnitude should be in agreement.

Finally, we want to analyze the effect of the gain band-
width of the QCL active medium on the performance of the
harmonic active mode locking. As shown in Figs. 3 and 4,
for §pom = 0.32 THz we report second-order harmonic pulses
characterized by a duration of about 11 ps and a contrast
around 0.5. We want to understand if these characteristics can
be improved by increasing the gain bandwidth of the QCL.
We fix then @« = —0.1 and . = 5 ps and we choose a higher
value of the homogeneous gain bandwidth 8y, = 0.80 THz,
which is comparable to the values of the gain bandwidth for
a THz QCL reported in the literature, obtained by exploiting
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FIG. 5. Irregular dynamics in the temporal evolution of the
power for bias current modulation at (a) fgn and (b) 2 fgn for Spom =
0.80 THz, &« = —0.1, 7. = 5ps, In = Iy = 1.54ly,, Iy = 0.621y,, and
p = 0.5. The other parameters are as in Table 1.

particular QCL cavity designs, such as a planarized waveguide
[44] or a multistack active region [45]. We remark that these
solutions also allow us to obtain a gain profile wider than
1 THz. If we exploit the same rf injection parameters as
in Figs. 3 and 4, we do not obtain a coherent sequence of
pulses, but irregular regimes characterized by strong power
oscillations, for both conventional [Fig. 5(a)] and harmonic
[Fig. 5(b)] active mode locking. This is due to the fact that
if we increase the gain bandwidth, the dynamical scenario
for the free-running case changes, and for the value of the
bias current I = Iy = 1.541y,, we report an irregular regime
corresponding to the new value of y,y,. Therefore, the initial
condition (the dynamics in free-running operation) plays a key
role in the achievement of the coherence also in the presence
of rf injection. We verify that coherent regimes are again
obtained with active mode locking if we set [ inside the new
comb region for the case dpoy = 0.80 THz. According to this,
we choose as a working point for our analysis Iy = 1.08,,
where the QCL emits a self-starting OFC regime, in order to
be in the same condition as the previously discussed simu-
lated case obtained for 8poy, = 0.32 THz. If we choose Iy =
Iy = 1.081yy, Iy = 0.92Iy,, and p = 0.67, we obtain a train
of pulses with contrast 1 modulating at n = 2 (blue curve in
Fig. 6), which is compared with the power temporal evolution
for the case Snom = 0.32 THz (red curve). We note that the
increase of the gain bandwidth implies the passage from a
quasi-cw behavior to a set of high-contrast pulses, which is
also accompanied by a reduction in the pulse width (12 ps in
the $hom = 0.32 THz case and 5 ps when 6o, = 0.80 THz).
This is due to the fact that if the gain profile is larger, we
have a decrease of the suppression ratio between the central
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FIG. 6. Harmonic mode locking for different values of the gain
bandwidth. The temporal evolution of the output power for a second-
order HML is performed for 8y, = 1.44 THz (black curve), dpom =
0.80 THz (blue curve), and 8y, = 0.32 THz (red curve), displaying
adecrease in the pulse duration (measured as the FWHM) as the gain
bandwidth increases.

mode and adjacent modes in the optical spectrum (which are
displaced n times the FSR of the laser cavity) and therefore the
side modes experience a gain closer to the central frequency.
For this reason, the power does not exhibit a cw-like behavior,
and higher contrast is achieved. If we increase the gain band-
width to dpom = 1.44 THz, we still obtain regular pulses with
contrast 1 (black curve in Fig. 6) and we can shorten them
to 2.5 ps, a value significantly lower than the experimental
measurement reported in [12]. We mention that the duration
of our simulated pulses is also lower than the minimum pulse
width reported in fundamentally active mode-locked THz
QCLs [46]. We understand, therefore, that while a reduction
of the carrier lifetime implies a limited improvement in the
pulse duration [see Fig. 4(b)], the gain bandwidth is the key
parameter to be optimized in order to reach ultrashort pulses
by using active mode locking in THz QCLs. New solutions
for cavity design which provide a larger gain profile, such as
multistack structures [45], are therefore essential to approach
the picosecond limit. We finally remark that an increase of
the gain bandwidth corresponds to a reduction of the polar-
ization dephasing time 74, which is related to 8y, through the
equation 8pom, = — . Therefore, our results show that a shorter
value of 74 (larger gain bandwidth) enables the system to
support the coherent formation of pulses of shorter duration.
Furthermore, an increase of the gain bandwidth enables more
optical modes to participate in the pulse formation, with a
consequent reduction of the pulse width.

B. Effect of rf injection parameters

We are interested in discussing the effect of the rf injection
parameters on the harmonic active mode locking. In particu-
lar, we want to consider the role of the modulation depth I,
the dc Iz in the unmodulated section of the laser cavity, and
the portion p where the 1f injection is implemented.

Figure 7 shows an analysis of the pulses by modulating at
Qm = 2fpN- In this simulation we swept Ix between 0.3l
and 1.541y, by keeping Iy = 0.62[, and modulating half the
cavity. Concerning the laser parameters, we use the values
in Table I and &pom = 0.32 THz, « = —0.1, and 7. =5 ps.
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FIG. 7. Effect of the modulation depth I, variation on active
HML for the case n = 2: (a) pulse width, (b) power peak, and (c) con-
trast as a function of . Here o, = 0.32 THz, « = —0.1, 7. = S ps,
Iy = 1.541y,, Ig = 0.621,, and p = 0.5. The other parameters are as
in Table I.

These values of the QCL parameters are kept fixed for all
the simulations presented in this section. We note that by
increasing the modulation depth, the contrast [Fig. 7(c)] and
the power [Fig. 7(b)] of the pulses are improved and also
a decrease of the pulse width occurs [Fig. 7(a)]. Therefore,
the modulation depth plays a key role in the improvement of
the characteristics of the harmonic pulses, analogously to the
scenario obtained for fundamental active mode locking [16].
In Fig. 8 we show how the second-order HML is affected
by a variation of the current in the unmodulated portion of
the cavity I, by fixing all the other parameters for laser and
rf injection. We consider as a minimum value Iy = 0.541y,,
since for lower values of /g we do not have emitted power by
implementing the rf injection with the exploited parameters,
and as a maximum value Iy = 0.691,, because for higher val-
ues we lose the coherence of the sequence of harmonic pulses.
We note that maximum power and contrast are improved by
increasing Ig, and the pulse duration slightly decreases, with
values around 11 ps for all the performed simulations. These
values have the same order of magnitude of the pulse duration
of tens of picoseconds reported in the experimental demon-
stration of active HML [12]. However, our simulated pulses
are slightly shorter than the experimental measurements of
Ref. [12]. We explain this by noting that in the mentioned
experiment the rf injection is implemented in the entire cavity
of the QCL, a situation which drastically affects the contrast
and duration of the obtained pulses, as shown in previ-
ous numerical studies [16,36]. Conversely, in our simulated
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FIG. 8. Effect of the dc in the unmodulated section Iz on active
HML for the case n = 2: (a) pulse width, (b) power peak, and
(c) contrast as a function of I,. Here 8o, = 0.32 THz, @ = —0.1,
Te = 5ps, Ia = Iy = 1.541y,, and p = 0.5. The other parameters are
as in Table 1.

configuration the rf injection is introduced in a portion of the
QCL cavity and the value of /g is chosen to minimize the pulse
duration and maximize the contrast.

Finally, we consider different values for the portion of the
modulated section, by keeping fixed Iz = 0.62[y, and Iy =
1.541y,, and we examine how the generation of harmonic
pulses for the case n = 2 is affected by this parameter. For
this parameter configuration, we find that when half the cavity
is modulated (p = 0.5), a regular repetition of pulses is ob-
tained, as previously shown, but by decreasing this value to
0.4, the emitted power vanishes, while increasing to 0.6 we
lose the regular repetition of pulses each half-cavity round-
trip (see Fig. 9). In this case, in fact, two adjacent pulses
do not present the same value of the peak power [note that
the peak of the second pulse is slightly lower than the first
one in Fig. 9(a)] and consequentially a peak at the first beat-
note frequency occurs in the rf spectrum [Fig. 9(b)], showing
imperfect repetition at 2 fgn. We understand, therefore, that
for typical laser parameters for THz QCLs and rf injection
parameters, a value or an interval of values of p exists where
a coherent emission of harmonic pulses is obtained (for the
considered configuration, this value is 0.5).

IV. HARMONIC MODE LOCKING IN FABRY-PEROT
QCLS: DIRECT COMPARISON WITH EXPERIMENT

In this section we show the numerical results obtained by
simulating the active HML in FP QCLs with the dynamical
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FIG. 9. Power as a function of the (a) time and (b) 1f spectrum for
the pulses obtained by modulating at twice the beat-note frequency,
with p = 0.6. For this case 8po, = 0.32 THz, « = —0.1, 7. = 5 ps,
and Ip = Iy = 1.541,. The other parameters are as in Table 1.

model parameters retrieved from Ref. [12], where the only
experimental demonstration of this technique is presented. In
this way, we can draw a direct comparison with the experiment
and we can more efficiently highlight possible solutions for
the improvement of the pulse characteristics.

The ESMBE parameters are presented in Table II. We
specify that the value of f; has been determined by imposing
the constraint that the laser threshold is I, = 900 mA, as in
the experiment (see Fig. S1 in the Supplemental Material of
[12]). The value of polarization dephasing time 74 = 0.6 ps
implies dpom = 0.53 THz. The round-trip frequency is fgn =
6.94 GHz. The only model parameter that is not provided in
Ref. [12] is the o factor. We chose o = —0.1, which is the
value that allowed us to efficiently reproduce the multimode
behavior of a THz QCL in [16] and which is typical of some
THz QCL structures [8,42,47].

First, we integrate the ESMBEs implementing the rf injec-
tion in the entire cavity (p = 1), with modulation frequency
QM = 2fpN, as in the experiment, obtaining the result shown
in Fig. 10. Although we observe two pulses per round-trip,
these present a slight difference in the peak value. The FWHM
of each pulse is about 27 ps, in reasonable agreement with
the experimentally found value of 25 ps [12]. We remark

TABLE II. ESMBE parameters retrieved from Ref. [12].

Parameter Value
length of the laser cavity L =6mm
effective refractive index n. = 3.6
confinement factor r.=1

differential gain
volume of the active region

fo=2.5x 1078 ym?
V =2.55 x 10* ym?

number of stages N, =180
central emission frequency vo =3 THz
waveguide losses aL =16cm™!
carrier lifetime 7. = 10 ps
polarization dephasing time 74 = 0.6 ps
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FIG. 10. Simulated temporal evolution of the output power under
active HML, with the parameters of Table Il and « = —0.1, Qy =
2fsn, p=1, and Iy = I = 1.05[,. The inset shows a zoomed-in
view of one of the simulated pulses. The width of this pulse is 27 ps.

that, based on the theoretical analysis reported in [16] and
on numerical investigations performed by using conventional
Maxwell-Bloch equations (see, e.g., [36]), it is not possible to
reproduce a coherent sequence of high-contrast pulses if the rf
injection is implemented in the entire cavity. Thus, it is neces-
sary to introduce an unmodulated section, as shown in Fig. 1.
For this reason, we consider different values of p and Iz and
we test our simulator in this configuration with the parameters
of Table II. We assume the same bias condition of Fig. 10, Iy =
In = 1.05Iy,, and we consider n = 2, as in the experiment.
The results are presented in the map of Fig. 11. We notice
that, in agreement with our results of Sec. IIIB, for some
combinations of Iy and p no emitted power is reported (blue
circles). In particular, the concomitance of a small modulated
section and a low value of the bias current in the unmodulated
portion of the cavity implies a power loss in the device, with
a consequent decrease of the emitted power. For this reason,
for some pairs (p and Iy) the emitted power vanishes. For the

case Iy = Iy, and p = 0.5 (black circle) we report an unlocked
regime, characterized by two pulses with different peak power
in each round-trip, similar to the result shown in Fig. 10, with
an additional superimposed amplitude modulation. In the red
circles, which correspond to coherent sequences of harmonic
pulses, the characteristics of these numerically reproduced
pulses are reported. Contrast S = 1 is found for all the locked
cases. We notice that at a fixed value of p, the peak power
relevantly grows by increasing the value of Iz, while the pulse
width is around 8-9 ps for all the considered cases. This con-
stitutes an improvement with respect to the results obtained
with the entire cavity modulated (p = 1), where a FWHM of
25 ps is reported in the experiment, and pulses with a FWHM
of 27 ps are numerically reproduced (Fig. 10). Considering
that the cavity round-trip time is 144 ps, the introduction of an
unmodulated section provides a considerable reduction of the
pulse duration from 17.4% to 6% of the cavity round-trip time.
These results show that the importance of an unmodulated
portion in the QCL cavity is twofold: On the one hand, it
provides an increase of the degree of locking of the pulses;
on the other hand, it is an efficient way to decrease the pulse
duration.

V. NUMERICAL RESULTS FOR RING QCLS

In this section we present the results obtained by numerical
integration of the ESMBEs for a ring QCL (15)—(17) with
the boundary condition (18) and bias current expressed by
Eq. (10). Since the active HML has not been implemented
in ring QCLs so far and no theoretical or numerical analysis
is currently present in the literature in this regard, our study
is aimed to understand if this configuration can be efficiently
exploited for the implementation of HML, drawing a compar-
ative analysis with the FP case. Moreover, we want to identify

T

0.78

0.67

0.5 0.6

0.7 0.8
p

FIG. 11. Map showing the characteristics of the harmonic pulses obtained by simulating active HML for different values of p (portion of
the cavity where the rf injection is applied) and /g (current in the unmodulated portion of the cavity). The ESMBE parameters are as in Table II,
in addition to o = —0.1, Qm = 2N, and Iy = 15 = 1.05/,. Blue circles denote no power emitted, the black circle is an unlocked regime,
and red circles show a coherent sequence of harmonic pulses. In each red circle we report the FWHM, maximum power, and contrast of such
pulses. The values of p are chosen between 0.5 and 0.8 in steps of 0.1, while the values of /g are between 0.671y,, and Iy, with steps of 0.111y,,.
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FIG. 12. (a) Temporal evolution of the output power for a simu-
lated ring QCL, with the parameters of Table I and L = 4 mm, o =
—0.1, 8hom = 0.32 THz, I = I = 1.54Ly,, p=0.5, Iy = 0.621,,
and Qy = 2fpn; the FWHM of each simulated pulse is 12 ps.
(b) Normalized output power versus time obtained simulating the
HML in ring (solid line) and FP (dashed line) QCL, exploiting
the same set of parameters for the two cases (except L, which is
double in the ring case, to match the FSR of the two configurations);
the parameters are the ones specified in (a).

a convenient parameter configuration for the generation of
harmonic short pulses by rf injection. First, we adopt the same
parameters exploited for the study of a FP QCL presented
in Table I, in order to draw a first comparison between the
two configurations. The only exception is L, which we set to
a value of 4 mm instead of 2 mm to have the same FSR of
the FP case. We choose @« = —0.1 and 6o,y = 0.32 THz, as in
Sec. III. We preliminarily study the free-running operation of
the ring laser with these parameters, reporting /iy, = 475 mA.
We sweep the driving current / between Iy, and 3/, reporting
single-mode emission for every I. We relate the single-mode
behavior of the laser to the concurrence of a considered low
value of the « factor and the absence of SHB in the unidi-
rectional ring configuration. In fact, these two are the main
physical mechanisms triggering the multimode dynamics near
threshold in QCLs [8].

At this point, we introduce a modulation of the bias current
[Eq. (10)] for the study of the HML. To enable a comparison
with the results obtained for the FP case, we set Iy = Iy =
1.541y, p = 0.5, and 2\ = 21BN, as in Sec. III. In Fig. 12(a)
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FIG. 13. Ultrashort pulses with FWHM = 1.5 ps in a ring QCL,
with o =1, dyom = 1.28 THz, and the other parameters as in
Fig. 12(a).

we show the obtained ring harmonics pulses (power versus
time) and in Fig. 12(b) we display on the same plot FP and
ring second-order harmonic pulses (normalized output power
versus time) for this parameter set. We specify that the nor-
malized solid curve in Fig. 12(b) (ring) corresponds to the
unnormalized plot of Fig. 12(b), while the dashed plot (FP)
refers to the red curve in Fig. 6, characterized by pulses of
duration 11 ps. We notice that the FP configuration provides
higher contrast (§ = 0.5) than the ring one (S = 0.3) and a
slightly shorter pulse duration (11 ps instead of 12 ps). We
relate this to the different free-running behavior occurring in
the two systems (as mentioned, the ring is single mode, while
the FP emits a fundamental frequency comb for I = 1.541y,).
Since « has the same value in both cases, we conclude that
the absence of the SHB is the key factor to prevent the onset
of intrinsic multimode dynamics in the ring for this parameter
configuration, affecting in turn the characteristics of the pulses
of Fig. 12.

At this point, we are interested in comparing the HML
in ring and FP configurations when both systems develop
free-running multimode dynamics. This can be induced by
increasing the o factor or the gain bandwidth. We consider,
for example, a ring QCL with & = 1 and 8y, = 1.28 THz,
keeping all the other parameters fixed as in Fig. 12(a). In this
case we are able to reproduce a sequence of high-contrast
(S = 1) harmonic pulses of duration 1.5 ps (see Fig. 13),
which is a value lower than the shortest one obtained in the
FP case (FWHM of 2.5 ps, black curve in Fig. 6).

In order to better highlight the role of the « factor and
the gain or dispersion bandwidth in affecting the figure of
merit of the harmonic pulses and at the same time draw up a
comprehensive comparison between ring and FP schemes, we
simulate the HML in both configurations for « = 0.5, 1, 1.5
and values of dpoy between 0.32 and 1.6 THz in steps of
0.32 THz. For each pair (dpom and o) we scan the central value
of the modulated bias current y between Iy, and 21, in steps
of 0.1y, with Ix = [y and other rf injection parameters as
in Fig. 12. The ESMBE parameters are as in Table I, with
cavity length L = 4 mm for the ring resonator and L = 2 mm
for the FP one, in order to have the same FSR for the two
cavities. We remark that, except for L, the same parameters
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FIG. 14. Analysis of harmonic pulses upon variation of « and dp, for (a) ring and (b) FP QCLs. Black circles indicate that no locked states
could be found upon scanning the central value of the modulated current /, between I, and 21, in steps of 0.11,; red circles indicate that
coherent sequences of pulses are observed in the simulations. In the red circles, the FHWM, maximum power P,,,«, and contrast S of such pulses
are reported. Here Ix = I, is assumed for all the simulations. The parameter values of Table I have been exploited for both configurations; the
cavity length is L = 4 mm for the ring resonator and L = 2 mm for the FP cavity.

are used for the simulation of both FP and ring QCLs. The
results are summarized in Fig. 14(a) (ring) and Fig. 14(b)
(FP), where we represent the couple (Shom and o) with a red
circle if coherent pulses are reported and with a black circle if
no locked states are observed. In each red circle we report
the FWHM, maximum power P, and contrast S of the
simulated harmonic pulses.

We first analyze the results related to the ring configuration,
presented in Fig. 14(a). We observe coherent regimes for the
majority of the considered pairs (8pom and o), with unlocked

states reported for &« = 1.5 (the highest considered value) and
Shom between 0.64 and 1.6 THz. We explain this by observing
that if « increases, the modal competition inside the QCL
cavity is enhanced, due to the higher coupling between the
phase and amplitude of the electric field, promoting the occur-
rence of irregular dynamical regimes. A similar behavior was
reported in [17], regarding the case of self-starting frequency
combs in mid-IR QCLs. Furthermore, we observe that for a
fixed value of 8yom, if « is increased from 0.5 to 1, the pulse
duration decreases and the peak power of the pulses grows.
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This is due to the fact that higher o favors the multimode
operation of the laser [16] so that more cavity modes are
involved in the pulse formation, implying higher power and
shorter width. The only exception to this trend is found for
Shom = 0.32 THz, where for « = 1.5 we report a larger pulse
width (FWHM of 9 ps) than fora = 1 (FWHM of 7.1 ps). We
impute this to the procedure followed to implement the HML
in our numerical investigation. In fact, for each pair (6o, and
«) and each value of [y, we preliminarily run a simulation of
the laser in free-running operation with bias current / = [ in
order to retrieve fgn; then the extracted fgy is used to calcu-
late the modulation frequency Qy = 2 fgN, exploited for the
simulation of the active HML. In the case of 8o, = 0.32 THz
and o« = 1.5, the free-running operation of the ring laser is
an irregular regime, so a broad line is observed in the power
spectrum, which in turn affects the accuracy in the estimation
of the BN frequency fgn. This causes a deterioration in the
performance of active mode locking, leading to larger and less
powerful pulses than in the resonant case (see [16,36]).

If « is fixed and 8y, 1s increased, we observe a reduction
of the pulse duration as a general trend, similarly to the results
of Fig. 6 for the FP cavity. In the case of the ring resonator,
however, we are able to obtain a FWHM of less than 2 ps
for « = 1 and 8o values of 1.28 and 1.6 THz. This suggests
that ring QCLs could constitute a valid potential alternative to
the FP ones, for achieving the generation of subpicosecond
pulses in the THz spectral range, a long-standing goal for
the research in this field of study [48]. We remark that the
unidirectional ring resonator intrinsically supports the prop-
agation of high-contrast pulsed structures in QCLs, with the
emission of solitons and Turing rolls in free-running oper-
ation and with optical injection [8,22,23,35,40]. The values
of o considered in Fig. 14 are in agreement with the ones
used in recent theoretical studies where the mentioned high-
contrast localized structures have been reproduced [22,40].
About the general trend of FWHM reduction upon an in-
crease of dpom, We mention that a single exception is found
going from dpe = 1.28 to 1.6 THz at fixed o = 1. We justify
this anomaly by noticing that the shortest coherent pulses
(FWHM of 1.9 ps) for the case dpom = 1.6 THz have been
found corresponding to Iy = 1.1y, (for higher values of I
only unlocked states have been observed under rf injection),
while for dpom = 1.28 THz the narrowest pulses (FWHM of
1.5 ps) correspond to a higher central value of the bias current
(Io = 1.51y,). Thus, the higher value of &y, does not auto-
matically imply a lower FWHM: For a larger gain bandwidth
the narrowest coherent pulses can be observed for a low value
of the bias current, so the number of modes participating
in the pulse formation is lower, with a consequent broader
FHWM.

We examine now Fig. 14(b), which summarizes the results
for the FP cavity obtained with the same parameters as in
Fig. 14(a). First, we notice that for « = 1 and 1.5 no locked
pulses are found, while in the ring case we report sequences
of coherent harmonic regimes for these two values of the LEF.
This suggests that in the FP laser the simultaneous presence
of SHB (and therefore of a carrier grating) and modal com-
petition provided by the « factor prevents the occurrence of
locked states for high values of the LEF. Not only is this
behavior valid for active mode-locked regimes, but it has also

been found by comparing the formation of self-starting QCL
frequency combs in these two configurations [17,18,34].

Then we observe that the minimum pulse duration reported
in Fig. 14(b) is 3 ps, close to the value 2.5 ps found in Sec. III
with another parameter set. However, it is quite larger than the
lowest value reported in Fig. 14(a) for the ring QCL (1.5 ps).
Thus, the absence of SHB allows us to have coherent states for
a higher « factor, the resulting key property of unidirectional
ring QCLs which enables the generation of ultrashort pulses
with a duration of about 1 ps.

This comparative analysis suggests that an experimental
implementation of the HML by adopting ring QCLs instead
of the FP ones could entail a significant improvement in the
performance of this method, paving the way for the generation
of subpicosecond pulses in the THz range.

VI. CONCLUSION

We proposed a numerical study of the dynamics of a THz
QCL under HML. The first part of the work was dedicated
to the FP configuration, which we investigated to analyze
the role of laser intrinsic parameters and rf injection in
the formation and the characteristics of the harmonic pulses.
We showed that an increase of the « factor implies a progres-
sive loss of coherence of the QCL dynamics when we mod-
ulate at a multiple of the BN frequency, due to the increased
modal competition associated with the enhanced coupling be-
tween the amplitude and phase of the electric field in the laser
cavity. Furthermore, the dynamics of the laser for different
values of the carrier lifetime was investigated. We found that
an increase of this parameter implies a reduction of the con-
trast, and for the highest value considered also the coherence
was lost, showing that an intrinsically faster dynamics of the
QCL supports more efficiently the propagation of harmonic
pulses. The maximization of the contrast and the minimization
of the pulse duration occur for a carrier lifetime of 1-5 ps.

However, the key parameter to be optimized for the
achievement of ultrashort pulses is the gain bandwidth. In fact,
we showed that by considering a value of the gain bandwidth
of 1.44 THz, pulses with a duration of 2.5 ps were numerically
reproduced [12]. Therefore, this analysis suggests that the
realization of optimized cavity designs allowing for a large
gain profile, such as multistack active regions, is a key point
for the generation of pulses with duration approaching and
possibly beating the picosecond limit.

Then we analyzed the impact of the driving current
modulation parameters on the characteristics of the pulses,
developing a procedure for a maximization of contrast and
peak power and the achievement of shorter duration. With
regard to the effect of rf injection parameters, the main out-
come is that a high value of the modulation depth favors an
improvement of the pulse characteristics, which also improve
if the length of the modulated portion of the cavity and the dc
in the unmodulated section are chosen in a specific interval
defined by the other laser parameters.

Furthermore, we performed a direct comparison between
numerical results and the only HML experiment reported
in the literature, by adopting the parameters extracted from
Ref. [12]. We found that a relevant improvement in the
pulse characteristics could be achieved by introducing an
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unmodulated section in the QCL cavity. In this case, in
fact, we could predict pulses three times shorter than in the
experiment.

Finally, we proposed a theoretical study of the HML in ring
QCLs, motivated by the fact that these devices are intrinsically
able to support the propagation of high-contrast pulse-shaped
structures, such as cavity solitons and Turing rolls. We made
a comparison with the FP configuration, showing that the
unidirectional nature of ring resonators leads to the possibility

to reach pulse widths lower than in FP QCLs, with a reported
minimum value of 1.5 ps.
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