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Series expansions in closed and open quantum many-body systems
with multiple quasiparticle types
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The established approach of perturbative continuous unitary transformations (pCUTs) constructs effective
quantum many-body Hamiltonians as perturbative series that conserve the number of one quasiparticle type.
We extend the pCUT method to similarity transformations—dubbed pcst**—allowing for multiple quasiparticle
types with complex-valued energies. This enlarges the field of application to closed and open quantum many-

body systems with unperturbed operators corresponding to arbitrary superimposed ladder spectra. To this end, a
generalized counting operator is combined with the quasiparticle generator for open quantum systems recently
introduced by Schmiedinghoff and Uhrig [G. Schmiedinghoff and G. S. Uhrig, SciPost Phys. 13, 122 (2022)].
The pcst™ then yields model-independent block-diagonal effective Hamiltonians and Lindbladians, allowing a
linked-cluster expansion in the thermodynamic limit similar to the conventional pCUT method. We illustrate the
application of the pcst™ method by discussing representative closed, open, and non-Hermitian quantum systems.
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I. INTRODUCTION

The investigation of collective behavior in correlated quan-
tum matter is an active research field in condensed matter and
quantum optics because it is relevant for the development of
functional quantum materials and quantum technologies [1,2].
Theoretically, the treatment of such quantum many-body sys-
tems is extremely challenging due to the exponential increase
of the Hilbert-space dimension as a function of system size.
This is particularly true for open quantum systems described
by quantum master equations because the operator-space
dimension scales quadratically with the state-space dimen-
sion [3]. Examples are Lindblad master equations where,
in contrast to Hermitian Hamiltonians and observables used
for closed systems, the associated Lindblad operator is non-
Hermitian, expressing the dissipative nature of the system
[4,5]. Additionally, non-Hermitian Hamiltonians are funda-
mentally relevant and appear further in quantum magnetism
in terms of the Dyson-Maleev representation of spin operators
[6-8]. It is therefore an important line of research to gener-
alize existing theoretical tools for closed Hermitian systems
to open quantum many-body systems, which has been pur-
sued in recent years, e.g., by quantum trajectories [9], tensor
networks [10-13], extensions of mean-field theories [14,15],
and continuous similarity transformations (CSTs) [16,17]. Of
particular interest are approaches that are able to treat large or
infinite systems so physical properties can be extracted in the
thermodynamic limit.

High-order series expansions are a powerful tool to in-
vestigate closed quantum many-body systems. Typically, one

“lea.lenke @fau.de
Tandreas.schellenberger @fau.de
*kai.phillip.schmidt@fau.de

2469-9926/2023/108(1)/013323(11)

013323-1

exploits the linked-cluster theorem to determine the ex-
act expression of physical quantities perturbatively up to
high orders in the thermodynamic limit by performing cal-
culations on finite linked clusters [18,19]. Initially, such
linked-cluster expansions determined high-temperature series
for extensive thermodynamic quantities as well as extensive
zero-temperature ground-state properties like the ground-state
energy [20]. In contrast, for nonextensive quantities like
excitation energies, linked-cluster expansions are more com-
plicated and it took until 1996 when Gelfand set up a true
linked-cluster expansion for a one-particle dispersion [21].
However, this approach violates the cluster additivity and is
therefore only applicable when the ground state and targeted
excitation subspace are characterized by different quantum
numbers. This was resolved in 2000 with the use of orthogonal
transformations on graphs so cluster additivity is restored and
linked-cluster expansions for many-particle excitation ener-
gies became possible [22,23].

Another attractive route to linked-cluster expansions for
closed quantum many-body systems—which fulfills cluster
additivity by design—is the method of perturbative continu-
ous unitary transformations (pCUTs) [24-26] allowing for the
treatment of many-particle excitation energies as well as spec-
tral densities [27]. Within the pCUT approach, a quasiparticle-
conserving (QP-conserving) and model-independent effective
Hamiltonian in second quantization is derived, with the con-
straint that the unperturbed part of the Hamiltonian has an
equidistant spectrum and is bounded from below [26]. Over
the last two decades, pCUT was indeed applied successfully
as a linked-cluster expansion, i.e., a full graph decompo-
sition has been implemented to calculate relevant matrix
elements for a large variety of correlated closed quantum
many-body systems. This includes frustrated quantum mag-
nets [28,29], models displaying topological quantum order
[30-32], and systems with long-range interactions [33,34],
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or with quenched disorder [35,36]. The latter applications
exploit the presence of an effective Hamiltonian in second
quantization using white-graph expansions [37].

The QP-conserving effective pCUT Hamiltonian is de-
fined by a single QP-counting operator corresponding to the
equidistant spectrum of the unperturbed Hamiltonian [26]. It
would therefore be desirable to generalize the pCUT approach
to multiple QP types, while keeping the method model in-
dependent, in contrast to other generalizations like enhanced
pCUT [38]. At the same time, to describe open quantum sys-
tem, a generalization of the pCUT method to non-Hermitian
Hamiltonians and Lindbladians is needed.

In this paper, we introduce generalized perturbative
CSTs—pcst™ —that resolve these issues. We extend the
pCUT formalism by generalizing the counting operator to
multiple QP types. For non-Hermitian operators, we ad-
ditionally combine it with the generalized QP generator
for open quantum systems by Schmiedinghoff and Uhrig
[16], resulting in a similarity transformation. As a result,
model-independent Hamiltonians and Lindbladians are de-
rived within pest™, allowing a linked-cluster expansion
similar to the conventional pCUT method in the thermody-
namic limit.

The paper is organized as follows. In Sec. II, we describe
the pest™ approach and its most important properties. Several
applications of the pcst** approach, including Hermitian and
non-Hermitian Hamiltonians as well as Lindbladians, are dis-
cussed in Sec. III. Finally, we draw conclusions in Sec. I'V.

II. METHOD

This section includes all technical aspects relevant for
the pest™ approach. We first introduce CSTs, generalizing
the method of continuous unitary transformations (CUTs)
[24,39]. For the CST, we use the generalized QP genera-
tor [16], allowing us to derive effective operators that are
block diagonal. The pcst** approach then corresponds to a
model-independent perturbative solution of the underlying
flow equation describing the CST.

A. Continuous similarity transformations

The goal of the CST is to map the operator describing the
system, e.g., the Hamiltonian, to an effective operator that is
easier to treat. This is done in a continuous fashion. Suppose
we want to transform an operator M into a more suitable
basis. For that, we define a similarity transformation S(£) that
continuously depends on a flow parameter £ € [0, oo]. The
flowing operator

M) = SOMS@)™ &)

is a function of the flow parameter ¢ and is used to trans-
form the operator M = M(0) into the effective operator
Mg = M(00). The effective operator M. is thus equal to
M but expressed in a more suitable basis. Since the similar-
ity transformation S(£) is continuous, it has an infinitesimal
generator 7(¢), i.e.,

3 S() = =S O)n(L). 2)

We can express the evolution of M (¢) with respect to the flow
parameter £ in terms of the generator n(£). This results in the
flow equation

M) = [n(£), M(O)]. 3)

This differential equation is typically not exactly solvable
because it corresponds to an infinite number of coupled dif-
ferential equations for the coefficients of operators appearing
in M(£). As a consequence, one has to truncate the flow
equation using appropriate truncation parameters, e.g., in a
perturbative coupling [26,27,38], in the scaling dimension
[40,41], or in the spatial extension of operators [42,43]. The
resulting finite number of differential equations can then be
solved numerically for a specific class of models.

Clearly, the resulting M. depends on the choice of the
generator 7(£). For Hermitian operators we use the QP gener-
ator [26,44] that reads

N pm = Sgn(Qrm - Qmm)M(E)nm’ (4)

using a matrix element notation in the eigenbasis of the QP
counting operator Q that can be chosen model specifically.

The resulting effective operator fulfills [Q, Mg] = 0, thus
conserving the number of QPs. Therefore Mg is block-
diagonal, i.e., eigenstates of Q corresponding to different
eigenvalues are decoupled. If the operator Q is not Hermitian,
we use the generalized QP generator [16] by continuously
extending the sign function as

0 forz=0

sen(@) =)o _ e~iagl@  elge
lz] — :

S

Like the real
z-sgn(z) = |z|.

sign function, this extension fulfills

B. Generalized perturbative continuous similarity
transformations: pest*

In certain cases, it is possible to perturbatively calculate the
effective operator M. independent of the specific model. For
these perturbative calculations, we need that M can be split
as

M=0+\V, (6)

with an unperturbed part Q and a perturbation V with
perturbation parameter A. The generalization to multiple
perturbation parameters is straightforward. Furthermore, we
assume that

q
0= ZE(Q)Q((X)’ €@ ¢ C, (7

a=1

where each individual Q® has an equidistant ladder spec-
trum, which is normalized to a spacing of 1 and bounded from
below, and that the perturbation can be decomposed as

V=3 Tw [0 T=mT, ®)
me€

with £ a finite set of complex numbers. The index m indicates
the mapping from the eigenspace of Q with eigenvalue g to
the one with ¢ + m when acting with T,,; it is generically not
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an integer number. For ¢ = 1 and Hermitian operators, the
transformation reduces to the conventional pCUT [26].
The most general ansatz for the operator during the flow is

M) =0+ Z/\" Z F(t;m)T,,
k=1  |m|=k
m:(ml,...,mk),

T €))

T =Ty, - -

with m; € € and complex coefficient functions F (¢; m). The
commutation relation from Eq. (8) leads to

k
[Q, Tm] = M(m)Ty, M(m) = Zmi- (10)
i=1

Therefore, M (m) measures the mapping from the eigenspace
of O with eigenvalue ¢ to the one with ¢ + M (m) when acting
with Ti,. The (generalized) QP generator Eq. (4) reads

n@) =Y A Y senMM)F ()T, (1)

k=1  |m|=k

The flow equation (3) is then equal to a set of recursive
differential equations for the modified coefficient functions
f;m) = MM™IEE (¢: m), reading

3 f(¢;m) = Z e(\M(m)\f\M(ml)|7|M(m2)|)l
(m;,m;)=m
x [sgn(M(m,)) — sgn(M(my))]
x f;my)f(€;my), (12)

where the function corresponding to the empty tuple is defined
as f(¢; ()) = 0. These equations can be solved order by order
with starting conditions

f(O;m) = 8 ). (13)

The resulting coefficients Cy, := F(co;m), and thus the ef-
fective operator M., only depend on £ and not on the
specific definitions of Q or T;,. That means our generalized
transformation is at least as model independent as pCUT. This
is different for enhanced pCUT (epCUT) [38], which also
generalizes pCUT to nonequidistant unperturbed spectra but
is, however, not model independent. It is possible to include
additional degrees of freedom as variables in the prefactors
€@ and indices m. Of course, this introduces further com-
putational challenges and the maximally achievable order of
perturbation is smaller than for fixed complex €@ and m.
Consequently, to achieve higher perturbative orders, one can
always fix €@ to numerical values to speed up solving the
flow equation.
The effective operator can be written as

Mer =0+ Y 2 Y Culm. (14)

k=1 M (m)=0

Due to the restriction of the sum to M(m) = 0, Mg fulfills
[Q, Meg] = 0 and is thus block diagonal. The proof for the
band diagonality during the flow, the block diagonality of

the effective operator, and the convergence of the pest™ fol-
lows closely the one of pCUT [26] and is explained in the
Appendix.

As pest™ generalizes pCUT, it also realizes a linked-
cluster expansion, as discussed for pCUT in Refs. [19,27,45].
This enables us to determine physical quantities in the ther-
modynamic limit by only using finite clusters. To obtain
physical quantities, we calculate matrix elements of the form
(s2] Mege]sy) with model-specific states |s1), |s2) on suffi-
ciently large finite clusters. For computation, we can rely
on the same programs used for pCUT evaluations, explained
in more detail in Ref. [26]. Therefore, we are able to de-
termine physical quantities on the same kind of lattices and
interactions equally efficient as for pCUT (e.g., long-range
interaction [33,37], 2D systems [30,46], and 3D systems
[31,32]) in the thermodynamic limit. In summary, after the
bare transformation the subsequent linked-cluster expansion
and thus the computational difference with respect to different
interactions or dimensions is equal for pCUT as for pcst*™.

For M., it is easily possible to calculate the coefficient
functions by hand, up to second order. The resulting coeffi-
cients read

o 1 for M((m;)) =0
m) =10 else,

Conmy = sy for M((m)) = —M((m2)) # 0 s
' 0 else.

The number of indices m and the complexity of the calcu-
lations increase drastically with increasing order. Therefore,
it is useful to automate the solving of the flow equation in a
similar fashion as for the conventional pCUT method [26].
The program we used for calculating the transformation is
freely accessible on GitHub [47].

If, in addition, observables, states, or eigenvectors are re-
quired in the effective basis, we can use pcst™ to calculate
the similarity transformation S(oo) explicitly by inserting
Eq. (11) and the ansatz

SW=1+Y 3 G:m), (16)

k=1  |m|=k

into Eq. (2) and solving for F'(¢£; m) and G(£; m) recursively.
Alternatively, it is possible to make a similar ansatz explicitly
for a given observable.

C. Coupling of subspaces with small energy spacing

As a perturbative transformation, the series obtained by
pest™ are limited by a certain convergence radius, depend-
ing qualitatively on the ratio between the unperturbed energy
levels and the perturbation A. For the conventional pCUT
method, the unperturbed Hamiltonian is limited to a single
ladder spectrum, with a fixed spacing that can be normalized
to 1. Thus, for A « 1, the perturbative approach is justified.
In contrast, the more general structure of Q in Egs. (7) for
pest™ allows for more versatile energy spacings in the un-
perturbed Hamiltonian depending on the ratio of the €@,
including arbitrary small spacings. If virtual processes with
these unperturbed energy spacings occur, the convergence
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radius is limited by them. Exemplary, this can be seen in the
second-order coefficient Cy, m,) in Eqs. (15), which can be
the inverse of the unperturbed energy difference.

To increase the radius of convergence for systems with
small energy spacings in Q, we adjust the generator in Eq. (4)
by introducing the broad-step signum function

0 if x| <D

sgn(x) else a7

sgnp(x) := {
to prevent the pcst*™™ from decoupling subspaces with an
unperturbed energy spacing not more than D. The effective
Hamiltonian can then include processes where the unper-
turbed energy changes up to D. Thus, it does not necessarily
commute with Q and larger blocks are formed, in general.
Blocks that are decoupled by the original pcst*™* might now re-
quire additional postdiagonalization. We will exemplary show
the increased convergence in Sec. IIT A.

D. Special case of multiple quasiparticle types

Assume the special case of ¢ different QP types,
each counted by an individual number operator Q®.
Further assume that the perturbation additionally fulfills
[0, T,,] = m™T, with an integer m® for all
aef{l,...,q}. In that case, we can replace the label
m by the redundant label m = (m",...,m?) with
m= Zgzle("‘)m(“) to get a more intuitive picture of the
perturbation operators. Physically, the index m® indicates
how many QPs of type « are created or annihilated by 7.
In this notation, we can follow the same ansatz as done in
Eqgs. (9) to obtain an effective operator analog to Eq. (14) as

Mg =0+ Y 2 Y Culn (18)

k=1 M (m)=0

Hereby, we define the vectors m = (m, ..
tors Tm = Ty, - - - Ty, » and the function

q k
M@m) =" " m®, (19)
a=1 i=1

fulfilling [Q, Tm] = M (m)T. As for Egs. (10), this function
can be understood as the mapping from the eigenspace of
QO with eigenvalue ¢ to the one with g + M (m) when acting
with 7. In the same way, the relation [Q@, Iml = Zf;l ml@
describes how many QPs of type « are created upon acting
with Tp,.

The effective operator is again block diagonal because of
the vanishing commutator [Q, Mg] = 0 due to M(m) = 0
in Eq. (18). In contrast, the individual [Q®), M.;] may be
nonzero because M(m) = 0 does not imply Zf-‘:] m® = 0.
This gives rise to potential QP-type conversion, depending on
the model, as we will discuss exemplarily in Sec. III.

Due to the Jacobi identity

[0, [0P), 1] — [0, [0, <11 = [[Q“), 0P], ], (20)

we can use the notation in terms of multiple QP types if
and only if [[Q®,Q0W],V]=0 for all «,B € {l,...,q}.
This implies that V is in the subspace where [Q®,«] and
[0®),«] commute, which, in turn, enables us to solve the

., my), the opera-

hy h_
@ © @ © @ ©

FIG. 1. Transverse field Ising chain in a staggered magnetic field.
The magnetic field has alternating strengths /.. and /&_ indicated by
blue and red circles, respectively. Nearest-neighbor spins are coupled
by an Ising interaction of strength J, marked in gray.

eigenequations [0@, Ty = m("‘)Tm forall @ € {1, ..., g} si-
multaneously. In this eigenequation, the operator 7, is an
eigenvector of the operator [Q®), «], corresponding to the
eigenvalue m®.

Whenever possible, we use this notation, as it closer resem-
bles the original pCUT method.

III. APPLICATIONS

After introducing the pcst*™, this section aims at showing
the versatile models that can be treated with the generalized
transformation. This includes models with different types of
QPs in separate and common Hilbert spaces (see Secs. III A
and IIIC, respectively), non-Hermitian Hamiltonians (see
Sec. IIIB), and open systems described by a Lindbladian
rather than a Hamiltonian (see Sec. III D). We keep the physi-
cal discussion on the single models rather short to focus on the
technical aspects of pcst™ and its capabilities. As the number
of terms in Eq. (14) grows very fast in perturbation order,
we used a computer program to calculate the action of the
effective operators on specific states.

A. Staggered transverse-field Ising model

As a first model, we consider the transverse-field Ising
chain with a staggered magnetic field (STFIM) about the high-
field limit, with two alternating field strengths hy = h =+ §;,/2,
with &, 8, € R, given by the Hamiltonian

Hstrm = hy ) 0f+ho) of =) ofof. (o
Jjet+ Jje— (i)
Without loss of generality, we consider the case & > §, > 0
and ferromagnetic Ising interactions J > 0. In the high-field
limit Ay > J, one has two types of QPs on the alternating sets
of sites denoted by =+ (see Fig. 1). As the different QP types
exist only on separate sites, the QPs live in distinct Hilbert
spaces and only couple due to the perturbation induced by the
Ising interaction.
By applying the Matsubara-Matsuda transformation [48],
we can write Hstrv in terms of hardcore-bosonic creation
and annihilation operators of two QP types:

Hsren = Eo + 20,0V 4+ 21_0@
=141 41 + T1,-1 + Hel, (22)
with the bare ground-state energy Ey = —Nh, N the even
number of sites, the number operators
0= Y by 0V 00 0
JjE+ Jje—
for the two QP types, and the T operators given in Table I.

The number operators commute, so we can split the index
of the perturbation operators T, m,) With respect to the two
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TABLE I. Perturbation operators of the STFIM Eq. (22). The T
operators fulfill the relation T, mny =T, as the model is

(m (—mD,—m@)>
Hermitian.
m® m® Terms in 7,
+1 +1 b +b},7
+1 ~1 bl b _
-1 +1 b, b _
-1 -1 b, . b;_

QP types, as discussed in Sec. IID. The energy quanta from
the individual ladder spectra from Eqgs. (23) are given by
€V =2n, and e® = 2h_.

The case 8, =0 can be solved by conventional pCUT
because the unperturbed Hamiltonian is equidistant. We there-
fore focus on the case §;, > 0 and use pcst*™ to calculate the
ground-state energy and the excitation energies of the two
1QP sectors. As the model is translational invariant we can
calculate the 1QP dispersion relations perturbatively exact in
momentum space in the thermodynamic limit, using Fourier
transformation and the property that pcst™ is a linked-cluster
expansion [8].

The resulting excitation gaps A for both QP types at zero
momentum and §; > 0 up to order 6 are given by

g e
Ai_2hi125h¢282 i482. (24)
The perturbation scales with inverse powers of the unper-
turbed energy difference §, [see Eqs. (15) for comparison],
setting the scale of convergence. For §, — 0, this leads to
arbitrary small convergence radii in J, due to the divergence
of Ay atd, =0.

To increase the convergence radius, we make use of the
broad-step signum function sgnj, introduced in Sec. IIC. As
the two 1QP channels are not decoupled anymore by pcst*™,
we postdiagonalize the combined 2 x 2 block in the thermo-
dynamic limit in momentum space.

We plot the gap of the two 1QP channels in Fig. 2 for a
fixed ratio of h/8, = 7/2, once with the original pcst*™* (in
dashed lines) and once with the adjusted generator (in solid
lines) with D = 2§, to couple the subspaces of the two 1QP
sectors. The hybridization between the two QP types is given
in color code and in the inset plot to visualize the enlargement
of the hybridization for increasing perturbation. As can be
seen, the divergence of the original pest™ directly corresponds
to an increasing hybridization of the two QP types, which
is suppressed in the original method. Using the broad-step
signum function therefore enlarges the radius of convergence
that is otherwise limited by the unperturbed energy difference
268p.

B. Non-Hermitian staggered transverse-field Ising model

With the help of the generalized QP generator [16], it is
possible to treat non-Hermitian Hamiltonians. As an example,
we consider the same model as in the previous section but with

J /26
0 1/2 1 3/2
1 1

0 J/2h 1/2
=== D/26,=0 —— D/25,=1

FIG. 2. Normalized gaps A./2h of the two 1QP channels as
a function of J/2h and J/26;,. The unperturbed energies are set to
h/8, = 7/2. The gaps calculated with the original pcst*™ are shown
as dashed lines and the ones with the broad-step signum function,
coupling the two 1QP channels, are shown as solid lines by setting
D = 26, = 2h, — 2h_. For the coupled channels, the hybridization
between the two types is given in the inset plot and a color code,
with blue (red) being a quasiparticle of type 1 (2) sitting on the +
(—) sites. The inset plot shows the proportion of the two QP types
(&) for the two modes, using the same color code. Thereby, the limit
+ (—) indicates a pure quasiparticle of type 1 (2).

a purely imaginary §, € iR, i.e., a non-Hermitian staggered
field. This is equal to the model considered in Refs. [8,49]
up to an irrelevant constant. To increase comparability to
these works, we chose the parameters & = n and §;, = 2i§.
In contrast to pCUT, with pest™ it is possible to treat this
problem in the high-field limit |n & i&| > |J|. We solve for
the ground-state energy per site,

JZ J4 nZ _ 3&-2 )72 + 552 ]6
€0 =—7"-" 3 2152 24 2 5> (29
4n  64n® n*+ & n*+ &2 1024y

and the energy gaps Ay of the elementary excitations at zero
momentum up to sixth order,

gt Jo
Ar=2Mm*+i§)+ -+ —+ —=,
i€~ 4ig3 7 8igd

being the same result as Eq. (24), expressed with the new
variables. We exactly reproduce the results from our previous
work in Ref. [8] now using the pcst™ approach instead of
Takahashi perturbation theory [50]. While with the latter an
additional diagonalization of the resulting 2 x 2 block after
Fourier transformation is needed, pcst*™* directly diagonalizes
the two bands by design.

(26)

C. Spin-one transverse-field Ising model
with single-ion anisotropy

The different QP types are not restricted to separate Hilbert
spaces but can also share one. This enables us to study
models with a more complicated local structure of the un-
perturbed Hamiltonian. As an example, we investigate the
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S @
(b)
>0 60— 0O

D+h

o—e""o—0—=6

FIG. 3. (a) ATFIM having local states |0), |[+1), |—1) with un-
perturbed energies 0, D + h, D — h, respectively, and perturbative
Ising couplings of strength J. (b) Effective spin-1/2 model on a
ladder according to Eq. (34). The excited states |+1), |—1) from
the spin-1 model in (a) are mapped to hardcore bosons realizing two
different QP types, colored in blue and red, respectively. The Ising
couplings are realized by effective four-particle interactions, as given
in Table II.

spin-1 transverse-field Ising model with single-ion anisotropy
(ATFIM),

Harra = Y [D(S3)* + 483 -7 D 8581, @)

J (i)
which is illustrated in Fig. 3(a). In the following, we consider
the Ising interaction as a perturbation. By tuning the real pa-
rameters D, h € R, we can model any local three-level system
with arbitrary energy spacings for the unperturbed Hamilto-
nian Harrv(J = 0). We use the eigenstates of the operators

S¢ as our basis, i.e., locally S$*|0) = 0 and S° |£1) = £|£1).
In this basis:
1
8 = —=(|0)+1]; + |0}—1[; + H.c.). (28)

V2
For the discussion, we restrict ourselves to the parameter
regime D > h > 0, the other parameter subspaces can be
treated analogously. Within this regime, the unperturbed local
ground state is |0) and the two excited states are |+1). We
define their annihilation operators as

a;, = |0)£1]; (29)

and the respective creation operators as their adjoint operators.
We write the counting operators of the two QP types as

oM = Zajﬁaj#, 0% = Za;_aj,_. (30)
J J

In contrast to Sec. III A, the creation and annihilation opera-
tors of different QP types at the same site do not commute:

- ‘xﬁzan iy GD

Instead, they fulfill mutual hardcore-bosonic statistics. Re-
gardless of that, the operators Q1) and 9 commute so we
can split the index of the perturbation operators T,,, m,) With
respect to the two QP types, as discussed in Sec. I D.

We again use the translational invariance of the model to
calculate the 1QP dispersions perturbatively in momentum

(@) g = Sap —ajpa;,

space. The resulting excitation gaps AL for D > h > 0 and
J > 0 at momentum k = 0 up to order 4 are given by

2D — i?
4Dh(D F h)
;8D* £ 8D*h £ Dh® + h*
16D2h(D F h)*(D £ h)
FJ48D° F 24D%h + 32D°h + 34D h*
F72D*K’ + 27D3h® — TDR® + 6K°]
x (64D’ (D Fh)>(D £ h)*(DF2h)]™" (32)

Aslpgeon =DEh—J£J?

A 3h—J 7% 673 13374
+|D2h— +8—h+m—m-
Although, we have calculated the general expression up to
order 6, the gaps are given only up to lower order to keep
the expressions compact. Higher orders for fixed D, h ratios
can be calculated easily, while the general analytical result, as
shown here, gets hard to calculate for higher orders. Again
the perturbation scales with powers of unperturbed energy
differences, corresponding to virtual processes in the pertur-
bation theory. Therefore, for special parameter configurations
of D, h, like D = 2h starting in fourth order, we again obtain
QP conversions surrounded by artificial divergences, which
we can solve with the broad-step signum function in Eq. (17).
Instead of working with the spin-1 model directly, we can
also establish a mapping from the spin-1 model on a chain
to two effective spin-1/2 degrees of freedom distributed on a
ladder, as visualized in Fig. 3(b), where each rung corresponds
to the two QP types on one site. Therefore, the QP types are
again defined on distinct Hilbert spaces. This effectively re-
duces the model to the class of systems discussed in Sec. IIT A.
Each spin-1/2 degree of freedom is denoted as |1), || ) and
the local states on each rung are given by ||| ) := |0) for the
local ground state and as |1) := |+1) and || 1) := |—1) for
the two corresponding excited states. To restrict the local four-
dimensional Hilbert space to the three-dimensional subspace
of the spin 1, we use projection operators. The Hamiltonian
reads

Haren = (D + 1)QV + (D — h)Q®

(33)

J
- E(T(ZO) + T2 + Ta,1) + Tu,-1) + He),
(34)

with Q1 =3 n;,, 0® =3 .n; —using the number
operators nj i = b; 4+b;,—and the T operators given in
Table II, with bj’ n (b; ,) being the annihilation (creation)
operator of the respective spin-1/2 on rung j. Note that the
two-site interactions of the Ising coupling are modeled as
effective four-site interactions due to the projectors (1 — n; +),
to stay within the local three-dimensional subspace.

To summarize, this example opens up a large class of
systems with arbitrary local spectra, previously not accessible
by pCUT. By mapping the single local excitations to different
QP types with mutual hardcore-bosonic statistics, as given in
Eq. (31), we can establish a general procedure to calculate
series expansions around these local spectra.
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TABLE II. Perturbation operators of the ATFIM (34). The omit-
ted T operators are given by the Hermitian conjugate of the above
expressions.

m® @ Terms in 7,
20 blLb (A—m )1 —n)
0 2 bbb (=m0 —njy)
| ) b;+bj-‘_(1 —n )1 —njy)
+b] bl (1 —n )1 —n;_)
1 =1 bb, (I—m_)+b, b (1—n;_)
0 0 bl b, (I—m_)+b b, _(1—n)

D. Dissipative transverse-field Ising model

To show how versatile pcst™ is, we consider the Lindbla-
dian of the transverse field Ising model with local decay. The
coherent part of the dynamics is governed by the Hamiltonian

H=hY oi—-J) ofo} (35)
J (i)

and the dissipative part by the local jump operators
L] =0 T , (36)
acting on each spin j separately, with dissipation rate I'. Both

parts are illustrated in Fig. 4(a). Combined, the time evolution
of the density matrix is given by the Lindblad equation

. ir’ ; :
ip=[H.pl+5 D [2LjpL; = (LjL;. P} GBT)
J
To purify this equation, we represent the basis vectors |@) |
in operator space by basis vectors |¢, ¥)) := |¢) ® |¢¥)* in
Liouville space. The purification of an operator M is de-
fined as | M) := ZI«p),W) (| M |¥) |@, ¥)). The Lindbladian

in Liouville space is retrieved via |ip)) = L |p)) and reads

L=h) (0i®1-180})—J ) (0j0] @ 1-1®0}'0})
i (i, j)

i
+ = Z(Zq; ®o; —0fo; ®1—-1®0;0)).
J
(38)

(@) h
O O O O O O

(b)
® @ @ @ @ @

© o o © o ©

FIG. 4. (a) Dissipative transverse-field Ising model. The neigh-
boring spin-1/2 particles are coupled with an Ising interaction of
strength J and subject to a transverse magnetic field with strength
h and local dissipation with rate I". (b) Equivalent model on a ladder
according to the purified Lindbladian from Eq. (38). Blue (+) sites
correspond to o; ® 1 and red (—) sites to 1 ® 0.

TABLE III. Perturbation operators of the Lindbladian (38).

m  m® Terms in T,
-2 -2 o;/0; ®1l—0;0; ®0/0;
- <z -
+2 -2 —-1Q®o; o; +oi0;®0; 0;
ToT 2yt - +52 -
9 40 0;'0; Z(X)IL—l:aiaj ®o; +o/0;Q0;
+o;0; ®0; 0;
_ fot — o 25F _ g— z
o 4o Tl®00f —07 ®ojo] —0; ®0;0;
—0; 0] ®U{U}'
o0, ®1+o70f ®1+o0/0] @0,
0 0 +o0/0/®0 —1®0 0, —1®0, 0]
- Z— - — 2
—0; ®oj0; —0; ®0; 0;
) —oi;aj ®7ai”—ai 0, ®0; +0; ®0;0;
+o; ®o;0;
[P - +52 - [P —ag-
+2 0 —ofo/ ®o; —0;0;Q0; —20j0; ®o; 0;
- z. o+ - + 42 — Z.2
-2 0 o ®o;o +0; Qo aj+2crl. o, ®o/0;

This model is illustrated in Fig. 4(b), with the blue sites (+)
[red sites (—)] corresponding to the Hilbert space on the left
[right] side of the tensor product.

In the following, we use pcst™ to investigate the limit
|[J| < |A], |T'|. The two terms in the unperturbed part with
prefactors 4 and I' commute, so we can choose

1
Q“):EZ(G;@)]I—]I(X)U;),

J

0¥ =Y (0fo; ®1+1®00; —207 ®0;). (39)
j

with € =2h and €® = —il'/2 and write the perturba-
tion operators 7,, with two indices. Further separation of
Q into more summands is not possible, because Q! is the
only operator commuting with o;” ® o;”. The perturbation—
decomposed into eigenbasis operators 7,,, as discussed in
Sec. I D—is listed in Table III.

Even though the perturbation is Hermitian, we have that
T(L,,mz) 7 Ty —my in contrast to the models befor.e. .

We can work in a common local bi-orthonormal eigenbasis
for both Q1 and Q®, labeled by their respective eigenvalues
g, ¢® on site j. The right eigenvectors |¢(, ¢'») and the

corresponding left eigenvectors (g1, ¢@|" are given by
0,0) := L), |—1,1) == [{1)),
0,0 := (LUl + (1], (=L 1" = (1],
0,2) := A1) — 144D, 4L 1) = 1)),
0,2]" := (111, (+1, 11" = (1 (40)

Without perturbation, the vector [ss) := ®;]0,0) given by
|0, 0) on each rung is the stationary state of the Lindbladian
and, at the same time, the only eigenvector of Q" and Q»
corresponding to eigenvalue 0. Thus, we consider it as the
reference state and introduce hardcore-bosonic annihilation
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and creation operators

=10,0%0,2I%, a;, :=10,00£1, 1},

at, :=10,2)0,0%, at, :=|£1,1)0,0]}. (41)

Note that £ does not indicate adjunction since some left eigen-
vectors are not adjoint to their respective right eigenvectors
[see, e.g., |0, 0) and (0, O|* in Eq. (40)]. Now we can rewrite
the counting operators (39) in terms of those hardcore bosons

as
o =
Z(aj +4j+ T

J— I—)

¢
0% = Z(Zal «Gjs Tt a/ 4 tdja; ) (42)

and the peﬂurbation operators listed in Table I'V.

We have calculated the effective Lindbladian up to order 6.
Here we explicitly give the pest™ transformed Lindbladian up
to second in normal ordered form

2,J) _ p@JI) 2,J)
£eff - ‘Ceff,+ + ‘Ceff,f’ (43)

J

TABLE IV. Perturbation operators of the Lindbladian (38) ex-
pressed in the eigenbasis from Eq. (40). These operators are defined

via combinations of certain terms, such that the total m is correct,

i.e., a change of m = (£1, +1) can be achieved via aii or aj .

and a change of m = (£1, —1) via a;. or ai a,.

m m® Terms in 7,
+2 -2 :|:2alia‘* i+ T 2a; alia-
+2 +2 :I:(ali—i—aHk 1;)(aji+aj* ];)
(a;--%— + azz*at —)(aj + + aj —a/ *)
0 0 +(at++az 7al*)(aj++aj*a]7)
(az - +az *al+)(a +aj+ j*)
(a +al +al*)(a —I—a_ .H)
0 5 24} _a;a; _+2a; a+ _a;,
2at+at* o+ 2at+a/+a/*
iz 0 :I:(a ?iax*)(a-}’:i +a] *a] x)

:I:(a,i +al . 1;)(%; aj‘iaj‘*)

i’
E:%f‘]ﬂ):_:chZajiajﬂ: Z(aj* J*+ajiaji):|zjz[(ali+al* tq:)(a/i+aj$ j*)+(l(_)-])]

16hJ?

(i, ))

72 4ilJ 716k .
+ <:Fﬂ + 1612 — T2 - 1612 — ]"Z)Zajiaji+ (:I:FZF —16/’12 1_,2) Zal 40,405 .4,

4irJ?
+16hz—l"22a’*a‘*ajia]i+(l<_)1)]
(i)

(i,)

2ilJ?

: : :
162 — T2 Z(“l +iy T a g, )0 0, +d; a; )

J? s .
+ m Z (g, - F aiiai,*)(al,; + a}:,*ak,i) + (< )M - 2a§,+aj,+ - Zaf,_aj’_)

(i, j. k)
22 i
+ =il T Z [(Cl, ++ Cll " ljF)Clk Lt k)](aj W~ aj,ﬂFaj,ﬂF)
(YR
2J? ) i
¢E;E:Zﬂ@i+%*qm”%*+oekmn 2t a,, —da,.—da,) (a4
(YN

where ((i, j, k)) indicates three neighboring sites with j being
the middle one. Because the effective Lindbladian is block
diagonal with respect to the eigenvalues of both Q" and 0¥,
we can discuss the different subspaces separately. For this
example, we select the subspaces with the smallest imaginary
part since the respective density matrices decay slowest and
are thus most relevant on large timescales. This corresponds
to low QP numbers of Q?), as it includes decay processes.
The only stationary state of £ is |ss), corresponding to
eigenvalue 0, as all other eigenstates have a nonvanishing
eigenvalue. Therefore, the stationary subspace corresponds to
a1l x 1 block of Leg. Without further calculations, we see that

iy =0 )

(

This actually holds for arbitrary orders because
(ss|“Tmlss) =0 for all m, where (ss|":=®;(0,0[".
Interestingly, this left eigenvector is given by the vectorized
identity operator (1] = ZI o (@, o] and acting with it is
equivalent to performing the trace. This nicely combines the
facts that the left and right eigenvalues form a biorthonormal
basis and that the stationary state has trace 1 and is therefore
a valid density operator. This also implies that all other
eigenvectors of the Lindbladian have trace 0 and are not valid
density operators. However, they can be combined with the
stationary state to form other density operators.

The two 1QP subspaces correspond to the eigenvalue with
the lowest nonzero imaginary part, i.e., (¢, ¢®) = (&1, 1).
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The effective Lindbladians on this subspace read

r  J? 4J?
£C oy =+fames o 4 g,
G ) T3 "o Tanzmr )
FJIAjox) + [ Ljpr,1)
JZ
F E(Hj—li) + 1j42,4)). (46)

The blocks for higher QP numbers corresponding to
eigenvalues with higher imaginary parts—thus decaying
faster—contain mixtures of different creation and annihilation
operators, whose discussion is omitted here.

With this example, we have proved that pcst™ is able to
handle dissipative systems in the form of Lindbladians. This
is done by purification of the Lindblad equation and its density
matrices and expressing the dissipative part and a share of the
Hamiltonian part as a sum of ladder spectra. The second-order
results show the possibilities of discussing dissipative dynam-
ics in a perturbative fashion, focusing on slowly decaying
channels, phrased as QP excitations.

IV. CONCLUSION

In this paper, we have introduced pcst**, which generalizes
the established pCUT method to treat quantum many-body
systems by high-order linked-cluster expansions in two direc-
tions. First, it is now possible to treat multiple QP types so
one is not restricted to an unperturbed Hamiltonian with an
equidistant spectrum corresponding to a single QP counting
operator. Second, we have extended the field of application to
open quantum systems described by non-Hermitian Hamilto-
nians or Lindblad operators. As for the conventional pCUT
method, this allows the derivation of model-independent ef-
fective Hamiltonians and Lindbladians that commute with the
unperturbed part given by arbitrary complex-valued superim-
posed ladder spectra. The effective operators are therefore
block diagonal and significantly easier to treat. A linked-
cluster expansion in the thermodynamic limit is therefore still
possible by design. This includes, in particular, white-graph
expansions [37]. Because the linked-cluster expansion can
rely on the same programs for both pCUT as pcst*™, we
expect application to a wide range of models, including long-
ranged or higher-dimensional models, as straightforward. The
potential limitation due to divergences arising from small
unperturbed energy differences was overcome with a tunable
generator that does not decouple these subspaces.

On the computational side, a new challenge (in contrast
to the original pCUT) is the additional degrees of freedom
introduced by arbitrary ratios of the ladder-spectrum spacings,
resulting in a need for analytical expressions of the coeffi-
cients. Although we calculated coefficients in high orders,
the pest™ could be further optimized from deeper insights
into the actual shape of the coefficients to speed up analytical
calculations.

We expect that pest™ will be useful in various directions
for future investigations tackling correlated closed and open
quantum systems. A naturally relevant field will be cooper-
ative quantum phenomena involving light and matter degrees

of freedom where multiple QP types as well as dissipation and
driving are naturally present.

Additional data [51] as well as the source code [47] to
calculate the pcst** are available online.
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APPENDIX: PROOF OF THE TRANSFORMATION

In this Appendix, we prove that the pcst™ is convergent,
that the effective operator M. [see Eq. (14)] is block diago-
nal, and that for Hermitian operators M the flowing operator
M(?) is band diagonal. Thereby, we follow closely the proofs
of pCUT [26].

Convergence. Convergence 1S a necessary property
because it makes the pcst™ well-defined. It is given
when the coefficients Cy = limy_, o F(£;m) are unique
and finite. The following proof is only performed for
M(m) = 0, while M(m) # 0 will be discussed in the next
paragraph. It suffices to consider the limit for the functions
f;m) = M™IEE(g:m), since both coincide for
M(m) = 0.

Let m be arbitrary with M(m) = 0 and (m;, m;) = m be
an arbitrary breakup. By using M (m;) +M(m,) =M (m) =0,
we conclude that M(m;) = —M (m;,). Using that the coeffi-
cient function is given by

ft;m) = Z /6*2\M(m1)\4

(m;,my)=m

x 2 -sgn(M(my))f(€;my)f(¢;mp)de,  (Al)

every term in this sum is either vanishing for M(m,;) =0
or contains an exponentially decaying term for M(m;) # 0.
Thus, the only nonzero contribution to Cy, is the constant of
integration.

Block diagonality. That the effective operator Mg is
block diagonal, i.e., fulfilling [Q, Mex] = 0, is an essential
aspect of the pcst™. Because of Egs. (10) and (14), we prove
this aspect by showing that M(m) # 0 implies C, = 0. It
suffices to prove by induction that the functions f are of the
form

> Pu(Em)e (A2)

n=0

with non-negative integers w and polynomials P, (¢;m).

This then implies by definition that the functions
F(f;m) = e MMIE£p:m) are exponentially decaying
for M(m) ## 0.

The first-order results are given by f(¢; (m;)) = 1 and are
thus of the form (A2). As an induction hypothesis, we assume
that the statement holds for all m with |m| < k. Now let m
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be arbitrary with |m| = k. Because of Eq. (12), the coefficient
function is given by

f(&;m) = Z /e(IM(m)I—IM(ml)\—\M(mz)\)i

(m;,my)=m
X [sgn(M(m;)) — sgn(M(m;))]

x f(emy)f(€;my)de.

The term [M(m)| — |M(m;)| — |M(m;)| is always nonpos-
itive and, thus, together with the induction hypothesis, the
integrand is of the form discussed above. Together with the
starting condition, the coefficient function is of the form

(A3)

fm) = Po(;m) + Y P (6;m)e

n=l

(A4)

Band diagonality. To say that the flowing operator M (£)
is band diagonal during the flow means that [M(m)| > €pax
implies F(£;m) = 0. This threshold value e€p,x must be
independent on £ or the order. Having this property fulfilled is
not necessary but computationally desired because it reduces
the number of nonzero coefficient functions. Here we prove it
for Hermitian operators, where the threshold value €.« is the
largest element of £. Band diagonality does not hold when
using the complex signum function (5); we will not show that
here.

It suffices to prove by induction that M(m) > €yx iM-
plies that f({;m) =0, which implies per definition that
F(¢;m) = 0. The first-order contributions are trivially band
diagonal, which is our induction base case. As an induc-
tion hypothesis, we assume that the statement holds for all
m with |[m| < k. Now let m be arbitrary with |m| = k and
M(m) > €, positive. According to our induction hypoth-
esis, for Eq. (12) only terms with [M(m,)|, [M(m;)| < €max
contribute, as |m;|, |[my| < k. Thus, we know that M (m;) and
M (my) are positive due to €y < M(m) = M(m;) + M(my).
Therefore, the term does not contribute at all because of
the prefactor containing sgn(M(m;)) — sgn(M(m;)) = 0. We
conclude with Eq. (12) that d;f(¢{;m) =0 and with the
starting conditions also f(¢{;m) =0 and F(¢;m) = 0. The
same holds analogously for arbitrary m with |m| = k and
M(m) < —enax negative.

Broad-step signum function. The shown proofs were made
for the generator defined with the generalized sign function in
Eq. (5). For the broad-step signum function sgn;,, introduced
in Sec. II C, the proofs can be performed in an analogous way.
It turns out that convergence is still preserved, while the block
diagonality is no longer fulfilled, as [Q, M.g] # 0 in general.
Instead, we can prove the softened property that C,, = 0 for
|[M(m)| > D, again showing decoupling of subspaces with
sufficient distant eigenvalues. Lastly, the band diagonality is
not fulfilled, again increasing the needed number of calcula-
tions, analogous to the non-Hermitian case.
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