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Spin-driven stationary turbulence in spinor Bose-Einstein condensates
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We report the observation of stationary turbulence in antiferromagnetic spin-1 Bose-Einstein condensates
driven by a radio-frequency magnetic field. The magnetic driving injects energy into the system by spin rotation
and the energy is dissipated via dynamic instability, resulting in the emergence of an irregular spin texture in
the condensate. Under continuous driving, the spinor condensate evolves into a nonequilibrium steady state
with characteristic spin turbulence, while the low-energy scale of spin excitations ensures that the sample’s
lifetime is minimally affected. When the driving strength is on par with the system’s spin interaction energy and
the quadratic Zeeman energy, remarkably, the stationary turbulent state exhibits spin-isotropic features in spin
composition and spatial spin texture. We numerically show that ambient field fluctuations play a crucial role in
sustaining the turbulent state within the system. These results open up different avenues for exploring quantum
turbulence in spinor superfluid systems.
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I. INTRODUCTION

Turbulence is a ubiquitous phenomenon in fluids, from
classical to quantum; however, it is also a long-standing
challenging problem because of its complexity. Atomic Bose-
Einstein condensates (BECs), which enable exquisite control
of experimental parameters and direct imaging of wave func-
tions, provide a versatile platform for studying turbulence in
quantum fluids [1–3]. Moreover, the BEC system supports
internal spin degrees of freedom, allowing for an extension of
turbulence studies to spinor superfluids with multiple velocity
fields. Owing to the rich symmetry of the order-parameter
manifold, the spinor BEC may host unconventional topologi-
cal defects [4,5], possibly leading to novel types of turbulence
[6,7]. Many interesting phenomena were recently demon-
strated with atomic BECs, such as energy cascades [8,9],
universal coarsening in decaying turbulence [10,11], giant
vortex clusters [12,13], as well as spin turbulence [14–17].

Studying turbulence often involves investigating a fluid
that is continuously driven, resulting in a stationary turbu-
lent state. Stationary turbulence refers to a state where the
statistical properties of the turbulence remain the same over
time, while the chaotic flow pattern changes spatiotempo-
rally. Such stationary states facilitate theoretical descriptions
of turbulence [18–20], making them an attractive setting for
exploring complex far-from-equilibrium phenomena. In sta-
tionary turbulence, the inertial range for an energy cascade
is fully developed, with a steady energy flow from forcing
to dissipation [21–23]. Therefore, it is highly desirable to
establish a proper experimental method of forcing that can
generate stationary turbulent states.
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In this paper, we report the observation of stationary
turbulence in a spin-1 Bose-Einstein condensate under radio-
frequency (rf) magnetic field driving. We continuously inject
energy into the system via its spin channel, whose energy
scale is one order of magnitude smaller than the charac-
teristic energy scale of condensation, and observe that the
system evolves into a long-lived, nonequilibrium steady state
with turbulent flow. Furthermore, we find that under optimal
driving conditions, the stationary turbulent system exhibits
spin-isotropic features in spin composition and spatial tex-
ture. The observed nonequilibrium steady state represents a
different class of superfluid turbulence, providing interesting
opportunities for the study of quantum turbulence in a spinor
superfluid.

II. SPINOR SUPERFLUID FORCED BY SPIN ROTATION

The quantum fluid studied in this work is a BEC of 23Na
atoms in the F = 1 hyperfine state with antiferromagnetic
interactions [24,25]. The mean-field spin energy of an unmag-
netized F = 1 BEC is given by

Es =
[c2n

2
〈F〉2 + q

〈
F 2

z

〉]
n, (1)

where c2 is the spin-dependent interaction coefficient, n is
the atom number density, F = (Fx, Fy, Fz ) is the spin operator
of the spin-1 system, and q is the quadratic Zeeman energy.
For 23Na, c2 > 0 [26] and the mean-field ground state is a
polar state with 〈d̂ · F〉 = 0, where d̂ is a unit vector, called
the director, indicating the quantization axis along which the
system is in the mF = 0 state [4]. The quadratic Zeeman
energy imposes spin anisotropy, giving Es = q(1 − (d̂ · ẑ)2),
where ẑ denotes the direction of the external magnetic field.
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FIG. 1. Stationary turbulence in a spinor Bose-Einstein conden-
sate (BEC) under magnetic forcing. (a) Schematic illustration of
the energy flow in a driven BEC system. Turbulence is sustained
by driving with a radio-frequency (rf) magnetic field and energy
dissipation into a thermal gas whose temperature is regulated by
evaporation cooling due to the finite trap depth. The color pattern
of the BEC indicates its irregular spin texture. Absorption images of
turbulent BEC after 5-s driving with the rf field, taken (b) in situ and
(c) after a 18-ms time of flight (ToF). The Rabi frequency of the rf
driving was �/2π = 150 Hz

For q > 0, the ground state is the easy-axis polar (EAP) state
with d̂ ‖ ẑ [27].

When the system is excited with a spin texture that differs
from the ground state, it relaxes back to the ground state.
Recent experiments have shown that during this relaxation
process, spin turbulence emerges due to the dynamic and ener-
getic instabilities of the excited state [16,27,28]. This involves
spontaneous generation of spin waves via spin-exchange colli-
sions and phase separation between spin components [26,29],
resulting in complex velocity fields of the spin components.
Eventually, the turbulence subsides as the system returns to
its ground state [16,28]. However, if energy could be contin-
uously injected in a way to drive the spin texture out of the
ground state, a nonequilibrium steady turbulent state might
emerge from the balance between spin driving and relaxation
[Fig. 1(a)]. In this work, we demonstrate that such continuous
forcing can be achieved by slowly rotating the spins using
an external rf magnetic field in conjunction with small back-
ground field fluctuations.

III. RESULTS AND DICUSSION

A. Experiment setup

We start our experiment with preparing a BEC of
about 8 × 106 23Na atoms in the |F = 1, mF = 0〉 state
in an optical dipole trap. The condensate has highly
oblate geometry and its Thomas-Fermi (TF) radii are
(Rx′, Ry′ , Rz′ ) ≈ (230, 110, 2.4) µm for the trapping frequen-
cies of (ωx′, ωy′ , ωz′ ) ≈ 2π × (4.3, 8.8, 420) Hz, where x′, y′,
and z′ denote spatial coordinates. For the peak atomic density
n0, the spin interaction energy is c2n0 ≈ h × 39 Hz and the
spin healing length is ξs ≈ 2.4 µm [30], which is compara-
ble to the sample thickness. A uniform external magnetic

field of B0 ≈ 0.41 G is applied along ẑ = (−x̂′ + ŷ′)/
√

2 and
the quadratic Zeeman energy is q = αB2

0 ≈ h × 47 Hz with
α = h × 277 Hz/G2 for 23Na in the F = 1 state. The field
gradient in the sample plane is controlled to be less than 0.1
mG/cm.

To rotate the spin state, we apply an rf magnetic field
oscillating along ŷ′. The oscillating frequency ω is set to be
at the Larmor frequency ω0 = gF μBB0/h̄ ≈ 2π × 291 kHz,
where μB is the Bohr magneton and gF = 1

2 is the Landé g
factor of the atom, and the rf field drives the atoms in the
mF = 0 state to the mF = ±1 state. In the experiment, the
Rabi frequency �/2π of the rf driving ranges from 3 Hz to
15 kHz. It is important to note that ambient magnetic field
fluctuations δB(t ) may affect the rf driving. In a rotating
frame, taking the rotating-wave approximation, the single-
particle spin Hamiltonian is expressed as

Hs = −h̄δ(t )Fz + qF 2
z − h̄�Fx, (2)

where δ(t ) = gF μBδBz/h̄.1 This suggests that the effect of
field fluctuations can be interpreted as a random wobbling
of the spin-rotation axis. In our experiment, we estimated
the magnitude of the magnetic field fluctuations to be ap-
proximately 1 mG (see Appendix A), corresponding to
δ ≈ 2π × 0.7 kHz. This value is non-negligible considering
our range of �.

B. Long-lived stationary turbulence

We detect turbulence in the BEC by taking an absorption
image of the sample after a time-of-flight (ToF) expansion.
During a ToF, the internal turbulent flow leads to develop-
ment of irregular density modulations in the freely expanding
condensate [31]. Figure 1(b) shows an absorption image of
the sample after 5-s rf driving with �/2π = 150 Hz and an
18-ms ToF. A clearly visible, irregular density pattern appears,
indicating turbulence generation in the driven BEC. We note
that the in situ density profile of the driven BEC was smooth,
confirmed by imaging without the ToF.

We investigate the time evolution of the BEC upon ap-
plication of magnetic driving by taking ToF images with
Stern-Gerlach (SG) spin separation for various driving times
[Fig. 2(a)].2 In the early stage of evolution, the BEC shows
rather long-wavelength excitations with the same geometry as
the sample [32] and then, the excitations break into smaller
segments, revealing a cascade characteristic of turbulence
[16]. A completely irregular spin texture develops within 300
ms over the whole condensate and is maintained thereafter.
In the steady state, the fractional populations η0,±1 of the
spin states are equalized at 1

3 [Fig. 2(b)], where ηs = Ns/Nc

with Ns being the number of condensed atoms in the mF = s
state (s ∈ {0,±1}) and Nc = ∑

s Ns. As the turbulence is
generated, the thermal fraction ηth of the sample increases
accordingly and saturates after about 500 ms [Fig. 2(c)]. Here,

1Transverse field fluctuations are ignored in the rotating-wave ap-
proximation.

2Due to the inhomogeniety of the field gradient for SG spin separa-
tion, the clouds of mF = ±1 spin components are slightly extended
or squeezed differently.
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FIG. 2. Turbulence generation and relaxation in a F = 1 spinor BEC. (a) ToF images of samples with Stern-Gerlach (SG) spin separation
for various rf driving times τd , with �/2π = 150 Hz and for various relaxation times τr after 5-s driving. The BEC is initially prepared in
the mF = 0 state. An irregular spin texture develops within about 300 ms and the turbulent state becomes stationary thereafter. With the rf
driving turned off, the BEC relaxes into the mF = 0 ground state, containing quantum vortices as topological defects. (b) Time evolution of
the fractional spin populations in the BEC and (c) thermal fraction of the sample. Data points indicate mean values of 5 to 10 measurements
and error bars indicate their standard deviations.

ηth = Nth/Nt with Nth being the number of thermal atoms and
Nt = Nth + Nc.3 The increase in ηth indicates that the injected
energy eventually dissipates into the thermal gas coexisting
with the BEC, whose temperature is regulated by evaporation
cooling due to the finite trap depth [Fig. 1(a)].

When the rf driving is turned off after its 5-s application,
the turbulent BEC relaxes into the EAP ground state, as
expected, in which η0 monotonically increases toward unity
and the spin texture is coarsened, leaving quantum vortices
as topological defects [Fig. 2(a)]. Meanwhile, the thermal
fraction gradually decreases to a new equilibrium value after
stopping the energy injection [Fig. 2(c)].

The turbulent BEC exhibits longevity. In our experiment,
the 1/e lifetime of the BEC is reduced from 25.1 to 22.0 s,
only by about 10%, when subject to rf driving at �/2π =
150 Hz. We attribute this low heating by rf driving to the
low-energy scale of spin excitations, which is about 30 times
smaller than that of the density excitations representing the
system’s condensation energy. In the relaxation process shown
in Fig. 2(b), the initial increase rate of η0 is about 2.7 s−1,
which suggests an energy dissipation rate of q dη0

dt ∼ kB ×
6 nK/s per atom. However, from the condensate chemical

3The thermal fraction was measured by analyzing the ToF images
without SG, from a fit of the outer wings of the sample to a Gaussian
function.

potential μ ≈ kB × 50 nK and the measured minor reduc-
tion in BEC lifetime, we expect significantly lower-energy
dissipation under rf driving conditions. Notably, we observe
that even in the presence of rf driving, a thermal gas can
be effectively cooled through forced evaporation to directly
produce a turbulent BEC (Fig. 3).

C. Driving strength dependence

As stationary turbulence is sustained by a dynamical bal-
ance between rf driving and the relaxation of the system,
the resulting turbulence changes as the driving power varies.

100 m

100 m 0

1

2
OD

Cooling

FIG. 3. Direct formation of a spin-turbulent BEC under magnetic
driving. A thermal gas is evaporatively cooled in the presence of
rf field with �/2π = 150 Hz and a BEC is formed and grows at
low temperatures. (Upper row) ToF images of samples for various
temperatures and (bottom row) the corresponding images with SG
spin separation.
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FIG. 4. Evolution of the stationary turbulent state for various rf
driving strengths. (a) SG images for x, y, and z spin axes after 5-s
driving with �/2π = 6, 150, and 15 kHz. The z axis denotes the
direction of the external magnetic field and the x axis denotes the
spin-rotation axis for the driving rf field. (b) mF = 0 spin fractions
η0,α and normalized magnetizations Mα of the turbulent BEC for
α = x, y, z spin axes, and the thermal fraction ηth of the sample as
functions of �. Data points were obtained by averaging over 7 to 14
measurements with 5-s driving and error bars indicate the standard
deviations of the measurements. The vertical dashed line and dashed-
dotted line indicate the spin interaction energy c2n and the quadratic
Zeeman energy q, respectively. The shaded area indicates the driving
range for spin-isotropic turbulence with η0x = η0y = η0z = 1

3 .

We characterize the turbulent state and its dependence on the
driving power by taking SG images of the sample for various
�, along the three orthogonal spin axes x, y, and z [Fig. 4(a)].
Here, the spin-rotation axis defined by the oscillating rf field
is denoted as x̂. For x and y axis imaging, an additional, short
rf pulse of 60 µs is applied right before releasing the sample
from the trap to rotate the corresponding spin axis to ẑ, the
imaging axis direction. From the SG images for each spin
axis (α ∈ {x, y, z}), we determine the fractional populations
η0,α and the normalized net magnetization Mα = η1,α − η−1,α

of the condensate. Note that magnetization is not a conserved
quantity in this rf driven system because [Hs, û · F] 
= 0 for all
unit vectors û.

Figure 4(b) displays the measurement results of η0,α

and Mα for 5-s driving as functions of �, together with
the thermal fraction ηth. As � increases, the spin com-
position {η0x, η0y, η0z} gradually departs from that of the

EAP ground state, {0, 0, 1}, while keeping η0x = η0y. When
� > �c1 ≈ 2π × 50 Hz, it converges to { 1

3 , 1
3 , 1

3 }, which is
a maximally mixed state. It is noticeable that the threshold
frequency �c1 is close to q and c2n, which determine the spin
energy scale of the system. During its evolution, net magneti-
zation is not developed in the system, keeping Mα ≈ 0.

When the rf driving is further strengthened with � >

�c2 ≈ 2π × 500 Hz, we observe that η0x decreases and even-
tually vanishes. In the x-axis image, the mF = ±1 components
exhibit nearly identical density distributions, while in the
y- and z-axis images, large spin domain structures are ob-
served [Fig. 4(a) right]. These observations indicate that the
BEC evolves into into an easy-plane polar (EPP) state with
d̂ ⊥ x̂. The spin fractions η0y and η0z show mean values of
approximately 1

2 with large variances, consistent with the
EPP state having the rotation symmetry along the x axis.
This change can be attributed to the time-averaging effect
induced by fast spin rotation. In the regime where � � q/h̄,
the atomic spins rotate rapidly within the yz plane, resulting
in a time-averaged effective spin energy of a polar state as
Es,eff = q

2 (1 + (d̂ · x̂)2). Consequently, the director d̂ becomes
effectively confined in the yz plane.

The thermal fraction of the system reaches its peak at � ≈
�c1 and gradually decreases as � increases beyond �c1. This
behavior is in agreement with the observed evolution of the
turbulence magnitude in the system.

D. Role of field fluctuations

The sustainability of the turbulent state under continuous
rf field raises intriguing questions regarding the new ground
state under the driving and how the system maintains its
nonequilibrium state. In Appendix B, we provide a phase di-
agram of the mean-field spin ground state for a homogeneous
BEC driven by rf field. The diagram reveals a continuous
transition from the EAP state with d̂ ‖ ẑ to a ferromagnetic
state with spin polarization along x̂ as the driving strength
increases. This transition is governed by the competition be-
tween the quadratic Zeeman energy q and the linear Zeeman
energy h̄�. Based on this mean-field phase diagram, it is ex-
pected that the system would relax to its ground state through
a transient period of turbulence following the sudden applica-
tion of rf driving.

To gain insights into the sustaining mechanism of turbu-
lence, we numerically investigate the dynamics of the spin-1
BEC under rf driving, taking into account realistic experi-
mental conditions such as density inhomogeneity [33] and
magnetic field fluctuations, which might facilitate the spin
disordering of the BEC in spatial and temporal manners,
respectively. Our numerical study is based on the two-
dimensional Gross-Pitaevskii equation (GPE) for the spinor
BEC,

ih̄∂t� =
[
− h̄2

2m
∇2 + Hs + Vtrap(r′)

+ c0n + c2n〈F〉 · F − μ

]
�, (3)

where � = (ψ+1, ψ0, ψ−1)T with ψs being the wave func-
tion of the mF = s component, m is the atomic mass,
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FIG. 5. Effect of magnetic field fluctuations. Numerical simu-
lation results of the density distributions of the spin components
under rf driving for �/2π = 150 Hz (a) without and (b) with mag-
netic field fluctuations. Field fluctuations were modeled to be δ(t ) =
δ0 sin(2π f t ) with δ0/2π = 1 kHz and f = 60 Hz. x, y, and z denote
the spin projection axes.

Vtrap(r′) = 1
2 m(ω2

x′x′2 + ω2
y′y′2) is the harmonic trapping po-

tential, and c0 is the spin-independent interaction coefficient.
The system parameters are chosen to be close to experimen-
tal values: q/h = 47 Hz, μ/h = 1242 Hz (c2n0/h = 45 Hz),
c0/c2 = 27.6, (Rx′ , Ry′ ) = (113, 58)ξs. The initial state of the
BEC is a stationary EAP state with small Gaussian noises
and the GPE is solved using a relaxation pseudospectral
scheme [34,35].

In Fig. 5(a), we show the time evolution of the BEC
without field noises [δ(t ) = 0] for �/2π = 150 Hz. As spin
excitations develop, magnetization along x̂ increases, consis-
tent with the mean-field phase diagram. The spin fraction η0x

remains zero throughout the evolution because the mx = 0
state is an eigenstate of the driven system. However, when
field fluctuations are introduced, the dynamics of the BEC are
qualitatively altered [Fig. 5(b)]. In this case, we model the
field fluctuations as a sinusoidal function δ(t ) = δ0 sin(2π f t )
with δ0/2π = 1 kHz and f = 60 Hz, reflecting the exper-
imental conditions. An irregular spin texture involving all
three spin components emerges, resembling the experimental
observations. These numerical results clearly indicate the sig-
nificant role of field fluctuations in generating the stationary,
isotropic turbulence state.

The interplay of rf driving and field fluctuations in turbu-
lent generation may be speculated as follows: the rf driving
brings the system to a dynamically critical state that is ex-
tremely sensitive to external magnetic field variations [36], or
field fluctuations render the system’s ground state temporally
ill defined to make the relaxation process last effectively for-
ever. It is noteworthy that the upper bound �c2 for the region
of stationary turbulence region in Fig. 4(b) is comparable to
the estimated magnitude of field noise in terms of the Larmor
frequency. This might imply that for high � > �c2 the system
becomes robust against field noises. The specific mechanisms
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FIG. 6. Spin isotropy of the turbulence. (a) mF = 0 spin fraction
and magnetization for various quantization axes. θ and φ denote
the polar and azimuthal angles of the measurement axis. (b) in situ
images of the mF = −1, 0, +1 spin components for x, y, z axes,
after 5-s driving with �/2π = 150 Hz and q/h = 47 Hz. In the spin-
selective in situ imaging, a fraction of atoms in the target spin state
was rapidly transferred to the F = 2 state with a short microwave
pulse of 120 µs and imaged by a F = 2 resonant light.

by which field fluctuations contribute to turbulence generation
warrants further investigation in future studies.

E. Spin-isotropic turbulence

The main finding of this study is the emergence of a spin-
isotropic, stationary turbulent state within the intermediate
driving regime of �c1 < � < �c2. The spin-isotropic nature
refers to the equal spin fractions observed along all spin
axes and it indicates a maximum entanglement entropy of the
spinor BEC when viewing the system as a composite of spin
and spatial dimensions. To further validate the spin-isotropic
property of the turbulence, we extend our measurements of
the fractional populations of the spin states to various quan-
tization axes. The control of quantization axis is achieved by
adjusting the pulse durations of short rf pulses applied right
before releasing the sample. We observe that η0,±1 ≈ 1

3 in
all directions [Fig. 6(a)], providing strong evidence for the
spin-isotropic turbulence in the spinor BEC. Importantly, we
find that such a turbulent state can be generated regardless of
the initial spin state of the BEC.

013318-5



DEOKHWA HONG et al. PHYSICAL REVIEW A 108, 013318 (2023)

(a)
q/h = 47 Hz

20 Hz

q/h = 47 Hz

20 Hz

100 m

11 Hz

(b)Experiment Numerical

OD
0.80.40

0 /n0
10.50

100 m

11 Hz

FIG. 7. Turbulent BECs for various quadratic Zeeman energies.
(a) in situ z-axis images of the mF = 0 spin component after 5-s driv-
ing with �/2π = 150 Hz for q/h = 47, 20, and 11 Hz. (a) Numerical
simulation results for the same q values after 300-ms magnetic driv-
ing with �/2π = 150 Hz and δ0/2π = 1 kHz.

Furthermore, we investigate the spin texture of the tur-
bulent BEC by performing in situ images of the mF = 0
component along all spin axes [Fig. 6(b)]. In the imaging, a
fraction of atoms in the |F = 1, mF = 0〉 state was rapidly
transferred to the |F = 2, mF = 0〉 state using a short mi-
crowave pulse of 120 μs and then imaged by a F = 2 resonant
light. While the quantitative analysis of the density distribu-
tions is limited by imaging noise, the spatial structures of
the spin domains appear similar for different imaging axes,
suggesting the isotropic character of the spin texture of the
turbulent state.

In addition, we make an interesting observation that the
spatial domain size increases as q decreases as shown in
Fig. 6(c). This observation highlights the role of the intrinsic
spin anisotropy of the system in spin texture formation. The
similar q dependence of the characteristic length scale of spin
turbulence has been observed in previous quench experiments
[16,28]. To further support our experimental observations, we
conduct numerical simulations for various q values and find
good agreement between the simulation results and experi-
mental data [Fig. 7(a)].

IV. CONCLUSION

We have observed the generation of stationary turbulence
in a magnetically driven spin-1 BEC system, which has intrin-
sic instability due to spin anisotropy. Under optimal driving
conditions, spin-isotropic turbulent states emerge, exhibiting
the same spin compositions for all quantization axes. Thanks
to its long lifetime, we expect that the observed stationary tur-
bulence state will provide interesting opportunities for studies
of nonequilibrium spinor superfluid dynamics. An immediate
extension of this work would be to quantitatively characterize
the spin texture [7] and energy flow [37,38] of the turbulent

state and to investigate the nature of the superfluidity of this
spin-disordered, turbulent BEC [39,40].
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APPENDIX A: FIELD NOISE ESTIMATION

To estimate the magnitude of the magnetic field fluctua-
tions in the experiment, we measured the spin dephasing time
using a spin-echo scheme. The rf pulse sequence is described
in Fig. 8(a). A BEC sample was initially prepared in the
mz = 0 state and three rf pulses with ω = ω0 were sequen-
tially applied with the same time intervals of τ , which realized
spin rotations of π/2, π , and π/2 along x̂, respectively. By the
first pulse, the atomic spin state was transferred to a superpo-
sition of the mz = 1 and −1 states, and then, the magnetic
field fluctuations affect the evolution of the relative phase
between the two Zeeman states. By the second pulse, the
spin state was flipped along x̂ and the dephasing effect during
the first interpulse period due to the spatial inhomogeneity of
the external magnetic field was reversed during the second
interpulse period. Right after the third rf pulse, the fractional
spin population η0z of the mz = 0 state was measured, whose
variations result from the temporal magnetic filed fluctuations
over the whole sequence time.

The measurement results are shown in Fig. 8(b) as a func-
tion of τ . As τ increases, the mean value of η0z rapidly
decreases from 1 to 0.5 and its variations increase accordingly.
The standard deviation of the measured values reaches the
value of 1

2
√

2
for fully dephased states, within a few ms. To

determine the magnitude of the field fluctuations, we nu-
merically simulate the spin dynamics by modeling δ(t ) with
Gaussian random noises. By fitting the simulation results to
the experimental data, we obtain a best Gaussian width of
δw = 2π × 740 Hz, which corresponds to field fluctuations of
about 1 mG.

To characterize the field noise effect in rf driving, we also
investigated the stability of the spin transfer efficiency of a
resonant rf pulse. In an ideal situation without field noises,
atoms in the mz = 0 state can be completely transferred to the
other spin states by a π/2 rf pulse, i.e., with a pulse duration
of π

2�
. However, such a deterministic transfer is hampered by

field noises because the spin rotation axis is modified to be
along �x̂ + δẑ which varies with realization. In Fig. 8(c), we
display the measurement results of the remaining population
fraction of the mz = 0 state after a π/2 pulse for various
�. When � decreases to below δw, the transfer efficiency
decreases and fluctuates significantly. We numerically confirm
that the measurement results are consistent with the field noise
magnitude deduced from the spin-echo measurements.
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FIG. 8. Estimation of magnetic field noises. (a) rf pulse sequence
for the spin-echo measurement of magnetic field noises. The sample
was initially prepared in the mz = 0 state and its spin fraction was
measured right after the third rf pulse. (b) mz = 0 spin fraction as
a function of the interrogation time τ . Squares are the mean value
of 20 measurements and the error bars are their standard deviation.
(c) mz = 0 fraction after a π/2 rf pulse as a function of δw/� (δw =
2π × 740 Hz). Squares indicate the mean value of five experimental
measurements and the error bars denote their standard deviation.
The spin dynamics in the measurements was numerically simulated
for Gaussian random noises. In (b) and (c), solid lines and shaded
regions indicate the mean value and standard deviation of about
104 numerical simulation results for the field noises with width of
δw = 2π × 740 Hz.

APPENDIX B: MEAN-FIELD PHASE DIAGRAM

Under rf driving, the mean-field spin energy of the BEC is
given by

E ′
s =

[
h̄�〈Fz〉 + q

〈
F 2

z

〉 − h̄�〈Fx〉 + c2n

2
〈F〉2

]
n, (B1)
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FIG. 9. Phase diagram of the mean-field spin ground state of a
homogeneous BEC under rf driving in the plane of � and �(=
ω − ω0) for c2n = 0 and q. z2

A is the polar fraction of the ground
state [42] and Mx,z are the normalized magnetizations along x̂ and ẑ,
respectively.

where � = ω − ω0 is the frequency detuning of the rf field.
Based on this energy functional, we numerically calculated
the stationary spin ground state of the system for a fixed n
[41]. In Fig. 9, the phase diagrams for c2n = 0 and q are
presented in the plane of � and �, where z2

A =
√

1 − |〈F〉|2
is the polar fraction of the BEC [42] and Mx,z = 〈Fx,z〉 are
the normalized magnetizations along x and z directions, re-
spectively. When the quadratic Zeeman energy is dominant,
i.e., q/h̄ � � and �, the ground state is the EAP state
with d̂ ‖ ẑ, whereas when the linear Zeeman energy is in-
creased for � > q/h̄ (� > q/h̄), the system evolves to a
ferromagnetic state polarized along ẑ (x̂). The parameter re-
gion of the polar state is extended with c2n 
= 0 because it
is energetically more favored with the antiferromagnetic spin
interactions.
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