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By incorporating the quantum effects and the Coulomb interaction between the first ionized electron and the
residual ion in a uniform theory, the Coulomb-corrected quantum-trajectories (CCQT) method is developed to
describe the recollision-impact ionization (RII) process in nonsequential double ionization of atoms in intense
laser field. The results simulated by CCQT are found to be in better agreement with the experimental results,
compared with those calculated by the classical-trajectory Monte Carlo (CTMC) and strong-field approximation
(SFA) methods. Considering its advantage of small computational cost and back-trajectory analysis, the CCQT
method will be an efficient theoretical tool to quantitatively investigate the underlying physics of the complex
and coherent multielectron dynamics in intense laser field.
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I. INTRODUCTION

Nonsequential double ionization (NSDI) in intense laser
field has attracted considerable interest (for reviews, see, e.g.,
Refs. [1,2]), since it was discovered 40 years ago [3], because
it is regarded as one dramatic manifestation of electron-
electron correlation in nature. It is commonly accepted that
NSDI results from the laser-induced inelastic recollision. In
the recollision process [4,5], the first electron is ionized
through tunneling, then is driven back by the laser field to
collide with the parent ion. If the kinetic energy of the first
active electron is high enough, it releases the second electron
directly (recollision-impact ionization, RII). In contrast, if the
kinetic energy transferred from the first electron to the core is
not sufficient to free the second electron, the second electron
can be only pumped to an excited state and then be freed
by the laser field at a later time (recollision excitation with
subsequent ionization, RESI).

The understanding on NSDI mainly relies on four kinds
of theoretical methods, all of which have their limitations.
The classical (semiclassical) method in Monte Carlo frame,
also known as the classical-trajectory Monte Carlo (CTMC)
method, obtains electron trajectories by numerically solv-
ing Newton equations [6–9]. It takes the full interactions
into account, including laser-electron, ion-electron, as well
as electron-electron Coulomb interactions. But due to its
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classical nature, it does not include the quantum effect such
as the parity of the quantum state [10,11] and the inter-
ference effect [12–16]. The quantitative rescattering (QRS)
model, taking advantage of the precise differential cross sec-
tion (DCS), does not include the interference effect either.
Strong-field approximation (SFA) [17,18] describes the quan-
tum effect well but ignores the Coulomb interaction between
the residual ion and the freed electron, which may cause
problems in the quantitative or even qualitative description of
NSDI. For example, since the coulomb focusing effect on the
electron trajectory is ignored, the multiple return trajectories
are underestimated, and the calculated results [19] are not
consistent with the experimental results at high laser intensity
[20]. Numerical solution of the time-dependent Schrödinger
equation (TDSE) [21,22] is the most accurate theoretical
method, but to solve it is a formidable computational chal-
lenge and it is difficult to provide deep insight into the
underlying mechanism. Therefore, a coherent and quantita-
tive approach which can incorporate all the abovementioned
effects in a uniform theory is highly demanded. Very recently,
a Coulomb-corrected quantum-trajectories (CCQT) method
[23], in which both the quantum effect and Coulomb inter-
action between the electron and the parent ion are considered,
was proposed to investigate the RESI process. It quantitatively
reproduced the experimentally observed different patterns of
correlated electron momentum distributions (CEMDs) in the
below-threshold laser intensity regime, and identified the key
role played by the recollision of the second electron.

In this paper, the CCQT method is developed to investigate
the RII process of Ne atoms. It has been confirmed that, unlike
in He and Ar, the RII process plays a major role in the NSDI
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of Ne [24–26]. We obtain the CEMDs for Ne at different laser
wavelengthes and different laser intensities. After comparing
the simulated results with the experimental results as well as
with that calculated by SFA and CTMC methods, we find that
better agreement is achieved between the simulated results of
CCQT and the experimental results. Especially, the flaw of
underestimation of multireturn trajectories in SFA is remedied
in the recently developed CCQT method.

II. THEORETICAL METHODS

A. SFA

The SFA transition amplitude for the RII process in length
gauge can be expressed as (atomic units m = h̄ = e = 1 are
used) [12]

M(p1, p2) =
∫ ∞

−∞
dt2

∫ t2

−∞
dt1

∫
d3k

× 〈
p2+A(t2), p1+A(t2)|V12|ψ (2)

g , k + A(t2)
〉

× 〈
k + A(t1)|V1|ψ (1)

g

〉
exp [iS(t2, t1, k)], (1)

where |ψ (i)
g 〉 is the ground state of the ith electron ei. For

Ne atoms focused here, we employ the hydrogen-like wave
function of the 2p state to describe the ground state of the two
electrons with the effective nuclear charge Zi = √

2Ipi, where
Ipi denotes the ionization potential of ei for Ne. |k + A(t )〉
is the plane wave with momentum k + A(t ), and A(t ) is the
vector potential. In the calculation of this work, a linearly
polarized plane-wave laser field with A(t ) = A0 cos ωt (ω cor-
responds to the frequency of 800-nm or 1300-nm laser field)
is applied. V1 denotes the binding potential of e1, and V12 is
the interaction between the two electrons. t1 is the ionization
time and t2 is the rescattering time of e1. The action S is
expressed as

S(t2, t1, k) = −
∫ ∞

t2

[p1+A(τ )]2

2
dτ −

∫ ∞

t2

[p2+A(τ )]2

2
dτ

−
∫ t2

t1

[k + A(τ )]2

2
dτ + Ip1t1 + Ip2t2. (2)

The infinite upper limit of the first two integrals in the above
action is immaterial. It introduces a phase that cancels when
calculating the probabilities, and therefore does not contribute
to any observable.

The multiple integrals in Eq. (1) can be solved using
saddle-point methods:

M(p1, p2) =
∑

s

(2π i)5/2

√
det S′′(t2, t1, k)|s

× 〈
p2+A

(
t s
2

)
, p1+A

(
t s
2

)∣∣V12

∣∣ψ (2)
g , ks+A

(
t s
2

)〉
× 〈

ks+A
(
t s
1

)∣∣V1

∣∣ψ (1)
g

〉
exp

[
iS

(
t s
2, t s

1, ks
)]

, (3)

where the index s runs over the relevant saddle points and
S′′(t2, t1, k)|s denotes the five-dimensional matrix of the sec-
ond derivatives to the action in Eq. (2) with respect to t1, t2, k.

The corresponding saddle-point equations are

[k + A(t1)]2 = −2Ip1, (4)

[p1+A(t2)]2 + [p2+A(t2)]2 = [k + A(t2)]2 − 2Ip2, (5)∫ t2

t1

dτ [k + A(τ )] = 0. (6)

B. CCQT method

Following the same idea of the CCQT method for RESI
process [23], the ionization and propagation of e1 are cal-
culated by employing the quantum trajectory Monte Carlo
(QTMC) method [27,28] to include the effect of the Coulomb
interaction between the residual ion and the first ionized
electron. And the inelastic recollision process resulting in
double ionization (DI) is calculated by conventional SFA.
Then, the magnitude of the RII process in length gauge can be
expressed as

M(p1, p2) =
∑

s

M (2)
p1,p2

(
t s
2

)
M (1)

k̃

(
t s
2, t s

1

)
. (7)

The above magnitude is summed over different trajectories s,
and t s

1 and t s
2 denote the ionization time and rescattering time

of the first electron for trajectory s.
M (1)

k̃
(t2, t1) describes the ionization process of e1 and its

propagation in the combined laser field and electron-core
Coulomb field by employing the QTMC method,

M (1)
k̃

(t2, t1) =
√

w(t1) exp [iS1(t2, t1)], (8)

where w(t1) is the tunneling ionization rate calculated with
the Ammosov-Delone-Krainov formula [29], which is deter-
mined by the instantaneous laser electric field at the ionization
time t1. The classical action S1 in Eq. (8) is expressed as

S1(t2, t1) = −
∫ t2

t1

[
ṽ 2

1 (τ )

2
− 1

|r1(τ )|

]
dτ + Ip1t1, (9)

where ṽ1(t ) is the instantaneous velocity of e1, which is ob-
tained by solving the Newton equation d ṽ1(t )/dt = −E(t ) −
r1(t )/|r1(t )|3 with E(t ) = −∂A(t )/∂t . After being ionized at
time t1 through tunneling, e1 propagates in the combined field
of the Coulomb potential and the laser field until it collides
with the ion at time t2 when the distance between e1 and the
ion reaches a minimum.

M (2)
p1,p2

(t2) describes the DI process at time t2

M (2)
p1,p2

(t2) = 〈p2+A(t2), p1+A(t2)|V12

∣∣ψ (2)
g , k̃+A(t2)

〉
× exp[iS2(t2)]. (10)

This term is similar to the first term in the integral in
Eq. (1) except that the undisturbed intermediate asymp-
totic momentum k is replaced with Coulomb-field disturbed
intermediate asymptotic momentum k̃ = ṽ1(t ) − A(t ). The
excess energy after overcoming Ip2 is randomly allocated to
the two electrons, only to ensure the energy conservation
[p1+A(t2)]2/2 + [p2+A(t2)]2/2 = [̃k+A(t2)]2/2 − Ip2 simi-
lar to the saddle-point equation Eq. (5). The directions of
p1 and p2 are chosen randomly. The classical action S2 in
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FIG. 1. CEMDs for Ne atoms with the same laser parameters as
the experimental results in Fig. 3 of Ref. [26]. [(a)–(c)] 800 nm,
3 × 1014W/cm2, corresponding to ponderomotive energy Up =
0.656 a.u.; [(d)–(f)] 1300 nm, 2.6 × 1014 W/cm2, corresponding to
ponderomotive energy Up = 1.502 a.u. (a) and (d) are calculated with
the SFA method, (b) and (e) are calculated with the CCQT method,
and (c) and (f) are calculated with the CTMC method.

Eq. (10) is expressed as

S2(t2) = −
∫ ∞

t2

[p1+A(τ )]2

2
dτ −

∫ ∞

t2

[p2+A(τ )]2

2
dτ+Ip2t2.

(11)

In general, the main difference between the SFA model and
the CCQT model comes from the treatment of the propagation
of the first electron before recollision. In the SFA model, the
quantum trajectories are obtained by solving the saddle-point
equations, i.e., Eqs. (4)–(6). In these equations, the Coulomb
interaction between the residual ion and the first ionized elec-
tron is ignored, whereas in the CCQT model we calculate
these rescattering trajectories by including the Coulomb in-
teraction. This improvement will correct the momentum of
the first electron, its classical action (phase), and also the
probability of recollision, and eventually influence the NSDI
process.

C. CTMC method

In the CTMC method [6], e1 is firstly tunnel ionized at the
outer edge of the laser-field suppressed Coulomb potential.
The initial tunnel exit, the initial transverse velocity, and the
weight of each electron trajectory are calculated according to
the adiabatic tunneling theory [29]. After ionization, the evo-
lution of e1 is governed by the three-dimensional (3D) Newton
equations of motion. The bound electron e2 is assumed to
be in the ground state of Ne+, and its initial distribution is
simulated by a microcanonical distribution [30]. To mimic the
RII process, we only take into account trajectories with delay
time—interval between recollision time and double ionization
time—smaller than 0.1T (T is the optical cycle). In our calcu-
lation, a laser pulse of six cycles with constant amplitude plus
three cycles of ramp down is applied.

III. RESULTS AND DISCUSSION

Figure 1 displays the simulated CEMDs for Ne atoms at
wavelengthes of 800 nm and 1300 nm to compare with the
high-resolution experimental results in Fig. 3 of Ref. [26].

The laser parameters in our calculations are the same as those
in the experiments. At a wavelength of 800 nm, CEMDs
calculated with three methods all concentrate in the first and
third quadrants, indicating that the two electrons prefer to
emit in the same direction. A V-shape structure can be seen
clearly in the SFA and CCQT results [Figs. 1(a) and 1(b)], but
is not obvious in the CTMC result [Fig. 1(c)]. The V-shape
structure in the CCQT result is narrower than that in the
case of SFA, and is more consistent with the experimental
result in Ref. [26]. At a wavelength of 1300 nm, the SFA
result tilts to the second and fourth quadrants [Fig. 1(d)],
while for CCQT and CTMC, distributions in the first and
third quadrants are always dominant, which is also the case
for the experimental results. Compared to the CTMC result,
the V structure in the CEMD of CCQT is wider, and is closer
to the axis. In addition, two additional parts of distribution
appear along the axis in the result of CCQT. Actually, on close
inspection of the experimental result at 1300 nm (Fig. 3(b)
in Ref. [26]), one can find a similar pattern including both
the wider V structure and the additional distribution near the
axis. In general, among the three theoretical methods, CCQT
results show better agreement with the experimental results at
both wavelengthes.

In addition, the authors of Ref. [26] also presented simu-
lated results of the SFA model, which are in good agreement
with their experimental results. Their SFA model is quite
different from the one applied in this work. First, the
two-electron final state in Ref. [26] involves the Coulomb
repulsion of the two electrons, which is neglected in the prod-
uct of two independent one-electron Volkov state employed
in this work. However, we apply the pure Coulomb repulsive
potential as the electron-electron interaction V12 in the transi-
tion amplitude, which is responsible for the ionization of the
second electron at the rescattering. In Ref. [26], the authors
employed the Yukawa potential V12 with a free parameter of
the effective screening factor. For the value of the effective
screening factor selected in Ref. [26], the effect of the long-
range Coulomb interaction is actually not included. In short,
the Coulomb repulsion of the two electrons is considered
in both SFA models but in different ways. In Ref. [26], the
Coulomb repulsion of the two electrons is taken into account
in the final two-electron state, but is not fully considered in
the interaction potential V12. In contrast, in our SFA model, it
is not included in our final state, but is fully considered in the
interaction potential V12. It is worth noting that the pattern of
the momentum distribution is sensitive to the effective screen
factor if employing a Yukawa potential, so an appropriate
value of this parameter is critical to obtain consistent results
with the experiment. Moreover, the authors of Ref. [26] only
considered the first-return rescattering trajectories in their cal-
culations, whereas in our calculation, besides the first-return
trajectories, we also include multireturn trajectories which
will be found to have important contribution.

We also compare the simulated results of three methods
for different laser intensities at a wavelength of 800 nm.
When laser intensity increases, all distributions calculated by
the three methods become wider. From 5 × 1014 W/cm2, the
SFA-calculated CEMD [Fig. 2(a)] tends to be more and more
inconsistent with the CCQT and CTMC results [Figs. 2(b)
and 2(c)]. The SFA result tilts to and finally concentrates in
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FIG. 2. CEMDs for Ne atoms at 800 nm for different laser in-
tensities. [(a)–(c)] 5 × 1014 W/cm2; [(d)–(f)] 7 × 1014 W/cm2, and
[(g)–(i)] 1 × 1015 W/cm2. (a), (d), and (g) are calculated with the
SFA method; (b), (e), and (h) are calculated with the CCQT method;
and (c), (f), and (i) are calculated with the CTMC method. All
CEMDs are normalized to themselves.

the second and fourth quadrants [see Figs. 2(d) and 2(g)]. For
CCQT and CTMC, although distributions tend to be visible
in the second and fourth quadrants when laser intensity in-
creases, distributions in the first and third quadrants are always
dominant [see Figs. 2(h) and 2(i)], which are qualitatively
consistent with the experimental results at 1 × 1015 W/cm2

[20]. In addition, there exists a quantitative difference be-
tween CCQT and CTMC results. Compared with CTMC,
the V-shape structure in CEMD of CCQT is wider, and the
distribution in the second and fourth quadrants is more promi-
nent. It is worth noting that CEMDs at 7 × 1014 W/cm2

[Figs. 2(d)–2(f)] are unsurprisingly consistent with the results
at 1300 nm in Fig. 2 since they have nearly equal ponderomo-
tive potential Up = E2/4ω2 (E is the laser electric field and ω

is the angular frequency).
It has been demonstrated that the deviation of SFA results

from CTMC results at large Up can be attributed to the under-
estimation of the multireturn trajectories due to the ignorance
of the Coulomb interaction between e1 and the residual ion in
SFA [19]. Here, the main correction made in the CCQT model
is including the electron-core Coulomb field during the prop-
agation of e1 before recollision; this is why the CCQT results
exhibit better agreement with the experimental results than
the results calculated with the SFA model. If the electron-core
Coulomb interaction is ignored, the diffusion effect will cause
smaller probability of rescattering trajectories with longer
travel time �t (the interval between the ionization time t1 and
the recollision time t2). So the contribution of the multireturn
trajectories (�t > T , T is the optical period) is much lower
than that of the first-return trajectories (�t < T ) in the results
of SFA. However, if the electron-core Coulomb interaction is
considered, just as is done in the CCQT model, the Coulomb
focusing effect will compensate the diffusion effect, and the
probability of multireturn trajectories will be significantly

FIG. 3. CEMDs for different-return trajectories at
3 × 1014 W/cm2. [(a)–(c)] The first-return trajectory. [(d)–(f)]
The third-return trajectory. (a) and (d) are calculated with the SFA
method. (b) and (e) are calculated with the CCQT method. (c) and
(f) are calculated with the CTMC method.

improved. Since the momentum distribution of multireturn
trajectories is different from that of the first-return trajectories,
the increase of the contribution of the multireturn trajectories
leads to the change of the shape of the final momentum dis-
tribution, which is found to be in better agreement with the
experimental results. Next, we will make a detailed analysis
of the contributions of different-return trajectories to further
demonstrate the above explanation. Here, different-return tra-
jectories of e1 are defined according to the travel time �t . For
trajectories with �t in the interval [(n/2)T, ((n + 1)/2)T ],
we denote them as the nth-return trajectories [31]. To show the
case clearly, we separate the contributions of different-return
trajectories to CEMDs at 800 nm obtained by three theoretical
methods, respectively.

At the lowest laser intensity of 3 × 1014 W/cm2, the max-
imal return energy of the first-return trajectory is well above
the ionization potential Ip2, and that of the third-return tra-
jectory is slightly higher than Ip2. The maximal energy of
the second-return trajectory is insufficient to ionize e2, so it
does not contribute to NSDI. In Fig. 3 we present CEMDs for
the first- and third-return trajectories at 3 × 1014 W/cm2. The
patterns of CEMD calculated by the three methods are quali-
tatively consistent with each other. The first-return trajectory
exhibits a clear V-shape structure, whereas the distribution of
the third-return trajectory is much narrower and concentrates
on the diagonal, which is resulted from the much smaller
excess energy of the third-return trajectory after overcoming
Ip2. Quantitatively, the yield of the third-return trajectory is
much lower than that of the first return in the results of CCQT
and SFA, but the yields of the first and the third return are
comparable in CTMC results. Since the distribution region
of the first- and third-return trajectories overlap each other,
the V-shape structure in the total CEMD of CTMC [Fig. 1(c)]
becomes not obvious.

When laser intensity increases to 5 × 1014 W/cm2, dis-
tribution of the first return tilts to the axis of pz = 0 in all
three cases [see Fig. 4]. Such laser-intensity dependence can
be easily understood. The final momenta of the two elec-
trons are determined by the residual momenta after inelastic
recollision and momenta obtained by them from the laser
field after recollision, which is equal to −A(t2). The residual
momentum and the laser-induced momentum −A(t2) are in
opposite directions in forward scattering, which is the main
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FIG. 4. CEMDs for different-return trajectories at 5 × 1014

W/cm2. [(a)–(c)] The first-return trajectory. [(d)–(f)] The second-
return trajectory. [(g)–(i)] The third-return trajectory. (a), (d), and (g)
are calculated with the SFA method. (b), (e, and (h) are calculated
with the CCQT method. (c), (f), and (i) are calculated with the CTMC
method.

case in the present situation. At lower intensity, the value of
−A(t2) is higher, so the final momenta is in the direction of
the laser-induced momentum. With increasing laser intensity,
the residual momentum increases faster than −A(t2). There-
fore, the momenta of the electrons become smaller, i.e., the
distribution tilts to the axis. For the second-return trajectory,
its maximal return energy is just above Ip2 at this intensity,
so it begins to contribute to NSDI. Similar to the third-return
trajectory at 3 × 1014 W/cm2, the excess energy for the sec-
ond return here is very small, so its distribution is very narrow
and concentrates on the diagonal. For the third-return trajec-
tory, the higher excess energy allows a V-shape structure to
appear. All patterns of distribution are similar among the three
methods, but the relative contributions of different-return tra-
jectories are different. For CTMC and CCQT, the relative
contribution of the third return increases compared with the
first return, whereas for SFA, it nearly has no change.

As the laser intensity further increases, evolution of the
CEMDs for different-return trajectories proceeds (see Figs. 5
and 6). Distribution of the first-return trajectory shifts to the
second and fourth quadrants. The V-shape structure begins
to form in the CEMD of the second return, and that of the
third return becomes wider and gradually approaches the axis.
Since the first-return trajectory always contributes dominantly
in the case of SFA, the total CEMDs behave like the first-
return trajectory. For CTMC, the third-return trajectory plays
a dominant role, so the total CEMDs mainly distribute in the
first and third quadrants. In CCQT results, the contribution
of the third-return trajectory is comparable to that of the
first return, so the pattern of the total CEMD is somewhere
between the other two methods. The maxima of the distri-
bution are in the first and third quadrants, while at the same
time, distribution in the second and fourth quadrants is also
visible. This is the case in Figs. 2(e) and 2(h), and is also the
case in Fig. 1(e), which is consistent with the experimental
result.

In Fig. 7 we present the laser-intensity dependence of
the proportions of different-return trajectories. For SFA
[Fig. 7(a)], the proportions for different-return trajectories

FIG. 5. CEMDs for different-return trajectories at 7 × 1014

W/cm2. [(a)–(c)] The first-return trajectory. [(d)–(f)] The second-
return trajectory. [(g)–(i)] The third-return trajectory. (a), (d), and (g)
are calculated with the SFA method. (b), (e), and (h) are calculated
with the CCQT method. (c), (f), and (i) are calculated with the CTMC
method.

almost have no change. The contributions of the second-
and third-return trajectories are always one order magnitude
lower than the first return. The results of CCQT [Fig. 7(b)]
and CTMC [Fig. 7(c)] show similar trends: the proportion
of the first return decreases monotonously, the second return
increases monotonously, while the third return first increases
and then decreases slightly. However, a quantitative difference
between the results of these two methods can be found. The
proportion for the third return of CTMC exceeds that of the
first return, but the third return is always lower than the first
return in CCQT results. This difference can be attributed to the
fact that, in the CCQT method, the quantum cross section of
double ionization in Eq. (10) only depends on the energy of
the incident particles, and is independent of the impact param-
eter. In contrast, in the classical treatment, the cross section of
double ionization is sensitive to the impact parameter. The
smaller the impact parameter, the higher the cross section.

FIG. 6. CEMDs for different-return trajectories at
1 × 1015 W/cm2. [(a)–(c)] The first-return trajectory. [(d)–(f)]
The second-return trajectory. [(g)–(i)] The third-return trajectory.
(a), (d), and (g) are calculated with the SFA method. (b), (e), and (h)
are calculated with the CCQT method. (c), (f), and (i) are calculated
with the CTMC method.
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FIG. 7. The contribution rate of different returns to the total
CEMD with the laser intensity. (a) The SFA method. (b) The CCQT
method. (c) The CTMC method.

It has been reported that the third-return trajectories show a
much narrower distribution of impact parameter than the first-
return trajectories [31]. As a result, the relative contribution
of the third-return trajectories in CTMC is higher than that
in CCQT. Therefore, it seems that the contribution of third-
return trajectories is somewhat overestimated in the CTMC
method.

In conclusion, we develop the CCQT method, in which
both the quantum effect and the Coulomb interaction between
the electron and the parent ion are considered, to investigate
the RII process. Using this method, we calculate the CEMDs
of Ne atoms for different laser parameters, which are in better
agreement with the experimental results compared with that
simulated by SFA and CTMC methods. Analysis shows that
the flaw of underestimation of the multireturn trajectories is
remedied in the CCQT method. It is noted that although the
interference effect is not obvious in the present results, under
what condition it will be prominent is no doubt an intriguing
problem which should be explored.
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