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This work investigates the projectile and temperature dependence of the energy loss of charged particles
in matter. To this end, we analyze two dielectric approaches which consider the presence of bound and free
electrons and the effects of the ionization process. With these approaches, we calculate the energy-loss moments
of protons, positrons, and electrons traversing Si, Fe, and Al targets, both in the cold solid phase and in the plasma
state. We compare the results from the unified-wave-packet model (UWPM) and the shellwise local plasma
approximation (SLPA) on an extensive range of parameters, including low, intermediate, and high projectile
energies and target temperatures going from cold solid-state densities to hot plasma with temperatures up to
1000 eV. We reformulate the SLPA to include light-particle restrictions. We give special consideration to the
case of positrons and electrons, where the inner-shell effects have not been analyzed in our previous works.
Comparisons with experimental results for cold solid targets are presented, and stopping enhancement effects
for heated targets are described, showing the physical origin of these effects.
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I. INTRODUCTION

Particle-plasma interactions are of central interest in
plasma heating by injection of neutral beams in Tokamak
devices, by alpha particles produced in nuclear fusion
reactors, in inertial-confinement-fusion studies, and also to
describe processes that take place in astrophysical plasmas
[1–3]. Particularly, elements such as iron and carbon are
related to fusion reactor walls and, together with silicon,
are of interest in astrophysical research. Thus, studying the
energy loss of heavy and light particles traversing different
targets at high temperatures has attracted great interest in the
last decades [4–13].

Positron studies also bear great interest in astrophysics,
including studies of stellar opacities and positron processes
in stars, in particular in the sun, where positrons are created
both in the proton-proton chain reaction and in the C-N-O
cycle [3,14]. In a different area of research, studies of positron
penetration and annihilation in solids are of great interest in
materials science (mostly through angular correlations and
positron lifetime studies). These studies provide much infor-
mation on crystalline and surface structures and the behavior
of impurities and vacancies in different materials [15–17].

On the other hand, theoretical and experimental research
regarding the energy loss by electrons and positrons in
heated solids and plasmas is quite scarce compared to ion
beams. A pioneering and comprehensive study was made
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by Ritchie [18], showing the differences between electrons,
positrons, and heavy particles in a free electron gas at zero
temperature and obtaining analytical expressions for low
and high energies. Experimental measurements were done
by several researchers for electrons [19–30] and positrons
[31–35] in cold media, and standard theoretical approaches
were developed long ago [36,37]. Recently a combination
of semiempirical dielectric functions and optical oscillator
strength (OOS) was used with good results [38–41], also for
cold solid targets. However, a full-theoretical method capable
of giving an account of the different energy-loss moments
for light particles in hot targets in a wide range of projectile
energies has not been addressed up to now.

In recent works, we developed a complete study of statisti-
cal and temperature effects on the interactions and energy-loss
moments (ELMs) of protons [12] and light particles (positrons
and electrons) [13] in a hot free electron gas. However, calcu-
lating the total ELMs for positrons and electrons in plasma
media, including the effects of inner shells, is still a pending
and open problem. Hence, the purpose of the present work
is to present theoretical developments to describe the total
ELM of heavy and light projectiles, including the contribu-
tions of target-bound electrons and the temperature effects.
We propose two different approaches to address this issue:
the unified-wave-packet model (UWPM) and the shellwise
local plasma approximation (SLPA). We will also refer to
the so-called plasma-wave-packet model (PWPM), which is
a restricted version of the UWPM that applies only to the
free-electron plasma [13]. We analyze the projectile depen-
dence by considering protons, positrons, and electrons, as
well as temperature effects at high velocities for all the con-
sidered projectiles. We calculate the free-electron-gas (FEG)
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contribution by using the PWPM [13], based on Gaus-
sian wave functions within a quantum formulation [42–45].
Finally, we calculate the total ELM by adding both contribu-
tions: SLPA or UWPM for the inner shells and the PWPM
result for the FEG.

This work is organized as follows: Sec. II shows a brief
review of UWPM and SLPA methods to calculate inner-shell
contributions to the ELM, paying special attention to light-
particle restrictions; Sec. III revisits the treatment for the two
kinds of excitations, individual and collective, according to
the UWPM method for a FEG; Sec. IV shows the UWPM
and SLPA results for the different ELMs of protons, positrons,
and electrons traversing cold targets and comparisons with
available experimental data. A special discussion about the
role of inner shells in the different moments is presented.
In this section, we also show the UWPM and SLPA results
considering the temperature effect for a Si target. Finally,
Sec. V presents the summary and conclusions. A detailed
analysis of the ionization effect for hot targets is performed
in the Appendix. Atomic units are used unless other units are
explicitly mentioned.

II. INNER SHELLS CONTRIBUTION
AT FINITE TEMPERATURES

In what follows, we calculate the inner-shell contribution
to the energy-loss moment of order s, Q(s), by adding inde-
pendent contributions Q(s)

i of the different i subshells. The
temperature effect is incorporated considering the population
of the different shells according to the ionization degree of the
target. In this work, we use the results from FLYCHK code [46]
to obtain the ionization degree of the target as a function of
the temperature T . At the same time, we depopulate gradually
from outside to inside the electronic shells. The free electron
gas density is incremented by adding the ionized electrons.
Finally, we sum the different contributions of the inner shells
weighted by the remaining electrons in the corresponding
shells. The total moment of the energy-loss distribution is

Q(s)(T ) = �iWi(T )Q(s)
i , (1)

with Wi being the weight value corresponding to the popu-
lation of the partially ionized i-shell at temperature T , and
s represents the different orders of the energy loss. For cold
targets, Wi(T ) = 1 for all the occupied shells. This expres-
sion represents in a compact way the three main moments
of the energy loss to be considered here, namely, the inverse
mean-free path �−1 = Q(0), stopping power S = Q(1), and
straggling parameter � = [Q(2)]1/2, which correspond to the
cases s = 0, 1, and 2, respectively.

A. UWPM formulation

The UWPM [12] is a many-electron model that extends
Kaneko formalism [42–44] to account for temperature ef-
fects and inner-shell contributions to the energy loss for
protons and heavy ions. Briefly, in Kaneko’s proposal, the
dielectric response function is calculated assuming a Gaus-
sian wave packet for target electrons. Using appropriate
Gaussian parameters, electronic wave functions consistent
with Hartree-Fock formulation in the momentum space are

obtained. Consequently, an alternative dielectric response
function is obtained using linear response theory similarly to
the original Lindhard method [37].

Within the UWPM, the inner-shell contributions are calcu-
lated keeping the original Kaneko parameters, incorporating
the binding energy of each shell, and considering tempera-
ture effects according to Eq. (1). We generalize our original
UWPM method [12] for the impact of heavy and light projec-
tiles. The energy loss of a projectile of mass mP, charge ZP,
and impact velocity v due to the individual excitations of tar-
get electrons of the i-shell can be expressed in a unified way by

Q(s)
i = 2

π

Z2
P

v2

∫ qmax

0
F (s)

i (q) gx(q)
dq

q
. (2)

This extension is assured by integrating the momentum trans-
ferred q in Eq. (2) up to qmax = 2mPv. It is worth remarking
that for protons and heavier particles qmax ∼ ∞, but for light
projectiles (electrons and positrons), it has a finite value.

The factor gx(q) is crucial because it considers the ex-
change symmetry as a part of the identity effect in the
electron-electron interaction. This term was first obtained by
Ochkur [47,48] and has been largely used in inelastic electron
scattering in various media since then [39–41]. It is taken as

gx(q) = 1 + (q/v)4 − (q/v)2 (3)

for electron impact, and gx(q) = 1 for proton and positron
impact. Very detailed studies made by Hippler [49] and
Shinotsuka et al. [50] show that the Ochkur factor consider-
ably improves electron impact ionization and stopping power
calculations.

Within the dielectric formalism, the loss function in Eq. (2)
is given by

F (s)
i (q) =

∫ ωmax

0
ωsG(ω) Im

[ −1

εi(q, ω)

]
dω, (4)

where ω is the energy loss by the impinging projectile, with
the maximum value being

ωmax(q, v) = qv − q2/(2mP ). (5)

It can be noted that ωmax(q, v) = 0 if q = qmax = 2mPv.
Therefore, Eq. (5) leads to kinematic restrictions for light
particles. The term Im[−1/εi(q, ω)] is known as energy-loss
function (ELF) and carries the information on the screening
and absorption properties of the plasma, equivalent to the os-
cillator strength distribution in the binary collisional treatment
of atomic excitations [36]. As mentioned before, in the present
UWPM, we employed Kaneko’s dielectric function εi(q, ω)
modified by the Levine-Louie method to take into account the
binding energy of bound electrons in atomic shells [12]. The
index i indicates the corresponding atomic shell.

The function G(ω) in Eq. (4) introduces the electron-
electron quantum restrictions, i.e., Pauli exclusion principle
for identical particles [13]. For the case of incident electrons,
according to the UWPM, it is given by

G(ω) = [1 − fFD(E − ω)][1 − fFD(ω − Ii )]H (E + Ii − 2ω),

(6)

with E being the impact energy of the incident electrons, Ii

the binding energy of the target electron, fFD the Fermi-Dirac
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function, and H (x) a Heaviside step function. Instead, for
impinging positrons or heavy particles

G(ω) = [1 − fFD(ω − Ii )]. (7)

The presence of these factors may be explained as follows:
Consider first an incident electron with energy E1 = v2/2,
which, in a single scattering process, transfers an energy ω

to a target electron bound with energy E2 = −Ii; then the first
electron ends up with energy E ′

1 = E1 − ω, while the second
electron is ionized to a free state with energy E ′

2 = ω − Ii.
Therefore, the first two factors in Eq. (6) yield the probabilities
that the states with energies E ′

1 and E ′
2 are unoccupied. The

third factor (Heaviside function) in this equation is introduced
to take into account the criterion that, after the scattering
event, the electron that emerges with the highest energy is
considered the new “primary” electron [51,52]. This criterion
introduces a limit to the final energies E ′

1 and E ′
2 given by

E ′
1 > E ′

2. The cases where E ′
1 < E ′

2 are taken into account by
the exchange factor gx. Hence, in the case of electrons, all the
identity effects are considered by the gx and G(ω) factors in
Eqs. (2) and (3).

In the case of incident positrons, protons, or other ions, the
only factor that appears is that of Eq. (7), which corresponds
to the final state of the ionized target electron.

B. SLPA formulation

The SLPA [53–55] is also a many-electron model that
deals with the response of bound electrons to the ion passage,
collectively, as an inhomogeneous FEG with an ionization
gap. This model is based on Lindhard quantum dielectric
formalism, and verifies the high-energy limits, equipartition,
and f -sum rules, as it is desirable [56]. Within the SLPA
each i-shell of target electrons is described by a local density
ρi(r) (related to the wave function of the i-orbital) and the
corresponding binding energy Ii. This ionization energy is
introduced within the dielectric function using Levine-Louie’s
proposal [57], as shown below.

We generalized the SLPA for heavy and light projectiles
using Eqs. (1)–(5) for the different energy-loss moments.
Within the SLPA, the ELF in Eq. (4) is given by the spatial
integration of a local one as follows:

Im

[ −1

εSLPA
i (q, ω)

]
= ρa

∫
Im

[ −1

ε(q, ω, ρi(r), Ii )

]
dr, (8)

with ρa being the atomic density of the cold target, and
ε[q, ω, ρi(r), Ii] being the Levine-Louie dielectric function
[57], which explicitly includes the binding energy Ii. This
local assumption of the SLPA dielectric function is a funda-
mental characteristic of the model. In the present formulation
of the SLPA for light particles, the function G(ω) in Eq. (4) is
given by

G(ω) = [1 − fFD(E − ω)]H (E + Ii − 2ω) (9)

for electron impact, and G(ω) = 1 for proton and positron
impact. The difference with the G(ω) for the UWPM formu-
lation, Eqs. (6) and (7), relies upon the dielectric function
properties for the FEG, which the SLPA locally verifies;
they assure Pauli restriction for the final state of the ionized
electron.

III. FEG CONTRIBUTION: INDIVIDUAL
AND COLLECTIVE EXCITATIONS

The response of the conduction electrons of metals to
the projectile perturbation includes two types of excitations:
collective (plasmon) and individual or binary collisional exci-
tations [6,18,37,58]. The latter represents the most important
part of the energy loss for large momentum transfer q, while
the collective or resonant type of excitation dominates the
energy absorption for low q values [59].

In both methods, SLPA and UWPM, the FEG contribution
is calculated independently of the inner shell contributions. To
this end, we use the PWPM temperature-dependent procedure
described in Ref. [13]. We applied it to both cold solid targets
and hot plasma ones. In the next two subsections, we briefly
resume this formalism.

Regarding the previous expressions in Eqs. (2)–(8), an
explanatory note must be made. In the standard representa-
tion of the energy-loss process, only positive frequencies are
considered (as in the previous expressions). However, in the
PWPM method [13], the range of frequencies spans the whole
negative and positive range of values (from −∞. to +∞.),
where the range of negative (positive) ω values represent
energy-loss (-gain) processes. For this reason, and to avoid
confusion, in the following review of the PWPM, we denote
with ω′ the frequencies appearing in the formulation.

A. FEG individual excitations

As demonstrated in Ref. [13], the energy loss in plasma at
temperature T can be expressed in a unified way in the form

Q(s)
ind = 2

π

Z2
P

v2

[ ∫ qmax

qc

F (s)
loss(q) gx(q)

dq

q

+
∫ ∞

qc

F (s)
gain(q) gx(q)

dq

q

]
, (10)

where the subscript “ind” indicates that only the individual
(nonresonant) excitations of the FEG are included. The two
terms in Eq. (10) represent the energy-gain (ω′ > 0) and
energy-loss (ω′ < 0) contributions explained in Ref. [13].

The F functions in Eq. (10) are given by

F (s)
loss(q) =

∫ 0

ω′
min

(ω′)sN (ω′) G(1)(ω′) Im

[ −1

εT (q, ω′)

]
dω′

(11)

and

F (s)
gain(q) =

∫ ω′
max

ω̃′
min

(ω′)sN (ω′) G(2)(ω′) Im

[ −1

εT (q, ω′)

]
dω′,

(12)

where εT (q, ω′) is the temperature-dependent dielectric func-
tion for an electron plasma in thermal equilibrium and the
factor N (ω′) is the Bose function, which represents the ther-
mal distribution of excitations in the plasma [60],

N (ω′) = 1

eω′/kBT − 1
, (13)

with kB being the Boltzmann’s constant. In the present calcu-
lations, εT is the PWPM function obtained in Refs. [12,13].
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The functions G(1)(ω′) and G(2)(ω′) in Eqs. (11) and (12)
introduce the electron-electron quantum restrictions in the
FEG transitions, i.e., Pauli exclusion principle and identi-
cal particles considerations. These restrictions apply only to
incident electrons and are specified by Eqs. (48) and (49)
of Ref. [13]. For other types of particles, those restrictions
disappear, i.e., G(1)(ω′) = G(2)(ω′) = 1.

The limits of integration in Eqs. (11) and (12) are the
following:

ω′
min(q, v) = −qv + q2/(2mP ), (14)

ω′
max(q, v) = qv + q2/(2mP ). (15)

Additionally, in Eq. (12) we have introduced a lower limit
ω̃′

min given by

ω̃′
min(q, v) =

{
0,

ω′
min(q, v),

q < qmax

q > qmax
(16)

It is clear that for heavy projectiles, qmax ∼ ∞ and ω̃′
min = 0.

For further information about the different values for the ex-
tremes of the q and ω integrals, see Ref. [13].

B. FEG collective excitations

The energy loss due to collective excitations of the FEG
was approximated as follows: first, we isolate the plasmon
contribution to the ELF [61]:

Im

[ −1

ε(q, ω′)

]
= π

D(q)
[δ(ω′ − ω′

q) − δ(ω′ + ω′
q)], (17)

with

D(q) =
∣∣∣∣∂ε1(q, ω′)

∂ω′

∣∣∣∣
ω′=ω′

q

(18)

and ω′
q being the frequency values along the resonance line,

being ε = ε1 + iε2.
Then, we introduce Eq. (17) in the energy-loss integrals of

Eq. (10), obtaining

Q(s)
pl = 2

Z2
P

v2

[
(−1)s+1

∫ qc

q(1)
min

dq

q

(ω′
q)s

D(q)
N (−ω′

q)

+
∫ qc

q(2)
min

dq

q

(ω′
q)s

D(q)
N (ω′

q)

]
, (19)

where qmin has two values according to the explanations given
in Ref. [13].

IV. RESULTS AND DISCUSSION

In this section, we present our results analyzing three dif-
ferent aspects: (i) the dependence of the energy-loss moments
with the mass and type of the projectiles for a Si target; (ii)
the stopping power of the same projectiles in different targets
(Al and Fe); and finally, (iii) the temperature effects in the
energy-loss moments of protons, electrons, and positrons in
cold and hot Si.

Three energy-loss moments are analyzed theoretically
and compared with the available experimental data, namely,

.

.

.

.

.

.

.

.

.

.

.

.

FIG. 1. Stopping power of a cold solid-state Si target for im-
pinging (a) protons, (b) positrons, and (c) electrons as a function of
the impact velocity. Curves: black-solid lines, total UWPM results
(FEG + inner shells); red dashed lines, total SLPA results; blue
dashed-double-dot lines, FEG contribution (PWPM). Symbols: ex-
perimental data for proton impact: circles [63], up triangles [64],
down triangles [65], squares [66], and stars [67]; semiempirical
values for electron impact: right-oriented triangles [27]. The inserted
graphs show the results for the L-shell contribution.

stopping power (s = 1), energy-loss straggling (s = 2), and
mean-free path (s = 0).

In what follows, we shall call “total SLPA” or “total
UWPM” to the sum of the SLPA or the UWPM results for
the inner shells and the PWPM results for the FEG.

A. Energy-loss moments for a Si target: Dependence
on the mass and type of projectile

1. Stopping power

In Fig. 1, we display the results for the stopping of pro-
tons, positrons, and electrons traversing a cold solid Si target
(density = 4.99 × 1022 atoms/cm3 and rs = 2.01). The re-
sults for proton impact, Fig. 1(a), show a good agreement
between theoretical predictions and experimental values. Con-
sidering that the case of protons in Si is one of the most
measured systems, we decided to include data since the year
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2000 [62], except at high impact energies (v > 6) where all
data are included. Both models, UWPM and SLPA, show
an excellent agreement on the whole range of velocities. As
expected, the difference between the total stopping power and
the FEG contribution (blue dash-dot line) increases for veloc-
ities on the right side of the maximum, showing a growing
influence of inner-shell contributions for higher velocities.
The small insets at the right side of the figures, inside each
panel, show the similarity between both treatments for the
case of the L-shell contribution. It can also be observed that
the SLPA results, where FEG is evaluated with UWPM di-
electric function, present almost identical results to those of
the full UWPM approach. This is a remarkable agreement
considering the significant differences in the inner-shell cal-
culations with both approaches. However, if we evaluate the
SLPA stopping using Lindhard’s dielectric function for the
FEG, we should obtain a sharper maximum. This effect has
been previously shown in the case of protons by Kaneko [42]
and is partly because the Lindhard model produces a sharp
increase in the stopping curve when the plasmon threshold is
exceeded [68].

Similar results are displayed in Figs. 1(b) and 1(c) for
positrons and electrons, showing a decreasing stopping be-
havior when the restrictions for the light particles become
important, leading to the lowest maximum in the case of
electrons. This is reasonable if we take into account that the
electrons are the case with greater restrictions: exchange and
Pauli exclusion principle due to the identity between projec-
tile and target electrons, as well as recoil effects, Eq. (5),
which apply both to electrons and positrons. The magnitude
of these effects is quantified in Fig. 1: the stopping maxima
for positrons and electrons are about one-half and one-third
the value for protons. Differences with experimental results in
the case of electrons are similar to those obtained with other
theoretical approaches [39]. In this respect, it should be men-
tioned that the semiempirical values reported in Ref. [27] were
obtained with a combination of theoretical models and mea-
surements of energy-loss spectra taken at high energies. As
discussed in Ref. [69], empirical methods to obtain electron
stopping power values for energies below 100 eV (v ∼ 2.7)
should be taken cautiously. Moreover, this low-energy region
is also complicated for theoretical models.

2. Mean-free path

The total mean-free path � is the inverse of the probability
of inelastic collisions per unit path length, � = 1/Q(0)

Tot, where
Q(0)

Tot = Q(0)
FEG + Q(0)

shells is the energy-loss-distribution moment
of order zero. Figure 2 displays the present results for the
mean-free path of protons, electrons, and positrons in cold
solid Si. As expected, the behavior of � is inverse to that of the
stopping power (Fig. 1), i.e., the incorporation of inner-shell
contributions reduces the total � as compared to the separate
FEG results (blue dash-dotted lines in Fig. 2). As in Fig. 1,
inner shell contributions become relevant for high velocities.
Figure 2(c) shows the comparison of the present results with
the experimental data available (only for the case of elec-
trons). As may be seen, both UWPM and SLPA methods
reproduce fairly well the behavior of the experiments, with
some deviation at high energies. The insets in Fig. 2 show the

FIG. 2. Mean-free path � of different projectiles traversing a
cold solid-state Si target as a function of projectile velocity in
atomic units: (a) protons, (b) positrons, and (c) electrons. Curves:
present results following the same criteria of Fig. 1. Symbols: exper-
imental data from Ref. [23], open triangles; Ref. [24], full circles;
Ref. [25], open circles; Ref. [26], open squares; Ref. [28], full
squares; Ref. [70], open stars; and Ref. [71], full stars.

separate contributions of the L shell to the inverse mean-free
path. Experimental data [70,71] have also been included in
these insets, showing fairly good agreement with our curves
for proton impact. The sharp increase of � for positrons and
electrons at low velocities, where the FEG contribution is
dominant, is due to the additional recoil and quantum restric-
tions, as it has been pointed out in Ref. [13].

3. Straggling

Figure 3 displays the corresponding results for the square
of the energy-loss straggling �2 in cold solid Si for protons,
electrons, and positrons. Theoretical results are compared
with available experimental data regarding proton impact.
There are several measurements of electron straggling values
at high energies (in the relativistic range) but very few mea-
surements for lower energies. In particular, we did not find
experimental values of electron straggling in Si targets in the
range of velocities considered here. Regarding proton impact
measurements, the agreement of our calculations with most
of the data [73–76] is very good and within the scatter of the
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FIG. 3. Straggling parameter of cold solid-state Si target for im-
pinging (a) protons, (b) positrons, and (c) electrons as a function of
the impact velocity. Curves as in Fig. 1, with the thin horizontal
line in (a) being Bohr high-energy limit. Symbols: experimental
data from Ref. [72], stars; Ref. [73], open circles; Ref. [74], down
triangles; Ref. [75], crossed squares; and Ref. [76], up triangles.

experimental values. It is also quite remarkable in Fig. 3 the
strong disagreement of the experimental values of Ref. [72]
with respect to the other measurements [73–76].

Inner shells play a major role in the energy-loss straggling,
especially at high energies that are proportional to the number
of electrons in each shell [77,78]. This agrees with the Bohr
high-energy limit for the energy-loss straggling, proportional
to the number of active electrons of each shell. Hence, a good
test of the performance of the present models is the tendency
to Bohr’s limit at high energies, represented by the horizontal
line in Fig. 3(a). Above v = 10 both UWPM and SLPA
results match the Bohr limit very well. The high-energy
limit for positrons is about four times lower than that for
protons (an exact relation is shown in Ref. [61]), while the
corresponding limit for electrons is still lower due to the
additional restrictions.

Another point to highlight in Fig. 3 is the presence of
shoulders (more notorious for light particles); a first shoulder,
placed at v ∼ 2.5, corresponds to the FEG contribution. In the
case of light particles, the impact energy is much lower than
for equal-velocity protons and not enough to ionize bound

electrons (ionization threshold). Then, the L-shell contribu-
tion is activated for higher velocities than for protons, as
can be seen in the insets of this figure. Consequently, the
shoulder is more pronounced for positrons and electrons. The
2s and 1s contributions produce a less notorious increase in
the curves for higher velocities. A more detailed analysis
shows that the 1s contribution is the reason for a slight slope
change for positron and electron velocities greater than 15 a.u.
Similarly to the case of stopping power, the total straggling
values decrease from protons to electrons, being this decreas-
ing behavior due to quantum restrictions and also because the
maximum energy transfer for light particles is lower than for
protons with equal velocities. More precisely, at high pro-
jectile velocities, the energy straggling is governed by near
collisions (that is, great values of transferred momentum q),
and the maximum energy transfer for light particles given
by Eq. (5) produces an important reduction of the maximum
momentum transfer. Thus, a drastic reduction of straggling,
well below the Bohr limit, shall occur for these projectiles.

Finally, as the role of inner-shell contributions is more
important in straggling, here we appreciate more clearly some
differences between the results from both methods: SLPA
produces lower inner-shell contributions than UWPM, as is
shown in the insets of Fig. 3 for positrons and electrons.
These differences, however, are rather small (almost null in
the case of protons), and so both methods show, in general
aspects, similar behaviors and fairly good agreements for all
the moments of the energy-loss distributions.

4. Inner shells and ionization energies

To analyze more carefully the role of inner shells, we
display in Fig. 4 the relative contributions of the FEG with
respect to the total energy-loss moment as a function of the
projectile velocity. Note that for low velocities, the entire
result is produced by the FEG. However, this relative contri-
bution drops with increasing velocities due to the increasing
contribution of the inner shells.

This figure shows that, at high impact velocities, the
importance of inner shells increases with the increasing order
of the energy-loss moment, being more important in the
straggling [a drop of ∼70%–80% in Fig. 4(b)] than in the
stopping [∼60%, Fig. 4(a)], and than in the inverse mean-free
path [∼10%–12%, Fig. 4(c)]. This effect can also be clearly
appreciated in Figs. 1–3 by comparing the total values with
those for the FEG, where the inner-shell contribution is
found to be greatest for the straggling, and smallest for the
mean-free path.

We also see in this figure that the rapid decrease due to
the effect of inner shells appears before for protons than for
the light particles. This interesting behavior is due to the
particular restrictions that apply to positrons and electrons;
this is the reason for the delay in the appearance of the
inner-shell contributions in Fig. 1. These restrictions are of
a kinematic nature for both particles [in accord with Eq. (5)]
and, additionally, quantum (identity) restrictions in the case of
electrons.

To get further insights into the description of inner-
shell contributions in both SLPA and UWPM methods, we
can make some particular comments about the role of the
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FIG. 4. Relative contribution of FEG to the total energy-loss
moments of different projectiles traversing a cold-solid Si target as
a function of projectile velocity: (a) stopping power, (b) straggling,
and (c) inverse mean-free path. Curves: thick black curves represent
UWPM values for proton (solid), positron (dash), and electron (dot)
impact; thin red curves represent SLPA values for proton (solid),
positron (dash), and electron (dot) impact.

Levine-Louie method in both approaches. In the original
wave-packet model developed by Kaneko, the target electrons
are modeled by Gaussian wave-packet functions in the mo-
mentum space, which naturally contains a medium energy
associated with the shell and a spread of momentum values
corresponding to the Gaussian distribution. Thus, the addi-
tional quantum restrictions related to the ionization energy
have a softer influence in the UWPM than in the SLPA case,
where the role of the frequency cut is an essential part of
the model. We also find that the influence of the gap effect
in UWPM becomes lower as the order of the energy-loss
moment increases, being maximum for the inverse mean-free
path and minimum for the straggling. This is because, in the
integrals, the energy-loss function is multiplied by different
powers s of the frequency, which reduces the relative contri-
bution of low frequencies for larger s values, and consequently
softens the effect of introducing a frequency cut (via the
Levine-Louie method).

B. Stopping power of different targets: Al and Fe

Figure 5 shows the present UWPM and SLPA results for
the stopping powers for the different projectiles on a cold solid
Al target (density = 6.02 × 1022 atoms/cm3 and rs = 2.07).
For protons, Fig. 5(a), the UWPM and SLPA results are
quite similar and agree very well with the experimental data

FIG. 5. Stopping power of different projectiles traversing a cold
solid-state Al target as a function of projectile velocity by impinging
particles: (a) protons, (b) positrons, and (c) electrons. Curves: as in
Fig. 1. Symbols: experimental values; open circles, proton impact
[62]; stars [19], full squares [20], full circles [21], and open triangles
[22], experimental data of electrons in Al.

compiled in Ref. [62]. The stopping of protons in Al has had
around 60 sets of measurements since 1949, and the disper-
sion of data, mainly old measurements at intermediate and low
energies, messes up any theoretical-experimental comparison.
We decided to include only data since 1990 for low- and

FIG. 6. Stopping power ratios of electrons and positrons travers-
ing a cold solid-state Al as a function of projectile velocity.
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FIG. 7. Stopping power of different projectiles traversing a cold
solid-state Fe as a function of projectile velocity for (a) protons,
(b) positrons, and (c) electrons. Curves: as in Fig. 1. Symbols: hollow
circles, a compilation of experimental data in Ref. [62].

intermediate-impact energies (v � 6) and all the experimental
data in Ref. [62] for higher-impact energies, where the spread
of values is much less.

For positron and electron impact, Figs. 5(b) and 5(c), the
UWPM and SLPA results show significant differences in the
intermediate velocities region, i.e., 3 � v � 7. For higher ve-
locities, both models agree and, on average, and within the
experimental uncertainties, reproduce the experimental results
for electron impact reported in Refs. [20–22]. It is clear in this
figure that the measurements of Ref. [19] are very different
from the rest.

As already noted for Si, the comparison of the results in
Figs. 5(b) and 5(c) show that the stopping power for positrons
is always greater than for electrons, although tending to be
closer in the high-energy limit. To highlight this conclusion,
we display in Fig. 6 the ratios between the stopping powers
of electrons and positrons. Our results for Al predict that the
stopping of positrons is from 14% (for UWPM) to 25% (for
SLPA) greater than the stopping of electrons at v = 20 a.u.
These values are in satisfactory agreement with existing ex-
perimental results for aluminum foils that yield values of
energy losses of positrons greater than those of electrons by
about 15% in this range of energies [34,35].

The rest of the energy-loss moments of Al (straggling
and inverse mean-free path) show similar behaviors to those
previously shown for a Si target. This is understood con-
sidering the similarity of the target electronic structures.
We decided not to include here the corresponding � and

FIG. 8. Stopping power of different projectiles traversing a Si
solid-state density plasma as a function of projectile velocity for
different temperatures, for impinging (a) protons, (b) positrons, and
(c) electrons. Curves: as indicated in the inset.

straggling figures since they do not add significantly different
information.

Another case of particular interest is that of a Fe
target (density = 8.47 × 1022 atoms/cm3 and rs = 2.118),
where the FEG contribution is comparatively much lower due
to the larger number of inner-shell electrons. Figure 7 shows
the behavior of the stopping power of Fe for the three differ-
ent projectiles. The differences between FEG stopping (blue
dashed-double dotted curves) and the total values show that
here most of the energy loss is due to the contribution of inner
shells at intermediate and high velocities. For proton impact,
where experimental results are available, we find a reasonable
agreement with the experiments, considering again the spread
of experimental data around the maximum. This proves the
reliability of both methods in calculating inner-shell contribu-
tions to the stopping power. In this case, the SLPA approach
improves the agreement with the experiments in the region
where the maximum occurs.

C. Energy loss and the temperature effect (heated solids)

The case of very hot plasmas with solid-state densities is
an example of interest considering the initial stages of heated
materials in inertial-confinement-fusion studies. Here we con-
sider as a representative example a dense plasma characterized
by a hot Si target at two different temperatures: 30 and 60 eV.
An extension to much higher temperatures is made in the
Appendix. The case considered here is, of course, an unstable
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FIG. 9. Ratios of stopping powers S(v, T )/S(v, 0) at T = 30 eV
and T = 60 eV with respect to cold T = 0 values for velocities
v � 5, for (a) protons, (b) positrons, and (c) electrons in Si. Curves:
current results using UWPM for T = 30 eV (black solid line);
UWPM for T = 60 eV (gray dashed line); total SLPA for T =
30 eV (red dash-dotted line); and total SLPA for T = 60 eV (orange
dotted line).

system with temperatures way over the fusion point, but it
pertains, for instance, to intermediate phases in an inertial
confinement fusion stage. For both temperatures, the target
ionization degree has been calculated with FLYCHK code [46].
The obtained number of free electrons per Si atom, Ne, for the
different temperatures are Ne = 4 (rs = 2.005) at T = 0, Ne =
4.63 (rs = 1.913) for T = 30 eV, and Ne = 6.06 (rs = 1.746)
for T = 60 eV. The number of inner-shell electrons has been
changed according to this, and the ionization energies of the
inner shells have been shifted for each temperature according
to the procedure described in Ref. [12].

Calculations of the three main energy-loss moments of
protons, positrons, and electrons in hot Si are shown in
Figs. 8–12. In all the cases, total values are displayed con-
sidering the addition of the inner-shell contributions (using
the UWPM and the SLPA models, as explained in Sec. II)
and the FEG contribution (by using the UWPM formalism as
explained in Sec. III).

Figure 8 shows the temperature dependence of the stopping
power. In the case of protons, we observe a crossing of curves
for v ∼ 5, an effect that will be discussed later. In all the cases,
the high-energy decline of the stopping power is consistent
with the asymptotic Bethe-like behavior [13]. At impact ve-
locities lower than 5 a.u. a clear change of behavior for all
projectiles can be noted. Also, a seeming anomalous behavior

.

.

.

.

.

.

.

FIG. 10. UWPM ratios of the stopping power at T = 30 eV,
T = 60 eV, and T = 200 eV with respect to cold T = 0 values,
as a function of projectile velocity, for protons in Si. Curves f, f′,
and f′′: FEG stopping ratios for T = 30/T = 0, T = 60/T = 0, and
T = 200/T = 0, respectively; curves i, i′, and i′′: inner-shell stop-
ping ratios for T = 30/T = 0, T = 60/T = 0, and T = 200/T = 0,
respectively; curves t, t′, and t′′: total stopping power ratios for the
same temperatures.

of the stopping power can be observed in Fig. 8 for electrons
and positrons in the range of subthermal projectile velocities.
This is an interesting result of the effects of thermal fluctua-
tions in the energy exchanges, which take place in the range of
subthermal energies [E < (3/2)kBT ], where the particles re-
ceive energy from the plasma, leading on average to negative
energy losses [13]. Additionally, the image of well-defined
particle trajectories is lost in this region, as is also the ideal
concept of stopping power of light particles with small veloc-
ities moving along straight trajectories. In this case, a more ap-
propriate magnitude to characterize the slowing down process
is the mean energy loss or gain per unit time, dE/dt . In par-
ticular, for positrons in the limit v = 0, it may be shown that
this quantity has a well-defined negative-limit value given by

−dE

dt
= −v

dE

dx

= −2e2h̄

πm

∫ ∞

0
q2N (γ q2) Im

[ −1

ε(q, γ q2)

]
dq (20)

with γ = h̄/2m. Similarly, finite values at v = 0 can be
obtained for the average collision time τ = �/v, and for the
energy straggling per unit time, v�2 = 〈E2〉/t .

Another question that arises in the case of positrons is the
possibility of annihilation by a contact interaction with target
electrons [15]. However, the positron annihilation lifetime
is usually significantly larger than the slowing down time
[16]; therefore, this process does not affect the present con-
siderations. Moreover, when dealing with very small speeds,
an additional energy-loss channel must be considered: inter-
actions with plasma ions [79,80]. The description of these
processes lies beyond the scope of the present work, devoted
to electronic excitations, and would require a separate study.

Finally, we remark on the excellent agreement of the results
obtained by these two different and independent approaches
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FIG. 11. Mean-free path � of different projectiles traversing a Si
solid-state-density plasma as a function of projectile velocity for the
three temperatures indicated in Fig. 8, for (a) protons, (b) positrons,
and (c) electrons. Curves: as in Fig. 8, with temperatures T = 0
(upper curves), 30 (middle curves), and 60 eV (lower curves).

(UWPM and SLPA) at all the temperatures and for the three
particles considered, as shown in Fig. 8.

With regard to heavy particles, the range of main inter-
est for the interaction of energetic ions with plasmas—such
as heating by external ion beams or internally produced
3.5-MeV alpha particles—is primarily well above the range
of thermal energies, i.e., the case of high-impact energies.
This leads us to consider the region of curves crossing ob-
served in Fig. 8. To magnify this region and appreciate the
temperature dependence, we display in Fig. 9 the ratios of
the stopping power relative to the corresponding values for
zero temperature, namely, S(v, T )/S(v, 0), obtained with the
UWPM and SLPA, for temperatures of 30 and 60 eV. This
figure shows the stopping ratios in a way that the behavior
for velocities greater than 5 a.u. can be clearly appreciated.
In this velocity range, an increase of the stopping power with
increasing temperature is observed, not only for protons, as
it has been previously shown in Ref. [12], but also for light
particles: positrons and electrons. Both approaches, UWPM
and SLPA, verify the result shown here. Thus, we find that the
special restrictions that apply to light particles do not mod-
ify the effect of thermal enhancement of the stopping in the
range of intermediate energies; it is important to mention that
this effect was experimentally observed using proton beams
in Ref. [81].

However, at lower energies, this effect is reversed (i.e.,
the stopping ratios fall below 1), as it is clearly shown in

FIG. 12. Straggling of different projectiles traversing a Si solid-
state-density plasma as a function of projectile velocity for the three
temperatures indicated in Fig. 8, for impinging (a) protons, dotted
line, Bohr’s value; (b) positrons; and (c) electrons. Curves: as in
Fig. 8.

Fig. 10. This figure is focused on the stopping ratios for the
case of protons in the same range of velocities, showing the
FEG and inner-shell ratios in separate curves. To ease the
identification, the letters t, t′, and t′′ attached to the curves in
Fig. 10 correspond to the total stopping ratios for temperatures
30, 60, and 200 eV, and similar notations are used for the free
electron (f) and inner-shell (i) components. Here we clearly
appreciate that the increase of the total stopping power ratios
with temperature, from t to t′, and from t′ to t′′, is due to the
increase of electron density in the FEG, whose contributions
increase from f to f′ and from f′′ to f′′, as a result of the
thermal ionization process, while the reduction of the number
of bound electrons diminishes the inner shell contributions
from i to i′, and from i′ to i′′, producing the inverse effect in
these contributions, as shown by the red curves. We can also
observe the behavior change in the total ratios for low veloc-
ities, where their values drop below 1. This obeys the same
behavior change of the FEG ratios, which fully dominates the
stopping power in this velocity region. This inversion of the
behavior for low velocities can be explained by the relaxation
of the dielectric energy-loss function with temperature [6]. So,
even when the ionization increases the electron density of the
plasma, it does not compensate for the decrease produced by
the thermal relaxation of the dielectric response, which affects
the velocity region below and around the stopping maximum
(cf. Fig. 8).

Thus, the behavior of the dielectric response produces
a curious effect: a decrease of the stopping power with
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increasing temperatures at low velocities and a mild increase
for intermediate velocities.

Furthermore, for intermediate and high velocities, Fig. 10
shows an increase in the stopping power, as can be observed
when going from curves t′ to t′′. However, this stopping en-
hancement is a particular effect resulting from a competition
of temperature and velocity dependencies, and its outcome
may reverse if different conditions are set. A more complete
characterization of this effect requires a more detailed analy-
sis, which is given in the Appendix.

Figure 11 shows the velocity and temperature dependency
of the results for the mean-free path �. Here, by comparing
the results for light particles and protons, we find important
differences in the low-velocity region, produced not only by
the special restrictions for light particles already indicated but
also due to statistical effects related to the Bose terms N (ω′)
that appear in the treatment of the plasma excitations; these
terms regulate the contributions of gain and loss processes,
and dominate the behavior in the case of light particles and
low energies. The effects produced by these terms have been
described in detail in Ref. [13] for the case of a pure FEG and
appear again here, in the more general context of a plasma
containing bound and free electrons, because the free-electron
component dominates the behavior at low velocities.

The striking effect that we find here [Figs. 11(b) and 11(c)]
is the sudden increase of � at low energies for the case
T = 0, a diverging effect that disappears for the cases T = 30
and T = 60. The cause of this behavior is that the inverse
mean-free path, �−1, goes to zero at v ∼ 0 for positrons
and at v ∼ vF for a FEG, as shown much earlier by Ritchie
[18]; therefore, in these limits, the mean-free path � shows a
divergent behavior. This also explains the shift in the point of
divergence of the curves for these two particles when T = 0.
For finite temperatures, there are thermal excitations in the
plasmas, described by the statistical factor N (ω), Eq. (13).
These excitations dominate the behavior for small frequency
values (ω < kBT ), so when the energy of the particle ap-
proaches kBT , these excitations produce a growing number
of low-energy exchange events (gain and loss processes) be-
tween the particle and the plasma, and as a consequence the
mean-free path for these interactions decreases and tends to
zero at v ∼ 0.

The second relevant effect that we find in Fig. 11 is the
important decline of the mean-free path values with increasing
temperatures. This effect can be seen, in alternative terms, as
a significant increase in the values of �−1, and is also larger
than the increase already observed in the stopping power in
Fig. 9. In quantitative terms, the decreases in the values of
� are around 45%–60% for intermediate and high velocities,
whereas the increases of the stopping powers shown in Fig. 9
are around 10%–15%. A closer examination of this effect
shows that the decline in the � values is also produced by
the statistical factors N (ω), i.e., the effect of the interactions
with the background of thermal excitations.

Finally, Fig. 12 shows the results of the energy straggling
�2 for protons, positrons, and electrons for Si at T = 0 eV,
T = 30 eV, and T = 60 eV. We find in this case that the effects
of the temperature become much more significant for the light
particles than for protons. Here the increase in the temperature
produces a rather minor increase in the straggling values for

protons and a very large enhancement in the cases of positrons
and electrons. Again, this may be shown to be produced by
the behavior of the free electrons in the plasma, through the
factors N (ω′), according to the formulation given in Sec. III.
In the low-energy range, the energy straggling is dominated
by loss and gain processes arising from thermal excitations of
the medium, which produce large energy-loss fluctuations. As
could be expected, the effects of these fluctuations are clearly
seen in the energy straggling. The divergent type of behavior
of the positron and electron straggling at low energies is also
produced by this thermal fluctuation; we can also see here the
shift in the point of divergence, located at v ∼ 0 for positrons
and at v ∼ vF for electrons. Pronounced shoulders in the
straggling curves can also be observed for the light particles
(very much attenuated for protons) at low and intermediate
velocities. These shoulders soften slightly when the temper-
ature increases. The increasing depopulation of inner shells
with temperature can explain this. The first shoulder is caused
by the FEG contribution, and the inner-shell contributions
produce the others.

For further or more detailed considerations regarding the
role of gain and loss processes in the energy-loss moments of
particles in a FEG, we refer to the extensive discussion given
in Ref. [13] (see in particular Fig. 11 of this reference, where
the contributions of loss and gain terms are shown separately).

Finally, we wish to stress that, apart from some minor
differences, there is a remarkable agreement between the re-
sults of these two different approaches (UWPM and SLPA) as
shown by the previous figures.

V. SUMMARY AND CONCLUSIONS

As indicated in the Introduction, the purpose of this work
was to apply and compare two dielectric methods (UWPM
and SLPA) for studying the interaction of test particles with
cold targets and quantum plasmas in thermal equilibrium
conditions.

To this end, we extended the UWPM and SLPA formula-
tions of the interaction process developed in previous works,
and we made a comprehensive study of inner-shell and ther-
mal effects, considering the cases of heavy and light particles,
and performing a set of calculations of the three most relevant
ELMs, namely, stopping power, energy-loss straggling, and
inelastic mean-free path. We analyzed a set of cases of interest
for current fusion projects and astrophysical studies, and we
compared them with experimental results in the case of cold
targets, obtaining satisfactory agreements.

On one side, the results for the stopping power of protons
in three different targets (Si, Al, and Fe) are consistent with
previous calculations [12]. But the subject of interest here was
to extend the study to all cases (light and heavy projectiles)
and to include the contribution of bound and free electrons
on a fully consistent basis, with the aim to obtain knowledge
and explore possible differences or similarities between both
methods. With this purpose, a set of new results were ob-
tained, and detailed comparisons between the different types
of interacting particles were made, paying special attention to
the physical origin of new effects.

Comparative studies of the ELMs, showing the contribu-
tion of free and bound electrons, were analyzed in Figs. 1–3.
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Among the new effects, we have discussed with much detail
the influence of inner-shell electrons on the three ELMs for
a cold Si target, comparing the results for the different pro-
jectiles. We found a faster decline of the FEG contributions
in the case of protons compared to the cases of positrons
and electrons (Fig. 4). This effect may be explained by the
additional kinematic and quantum restrictions applied to light
particles. Similar conclusions may be obtained for Al and Fe.

For Al targets, we find that the stopping power for high-
velocity positrons is around 14%–25% higher than those for
electron impact (Fig. 6). This effect is explained by the ad-
ditional quantum restrictions for electrons and compares well
with the percentage of 15% obtained experimentally [34,35].

In a further development, we have studied temperature
effects on the ELMs for the three types of particles. A detailed
study was made through the analysis of stopping ratios for a Si
target; this shows that the reason for the increasing behavior of
stopping power with the temperature at relatively large veloci-
ties is the target ionization: new ionized electrons increase the
FEG electron density and consequently the stopping power,
producing a stopping enhancement effect. This effect is also in
agreement with the experimental results reported in Ref. [81].

In the case of low velocities, the increase of the ionization
does not compensate for the reduction of stopping produced
by the decreasing behavior of the energy-loss function when
the temperature increases (cf. Ref. [6]), and consequently, the
tendency inverts: the higher the temperature, the lower the
maxima of the stopping curves. This produces an interesting
competition between increasing the density of free electrons
(by thermal ionization) and decreasing the energy absorption
efficiency of those electrons.

We extended the analysis of thermal ionization considering
temperatures up to 1000 eV (see the Appendix), and we show
that when almost all the inner shells are depopulated, the
probability of further ionization is exhausted. The dominant
behavior of the electron gas takes over. This leads to a final
decline of the stopping power at higher temperatures, which
reverses the enhancement effect mentioned previously. There-
fore, another interesting conclusion of this study is that the
experimentally observed enhancement of the stopping power
(Ref. [81]) will be reversed if further experiments are per-
formed in the future at still higher temperatures.

We have also analyzed the mean-free path and energy-
straggling values for protons traversing hot targets, observing
a decreasing behavior for the � and an increasing behavior for
the straggling when the temperature increases (Figs. 11 and
12). The � shows a more substantial effect on the temperature
than the stopping power due to the dominant contribution
of the FEG and the background of thermal excitations. How-
ever, the energy straggling of protons is not very much
affected by thermal effects (Fig. 12).

In the case of electrons and positrons, significant differ-
ences concerning protons were found. At large energies, the
results for the stopping power of these particles show an
increase in temperature similar to the case of protons, but for
energies around or below the maximum, a dramatic drop in
the stopping values is found, turning to negative values in the
range of subthermal speeds (Figs. 8 and 9). The mean-free
path and straggling results for these light particles also show a
very striking behavior (Figs. 11 and 12): for zero temperature

FIG. 13. Stopping power ratios concerning cold target values for
Si solid-state-density plasma as a function of temperature. Black
solid line, total ratio; Blue dashed line, FEG; red dashed-dotted line,
inner shells.

and low velocities, the � shows a divergent behavior while the
straggling tends to zero (this is the known “normal” behavior
in accord with previous works); however, when the temper-
ature increases the � values drop to zero, and the straggling
values diverge (always in the range of low velocities). These
seeming anomalies are produced by the growing role of ther-
mal fluctuations that affect the behavior of light particles very
strongly. Additionally, the contribution of inner shells (when
populated) has a significant increase in the straggling values
and shoulders in the case of electrons and positrons (Fig. 12).

Finally, we wish to note the consistency and excellent
agreement found in most cases between two dielectric ap-
proaches, given by the UWPM and the SLPA, to represent the
interaction of heavy and light particles with dense plasmas,

FIG. 14. Ionization for a Si solid-state-density plasma as a func-
tion of temperature. Blue dashed line, FEG; red dashed-dotted line,
inner shells.
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FIG. 15. Stopping power of protons traversing a Si solid-state-
density plasma as a function of temperatures for a projectile velocity
v = 10 a.u. Black solid line, total; blue dashed line, FEG; red dashed-
dotted line, inner shells.

including the contributions of bound and free electrons in
the system. Extending the present study to the case of dilute
plasmas would be relatively straightforward.

The most significant difference between the SLPA and the
UWPM methods is that the former takes into account in a
direct way the values of the electron density of all the target
shells, whereas the UWPM treatment works in the momentum
space, taking into account the Hartree-Fock results for the
velocity distributions of each shell, and where the inhomo-
geneities of the electron densities are indirectly represented
in the Fourier space. On the other hand, the UWPM method
allows a more adequate description of temperature effects as
compared with the SLPA, whose dielectric response for the
atomic shells is based on Lindhard’s model for a degener-
ate electron gas (accounting for binding effects through the
Levine-Louie method).

Remarkably, despite these intrinsic differences, the results
we obtained with both approaches are in very good agree-
ment, being almost identical in some cases. This provides
confidence in the consistency of both approaches to describe
interaction processes between charged particles and dense or
dilute plasmas.

As a general conclusion, we think these results present an
alternative way to calculate interaction processes in plasmas
on an extensive range of plasma conditions, including those
systems of current interest in fusion research and other types
of plasma cases of astrophysical interest.
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APPENDIX: THE EFFECTS OF TARGET
IONIZATION BY TEMPERATURE

This Appendix provides a complete analysis of the so-
called stopping enhancement effect obtained in Sec. IV C,
which corresponds with the experimental results reported in
Ref. [81]. A complete study covering higher temperatures
shows that this enhancement of the stopping power is followed
by a decline at higher temperatures, which is produced by
the particular behavior of the free plasma electrons. Hence,
to get further insight, we wish to expand here the previous
analysis to obtain a complete picture of this phenomenon
and to explain the physical origin of this rather complex
behavior.

A convenient way to show the effects of temperature on
the stopping power due to the target ionization is to analyze
the behavior for a fixed proton velocity. Here we choose v =
10 a.u., which corresponds to the range of velocities where a
stopping enhancement was obtained, as shown in Fig. 9. For
this particular study, we consider the UWPM approach.

Extending the analysis given in the text, we define the
stopping power ratios corresponding to the FEG and the IS,
given by

SFEG(v, T )/SFEG(v, 0) (A1)

and

SIS(v, T )/SIS(v, 0), (A2)

respectively, and the total stopping ratio,

Stotal(v, T )/Stotal(v, 0), (A3)

relative to the corresponding values for a cold silicon
target (T = 0).

We show in Fig. 13 the partial and total stopping power
ratios as a function of the target temperature for the par-
ticular case v = 10 a.u. Here we see that, in contrast with
the significant variations of the FEG and IS ratios, the total
stopping ratio has a mild increase for temperatures below
200 eV, reaching a maximum (where the stopping for that
temperature is about 20% higher than the stopping for a
cold target) followed by a decline at higher temperatures.
This is the soft enhancement effect depicted in Fig. 9 for
intermediate temperatures and is a result of two competing
effects: the ionization process that sends electrons to the FEG
and the declining dependency of the energy-loss function,
Im[−1/ε(q, ω)] (which determines the FEG stopping power),
with temperature [6]. Hence, the new feature that this fig-
ure shows is the final decline of the stopping ratio for higher
temperatures, where the FEG entirely dominates the stopping
process.

To understand these surprising results, we must perform
a more in-depth analysis of the effects of thermal ioniza-
tion. Figure 14 shows the impact of inner-shell ionization
according to the results of the FLYCHK code [46] for a Si
target with average solid-state density n = 2.33 g/cm3. This
figure shows how thermal ionization progressively depopu-
lates the inner shells, transferring electrons to the FEG. We
notice that starting from four valence electrons and after a
substantial increase up to around 400 eV, the FEG curve
slowly converges asymptotically to the total number of 14
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electrons. For temperatures over 700 eV, the target is almost
completely ionized, leaving less than 0.5 electrons in the
1s shell.

Figure 15 shows the contributions to the stopping power
due to the FEG and IS, as well as the total stopping power,
also for protons with velocity v = 10 a.u. Here we can verify
that the rapid variations of the FEG and IS contributions

are produced by the ionization effect shown in Fig. 14. For
temperatures over about 400 eV, almost all the stopping power
is produced by the free plasma electrons. Therefore, the final
decrease of the total stopping ratio shown in Fig. 13 is pro-
duced by the behavior of the free-electron stopping power as
the temperature increases. This decrease is typical of the free
electron gas (see, e.g., Ref. [5]).
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