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Entanglement and uncertainty relation are two focuses of quantum theory. We relate entanglement sharing to
the entropic uncertainty relation in a (d xd)-dimensional system via weak measurements with different pointers.
We consider both the scenarios of one-sided sequential measurements in which the entangled pair is distributed to
multiple Alices and one Bob and two-sided sequential measurements in which the entangled pair is distributed to
multiple Alices and Bobs. It is found that the maximum number of observers sharing the entanglement strongly
depends on the measurement scenarios, the pointer states of the apparatus, and the local dimension d of each
subsystem, while the required minimum measurement precision to achieve entanglement sharing decreases to
its asymptotic value with the increase of d. The maximum number of observers remain unaltered even when the
state is not maximally entangled but has strong-enough entanglement.
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I. INTRODUCTION

Quantum entanglement is a central topic of quantum the-
ory, and the distant parties sharing an entangled quantum state
can establish strong correlations that have no classical analog
[1]. Aside from its fundamental significance, it is also an
essential physical resource for various quantum information
processing tasks, such as quantum teleportation [2], dense
coding [3], remote state preparation [4], and quantum key
distribution [5]. It is also deeply connected to other charac-
teristics of quantum states, including Bell nonlocality [6,7],
Einstein-Podolsky-Rosen (EPR) steering [8,9], quantum dis-
cord [10], and quantum coherence [11,12].

Since quantum correlations (nonlocality, entanglement,
EPR steering, etc.) are vital physical resources, starting from
the perspective of quantum information processing, it would
be desirable to demonstrate these characteristics between sep-
arated observers who perform local measurements on a shared
quantum state. The usual projective (strong) measurement
induces collapse of the initial state into one of the eigenbases
of the measured observable, hence in this case the quantum
correlations can be shared by not more than two observers.
Silva et al. considered instead a different scenario in which
one Alice and multiple Bobs (say, Bob;, Bob,, etc.) share
an entangled pair, with the middle Bobs (Alice and the last
Bob) performing weak (projective) measurements [13]. In this
context, they showed that Bell nonlocality could be sequen-
tially shared in the sense that a simultaneous violation of
Clauser-Horne-Shimony-Holt (CHSH) inequalities between
Alice-Bob; and Alice-Bob, was observed. Subsequently, a
double violation of CHSH inequality with equal sharpness of
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measurements has also been theoretically predicted [14—16]
and experimentally observed [17-19]. Further studies showed
that an unbounded number of CHSH violations can be
achieved using weak measurements with unequal sharpness
[20,21]. The sequential sharing of tripartite Bell nonlocality
[22], EPR steering [23-27], entanglement [28], and nonlo-
cal advantage of quantum coherence [29,30] have also been
studied via weak measurement, showing the advantage of con-
sidering this measurement strategy. While the above works are
limited to one-sided measurements, the sharing of Bell non-
locality [31,32], EPR steering [33], two-qubit entanglement
[34], as well as the quantum advantage in generating random
access codes [35] under two-sided measurements for which
an entangled pair is distributed sequentially to multiple Alices
and Bobs attracts growing interest. The nonlocality sharing
via trilateral sequential measurements [36] and network non-
locality sharing [37—40] have also been studied recently.

The sequential sharing of quantum correlations strongly
depends on the measurement precision. The uncertainty prin-
ciple sets a fundamental limit on the precise measurements
of two incompatible observables on a particle [41], and hence
can be related to entanglement sharing. As for its character-
ization, apart from the conventional one expressed in terms
of the variance of two observables [42], the entropy is an-
other preferred quantity and the entropic uncertainty relations
(EURSs) have been widely studied in the past decades [41,43].
In particular, by introducing a quantum memory entangled
with the particle to be measured, Berta et al. [44] proved
an entanglement-assisted EUR for two orthonormal mea-
surements, which has been verified experimentally [45,46]
and leads to applications including quantum cryptography
[44], entanglement witness [44—46], and teleportation [47].
It also attracted growing interest in studying it from var-
ious aspects [41], especially its connections with quantum
correlations [48-50] and quantum coherence [51,52]. The
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entanglement-assisted EUR also holds if one of the positive
operator-valued measures (POVMs) has rank-one elements
[53]. For arbitrary POVMs, a generalized EUR was obtained
by Frank and Lieb [54].

In this paper, we address the question as to how many
observers can sequentially and independently sharing the en-
tanglement in a (dxd)-dimensional (i.e., two-qudit) state.
Different from the two-qubit case [28], we consider this prob-
lem from the perspective of EUR, and this enables us to
explore the two-qudit states which include the two-qubit states
as a special case. Moreover, it also enables us to explore
entanglement sharing in the two-sided measurements scenario
where the entangled qudit pair is distributed sequentially to
multiple Alices and Bobs. Compared to the detection of en-
tanglement using witness operators which, in general, needs
to collect statistics of the joint measurements on two qudits
to infer the expectation values of the witness operators, the
advantage of using EUR also lies in that it is sufficient to
estimate the probabilities of different outcomes of the local
measurements on each of the qudits [44]. Although under
specific circumstances, the witness operators can be decom-
posed as a sum of local operators for which the outcomes
of local measurements are also sufficient to infer the expec-
tation values of the witness observables [28,55], the EUR
is still a feasible complement to the usual approach for de-
tecting entanglement. In particular, the efficiency of different
approaches may be different, and the construction and decom-
position of a general witness operator for high-dimensional
systems are not very easy tasks [56]. We will consider both
the one- and two-sided weak measurements with different
pointers and show that the number of observers sharing the
entanglement strongly depends on the measurement scenar-
i0s, the pointer states of the apparatus, and the local dimension
of each qudit. These results not only provide an alternative
dimension for the investigation of entanglement sharing, but
can also shed light on the interplay between entanglement and
quantum measurements for high-dimensional systems.

II. ENTANGLEMENT-ASSISTED EUR
FOR GENERAL POVMS

We consider two POVMs X with elements {X,} and
Z with elements {Z.}. Defining X, = /X, and Z, = /Z.
the measurement operators corresponding to X, and Z,,
respectively, then for a two-qudit state psp, the entanglement-
assisted EUR reads [54]

1
H(X|B) + H(Z|B) > log, — + H(AIB). (1)

where ¢ = max, ; tr(X,Z,) quantifies the incompatibility of
X and Z, the conditional entropy H(A|B) = S(pag) — S(pB)
with S(pap) = —tr(paplog, pap), and likewise for S(pp)
of the reduced state pg = trppsp. Moreover, H(X|B) and
H (Z|B) are given by [54]

QU

-1
HX|B)=—) tr(pgyx, log, Paix,) — S(ps).

x=

2

- o

d—
H(Z|B) = — ) tr(pgz log, Peiz.) — S(ps).

=0

IS}

where ppx, and ppz are the (unnormalized) postmeasure-
ment states of qudit B given by

Poix, = ta(XepasX)),  Pwiz. = ta(ZepasZl),  (3)
where we omitted the identity operators whenever their
presence is implied by context, e.g., X,papX, should be un-
derstood as (X, ® ]l)pAB(XXT ® 1). Note that H(X|B) does
not equal the conditional entropy of ). X, papX] (ie., the
output of X without postselection) if X is not a rank-one
measurement, and likewise for H(Z|B) [54]. In addition, for
the rank-one orthogonal-projective measurements, Eq. (1) re-
duces to the entanglement-assisted EUR given by Berta et al.
[44].

As —H(A|B) gives the lower bound of the one-way dis-
tillable entanglement in state p4p [57,58], one can see from
Eq. (1) that whenever the uncertainty U /?BS =HX|B) +
H(Z|B) estimated by the one-sided measurement on qudit A
and state tomography on qudit B is smaller than log,(1/c"),
then p4p is entangled. Moreover, as quantum measurements
never decrease entropy, U ATg =HX|X)+ H(Z|Z), which
corresponds to the uncertainty estimated by direct two-sided
measurements and is favored for its ease of implementation,
provides an upper bound of U, &S . As a consequence, U, ATg <
log,(1/c”) can also be used for entanglement witness. Here,
H(X|X) and H(Z|Z) can be obtained as follows [45]:

d—1 d—1
H(XlX) = - Z p)ﬂXz 10g2 pxle + ZPXZ 10g2px2’
xl,xz:O JQ:O 4
d—1 d—1 ( )
H(Z|Z) = - Z 9z12, 10g2 Gz + Z 9z 10g2 9z
21,22=0 22=0

where the probability distribution py,,, = trleap(X,, ®
X))l Py, = Zx] Dxx,» and likewise for ¢, ., and q,.

III. WEAK MEASUREMENTS ON TWO-QUDIT STATES

For a weak measurement, the system is weakly coupled
to a pointer that serves as the measurement apparatus, thus it
provides less information about the system while producing
less disturbance [59-61]. Defining {I1;} the projectors in the
basis {|7)}, |¢) the initial pointer state, and {|¢;)} the evolved
pointer states associated with {|i)}, then for the initial system
state po, the system-pointer state after the coupling is given by
the following map:

E(po ® |¢)(¢h) = Y MipoTl; ® |} (1, 5)

ij

and by tracing out the pointer one can obtain the nonselective
postmeasurement state as p = ZU IT; 0011 (i| ;).

We consider the two-qudit state pap. Defining F =
(@il ;) (it depends on i and j in general, here for simplicity,
supposing it is a constant) the quality factor measuring the dis-
turbance of a measurement [17]. Furthermore, we denote by I&
the POVM defining the weak measurement. Then the nonse-
lective postmeasurement states of the one-sided measurement
on A and two-sided measurements on AB, after tracing out the
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pointer, can be obtained as [30]
E(pas) =F pas + (1 = F) Y TipasTTi,

E®*(0a) =F pa + (1 = F) Y _(Tl; ® I)pap(IT; @ T1)
ij
+(FP=F) Y (I ® I1))pap(l ® I)).
ik, j#£1
6)

As the pointer states {|¢;)} are not perfectly distinguish-
able, we further choose a complete orthogonal set {|g;)} as
the reading states. Then for the one-sided case, the probability
pi of getting outcome i and the associated (unnormalized)
collapsed state Pap; = (¢:ilE(pap @ |9)(P|)|g;) are given by

pi = (T pap) (@il 9> + Ztr(HjPAB)H(PH(PjHZ,
JF
Pasi = TipasTlil(@ildi) P + D TipasTl; | (pild;)
J#i
+ ) MpasTli{gilei) (il i), (7
k£l

and without loss of generality, we suppose the measurements
are unbiased. Here, by saying the measurements are unbi-
ased, we mean that the pointer states {|¢;)} and reading states
{lgi)} yield the same |(g;|¢;)|* (Vi) and the same |(g;|¢;i)|*
(Vj # i), that is, |(:|#:)|* is independent of i and |{g;]¢;.;)|*
is independent of j # i, then Eq. (7) can be rewritten as

1-G
pi = Gtr(Il;048) + ——,

d
F o 1+diG—F
Bam = L AN .
PAB| dpAB d PAB
1-G—-F
t— Z 1 papll; + Z Mipaslly |,
J# o
)
where we defined d; =d — 1, ¥ = [(1+d,G)(1 — G)]'/?,

and G=1-— d|(<,0,~|¢>j¢,~)|2 measures the precision (or equiv-
alently, the information gain) of the weak measurement. From
Eq. (8), one can obtain ppg; = tryPap; Which will be used to
calculate H(X |B) and H(Z|B).

Similarly, for the two-sided measurements, the probability
distribution p;; of the measurement outcomes i on A and j on
B can be obtained as

pij = tr[(T1; @ I1;)pagll{@ildi) |21 (9;10;)1

+ ) orl(T ® T1))pasll (@il de) e 16)
ki

+ ) rl(T @ T)pasl (@il P10
I#]

+ Y ol ® T pasll@ilde) Plesldn P, (9)
ki, 1#]

then by defining IT; = 1 — IT; and using ¥ and G defined
above, Eq. (9) can be reformulated as

1 +d,G)?

pi = (11, @ o)
(-6

+ d—tr[(l’[ ® I1;)pas]

F2 - =
+ ﬁtr[(l'l,- ® I1; + I1; ® I1;) pasl, (10)

and this will be used to calculate H(X|X) and H(Z|Z).

As we are interested in entanglement sharing, we consider

= [y () and T, = [Y) (Y] (x,z2=0,1,....,d = 1)
the projectors associated with X and Z defining two weak
measurements, where {|1ﬁf )} and {|1p§))} are two sets of mu-
tually unbiased bases (MUBs). For d = 2, the three MUBs
{1y} {I¥))}, and {|y?)} are eigenbases of the Pauli opera-
tors oy, 07, and o3, respectively. For d > 2, we construct them
via the following MUBs:

i) = — %e”*?”m) = %8 m. (1)
' ﬁ n=0 ’ n=0 ) ’

where 8., and i represent the Delta function and the imaginary
unit, respectively. Moreover, for any prime d > 3, one can also
construct X and 7 via any pair of the MUBs. In addition to
{ly9)} and {|¢?)} in Eq. (11), the remaining d — 1 MUBs
{ly)y(r=1,...,d — 1) are given by [62,63]

d—
W) = —= Z ey r=1,.d = 1), (12)
=0
where the index a € {0, 1, ...,d — 1} for any given r.

For the weak measurements, there is a trade-off F2 + G? <
1 for two-qubit systems [13]. For a two-qudit system, as F
and G defined above are basis independent, one can write
the reading and pointer states as |¢;) = |i) and |¢;) = u;|i) +
h i Viklk), respectively. By combining this with the assump-
tion that the measurements are unbiased, one has |u;| = u
Vi), Jvil = v (Yk # i), and u? + d1v?> = 1, which gives F =
luivji + ujv;; + Zk#i,j vikvjk| and G = 1 — dv?. Hence

Quv + dyv*) + (1 —dv®)* < 1, (13)

that is, one still has the trade-off F2 + G2 < 1. When the
equality holds, the pointer is said to be optimal in the sense
that the highest precision is achievable for a given quality
factor, and the corresponding optimal pointer can be obtained
by solving the equation (2uv + d,v*)? + (1 — dv?)* = 1. But
for the general weak measurements (e.g., the biased case),
whether or not the trade-off F2 + G? < 1 holds still remains
an open question.

In addition, there are other pointers, including the square
and Gaussian pointers [13]. The unsharp measurement is an-
other kind of weak measurement [64], and when it does not
lead to confusion we also term it as the weak measurement
with an unsharp pointer. The associated POVM elements of
X and Z are given by [24]

1—A
sz)»l'lx+—d 1,

F?+G*<

1—2
Z; =ML +——1, (14
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FIG. 1. Two scenarios of entanglement sharing via EUR.
(a) Multiple Alices measure sequentially on their side and Bob
checks whether or not there is shared entanglement via the uncertain-
ties of Alices’ outcomes estimated by his measurements. (b) Multiple
Alices and Bobs measure sequentially on their respective sides, af-
ter which they check whether there is shared entanglement via the
uncertainties estimated by their measurement statistics.

where A € [0, 1] is the sharpness parameter. For X con-
structed by the MUB {I1, }, one has [24]

v \/1+d1k \/1—,\H+/1—,\]1 15)
X = d d X d ’

and likewise for Z,. In the language of weak measurements,
the reading and pointer states of the unsharp measurement can
be written as |¢;) = |i) and |¢;) = /1 — dju?|i) + ”Z#i 1j)
(Vi), respectively, where u = /(1 — A)/d [33]. In addition,
by defining dy =d — 2, the quality factor F and mea-
surement precision G of the unsharp measurement can be
obtained as

(1= )+ 2T+ doh — di?
- - ,

F

G=»x (16

thus it is optimal for d = 2 and nonoptimal for d > 3.

Supposing that {If;} are the elements of the POVM [
defining the weak measurement, then one also has p; =
tr(I5; pap). Combining this with Eq. (8) and taking pap =
1® ]l/d2 yields trlt; = 1 (Vi). Then for X and Z with the el-
ements X, =rol/d + Y, rul|¥,,) (V)| and Z, = so1/d +
Y o Sal¥i) (Wi comprising of the identity operator 1 and
the MUBs {|y)} and {|v;))}, one can obtain tr(X,Z,) =
1/d (Vx, z), thus ¢ = 1/d. Here, the coefficients ry and ry,,
satisfy ) X, =1 and uX, =1 (Vx), and likewise for so
and s,,.

In the following, we mainly concentrate on X and Z
constructed by {W;l )} and {|1ﬂ?)}, respectively, as we aim at
exploring the two-qudit state with d being a general positive
integer. When d is a prime, we will also sketch the main
results for the cases that X and Z are constructed via other
MUBs at the end of this paper.

IV. ENTANGLEMENT SHARING OF TWO-QUDIT STATES

In this work, we consider entanglement sharing via both the
one- and two-sided sequential weak measurements. As shown
in Fig. 1(a), the one-sided scenario refers to the case in which
multiple Alices (say, Alice;, Alice,, etc.) have access to half
of an entangled pair and a single Bob has access to the other

half. Alice; performs her randomly selected measurement (X
or Z) and records the outcome. She then passes her qudit to
Alice, who also measures randomly X or Z on the received
qudit, records the outcome, and passes it to Alices, and so
on. For the two-sided scenario, as shown in Fig. 1(b), multiple
Alices (Alice;, Alice,, etc.) have access to half of an entangled
pair and multiple Bobs (Bob;, Bob,, etc.) have access to the
other half. To proceed, Alice; and Bob; choose randomly the
same POVM X or Z, perform measurements and record their
outcomes. They then pass their qudits to Alice, and Bob, who
repeat this process again, and so on.

For each measurement scenario, we further consider two
slightly different cases for which we illustrate through the
one-sided scenario (they are similar for the two-sided sce-
nario). In the first case, the classical information pertaining to
each Alice’s measurement choice and outcome is not shared,
thus the state shared between Alice, (n > 2) and Bob is av-
eraged over all the possible inputs and outputs of Alice,_i,
from which one arrives at Bob’s uncertainty about Alice,’s
outcome. In the second case, however, each Alice informs the
next Alice of her measurement choice but not the outcome,
thus Bob’s uncertainty has to be averaged over the uncertainty
for each of their possible inputs. More specifically, for the first
case one first obtain the average state of all the possible inputs
and then arrives at the associated uncertainty, while for the
second case one first obtain the uncertainty associated with
each possible input and then arrives at their average effect. For
convenience of later presentation, we term these two cases as
scenario OS1 and scenario OS2, respectively. Similarly, the
two cases associated with the two-sided scenario are termed
as scenario TS1 and scenario TS2, respectively.

We would like to mention that when exploring nonlocal-
ity, EPR steering, and entanglement, both the scenarios OS1
[13-16,20,24,25,28] and TS1 [31-34] have been considered
previously. Moreover, scenario OS2 is analogous to a scenario
of entanglement-assisted EUR which is useful in crypto-
graphic protocols such as quantum key distribution [41,44].
Due to the fact that the multiple Alices (Bobs) in each side can
be spatially separated, these scenarios are expected to play a
similar role in multipartite cryptographic tasks.

Having collected all the required tools for our analysis, we
are now in a position to investigate sequential sharing of en-
tanglement for the aforementioned scenarios. To set the stage,
we start by indicating some notations that will be employed in
the following discussion. We denote by I = 1 the identity
map and E™ € {X,Z} (n=1,2,...) the POVMs defining
the measurements of Alice, and Bob,,. Moreover, we denote
by F, (G,) the quality factor (precision) of the corresponding
weak measurement and G9% (G5) the critical value of G,
larger than which the entanglement could be shared by Alice,,
and Bob (Bob,), provided that the previous Alices and Bob
(Bobs) have already shared the entanglement. Finally, we
denote by |¥T) = Z;é |kk)/~/d the two-qudit maximally
entangled state shared between Alice; and Bob (one-sided
case) or Alice; and Bob; (two-sided case).

A. One-sided scenario

We first consider the scenario OS1. If the initial state shared
between Alice; and Bob is pq4, 5, then the state shared between
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Alice,, and Bob will be given by
1

EO,... E®-D

PAB = o EQpap),  (17)

where the factor 1/2"~! is due to the fact that Pa,B 1s an av-
erage state of the 2"~ possible inputs of Alice,, while E© is
introduced for ensuring that p4, 5 reduces to p4,p whenn = 1.
For the general weak measurement, E()(p4,3) can be ob-
tained from Eq. (6), and likewise for E"~D o ... 0 E®(py,p).
As the POVMs B € (X, Z} (I =1,...,n— 1), when the
elements {X,} of X and {Z,} of Z are known, by defining
X, = /X, and Z, = \/Z,, we also have

1
PasB = §<ZXXPAIBX; + ZZZpAIBZJ), (18)
P Z

and likewise for p4,z [65]. Moreover, ps,p in Eq. (17) is
normalized. This is because E"~V o ... 0 E®(p4, ) is a non-
selective postmeasurement state which is normalized and
different from the selective postmeasurement state, e.g., for
the POVM X and initial state p4, g, the postmeasurement state
associated with the outcome x is X, 04, BX /(X pa,p) [65].

In the following, we choose p4,5 = |\IJ+) (WT|. Then from
Eqgs. (17) and (8) we can obtain py,pix, and py gz, . A direct
calculation shows that for both pgx, = tra,pa,s1x, (Vx) and
PBiz. = tra, Pa,pz. (V2), the eigenvalues are given by

1+d1/Ln 1

— Mn
f="—07 1, ea= 7 (d), (19)

where the numbers in the brackets denote the degeneracy, and
by defining Fy = 1, the parameter u, can be written as

G (1 + )

.= . (20)

As pp = 1/d, from Egs. (2) and (19), we arrive at the uncer-
tainty

Ldipw\ | di(1—p,
Uggzz[m( d”‘ >+ 1 y “)1og2d1], 1)

where H,(-) denotes the binary Shannon entropy function.
Based on Eq. (21), we can determine the maximum number
of Alices sharing the entanglement with Bob by checking
whether or not U, /8% < log, d holds. As U9 4 p 1s @ monotonic
decreasing function of G, the measurement precision must be
larger than a critical value GOS for achieving possible entan-
glement sharing. Of course, GOS with n > 2 is not a constant
as the actual precision G; of Ahcel (I < n— 1) may be larger
than GP2. As for G{%, its value could be obtained by solving
numerically the transcendental equation U 1‘8% =log, d, and
it is obvious that it is independent of Fj. This is because
U O% depends on the initial state p4,p and the measurement
precision G, (i.e., the information gain) of Alice;, while the
disturbance of her measurement affects only the output state
of the qudit which is passed on to Alice,, and this will
further affects U/gSB and Ggi. As illustrated in Fig. 2, G?ﬁ
decreases with the increase of d, and for infinite large d, it

23 456 7 8 910111213141516
d

FIG. 2. The critical precision G{ . (¢ = OS or TS) versus d for

the weak measurement.

approaches the asymptotic value Gos(oo) = 1/2. This shows
that the larger the local dimension d of each qudit, the lower
the critical measurement precision is required for sharing the
entanglement.

When the measured qudit is passed to the subsequent Al-
ices, the uncertainties U3 will be dependent on the quality
factors F; (I =1, — 1) of the measurements. Based on
Eq. (21), one can see that the maximum number of Alices
sharing the entanglement with Bob can be determined by
checking whether the following inequalities hold

2"GPS
G>GE(l=1,....n—1), GSE—%g
[Tezo(1 + Fo)
(22)
where the first inequality ensures that Alice; (/ =1,...,n —

1) share the entanglement simultaneously. Moreover as U 5
is a decreasing function of u, and u, of Eq (20) is an
increasing function of G,, one must have /,Ln = /Lli (/L

is the critical u, obtained by replacing G, with GOS) to

ensure that Alice, can also share the entanglement. I'L[‘hls,
together with Eq. (20), gives the above equality. As for the
second inequality, it is due to the fact that G,, < 1 (Vn) by its
definition.

We now discuss whether or not the inequalities in Eq. (22)
hold when the qudit is passed to Alice,. We consider the weak
measurements with unsharp, optimal, Gaussian, and square
pointers.

(A1.1) For the unsharp pointer, the relation between F
and G is in Eq. (16), by combining of which with Eq. (22)
we can obtain that when G?f, < Gp < 2&/d, there exists valid
Ggf‘, for all d > 2, where the parameter £ is given by

£=d(1-G) +\/2 1—G%)(2d1GS — ). (23)

(A1.2) For the optimal pointer, F12 + G% =1, then from
Eq. (22) we arrive at G{¥ < G; < 2[GT5(1 — G9$)]"/2, which
holds if GP% < 0.8. As GD% ~ 0.7799 for d = 2 and decreases
with the increasing d, there exists valid G5 foralld > 2.

(A1.3) For the Gaussian pointer, the relatlon of Fi and G
can be obtained numerically [13]. We denote it by A(F) =
Gy, i.e., for any given Fj, the map A(F}) gives the associated
G1. Then from Eq. (22) we can obtain G0} < G; < A(2G3 —
1), which holds when G < 0.7547. By combining this with

l,e ~
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GY% obtained for different local dimension d (see Fig. 2), we
can see that there exists valid Ggi ford > 4.

(A1.4) For the square pointer which is far from optimal,
we have F| + Gy =1 [13], then from Eq. (22) we arrive
at G% < Gy <2 —2GP%. This inequality holds when GP$ <
2/3. By combining this with GD$ obtained for different d, we
can see that there exists valid Ggi ford > 34.

The critical G also decreases with the increase of d
and approaches its asymptotic value 1/[1 + Fﬁs(oo)] when
d — oo, where F\%5(00) is the quality factor associated with
G?ﬁ(oo). Following the same line of reasoning as above, we
can obtain that for the optimal pointer with d > 34 and the
Gaussian pointer with d > 141, the entanglement could be
sequentially shared by, at most, three Alices and Bob, and
for large enough d, the maximum number of Alices could be
further enhanced. In fact, a similar phenomenon for sequential
sharing of EPR steering has also been observed previously
[24]. But for the unsharp and square pointers, the maximum
number of Alices remains 2. We explain this for the square
pointer (the case is similar for the unsharp pointer). From
Eq. (22) we can obtain that if there exists a valid Gg’i, then
(2 - G1)(2 — Gy) > 4GY%. However, even under G, = G§
and G, = G395, this inequality holds only when G{$ < 1/2.
As illustrated above, G?E > 1/2, and the equality holds when
d — 00, thus the entanélement cannot be sequentially shared
by three Alices and Bob.

Next, we turn to consider the scenario OS2 for which each
Alice knows the measurement choice but not the outcome
of the former Alices, and our aim is to determine whether
or not the entanglement can be shared by multiple Alices
and Bob. We will consider the average effect, that is, the
shared entanglement between Alice, and Bob is averaged
over the possible inputs and outputs of Alice,_;, and like-
wise for Bob’s uncertainty about Alice,’s outcome. Clearly,
this is different from the scenario OS1 for which the entan-
glement and uncertainty are obtained for the state averaged
over the previous Alice’s possible inputs and outputs. For this
case, the possible states shared between Alice, and Bob are
given by

p/]P“(;)mE(ni” = E(nil) O0...0 ]E(O)(IOAlB)v (24)

where the meanings of E® and E®™ (n > 1) are the same as
that in Eq. (17). For each possible input, from Eq. (8) we can
obtain the unnormalized postmeasurement states ,Z)/];E”(Eo;l'dj{?(”fl),
where O, = X, or Z,. Then after a straightforward but some-

what complex calculation, we can obtain the eigenvalues of

~REO  EO-D _ ~EO®  EE-D
Psio, = U4, Pp50, (VO)as

1+ diG, [Tj—y

= — l’
€0 dlz e ( ) (25)
o = 1_GnHZ:oFk( 2 d

1= 7 (d1),

where we define the function §(E®), 0) = 0 if E® = O and
S(E®, 0) =1 if E® = O, and the numbers in the brackets
still denote the degeneracy. Combining this with Eq. (2) gives

0.92 o 1.00 -
unsharp optima
091 0.96 P
wo 0.92
Qa1 0.90
S 0.88
0.89 0.84
’ b
0852 080 P
1.00 - 1.00
0.97 Gaussian 0.99 square
g3 0.94 0.98
O 091 0.97
0.88 0.96
085 095L Y
2 4 6 81012 14 2 4 6 81012 14

d d

FIG. 3. The d dependence of the critical precision G‘zjf, (obtained
with G, = G{%) for the scenario OS2 with different pointers.

the average uncertainty

1 _
0S __ 0OS E®. E®D
U = 5 > Ui(ers )

]E(n—l)

1 1+d,G, [T}Z F*
= 2n72 Z Hz( d
-1

i0yeensin

2
k=0

d G n—1
+ —1[2"—‘ -2 JJa+ Fk)} log, dl}, (26)

where iy = 0 and i x>1 € {0, 1} are the power exponents.

Based on Eq. (26), we can determine the number of Alices
sharing the average entanglement with one Bob. We focus
on n > 2 as the scenario OS2 differentiates the scenario OS1
only for this case. From Egs. (17) and (24) one can see
that Alice,’s input for the scenario OS1 can be recognized
as an equal mixture of the possible inputs for the scenario
0S2, thus the entanglement shared between Alice, and Bob
for the scenario OS1 will be weaker than or equal to that
for the scenario OS2 due to the convexity of entanglement
[1]. As the measurement uncertainty strongly depends on the
amount of entanglement [44], then intuitively, the maximum
number of Alices sharing the entanglement for the scenario
OS2 will be no less than that for the scenario OS1. In the fol-
lowing, we derive G,(zi with G; = G?f (I=1,...,n—1),for
which the corresponding quality factor F; can be obtained for
the measurements with different pointers. By substituting F;
into Eq. (26) and then solving numerically the transcendental
equation ’LIEHSB = log, d, we can obtain the critical G2%. For
n = 2, the corresponding results are shown in Fig. 3.

(A2.1) For the unsharp pointer, G5 approaches the
asymptotic value of 2/3 when d — 00. Moreover, from
Eq. (26) we can check that when the first two Alices share the
average entanglement with Bob, U5, is always larger than
log, d. Thus Alice; cannot share the average entanglement
with Bob.

(A2.2) For the optimal pointer, G25 decreases to 4 — 2+/3
when d — oo. For small d, the number of Alices sharing the
entanglement with Bob remains 2. But with the increasing
d, the number of Alices may be enhanced. We performed
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calculations based on Eq. (26) and it is found that for d > 10,
180, and 30608, respectively, at most three, four, and five
Alices can share the average entanglement with Bob, and the
critical G9% (n = 3, 4, 5) all decrease with the increase of d.
For large enough d, it is reasonable to conjecture that the
maximum number of Alices will be further enhanced.

(A2.3) For the Gaussian pointer, a comparison of
Figs. 3(a) and 3(c) shows that for d > 7, G2 becomes smaller
than that for the unsharp pointer, that is, from the point of
view of entanglement sharing, the Gaussian pointer performs
better than the unsharp pointer for d > 7. A further calculation
shows that for d > 67, the average entanglement can also be
shared by Alice; and Bob, and the number of Alices can be
further enhanced by increasing d. However, the critical d start-
ing from which the average entanglement can be sequentially
shared will be far larger than that with an optimal pointer.

(A2.4) For the square pointer, G5 decreases to the same
asymptotic value as that of the unsflarp pointer, which can
be explained from Eq. (16) as for the unsharp pointer, F; +
G; — 1 when d — oo. In addition, as its precision is worse
than that of the unsharp pointer, the maximum number of
Alices sharing the average entanglement with Bob remains
two.

B. Two-sided scenario

In this subsection, we discuss sharing of entanglement
via two-sided measurements, and for simplicity, we focus on
the case that both F, and G, (Vn) for Alice, equal to that
for Bob,,. We begin with the scenario TS1 and suppose the
state pa,p, = | W) (W] is initially shared between Alice; and
Bob;, then the state p4,p, shared between Alice, and Bob,
takes the similar form as that given in Eq. (17), with only
E® (k=0,1,...,n— 1) being replaced by E® @ E®. By
combining this with Eq. (10) we can obtain the probability
distributions py,, and g, as

1+ d] Yy 1 - Vn
Pxixy|xeS = - Pxix;|x¢S = —
d d @7
1+dv, I —v,
duz = 79 qz1zlz1#0 = 7’
where we define x = (x1, x2) and S = {(0, 0), (n,d — n)|n =
1,...,d — 1} for simplifying the equations, and v, can be

obtained by replacing G, and F; in Eq. (20) with G> and sz,
respectively.

From Eqgs. (27) and (4) we can show that the uncertainty
U f;r”%n has a similar form to U AO,,% in Eq. (21), with only the
parameter 1, being replaced by v,. So the critical G|, larger
than which the entanglement can be shared by Alice; and
Bob,; equals the square root of G?f, ie., GTs (G(l)f.)l/z,
implying a similar behavior for their dependence on d, see
Fig. 2.

Similar to the one-sided scenario, the maximum number of
Alices and Bobs sharing the entanglement can be obtained by
checking whether the following inequalities hold:

G >Ghl=1,..,n-1),
2n/2GTS
Gl = ——L <1 (28)
’ n—1
o (1 +F)

When the two qudits are passed to Alice, and Boby,
Eq. (28) reduces to G GOS and F12 > GOS 1. We now
analyze whether or not the two inequalities hold simultane-
ously for the weak measurements with different pointers.

(B1.1) For the unsharp pointer, the above two inequalities
depend on d and it is hard to give an analytical analysis. The
numerical calculation by using the trade-off between the qual-
ity factor F| and measurement precision G| given in Eq. (16)
shows that they hold simultaneously when G?% < 0.7321 and
d 2 224526395. This condition is difficult to meet in experi-
ments, hence the unsharp measurement is not a good choice
for achieving entanglement sharing.

(B1.2) For the optimal pointer, the above inequalities
are equivalent to G G2 <2-— 2G?§, which holds when
GP$ <2/3. By comblmng this with the results of G3 for
different d, we can note that the entanglement can be sequen-
tially shared by two Alices and Bobs for d > 34

(B1.3) For the Gaussian pointer, based on A(F;) = G, we
can obtain (GP$)'/? < G < A[(2GPS — 1)'/2], which holds
for GP3 < 0. 6102, and this corresponds to d > 404.

(B1.4) For the square pomter the above inequalities hold
simultaneously when G < 4 — 2+/3, which corresponds to
d > 226154704. Hence 1t is also not a good choice for achiev-
ing sequential sharing of entanglement.

When the two qudits are passed to Alice; and Bobs, re-
spectively, from Eq. (28) we can obtain that, if they can
sequentially sharing the entanglement then one must have
G1 > Gl%, Gy 2 G5, and (1 4+ FP)(1 4 F7') > 4GS For the
optimal pointer, we can show that the three 1nequaht1es hold
simultaneously when G Lo < 1/2. As we showed previously,
G?% decreases to 1/2 only when d — oo, indicating that the
entanglement cannot be shared by Alice; and Bobs. As the op-
timal pointer gives the highest measurement precision under
the same disturbance, we can conclude that the entanglement
can be sequentially shared by at most two Alices and Bobs via
the two-sided weak measurements.

Next, we consider the scenario TS2. Now, the 2! possible
inputs for Alice, and Bob, can be obtained in the same way
as that in Eq. (24), with, however, E® (k =0,1,...,n—1)
being replaced by E® @ E®. For p/E‘;;__E(n-l)’ using Eq. (10)
and after a straightforward but somewhat complex calculation,
one can obtain the probability distribution py, ., as

1+ dy G2 [I2) FREX0

PxixalxeS = d2 5

28(E®, X (29)
1 -G FP™

d2 ’

Pxixo|xgS =

while the probability g, ;, (¢;,2,z,:,) can be obtained directly
by replacing X in py v, ;xes (Pxix,|xes) With Z. By combining
this with Eq. (4) one can obtain the average uncertainty 743" ,
whose form is similar to ‘ng 3 in Eq. (26), with however the
parameters G, and F; being replaced by G2 and sz, respec-
tively. In the following, we determine the number of Alices
and Bobs sharing the entanglement, and we calculate the crit-
ical GTS numerically, if any, under the conditions G; = Gle
(I=1,...,n—1). Specifically, GI% can be obtained using
the same method as that for obtalnlng Gg%. Nonetheless, from
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FIG. 4. The d dependence of the critical precision G;SL (obtained
with G, = G1%) for the scenario TS2 with different pointers.

the results for scenario TS1, we know that the entanglement
can always be sequentially shared by two Alices and Bobs.

(B2.1) For the unsharp pointer, G* decreases very slowly
with the increase of d, see Fig. 4(a). When d — oo, we
can obtain (GESC)2 - 205+ 2\/5)/ 17. However, when the
previous two Alices and Bobs can sequentially share the en-
tanglement, we always have U5, > log,d. Thus, at most,
two Alices and Bobs can sequentially sharing the entangle-
ment in this case.

(B2.2) For the optimal pointer, as shown in Fig. 4(b), G;SL
still decreases with the increase of d, and when d — oo, we
have GESC - 6 /3. Moreover, when the previous two Alices
and Bobs can share the entanglement, Uy, > log, d. Thus
Alices and Bob; cannot share the entanglement even with the
optimal pointer. This result also indicates that, for the weak
measurement with arbitrary pointer state, the entanglement
can be shared by, at most, two Alices and Bobs.

(B2.3) For the Gaussian pointer, the d dependence of
GESC is shown in Fig. 4(c). When d > 10, it becomes smaller
than that for the unsharp pointer, indicating that for the two-
qudit system with large local dimension, the Gaussian pointer
performs better than the unsharp pointer on entanglement
sharing.

(B2.4) For the square pointer, as illustrated in Fig. 4(d),
G3%. is obviously larger than that for the other pointers. It
decreases slowly with the increasing d, and when d — o0, it
approaches the same asymptotic value as that with an unsharp
pointer due to the same reason for the one-sided scenario.

C. Case of nonmaximally entangled states

Up to now, we demonstrated sequential sharing of entan-
glement for the initial maximally entangled state, then it is
natural to ask whether the sequential sharing of entanglement
is also possible for those nonmaximally entangled states. To
this end, we consider the following isotropic state:

pr = pV (W +

1—p
L (30)

where 0 < p < 1 and py is separable for p < 1/(d + 1). Note
that p; in Eq. (30) is equivalent to that given in Ref. [66].

1.00
a = OS o-ounsharp
0.98 oo optimal D_'i_ii
0.96
0.94
< 0.92
0.90 a=TS
0.88 oo unsharp
0.86 (@ (b) == optimal
2 4 6 8 1012142 4 6 8 10 12 14
d d

FIG. 5. The d dependence of p§ (¢ = OS or TS) for the scenarios
OS2 and TS2 with unsharp and optimal pointers.

For this state, assuming that all other conditions of the
scenarios remain unchanged, then after some algebra we can
obtain the expressions of U Xn B> Ugl B, 7/12‘” 5> and "LIX” B, (a =
OS or TS), which are similar to those listed in the above two
subsections, and the only difference lies in that the parameters
G, for the one-sided case and Gﬁ for the two-sided case
are multiplied by a factor p. Then one can show that for
p < p1 = GP%, the entanglement in p; cannot be shared by
any observer, irrespective of the measurement scenario.

For the scenario OS1, from Eq. (21) (note that G, should
be replaced by pG,) we can obtain that if two Alices can
share the entanglement in p; with Bob, then the following
inequalities must hold:

0S 08
GLC’ s 2Gy,

p p

G

A\

—1. 31)

Then for the unsharp pointer, they hold simultaneously when
p > pSS, where pSS = (3d — V2d — 4)GPS/2d,. Similarly,
we have p9® = 5G{%5/4 for the optimal pointer and p9S =
SGEE /2 for the square pointer. For the Gaussian pointer, pg)s
can be obtained numerically. They all decrease with the in-
creasing d (for the conciseness of this paper, we do not plot
them here). For the scenario TS1, following the same line of
reasoning as above, one can obtain pgs = 3G?§ /2 for the opti-
mal pointer, while for the other three pointers, even for p = 1,
the entanglement can be shared by two Alices and Bobs only
for very large d, so we do not derive the corresponding p13
here.

For the scenarios OS2 and TS2, the critical p§ larger than
which the entanglement can be shared by two Alices and
Bob can be obtained numerically. We illustrate the method for
OS2 (it is the same for TS2). First, we assume G| = G?E_ /D
which ensures that Alice; and Bob share the entanglement.
For given Gy, the associated F; can be obtained accordingly
for different pointers. Then by substituting G, Fj, and G, = 1
into Eq. (26), 'L{SSB will be transformed to a function of p, and

2

by solving numerically the equation ‘Llf%SB = log, d, we can
obtain the critical p§. For the unsharp and optimal pointers,
the d dependence of p§ can be found from Fig. 5 (the d
dependence of p§ for the square and Gaussian pointers are
similar and we do not plot them here). They also decrease with
the increase of d. For infinite large d, we have p95 — 2/3
and pgs — 2(542+/2)/17 for the unsharp pointer, while
P9 — 4 —24/3 and pl® — 2/3 for the optimal pointer.
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The above results exemplify that even the state is not max-
imally entangled, it is also possible to sequentially sharing the
entanglement in it. From Ref. [66] we can note that in the
region of p > p9, the entanglement of formation (a measure of
entanglement [67]) increases monotonically with the increase
of p, thus the condition p > pf for sequential sharing of the
nonmaximal entanglement implies that the entanglement in p;
must be stronger than a critical value.

D. Other cases

Having clarified the number of observers sharing the en-
tanglement for X and Z constructed via the MUBs given in
Eq. (11), we now turn to the case of primes d, for which
one can also construct X and Z via other MUBs. For this
case, when considering the one-sided scenario, a direct cal-
culation shows that the uncertainties and the corresponding
critical measurement precision are the same as those discussed
above. When considering the two-sided scenario, however,
they remain the same as that discussed above only for d = 2.
For primes d >3, U5, and U}5 obtained with X and Z
constructed by other MUBs are always larger than that ob-
tained with X and Z constructed via Eq. (11). As a matter of
fact, for this case even Alice; and Bob; cannot witness the
entanglement.

Another issue that remains is whether the conclusion also
holds when different observers choose different measurement
settings for the primes d > 2, e.g., Alice; (or Alice; and Bob)
chooses X and Z of Eq. (11) and the other Alices (Alices and
Bobs) choose that constructed by other MUBs. For this case, a
further calculation shows that for both the one- and two-sided
scenarios, at most, one Alice can share the entanglement with
Bob. Thus the measurement settings X and Z constructed via
Eq. (11) perform better than the other cases.

Finally, it is also relevant to ask whether or not the number
of observers sharing the entanglement will be changed if they
measure the received qudits with equal precision, i.e., G, = G
(Vn). For this case, we performed calculations based on the
formulas in the above subsections and it is found that only for
the one-sided weak measurements with the optimal and Gaus-
sian pointers can there exists a valid region of G € [G, Gy]in
which the entanglement can be shared by two Alices and Bob.
For the scenario OS1 with an optimal pointer, this region can
be obtained by substituting G, = G and Fj, = (1 — G*)!/2
into Eq. (21), then the two bounds G, and Gy, if any, can be
obtained by solving numerically the equation UL, = log, d.
They exist for d > 62 and as illustrated in Fig. 6, the bound
G (Gy) decreases (increases) with the increase of d. When
d — 00, Gy, approaches the asymptotic value of about 0.5437
and Gy approaches the asymptotic value 1. These asymptotic
values are solutions of G* — 2G + 1 = 0, which was obtained
from Eq. (21) for the optimal pointer. For the scenario OS2
with an optimal pointer, the region G € [G., Gy] can be
obtained similarly. It exists for d > 11, where G, and Gy ap-
proach the same asymptotic values as above; in particular, Gy
approaches rapidly the asymptotic value 1 (e.g., it is of about
0.9931 for d = 11 and 0.9999 for d = 15). Similarly, for the
scenario OS1 (0OS2) with the Gaussian pointer, the region
G € [GL, Gy] exists for d = 6950 (d = 640), and now the
asymptotic value of G, is about 0.5861, while the asymptotic

0.94
092}
0.90¢
= 0.88

O

- 0.86

O 0.84f

082f 4 4,
0.80f o0 )
0,78 b

d

FIG. 6. The bounds G; and Gy versus d for the scenario OS1
with an optimal pointer. When G locates in the green shaded region,
the maximum entanglement can be shared by two Alices and Bob.

value of Gy is still 1. This shows that the sequential sharing of
entanglement is possible even using weak measurements with
near-highest precision (i.e., very strong but not ideal strong
measurement). A similar phenomenon for nonlocality sharing
was reported previously [15,19].

V. CONCLUSION

We explored entanglement sharing from the perspective of
entanglement-assisted EUR, and this enabled us to consider
a general two-qudit state which shows more fruitful charac-
teristics compared with the two-qubit case. We considered
two different scenarios, that is, the scenario in which multiple
Alices and a single Bob share the entangled pair and the sce-
nario in which multiple Alices and Bobs share the entangled
pair. For both the scenarios, we considered the weak measure-
ments with different pointers. The results showed that for the
unsharp and square pointers, at most two Alices could sequen-
tially share the entanglement with one Bob (one-sided sce-
nario) or two Bobs (two-sided scenario). For the optimal and
Gaussian pointers, however, the maximum number of Alices
sequentially sharing the entanglement with one Bob increased
discontinuously with the increasing dimension d of each qudit
for the one-sided scenario, while the maximum number of
Alices and Bobs remains two for the two-sided scenario. We
also obtained the critical measurement precision higher than
that which the entanglement could be shared, and it was found
that it always decreased with the increasing d and approached
a finite asymptotic value when d approached infinity.

By further considering the isotropic states, we exemplified
that it is also possible to achieve the sequential sharing of
nonmaximal entanglement, provided that it is strong enough.
However, for a general nonmaximally entangled state, fur-
ther study is still needed to clarify the interplay between the
amount of entanglement and the number of observers sharing
the entanglement. Furthermore, as the unsharp measurement
is optimal (in the sense of achieving the highest precision for
a given disturbance) only for d = 2, it is also of fundamental
significance to explore what forms the optimal pointers take
for general weak measurements on high-dimensional systems.
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