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The nonlocal set has received wide attention over recent years. Shortly before, Li and Wang arXiv:2202.09034
proposed the concept of a locally stable set: The only possible orthogonality preserving measurement on
each subsystem is trivial. Locally stable sets present stronger nonlocality than those sets that are just locally
indistinguishable. In this work, we focus on the constructions of locally stable sets in multipartite quantum
systems. First, two lemmas are put forward to prove that an orthogonality-preserving local measurement must be
trivial. Then we present the constructions of locally stable sets with minimum cardinality in bipartite quantum
systems C? ® C¢ (d > 3) and C' ® C® (3 < d, < d,). Moreover, for the multipartite quantum systems
(CH®" (d > 2)and @, C% 3 < dy <dy <+ < d,), we also obtain d + 1 and d, + 1 locally stable orthog-
onal states, respectively. Fortunately, our constructions reach the lower bound of the cardinality on the locally
stable sets, which provides a positive and complete answer to an open problem raised in arXiv:2202.09034.

DOI: 10.1103/PhysRevA.108.012418

I. INTRODUCTION

A set of orthogonal quantum states is locally indistin-
guishable if it is not possible to optimally distinguish the
states by any sequence of local operations and classical
communications (LOCC). In 1999, Bennett et al. [1] first
presented a set of locally indistinguishable orthogonal product
bases in C3 ® C3, which shows the phenomenon of non-
locality without entanglement. With the increasing research
of nonlocality, there are many relevant references on locally
indistinguishable orthogonal entangled states [2—12]. Espe-
cially, the locally indistinguishable orthogonal product states
have attracted more attention [13-28]. Its closely related re-
search branch, entanglement-assisted discrimination protocol,
has also achieved fruitful results [29-31]. The local indistin-
guishability has wide applications in quantum cryptographic
protocols such as secret sharing and data hiding [32-37]. That
is the reason why so many scholars are engaged in the research
of local discrimination of quantum states.

In 2019, Rout et al. [38] proposed the concept of genuine
nonlocality based on local indistinguishability. Then many
interesting results spring up like mushrooms [38-40]. Re-
cently, Halder et al. [41] put forward the concept of strong
nonlocality based on locally irreducible quantum states. A set
of multipartite orthogonal product states is strongly nonlocal
if it is locally irreducible in every bipartition. Many people
began to engage in the research and a few strongly nonlocal
sets were obtained [41-46].

An important method was provided to verify the local
indistinguishability of orthogonal product states in Ref. [4],
which showed the fact that no matter which party goes first,
he (or she) can only perform a trivial measurement. Since
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2014, a great deal of research (see Refs. [15-27]) on the
locally indistinguishable sets of quantum states is based on
the aforementioned observation. Li et al. [46] concentrated
on the orthogonal sets of multipartite quantum states with
the property: The only possible orthogonality preserving mea-
surement on each subsystem is trivial. The set with such
property is called a locally stable set. Note that locally stable
sets are always locally indistinguishable. Hence they could be
used to show some particular form of distinguishability-based
nonlocality. Li er al. [46] also obtained a lower bound of the
cardinality on the locally stable set, i.e., if S is a locally stable
set of orthogonal pure states in H := ®Y_, H,,, whose local di-
mension is dimc (H4,) = d;, then |S| > max;{d; + 1}. They
conjectured that this lower bound may be tight. That is, there
may exist some locally stable set S € H whose cardinality is
exactly the aforementioned lower bound max;{d; + 1}. In this
work, we will provide a positive answer to this conjecture.
Adding any orthogonal states to a locally stable set (nonlocal
set) forms a new set which is again locally stable (nonlo-
cal). Hence it is interesting to find the optimal locally stable
set in the sense that, removing any state from this set, it is
impossible to achieve local stability again. Therefore, those
locally stable sets in H with cardinality being max;{d; + 1}
are always optimal.

In the manuscript, we aim to construct locally stable sets
whose cardinality reach the lower bound indicated in Ref. [46]
for general multipartite quantum systems. Fortunately, we
prove that there exist d + 1 orthogonal states in C¢ ®
C? (d > 3) and d, + 1 orthogonal states in C @ C% (3 <
d; < d,) are locally stable. For the multipartite cases, we
present two constructions of locally stable sets in multipartite
quantum systems (C)®" (d >2) and ®_,C% (3 < d; <
d, < --- < d,), which contain d 4+ 1 and d, + 1 orthogonal
states, respectively. All of the locally stable sets can reach
the minimum cardinality on the locally stable set proposed in
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Ref. [46]. In addition, we found another structure of the small-
est locally stable set in ®f’=1(Cd" B<di <dry <---<dy),
which is composed of genuine entangled states apart from one
full product state.

II. PRELIMINARIES

Throughout this paper, we only consider pure states
and we do not normalize states for simplicity. Here
we take the computational basis {|i)}figl for each
dy-dimensional subsystem. For simplicity, we denote the
state \/LE(HI) i) £---E|ip) as |iixirE£---EiQ,),

dez{oslv"'sdk_l}s (Cd)@VI:Cd@Cd@_'.@Cd’
and @' ,C4=Ch"®C®®..-@C%. In particular, it
should be pointed out that the stopper state has the expression

Sy =& | Y. lia |- (1)

ik ede

—1 ..
2, we denote wy = e , 1.e., a primi-

For each integer d >
tive dth root of unit.

All the participants perform positive operator-valued mea-
sures (POVM) on their local sites. Each kth subsystem’s
POVM element M kT M. can be represented by a d; x dj matrix
E, = (m’;_b)aﬁbezdk in the computational basis. A POVM is
called a trivial measurement if all its elements are proportional
to the identity operator. To ensure the local distinguishability
the postmeasurement states should remain orthogonal. We ob-
serve that in each locally distinguishable protocol, each local
measurement must preserve the orthogonality of the states.
Using this observation, there is a widely used method for
deducing the local indistinguishability of an orthogonal set:
To preserve the orthogonality of the states, each party could
only perform trivial measurement. This method motivates the
definition of locally stable.

Definition 1 (Locally indistinguishable) [1]. A set of or-
thogonal pure states in multipartite quantum systems is said to
be locally indistinguishable, if it is not possible to distinguish
the states by using LOCC.

Definition 2 (Locally irreducible) [41]. A set of orthogonal
quantum states on H = ®'_,;H; with n > 2 and dimH; > 2,
i=1,2,...,n is locally irreducible if it is not possible to
eliminate one or more states from the set by orthogonality-
preserving local measurements.

Definition 3 (Locally stable) [46]. An orthogonal set of
pure states in multipartite quantum systems is said to be
locally stable if the only possible orthogonality preserving
measurement on the subsystems is trivial.

In Ref. [46], it is shown that locally stable sets are always
locally irreducible and locally irreducible sets are always lo-
cally indistinguishable; the converse is not true. Therefore,
locally stable sets present the strongest form of quantum
nonlocality among the three classes: Locally indistinguishable
sets, locally irreducible sets, and locally stable sets.

Given an orthogonal set S = {|¢,~)}§V: , of pure states in

(] C4%, if the kth party starts with the first orthogonality pre-
serving measurement whose measurement element is denoted

— (k
as By = (m,, b)a,bede , then we have

Gl ®h®  RE® - @LIg)=0 ()

for all different pairs |¢;), |¢;) € S. Now we put forward two
simple lemmas which are useful for deducing an orthogonality
preserving measurement Ej, = (ma »)a.be z, be a trivial one.

Lemma 1 (Zero entries). Fix k € {1, 2 ., n}. Suppose
that

pi—1

|¢i) = Z ), |’2 : |ifz)An’

pj—1

D= oy it By, L
5s=0

where [7)a,1i5 ), -+ 1), and | j{)a, 1734, -+ 13)a, are mutu-
ally orthogonal and there is only one pair (%, so) € Zp, X Z,

such that
[Tl #o.
O£k

Then the equation Dl ®L® - QE®---Q1L,¢;) =0
implies that m* oo = =0.
Lemma 2 (]k)lagonal entries). Fix k€ {1,2,...,n}. Let

|S) be the stopper state defined in Eq. (1) and |¢:i) =
Z” 0 Whli)a 1), - - 1if)a,, where there exist only two dif-

ferent values among i, i}, ..., i,‘:f say i’ and ' If all the
off-diagonal entries of the matrix Ek (ma »a, bede are ze-
ros, then the equatlon (S|I] QL® - QE® - QL¢:) =

0 implies that m¥ ) =mk o
U ol

The proofs é)f the above two Lemmas are given in
Appendix A.

/0

III. CONSTRUCTIONS IN BIPARTITE
QUANTUM SYSTEMS

In this section, we propose the construction of locally sta-
ble sets with minimum cardinality in C¢ ® C¢ (d > 3) and
Ch@C* (3 <d <dy).

A. Locally stable set in C¢ @ C¢

Theorem 1. The following set S of d + 1 orthogonal states
is locally stable in C? ® C? [see Fig. 1(a) for an intuition of
the example where d = 5]:

|po) = 100)ap — 112) 48,
|¢i) = |i0)ap — |07) 4B,
IS) =10+ ---4+(d—1)s0+---

wherei=1,2,...,d —1,d > 3.

Proof. First, we assume that Alice starts with the first mea-
surement. Let E; = (mi. »)a,beZ, Tepresent an element of any
orthogonality-preserving measurement performed by Alice.
For each pair |/), |¢) € S with |¢) # |¢), we have

(VIE1 ® L) = 0. “4)

For 1<i#j<d—1, considering Eq. (4) for the states
|¢;) and |¢> i), we obtain m1 ; m ;=0directly from Lemma 1.

+(d—-D)s, )
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FIG. 1. Intuition of the structure of states we constructed in
Eq. (3) and Eq. (6). Figure (a) corresponds to the systems C> @ C,
while (b) corresponds to systems C> ® C°. The squares indicated by
the same color represent a unique state and the numbers represent
the subscripts of the states. For example, the two orange squares

(4,0) and (0,4) with label “4” correspond to the state |¢4) = [40)ap —
|04) p; the two pink squares (0,6) and (2,5) with label “6” in the right
side correspond to the state |¢g) = [06)ap — |25)a5-

Now we consider Eq. (4) for the states |¢p) and |¢;) for
i=1,2,....,d—-1. 1If ie{l,3,...,d —1}, we can get
my; = ml o =0 from Lemma 1. If i = 2, the corresponding
Eq. (4) is just ((00] — (12))E; ® I,(|20) —102)) =0, i.e.,
(OIE1|2)(0]2|0) — (0|E:1]0)(0112[2) — (11E1|2)(2|12]0) +
(11E1]0)(2|,]2) = 0, which gives rise to méqz + mi,o =0.
Since mgy | =mj =0, we can get mj, = 0. Thus mj; =
mio =0 for 1 <i<d-—1. Therefore, the off-diagonal
entries of E are all zeros.

For1 <i<d—-1, considering Eq. (4) for the states |S)
and |¢;), we get mOO =m}, by Lemma 2. Therefore, E; is
proportional to the identity matrlx Hence Alice can only start
with a trivial measurement.

Suppose that Bob starts with the first orthogonality-
preserving measurement whose elements are represented
as Ey = (m? ), pez,- Then for each pair |y), |¢) € S with

ly) # |¢), we have
(W ® Ex|p) = 0. (5)

In the same way, considering Eq. (5) for the states
l¢) and |¢;), we obtain m;; =m;, =0 directly
from Lemma 1 for 1 <i#j<d—1. Now we consider
Eq. (5) for the states |¢0) and |¢;) for 1 <i<d—1.1If
2<i<d-—1, we have m(z)l_mzo_O by Lemma 1.
If i=1, we have ((00] — (12])]; ® E»(]10) —|01)) =0,
Le., (OIL[1)(0]E2|0) — (O111]0)(O1E2| 1) — (111 |1)(2]E2|0) +
(11,10)(2|E5|1) = 0, which gives rise to m(z),1 +m§’0 = 0.
Since m§, =m3, =0, we can get mj, =0. Thus mj,; =
mzo =0 for 1 <i<d—-1. the off-diagonal
entries of E, are all zeros.

For 1 <i<d—1, considering Eq. (5) for the states |S)
and |¢;), we get mo0 = m ; by Lemma 2. Therefore, E, is
proportional to the identity matrlx Bob can only implement a
trivial orthogonality-preserving measurement also.

Thus the above d + 1 states are locally stable by definition.
This completes the proof. |

Specifically, the construction is not unique, where |¢) =
100)ap — [12)4p can be |¢o) = [00)ap — [1k)ap 2 < k < d —
1). This is true for other examples presented.

Therefore,

B. Locally stable set in C @ C%

Theorem 2. Let 3 < dy < d. The following set S of
d, + 1 orthogonal states is locally stable in C ® C® [see
Fig. 1(b) for an intuition of the example where d; =5 and
d2 = 9]

|#0) = 100)ap — 112)as,
@) = |i0)ap — |0i) a5,
l$;) =10j)ap — 12(j — 1)) as.

[S)=10+---+(di — 1)al0+---

1<i<d -1,
d<j<d—1,
+(d—1))p. (6)

Proof. Obviously, Alice could only start with trivial
orthogonality-preserving measurement by the same argu-
ment as case C?® CY. We only need to show that
the orthogonality-preserving measurement Bob could per-
form is the trivial one. Suppose that Bob starts with the
first orthogonality-preserving measurement whose elements
are represented as E, = (mg,b)a,bez 0 Then for each pair

[¥). 1¢) € S with [{/) # |¢), we have
(VI ® Exz|¢) = 0. (7

With a similar argument as the case C? ® C4, we could
obtarnthatm ,=m ;=0forall 0 <i#i<d; —1. Con-
s1dermg Eq. (7) for the states |¢o) and |¢;), we directly
getmoj =m5 O—Oford] < j<dy—1byLemma l.

Now we cons1der Eq. (7) for the states [¢;) and
l¢;) for 1<z<d1—1 and di <j<dr—1. If i#
2, we get m;; =mj, =0 directly from Lemma 1. If
i=2, we have (2|}|0)(0|E>|j) — (2I1|2)(0|E>]j — 1) —
(0]110)(2|Ez|J) + (O|112) (2| E,|j — 1) = 0 which deduces

that mg ; _, +mj ; = 0. Since m§ ;_ ,_m 10=0, wehave
m3 ; = 0. Therefore, we have m? = j N =0forall 1
d1—1d1 ]<d2—1.

Then we consider Eq. (7) for the states [¢;) and
l¢y) for di < j < j' < dr— 1. That is, we have the equa-
tion (0]7410)(jIE2|j) — (Ol112){jIE2lj" — 1) — (2I110){j —

HE> ') + IL12)(j — 1|Ea|j — 1) = 0, which implies that
m; = —m_, ;) Therefore,

2 2 _ i—di+1 2
mj = —mg_yy gy = =0T my G,

which is equal to zero as the last term mfi (—jrdi—1) =0
has been obtained. Thus we get mJ J= 5 iy = 0 for d; <
j < j <dy—1. Up to now, we have shown that the off-
diagonal entries of E; are all zeros.

Forl1 <i<d —1, considering Eq. (5) for the states |S)
and |¢;), we get m?, = m0 o by Lemma 2. Simllarly, consid-
ering the states |S) and |¢;) for di < j < d>—1, we have

2 m2
mi;=mi_y ;_y, which implies that
2 _ 2 _ _ 2 _ 2
mj;=Mmj_1j-1 =" = Mg_14-1= Moo

Therefore, E> o 1. Bob cannot start with a nontrivial measure-
ment either.

In summary, both participants can only start with a triv-
ial orthogonality-preserving measurement. Thus the above
d, + 1 states are locally stable. This completes the proof. W

012418-3



CAO, LI, AND ZUO

PHYSICAL REVIEW A 108, 012418 (2023)

FIG. 2. Intuition of the structure of states we constructed in
Eq. (8) for the setting n =3 and d = 5. Note that the cubic with
coordinate (0,0,0) should be labeled with “0”. The squares indicated
by the same color represent a unique state and the numbers repre-
sent the subscripts of the states. For example, the orange squares
(4,0,0), (0,4,0), and (0,0,4) with label “4” correspond to the state
|¢ps) = |400) apc + @3|040) apc + w§|004>ABC-

IV. CONSTRUCTIONS IN MULTIPARTITE
QUANTUM SYSTEMS

In this section, we put forward the constructions of the lo-
cally stable sets in multipartite quantum systems (C¢)®" (d >
2,n>3)and @, C4 3<d  <dy <+ <dy, n23).

A. Locally stable set in (C?)®"

Theorem 3. In (C4)®" (d > 2, n > 3), the following set S
of d 4 1 orthogonal states are locally stable [see Fig. 2 for an
intuition of the example where n = 3 and d = 5]:

[¢o) = [00---00)4,4,..8, — [11---11)4,4,...4,
|i) = [i0 - - - 00)a,4,..4, + @p]00 - - 00) 4,45, + - - -
+ @700 - 0i)a, 4.,
1) =104+ (d = 1D)a 0+ -+ (d = 1), 10
+oot d = D, (®)

where 1 <i<d—-1,d > 2.

Proof. Since the states are symmetric, it is sufficient to
prove that the first party could only start with a trivial
orthogonality-preserving measurement. Let £| = (m; pabeZ,
represent an element of any orthogonality—preserviflg mea-
surement performed by Alice. For each pair |¢/), |¢) € S with

|¥) # |$), we have
WIEI®L®: - ®1L¢p) =0. 9)

For 0 < i # j <d — 1, considering Eq. (9) for the states
|¢) and |@;), we obtain m ; = m}; = 0 by Lemma 1. There-
fore, the off-diagonal elements of E are all zeros. Considering
Eq. (9) for the states |S) and |¢;), we directly get mlll = mé 0
for 1 <i < d —1byLemma 2. Therefore, E; is proportionél
to the identity matrix. So, the first party cannot start with a
nontrivial orthogonality-preserving measurement.

Therefore, the above d + 1 states are locally stable by
definition. This completes the proof. ]

FIG. 3. Intuition of the structure of states we constructed in
Eq. (10) for the setting dy =5, d, =7, and d; = 10. Note that
the cubic with coordinate (0,0,0) should be labeled with “0”. The
squares indicated by the same color represent a unique state and
the numbers represent the subscripts of the states. For example, the
two pink squares (0,6,0) and (0,0,6) with label “6” correspond to
the state |¢pg) = |060)45c — |006)45c; the two white squares (0,0,9)
and (2,1,8) with label “9” correspond to the state |¢g) = |009)apc —
|218) apc-

Next, we consider the constructions of locally stable sets
in the general multipartite quantum systems. In order to be
better understood, we first show our construction in arbitrary
tripartite quantum systems.

B. Locally stable setin C*t ® C% ® C%

Theorem4. In Ch" @ C2 @ C* (3 < d; < dy < d3), the
following set of d3 + 1 orthogonal states is locally stable [see
Fig. 3 for an intuition of the example where d; =5, d, =7,
and d; = 10]:

[0j0)asc — 100/)apc, di < j < da—1,
|x) = |00k)apc — [21(k — D)apc, dr <k < ds—1,
04+ —1D)al0+ -+ (d—1D)pl0+ -
+(ds — 1))c. (10)

Proof. As far as Alice is concerned, it is the same as the
equal dimensional case. We only need to prove that Bob and
Charlie have to implement trivial measurement.

Suppose that Bob starts with the first orthogonality-
preserving measurement whose elements are represented as
Ey = (m] ,)apez,,- Then for each pair |),|p) € S with
|¥) # ¢), we have

(VI ® E> ® Ix]¢) = 0. (11

012418-4
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TABLE L. Zero entries of the matrix E3 = (] ,)a.pez .

TABLE II. Diagonal entries of E53 = (mg_b)a,beZ i

Pair of states Zero entries Value range

Pair of states Diagonal entries Value range

Ig0). 164) mi ;= mjy =0 bsisdi=1

I60), ;) my; =ml,=0 di<j<d -1

o) 1) my, =ml,=0 d Sk <dy—1
i), | m, =mj, =0 ISi#i<d—1
19 165) My = =0 A SiE]Sd -]

1<i<d -1

, 3 _ 3 _ XX U1 3

|¢1)» |¢/> mz/ m/l 0 d; < ] <d,—1

1<i<d -1

|¢1)7 |¢k) mi,k mk,t 0 d2 < k < d3 -1

di <ji<d —1

. 3 3 1xX/xXd
;). |oe) mi=m; =0 d <k<dy—1

Now we consider Eq. (11) for the states |¢;) and |¢;)
for 0 <is# j<dy,— 1. Note that the AC parties of each
term of |¢;) and |¢;) are orthogonal except the terms |0i0)
(corresponding to [;)) and |0j0) (corresponding to [y/;)).
Therefore, by Lemma 1, we could obtain that m} ; = m3; = 0.
Therefore, the off-diagonal entries of E; are all Zeros.

For 1 <i < d, — 1, considering Eq. (11) for the states |S)
and |¢;), we get mlzl = m(% o by Lemma 2. Therefore, E, o I.
Bob cannot start with a nontrivial measurement either.

Let us consider the third party Charlie. Suppose that Char-
lie starts with the first orthogonality- preserving measurement
whose elements are represented as Ez = (ma pabeZ " . Then
for each pair |v), |¢) € S with |f) # |¢), we have

(VI ® L ® Es|¢) = 0. (12)
Considering Eq. (12) for the pair |¢;) and |¢;), where

IS), 1¢:) my o, =m, <i<d -1
1S), |;) my o =mj; d<j<d—1
|S)’ |¢k) mz,k = m?k*l),(kfl) d2 < k < d3 —1

off-diagonal entry m '; of the matrix Ej3 is zero except dp <
i#j<ds—1(see Table D.

Now we consider Eq. (12) for the pair |¢;) and |¢y ), where
dy <k <k <d;—1.Thatis,

[{00k| — (21(k — DI ® I, ® E5[|00k") —

=0,

121(k" — 1))]

from which we deduce that mi b=
we have

3
MG 1) (1) Therefore,

3 _ 3 _ _ k—dr+1_3
Mg = =M _yy ge—py = - = (=1) Mg, 1 (K —ktdo—1)0

which is equal to zero as the last term mflz_]y(k/_k 4o =0
has been obtained. Thus we get m,f v = mi =0

By Lemma 2, all diagonal entries of the matrix E3 are
equal from Table II, i.e., F3 o I. Charlie cannot start with a
nontrivial measurement.

In summary, all the subsystems can only start with a trivial
orthogonality-preserving measurement. Therefore, the above
d; + 1 states form a locally stable set. This completes the
proof.

C. Locally stable set in ®”_,C%

Theorem 5. The following set S of d, + 1 orthogonal
states are locally stable in ®?=1(3d" for3<d <dp <---<

0<i#j<d;—1, by Lemma 1, we could obtain that the d,andn > 3:
|
|po) =100---00)4,4,.-4, — 11+ 11)4,4,.4,,
|¢,) = 1110+ 00)4, 4,8, + @nl0i10 -+ 00) A 4y, + -+ + @ 200 - - 0i10) 4,4y,
+ @700 - 0if) g geen,, 1 <ip <dy— 1,
|§i,) = 1020 - - - 0) 4,44, + @—1100020 - - - 0) 4,4y, + - W30 Oid)a,apays  di <o <o — 1,
|¢>l~3) = 100630 - - 0) 4, 4,4, + @1—2]000i30 - - - 0) 4, 0,0, + -+ + @' 310+ 0i3) 4 0y00n,,  do < i3 < dy — 1
i, ) =100 010} 4, 4y8, — 100+ - Qi) A yenys Az <in1 < dpmy — 1,
|¢,~n) =100---0ip)a,ayn, — 121 10 — D)a,apa,,  dno1 <ip < dy —
1) =10+---+(d = D)a[0+---+ (2= D)ay--- 0+ -+ (dp — 1)>Ay,- (13)

Proof. First, we show that each of the first (n — 1) parties
could only start with a trivial orthogonality-preserving mea-
surement. Suppose that the kth (1 < k < n — 1) party starts
with the first orthogonality-preserving measurement whose
elements are represented as E; = (m’; »a, beZy, - Then for each
pair [¢), |¢) € S with |) # |¢), we have

Wh® QE Q- QL|p) =0. (14)

Now we consider Eq. (14) for the states |¢;) and |¢;) for
0 <i# j<dy— 1. Note that the parties except the kth of
each term of |¢;) and |¢;) are orthogonal except the terms
[0---0i0---0) (corresponding to |v;)) and |0---0j0---0)
(corresponding to [v;)), where i, j are in the kth position
Therefore, by Lemma 1, we could obtain that m j=m;;=0.
Therefore, the off-diagonal entries of Ej are all Zeros.

For 1 < i < dy — 1, considering Eq. (14) for the states |S)
and |¢;), we get mf, = mf , by Lemma 2. Therefore, E; o I.

]
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TABLE III. Zero entries of the matrix E, = (m}, ,)a bez,, -

Pair of states Zero entries

Value range

[o), 1¢i,) mg; =m; =0
[po), i) mo; =mi =0
[po), 1¢i,) mg, =m; =0
b3, )5 |¢,,,) ml’.’]’i,1 :ml’.’,].l,l =0
i) 197, ) m =

) n p— n p—
193, 1), |¢1/x 1> M i =M T 0
&) D) mp o =m ;=
|¢i1 )7 |¢i,,,|> m::,i,l_l = m::l_lvi] =0
[@i)s 10i,) myr'l,.i,, = myr'l,,.il =0
[®i,)s |Diy) mj o=mj ;=0
[ir)s i) m, o=mpo = 0
[Diy)s 10i,) mp, o=ml =0
i) i) mi o o=mp =0

1<ip<d -1

dn—Z < in—l < dn—l -1
dnfl < in < dn -1
1<ij £ <dy—1

1 dl_ldn2 lnlgdnfl_l
1\ \dl_lsdn—\lngdn_l
di<ih<d-1,d<iz<d—1

1, dan

d <ih<dy— Loy Ldpy — 1
d1<l2<d2_19 dnflgingdn_l
dn72 < infl < dnfl - 1, dnfl < in < dn -1

So the kth party cannot start with a nontrivial orthogonality-
preserving measurement.

Let us consider the last party, i.e., the nth party. Sup-
pose that the nth party starts with the first orthogonality-
preserving measurement whose elements are represented as
E, = (m} )apez,, - Then for each pair |¢),[¢) € S with
|¥) # ¢), we have

WIheL®:  ®lL—1 ®E,l¢) =0. 15)

Considering Eq. (15) for the pair |¢;) and |¢;) where
0<i#j<d,—1, by Lemma 1, we could obtain that the
off-diagonal entries m{ . of the matrix E, are zero except
di 1 <i#j<d,—1 (see Table IIT). Now we only consider
the remaining off-diagonal entries of the matrix E,,.

For d,_; <i, < i, <d,— 1, we consider Eq. (15) for

the pair |¢,") and |¢; ). That is [{00---0i,| — (21---1(i, —
DIL®L Q- ®E,[00---0i,) —[21---1¢;, — 1)] =0
from which we deduce that m;’ml = —mj _, ,_;. Therefore,
we have

i, _( l)l” - l+1 dy_1— l(ln_l/x+dn =1 = 0

where the last equality has been deduced previously. Thus we
get m} P = = (. Hence we have that the off-diagonal
entrles of the matrix E, are zeros.

By Lemma 2, all diagonal entries of the matrix E, are equal
from Table IV.

Therefore, all parties can only start with a trivial orthogo-
nality preserving measurement. The set of d,, + 1 orthogonal
states is locally stable. ]

Moreover, we put forward a new construction of the locally
stable setin ®7_,C% (3 < d; < dy < -++ < dy, n > 3), which
is composed of genuine entangled states apart from one full
product state and also reach the minimum cardinality of the

,—m

locally stable set proposed in Ref. [46]; see Appendix B for
the details.

Many efforts have been made to reduce the cardinality of
locally indistinguishable sets. Here we list the cardinalities
of locally indistinguishable sets that have been known before
(see Table V). As locally stable sets are always locally indis-
tinguishable, there exists some locally indistinguishable sets
with cardinality d, +1in C4 @ C% ® --- ® C% (where we
assume d; < --- < dp). Thus our work has made a significant
improvement towards addressing this issue.

V. CONCLUSION

We studied the construction of locally stable sets for
the given multipartite systems. It is interesting to note that
the structures reach the lower bound of the cardinality on the
locally stable sets. In fact, we presented the constructions of
locally stable sets with minimum cardinality in bipartite quan-
tum systems C? ® C? and C“ @ C®%. Then we presented a
construction of d + 1 orthogonal states in (C?)®" and proved
that the set is locally stable. Furthermore, we generalized
our construction to more general cases and put forward two
structures of d, + 1 orthogonal states for arbitrary multipar-
tite quantum systems. Our results give a complete answer

TABLE IV. Diagonal entries of E,, = (m]; )apcz "

Pair of states Diagonal entries Value range

S), I¢1) i, =m! 1< <di—1
1S), 1) iy = ml 4 <ir<dy—1
|S)’ |¢in,1> mg_() = m;ln_l_,'n_] dn72 g i,1,1 g dnfl -1
|S)7 |¢iu) mghin = m;:,fl,i,,fl d,,,] < in < dn -1
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TABLE V. Incomplete list of the cardinalities of locally indistin-
guishable sets that are known before.

Reference System Cardinality

[10] clec! 2d — 1

[24] (CHer 2n(d + 1)

[28] (Cy®n nd—-1)+1

[16] crecCn 3m+n)—9
[20] CcreCn 2n—1

[26] C"®C" 2(m+n)—4

[22] CheCreCmn 2(ny +n3) —3
[25] Che@Ch@.---@Ch S (2d—3)+ 1
(28] Ch"®C:® --®Ch i di+2d, —n+1

to the open problem raised in Ref. [46]. Moreover, all of
our constructed locally stable sets are optimal in the sense
that removing any state from this set makes it impossible to
achieve local stability again.

Here we have considered the constructions of the smallest
locally stable sets by utilizing entangled states and a stopper
state. However, there are two very important questions that
deserve further research. Can we construct the strongest non-
local sets that reach the corresponding lower bound? How do
we quantify the strength of quantum nonlocality?
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APPENDIX A: PROOFS OF LEMMA 1 AND LEMMA 2
Proof of Lemma 1. Substituting the expressions
pi—1

i) = Y @b lit) [, i)
=0

pj—1

9)) = Z w;j‘jf)Al ‘j;)Az o ’jf,)An
s=0

into
(Gl ® - QE®---®Ll¢;) =0,
we obtain
pi—1
Zw;f(fl’(fz’(l;’ L@ QFE®: -
=0
pj—1
®hL| > oAl i) ] =o.
s=0
Further,
pj—1pi—1
> 2wty ikl Exlit), [T 1012, = 0.
5=0 1=0 £k

Since there is only one pair (f,50) € Zp X Zp,

such that [J, #(i?l Ji’)a, #0, therefore we can get

@, 0 (i 1Ex| /") ¢ [en (80170 )a, = 0. Then (i |Ex|j°) =

0, which means that mfjo o = 0. n
k Jk

Proof of Lemma 2. Substituting the expressions

1) =& | Y likda |

ikEde
p—1
60) = Y@ lit)y 1)y, - lin),
=0
into
Sh® - @E®-®Ll¢:) =0,
we obtain
!, Z<ik| LQ®  QE®---
ikGde
p—1
®Li| ) w|i)ir)--- i) ] = 0.
=0
Further,
p—1
@0+ -+ (dy = DIA) 0+ + (de — DIEiL)
=0
O+t D) =0
Moreover,
p—1
@0 + - + (d — DIE|if) = 0.
=0

Since all m’a"b =0 with 0 < a # b < di — 1, this means that
k k 2k p—1_k _
Mo 0 + wpMt;1 1 + WM 2 +to, Mot o1 = 0.

If there exist only two different values i’ and i} for

D0l if_l, this means that p elements are divided into
two groups. There may be p — 1 elements equal, p — 2 ele-
ments that are equal and other 2 elements are equal, p — 3
elements that are equal and the remaining 3 elements are
equal, etc. Here we only consider the following two cases;

the others can be proved in a similar way.

. gy =1 .
(1) Suppose 12 = l?, l]i =...= l,f = 12, then
koo 2. p—1\. k
Mo o = (wp + wp + )mi;} A
0 1 st 2 _ -1 _
(2) Suppose iy =iy =i, iy =---=1i, ~=1i/,then

koo — (- p—1) .k
(1 +wﬁ)mi;9,i’£ = (wp tooto )mi;‘,i’k"

»
We know that 1 + w, + @) + - + wh™" = 0;hence m¥, ,, =
llf ’lk

k
My, - |
(/7
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APPENDIX B: ANOTHER STRUCTURE IN @, C%

Theorem 6. The following set S of d,, orthogonal genuine entangled states and one full product state are locally stable in

QL ,Clfor3<d <dr < <dpyn>3:
lpo) = 100---00)a,45n, — |11+ 11)4,45.4,
|pi,) = 1i10- - - 00>A]A2...A,, + @,]0610 - - - 00) 4,4y, + -+ -+ @ 2|00 - 0i,0)4,4,..4,
+@"M00 - 0iy)a,ayn,, 1<ip <d—1,
|¢i,) = 10020 -+ - 00) 4, 4,4, + @4[00i20 - + - 00) 4, 4,08, + - -+ + 2100+ 0i) g, 4,0,
+ "0 0ix)p,ayn,, dy <o <dy— 1,
|¢i) = 100i30 - - - 00)4,4,...4, + @n—1100030 - - - 00) g, 4,0, + - - + @)} _1100 - - - 0i3) A,
W10 - 0i3)a,pyn,,  do < i3 < dy— 1,
|¢i,) = 1000040 - - - 0)4, 4,4, + @—2]0000i40 - - - 0) g py.ecn, + <+ - + @ 73100 - - - 0ig)a, s,
+ @310 Oig)a, ayn,s  d3 <ia <y — 1
@i, ) =10+ 00y 10) 4,458, + @310+ - Oin )4 asn, + 0311 106010 A ety dpen Sipy <y — 1,
|i,) =100 - 0in)a, a4y, = 21+ 1y = D)ajara,s  dnot <y <dy— 1,
1S) =10+ +(d — D)a, [0+ +(d2— D)a, -+ [0+ -+ + (dy — D)a,. (B1)
(
Proof. Comparing with Eq. (13), in Eq. (Bl), Similarly, from the states |¢;,,) and |¢, ), we can get

we only made some slight adjustments such that
|i,) ~ |¢;,) are genuinely entangled states. Thus we
only need to consider some special entries of the
matrix E,.

For the states |¢;) and |¢,-r2), where d) < i # i’2 <
d—1, we have ({0ix---0]+ -+ w>(0---0ir| +
O} 100 @ b ® -+ ® Ey([08 -+ 0) + -+« + afi2
|00 - --0i5) + !~ '10- - 0i,)) = 0. Because of the fact that
OI‘lly |OO cee Oig)A]...An and |00 s 0i/2>A1---A,1’ |100 cee Oi2>A1---A,Z
and [100 - - - 0} )4,...4, are not orthogonal on n — 1 subsystems
except the nth subsystem, so (i2|E,|i5) + (i2|E,|i5) = O; thus

iy, =m =0ford <ir#<d—1

-
12,1y

=0ford,» <ipo) #i,_ <dpo1 — L.
"Frdnh the "states |p1) and |¢;,), we have ((10 0]+

“+ @200 --010] + 0! (00 - 01D RL R -+ ®
E,(|0i0---0) 4+ --- + wZ‘2|OO~ . ~Oi2)+w;’"|10 -00)) =
0. Because only [10---0)4,..a, and [10---0iz)4,..4,,

[00---01)4,..4, and [00---0iz)a,..a, are not orthogonal
on n—1 subsystems except the nth subsystem, then
"N O|E, |i2) + w; (1|E,]i2) = 0; ie., a)ﬁ‘lmg’iz +
w, 1m1 12—0 since mol =m},=0, and we can get

m]lz—ml 1 =Of01‘d1 \lg \dz—]

Therefore, all parties can only start with a trivial orthogo-
nality preserving measurement. The set of d,, 4+ 1 orthogonal
states is locally stable. ]
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