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Quantum hypothesis testing (QHT) provides an effective method to discriminate between two quantum states
using a two-outcome positive operator-valued measure (POVM). Two types of decision errors in a QHT can
occur. In this paper we focus on the asymmetric setting of QHT, where the two types of decision errors are
treated unequally, considering the operational limitations arising from the lack of a reference frame for chirality.
This reference frame is associated with the group Z2 consisting of the identity transformation and the parity
transformation. Thus, we have to discriminate between two qubit states by performing the Z2-invariant POVMs
only. We start from the discrimination between two pure states. By solving the specific optimization problem we
completely characterize the asymptotic behavior of the minimal probability of type-II error which occurs when
the null hypothesis is accepted when it is false. Our results reveal that the minimal probability reduces to zero in
a finite number of copies, if the Z2-twirlings of such two pure states are different. We further derive the critical
number of copies such that the minimal probability reduces to zero. Finally, we replace one of the two pure states
with a maximally mixed state, and similarly characterize the asymptotic behavior of the minimal probability of
type-II error.
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I. INTRODUCTION

Hypothesis testing refers to the fundamental procedures for
statisticians to accept or reject statistical hypotheses based on
observed data taken by a collection of random variables [1].
There are two hypotheses in a statistical hypothesis testing.
One is the null hypothesis, denoted by H0, which assumes that
individuals in a population are randomly distributed among
the sampling units of a sample. The other one is the alterna-
tive hypothesis, denoted by H1, which is opposite to the null
hypothesis [2]. Due to the limited sample data, there would
be two types of decision errors resulting from a hypothesis
testing. The type-I error occurs when the null hypothesis is
rejected when it is true. The type-II error occurs when the null
hypothesis is accepted when it is false. The ultimate purpose
of hypothesis testing is to formulate an optimal strategy to
make a decision with the minimal error probability typically
of type-II errors.

Quantum hypothesis testing (QHT) [3] is the counterpart of
statistical hypothesis testing in quantum information theory.
It provides an effective method to discriminate between two
quantum states using a two-outcome positive operator-valued
measure (POVM). Assume that a given quantum source pre-
pares n independent copies of a quantum system in either
state ρ0 or ρ1. We assign the null hypothesis to ρ⊗n

0 and the
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alternative hypothesis to ρ⊗n
1 , and perform the binary POVM

{En, I − En} to test the n-copy quantum system. If the mea-
surement outcome is associated with En or I − En, then we
respectively determine that the system is prepared in ρ⊗n

0 or
ρ⊗n

1 . Similar to the statistical hypothesis testing, two types of
decision errors in a QHT would occur [4] as follows:

(i) Type-I error: The observer determines that the state is
ρ⊗n

1 , while in reality it is ρ⊗n
0 .

(ii) Type-II error: The observer determines that the state is
ρ⊗n

0 , while in reality it is ρ⊗n
1 .

The type-I error happens with the probability αn :=
Tr[ρ⊗n

0 (I − En)] and the type-II error happens with the proba-
bility βn := Tr[ρ⊗n

1 En]. The discrimination task is to decide
which hypothesis is true based on the data drawn from an
optimal POVM which leads to the minimal error probability,
as detailed below.

The setting of QHT can be classified as symmetric and
asymmetric depending on whether the two types of decision
errors are treated equally. In the symmetric setting, the two
types of errors are treated equally, where the purpose is to
minimize the average (Bayesian) of two error probabilities
weighted by the prior probabilities of generating ρ0 and ρ1

[4]. That is to find the optimal POVM which minimizes

Pe,n := π0αn + π1βn, (1)

where π0 and π1 denote the prior probabilities with π0+π1=1.
One can verify that

min
0�En�I

Pe,n = 1
2

(
1 − ∥∥π0ρ

⊗n
0 − π1ρ

⊗n
1

∥∥
1

)
, (2)
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where ‖ · ‖1 represents the trace norm. Furthermore, it has
been shown that the asymptotic rate of minimal Pe,n is com-
pletely characterized by the quantum Chernoff bound [5].
Chernoff [6] identified that the minimal average error proba-
bility in discriminating two probability distributions decreases
exponentially in the number of tests n, and the optimal expo-
nent arising in the asymptotic limit is known as the celebrated
Chernoff bound. For the minimal average error probability
Pe,n arising from the QHT, Audenaert et al. [5] finally fig-
ured out its asymptotic rate. That is, Pe,n ∼ exp(−nξQCB),
where ξQCB = − log2 min

0�s�1
Tr(ρs

0ρ
1−s
1 ) known as the quantum

Chernoff bound. To be consistent with the expressions in
Ref. [5] we shall henceforth omit the logarithmic base 2,
unless the bases require to be specified. In this paper, we are
more interested in the asymmetric setting QHT, where the
two types of errors cannot be treated equally. As a result, the
purpose of asymmetric QHT is to minimize the probability of
type-II error under the condition when the probability of type-
I error is bounded by a constant ε. In Ref. [3], Hiai and Petz
discovered that for each ε > 0 there exists a POVM such that
the probability of type-II error decreases exponentially in the
number of copies n: βn(ε) ∼ exp(−nr) with r � D(ρ0||ρ1)
where D(ρ0||ρ1) is the quantum relative entropy (or quantum
Kullback-Leibler divergence). Ogawa and Nagaoka [7] fur-
ther improved the above result and proved that the optimal
exponent r arising in the asymptotic limit is exactly the quan-
tum relative entropy. This is the well-known quantum Stein’s
lemma. Since then the relation between the optimal error
exponent and the quantum relative entropy has been further
studied, and the quantum Stein’s lemma has been generalized
to many different situations [4,8–11].

The above-mentioned are ideal results. Here, we consider
the QHT in practical scenarios, where the observers cannot
perform all POVMs due to the limitation of a practical setup.
It leads to imposing corresponding restrictions on the POVMs.
As we know, every restriction on quantum operations defines
a quantum resource theory (QRT) by partitioning all states
into two groups, one consisting of free states and the other
consisting of resourceful states [12]. Accompanying the set of
free states is a collection of free quantum operations leaving
the set of free states invariant, and the QRT studies what
information processing tasks become possible using the free
operations. Based on the QRT and from a practical point of
view, it is interesting to ask how the minimal error probability
behaves by only performing free POVMs. For example, the
QHT with the restriction of local operations and classical
communication (LOCC) has been studied in Refs. [13,14]. In
this paper, we are interested in the restriction of a superselec-
tion rule (SSR) [15] which implies a kind of symmetry.

Symmetry plays a central role in physics. Making full
use of symmetry can simplify the study of properties and
evolutions of physical systems [16]. Consequently, finding
the consequences of symmetries for dynamics is a subject
of broad applications in physics [17,18]. The restriction of a
SSR arises from the lack of some quantum reference frame
[15,19], when the state one possesses was prepared according
to some reference frame one does not have access to. It leads
to the resource theory of asymmetry [17], where the quantum
reference frame is associated with a group of transformations,

FIG. 1. The asymmetric QHT within the resource theory of
asymmetry associated with some group G. The performed POVMs
have to be G invariant. The main task of this process is to minimize
the probability βn when the probability αn is smaller than a constant
ε. In this paper, we specify the group G as Z2 arising from the lack
of a chiral reference frame and focus on two pure qubit states ρ0

and ρ1.

denoted by G. A symmetric evolution is one that commutes
with the action of the symmetry group [19]. Then in the situa-
tion of lacking some quantum reference frame, the free states
(operations) are those G-invariant states (operations) that are
invariant under the action of group G [15]. Such free states
and operations are interchangeably called G-symmetric states
and operations, respectively. It is worth noting that the authors
in Ref. [20] studied the asymptotic discrimination prob-
lem of two quantum states with G-invariant measurements,
and derived bounds on various asymptotic error exponents.
Specifically, we consider the group Z2 consisting of two trans-
formations, one is the identity transformation and the other
is the parity transformation. The parity transformation which
flips the sign of one spatial coordinate is an important concept
in quantum mechanics. The group Z2 is associated with a
reference frame for chirality. Such a frame is the component
of a Cartesian frame with respect to which the handedness of a
quantum system is defined [15]. One may refer to [15, Sec. 4]
for more details about chiral frames and the resource theory
of the Z2-SSR. Due to the lack of a chiral reference frame,
the measurements are specifically required to be Z2-invariant
ones.

Now we are able to introduce the problem we focus on in
this paper. It can be summarized as investigating the asym-
metric QHT between two qubit states by only performing the
restricted POVMs arising from the resource theory of parity.
We also illustrate this specific problem by Fig. 1, where the
probability of type-I error is tolerated within a small constant
and the second probability has to be minimal. The investiga-
tion is completed by the following steps. First, we introduce an
equivalent way to characterize G-invariant states (operations)
by the so-called G-twirling operation for an arbitrary group G.
The advantage of this characterization shows that every free
POVM, i.e., G-invariant POVM, is indeed the G-twirling of
some POVM. Second, we assign ourselves a specific group
Z2 for the lack of a chiral reference frame and formulate the
analytic expression of the Z2-twirling acting on an arbitrary
pure qubit state for any copies. Based on the explicit expres-
sions, we obtain the accurate value of the minimal probability
of type-II error when the number of copies is large enough.
Note that the accurate value implies the exact behavior of
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TABLE I. QHT between two pure qubit states using Z2-invariant POVMs.

{|ψ0〉, |ψ1〉} Z[|ψ0〉〈ψ0|⊗n] and Z[|ψ1〉〈ψ1|⊗n] inf{Tr(Z[ρ⊗n
1 ]E ) : Tr(Z[ρ⊗n

0 ]E ) � 1 − ε}
|ψ0〉 = |ψ1〉 Equal 1 − ε for any n

{√p|0〉 + √
1 − p|1〉, √

p|0〉 − √
1 − p|1〉} Equal 1 − ε for any n

Other cases Distinct Reduce to zero when n � nε for a finite nε

the minimal probability of type-II error, rather than the bound
on the asymptotic error exponent correspondingly studied in
Ref. [20]. Then we figure out the specific problem for two
pure qubit states by Theorem 1. We also illustrate the main
results in Theorem 1 by Table I. In Theorem 1(i) we dis-
cover that there exist two distinct pure qubit states whose
Z2-twirlings are the same for any copies. Thus, in this case
the minimal probability of type-II error is a nonzero con-
stant 1 − ε as the number of copies increases. In Theorem
1(ii) we show that if two pure qubit states have different
Z2 twirlings, then there exists a finite number of copies nε

related to the parameter ε such that the minimal probability
of type-II error reduces to zero for any n � nε . It implies that
we can perfectly decide that the given system is prepared in
the state ρ⊗n

0 (the null hypothesis) using Z2-invariant POVMs
for only a finite number of copies by definition. Theorem 1(ii)
consists of three parts which are supported by Lemmas 2–4.
Furthermore, it is important to derive the critical number of
copies nε from the perspective of resource conservation as
fewer copies require less resource to prepare. By fixing the
optimal Z2-invariant POVM, we derive the critical number nε

and estimate how large it is as ε → 0 in Proposition 1. Finally,
we extend our study to the context of the QHT between a
pure state and a maximally mixed state. By replacing one of
the two pure states with a maximally mixed state, we char-
acterize the asymptotic behavior of the minimal probability
of type-II error in Theorem 2. The main results in Theorem
2 are also presented in Table II for convenience. When ρ1

(the alternative hypothesis) is a maximally mixed state, it
follows from Theorem 2(i) that the minimal probability of
type-II error is nonzero and decreases in the number of copies.
When ρ0 (the null hypothesis) is a maximally mixed state, we
similarly conclude from Theorem 2(ii) that there exists some
Z2-invariant POVM such that the probability of type-II error
reduces to zero in a finite number of copies. In this case, the
critical number of copies for a specific optimal POVM is also
obtained in Theorem 2(ii).

The remainder of this paper is organized as follows: In
Sec. II we first formulate the mathematical setting of general
asymmetric QHT and then introduce the resource theory of
asymmetry by formally defining the G-invariant states and
operations. In Sec. III we specifically investigate how the
hypothesis testing relative entropy between two pure qubit

states asymptotically behaves within the resource theory of
asymmetry associated with the group Z2. First, we clarify
the problem in Sec. III A. Second, we completely solve this
problem in Sec. III B. We further derive the critical number of
copies when the minimal probability of type-II error reduces
to zero in Sec. III C. In Sec. IV we extend our study to the con-
text of the QHT between a pure state and a maximally mixed
state. The concluding remarks are given in Sec. V. Finally,
we provide the detailed proofs of several crucial results in the
Appendixes.

II. PRELIMINARIES

In this section we introduce the preliminaries about the
asymmetric QHT and the resource theory of asymmetry as the
background to describe our problem. In Sec. II A we formulate
the mathematical setting of general asymmetric QHT and
present the related results on the general asymmetric QHT. In
Sec. II B we formally define the G-invariant states (operations)
and introduce an equivalent way to characterize them via the
so-called G-twirling operation.

A. Mathematical setting of asymmetric quantum
hypothesis testing

Our investigation is based on the framework of asymmetric
QHT, and the key difference from the general asymmetric
QHT is that the POVMs performed in our investigation have
to be restricted due to some practical limitations, for example,
the lack of some quantum reference frames, see Fig. 1. Hence,
it is necessary to first formulate the framework of asymmetric
QHT. Suppose that the two quantum hypotheses are H0 : ρ⊗n

0
(null) and H1 : ρ⊗n

1 (alternative), where ρ0, ρ1 ∈ B(H), and
ρ⊗n

0 , ρ⊗n
1 ∈ B(H⊗n). Physically, the decision between the two

hypotheses depends on the result after performing a binary
POVM measurement. We first identify the two types of error
probabilities as follows:

Definition 1. For any positive integer n, suppose that
{En, I − En} is a binary POVM selected, where 0 � En � I

acting on H⊗n. The type-I error occurs when H1 is accepted
by mistake, and the type-II error occurs when H0 is accepted
by mistake. Then their probabilities are given as follows:

(1) Probability of type-I error: αn ≡ Tr[ρ⊗n
0 (I − En)] =

1 − Tr(ρ⊗n
0 En);

TABLE II. QHT between a pure and a maximally mixed qubit state using Z2-invariant POVMs.

ρ0 ρ1 inf{Tr(Z[ρ⊗n
1 ]E ) : Tr(Z[ρ⊗n

0 ]E ) � 1 − ε}
|ψ〉〈ψ |, |ψ〉 = √

p|0〉 + √
1 − p|1〉 1

2 I lim
n→∞

Dε
H (Z[ρ⊗n

0 ]||Z[ρ⊗n
1 ])

n = 1

1
2 I |ψ〉〈ψ |, |ψ〉 = √

p|0〉 + √
1 − p|1〉 Reduce to zero when n � �log(1/ε)
 + 1
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(2) Probability of type-II error: βn ≡ Tr(ρ⊗n
1 En).

In hypothesis testing, the costs associated with the two
types of error can be widely different, or even incommensu-
rate [4], which leads to the asymmetric setting of hypothesis
testing. Analogously, in the asymmetric QHT we treat the two
types of error formulated in Def. 1 unequally. Thus, the pur-
pose is to minimize the probability of type-II error, when the
probability of type-I error can be tolerated within a small ε.
Specifically, we consider the following optimization problem:

βn(ε) := inf
0�En�I

{βn : αn � ε}. (3)

Note that this optimization problem is a semidefinite program
(SDP) [21] and can be efficiently solved when the number
of copies n is not very large. Furthermore, using the duality
of SDP, it is possible to write βn(ε) as the maximum of a
simple function of one real variable [22], namely βn(ε) ≡
maxr�0 fn,ε (r), where

fn,ε (r) := (1 − ε)r − Tr
(
rρ⊗n

0 − ρ⊗n
1

)
+

= 1
2

[
1 + (1 − 2ε)r − ∥∥rρ⊗n

0 − ρ⊗n
1

∥∥
1

]
. (4)

This observation was proposed in Ref. [22] to considerably
simplify the analysis in formulating the framework of quan-
tum relative Lorenz curves. Based on this transformation
βn(ε) ≡ maxr�0 fn,ε (r), the original optimization problem
Eq. (3) becomes more practical to process, due to being a
function of a real variable.

It is important to derive the convergence rate of βn(ε)
as the number of copies, n, approaches infinity. It leads to
the characterization, known as the hypothesis testing relative
entropy, defined by

Dε
H

(
ρ⊗n

0 ||ρ⊗n
1

)
:= − log βn(ε) ∀ n. (5)

It is a generalized relative entropy related to QHT. It is worth
noting that Dε

H (·||·) satisfies the data processing inequality
[23]. That is for any two states ρ, σ and ε ∈ [0, 1) the fol-
lowing inequality holds:

Dε
H (ρ||σ ) � Dε

H (E (ρ)||E (σ )), (6)

where E is a completely positive map.
In information theory, the relative entropy is a fundamental

quantity to compare two different probability distributions. It
was first introduced by Kullback and Leibler, and thus the
relative entropy is also called Kullback-Leibler divergence
[24]. Then it was generalized to the quantum relative entropy
by Umegaki [25]. For any two states ρ and σ , the quantum
relative entropy between them is defined by

D(ρ||σ ) :=
{

Tr[ρ(log ρ − log σ )] if Supp ρ ⊆ Supp σ

+ ∞ otherwise,

(7)

where Supp ρ denotes the support projection of state ρ. The
quantum relative entropy has been discovered to play an es-
sential role in various aspects of quantum information theory
[26]. In addition to the hypothesis testing relative entropy,
there are several other generalized relative entropies, such as
the information spectrum relative entropy [27] and the min-
and max-relative entropies [28]. These quantities are related

to each other, and have been proved to be of important opera-
tional significance in both classical and quantum information
theory to obtain the optimal rates of protocols [28,29].

In the following we present the celebrated result on the
general asymmetric QHT. It reveals the essential connection
between the hypothesis testing relative entropy and the quan-
tum relative entropy.

Lemma 1 (Quantum Stein’s lemma [7]). For any 0<ε <1,
we have

lim
n→∞

1

n
Dε

H

(
ρ⊗n

0 ||ρ⊗n
1

) = D(ρ0||ρ1), (8)

where D(ρ0||ρ1) is the quantum relative entropy.
From a practical point of view, Lemma 1 states that for

each 0 < ε < 1 there exists a POVM such that the proba-
bility of type-II error decreases exponentially in the number
of copies n: βn(ε) ∼ exp(−nr) with the optimal exponent
r = D(ρ0||ρ1).

B. The resource theory of asymmetry

Denote by G the group of transformations associated with
the reference frame of concern. If we face the restriction of
lacking this reference frame, the free states are those that can
be prepared without access to the frame, and thus are invariant
under these transformations in the group G. Denote by B(H)
the bounded linear operators on the given Hilbert space H.
Suppose that U : G → B(H) is the unitary representation of
group G that corresponds to the physical transformations in
G. Then the free states are characterized by the G-invariant
(symmetric) states satisfying

U (g)ρU †(g) = ρ ∀ g ∈ G. (9)

Let S (H) be the set of normalized states. The set of
G-invariant states is denoted by inv(G),

inv (G) ≡ {ρ| ∀ g ∈ G : U (g)ρU †(g) = ρ, ρ ∈ S (H)}.
(10)

Similarly, the free operations are characterized by the
G-invariant (symmetric) operations satisfying

U (g) ◦ E ◦ U †(g) = E ∀ g ∈ G, (11)

where E is a completely positive map.
There are two equivalent ways to characterize the set

inv(G) by the useful G-twirling operation [30]. Let G :
B(H) → B(H) be the trace-preserving completely positive
linear map defined by

G[ρ] ≡
∫

G
U (g)ρU †(g)dg, (12)

which averages over the action of the group G with the
G-invariant (Haar) measure dg. If G is finite, one simply
replaces the integral with a sum as

G[ρ] ≡ 1

|G|
∑
g∈G

U (g)ρU †(g). (13)

Here, G is known as the G-twirling operation. One can verify
that the G-twirling operation has the following two basic
properties. First, for a linear operator ρ ∈ B(H), G[ρ] = ρ if
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and only if U (g)ρU †(g) = ρ ∀ g ∈ G. Thus, the set inv(G) is
equivalent to the set of fixed points of G:

inv (G) = {ρ|G[ρ] = ρ, ρ ∈ S (H)}. (14)

Second, G is idempotent, namely G2 ≡ G ◦ G = G. Thus, the
set inv(G) is equivalent to the image of G [30]

inv (G) = {ρ|ρ = G[σ ] ∀ σ ∈ S (H)}. (15)

If the operator ρ in Eq. (12) or Eq. (13) is replaced with a
quantum operation E , we can similarly obtain the G-twirling
of E as

G[E] =
∫

G
U (g) ◦ E ◦ U †(g)dg. (16)

From Eq. (15) we also conclude that any G-invariant opera-
tion can be expressed by G[E] for some completely positive
map E .

III. QUANTUM HYPOTHESIS TESTING BETWEEN TWO
PURE QUBIT STATES WITH PARITY

In this section we specifically investigate how the hypoth-
esis testing relative entropy between two pure qubit states
asymptotically behaves within the resource theory of asym-
metry associated with the group Z2. In Sec. III A we clarify
the problem that we study in this paper. In Sec. III B we
present our main results on this problem. Specifically, we
derive the asymptotic behavior of the hypothesis testing rel-
ative entropy with parity restriction. In Sec. III C we derive
the critical number of copies to achieve the goal of the
asymmetric QHT.

A. Problem description

Here, we specifically describe the problem that we focus
on. Our research objects are two pure single qubit states. The
purpose of the asymmetric QHT is to discriminate between
such two qubit states with the minimal probability of type-II
error while allowing the probability of type-I error less than
a constant ε. How fast the minimal probability declines in
the number of copies is our main concern. However, different
from the general QHT, the POVMs that can be performed in
tests are only the symmetric POVMs corresponding to the re-
source theory of parity. Mathematically, the resource theory of
parity is associated with the group Z2. Therefore, our problem
can be summarized as figuring out the asymptotic behavior
of the minimal probability of type-II error by performing
the Z2-invariant POVMs, i.e., the asymptotic behavior of the
minimal βn as the number of copies n increases in Fig. 1.

First, given the Hilbert space H ∼= C2, denote by |0〉 and
|1〉 a pair of standard states of even and odd parity, respec-
tively. Specifically, the parity transformation flips the sign of
|1〉 only. Then two arbitrary pure qubit states generally read as

|ψ0〉 = √
p|0〉 +

√
1 − p|1〉,

|ψ1〉 = √
q|0〉 + eiφ

√
1 − q|1〉,

(17)

with p, q ∈ [0, 1] and φ ∈ [0, 2π ). Note here that we elimi-
nate the initial phase of |ψ0〉 by adjusting the phase of |1〉.
In what follows we shall denote ρ0 = |ψ0〉〈ψ0| and ρ1 =
|ψ1〉〈ψ1|. In the special case when one of p, q is 0 or 1, the

phase φ is redundant as we can absorb the phase into the basis
element |0〉 or |1〉.

Second, we analyze the group Z2 and the corresponding
operation Z2 twirling in detail. The elements of group Z2 are
e (identity) and f (flip), and their representation on Hilbert
space is

T (e) = I, T ( f ) = ω, (18)

where I is the identity operator, and ω is the parity opera-
tor satisfying ω2 = I . Hence, ω is a Hermitian operator and
its eigenvalues are ±1 [15]. Then the Hilbert space can be
decomposed into the eigenspaces of even and odd parity, re-
spectively, corresponding to the eigenvalues of parity operator
ω, i.e.,

H = Heven ⊕ Hodd.

Thus, the action of operator ω is defined by

ω(|ψ〉) =
{|ψ〉, |ψ〉 ∈ Heven

−|ψ〉, |ψ〉 ∈ Hodd.
(19)

For completeness and convenience, we further explain the ac-
tion of operator ω on an N-partite tensor product state in H⊗N .
We denote the tensor product state as

⊗N
i=1 |li, mi〉, ∀ li ∈

{0, 1}, where |li, mi〉 ∈ Heven if li = 0 and |li, mi〉 ∈ Hodd if
li = 1. Then the action of operator ω is defined by

ω

(
N⊗

i=1

|li, mi〉
)

= (−1)b
N⊗

i=1

|li, mi〉, (20)

where b = (
∑N

i=1 li ) mod 2.
Based on the discussion in Sec. II B, the symmetric states

here are those Z2 invariant states satisfying

ωρω = ρ or equivalently [ρ, ω] = 0. (21)

Using the Z2-twirling operation we can equivalently express
any symmetric state as

Z[ρ] = 1
2ρ + 1

2ωρω (22)

for some state ρ. The symmetric operations are those
Z2-invariant operations satisfying

ω ◦ E ◦ ω = E . (23)

Thus, all symmetric binary POVMs can similarly be charac-
terized by the Z2-twirling operation as

{Z[E ],Z[I − E ]}, ∀ 0 � E � I. (24)

Therefore, the two error probabilities arising from the sym-
metric POVMs are accordingly specified as

αn = 1 − Tr
(
ρ⊗n

0 Z[En]
)
,

βn = Tr
(
ρ⊗n

1 Z[En]
)
. (25)

Because the G-twirling operation is a self-adjoint operator, we
further obtain that

Tr
(
ρ⊗n

i Z[En]
) = Tr

(
Z
[
ρ⊗n

i

]
En
)∀ i = 0, 1.

Due to this relation we may equivalently consider the hypoth-
esis testing relative entropy between two symmetric states as
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follows:

Dε
H

(
Z
[
ρ⊗n

0

]||Z[ρ⊗n
1

]) ≡ − log inf
0�En�In

{
Tr
(
Z
[
ρ⊗n

1

]
En
)

:

Tr
(
Z
[
ρ⊗n

0

]
En
)

� 1 − ε
}
. (26)

Finally, our problem becomes to analytically determine
the asymptotic behavior of Dε

H (Z[ρ⊗n
0 ]||Z[ρ⊗n

1 ]) given by
Eq. (26) for two arbitrary pure qubit states ρ0 and ρ1. Note that
the quantum Stein’s lemma, i.e., Lemma 1, characterizes the
asymptotic behavior of the hypothesis testing relative entropy
between two states in the form of multiple copies, namely ρ⊗n

0
and ρ⊗n

1 . However, the Z2 twirling on an n-copy state is gener-
ally no longer in the form of multiple copies. Thus, we cannot
derive the asymptotic behavior of Dε

H (Z[ρ⊗n
0 ]||Z[ρ⊗n

1 ]) by
quantum Stein’s lemma directly. This requires us to derive the
analytic expression of Z[ρ⊗n] for any number of copies. In the
following section we focus on the pure qubit states and derive
the analytic expression of Z[|ψ〉〈ψ |⊗n] for any pure qubit
state |ψ〉 and any copies. By virtue of the analytic expression
we derive the asymptotic behavior of the minimal probability
of type-II error with symmetric POVMs. We will discuss our
results in detail by comparing with quantum Stein’s lemma
below Theorem 1.

B. Asymptotic behavior of the minimal probability
of type-II error

After clarifying the specific problem, we shall deeply study
it in this section. We present our main results by Theorem 1,
where we completely determine the asymptotic behavior of
type-II error probability for arbitrary two pure qubit states ρ0

and ρ1. Theorem 1 reveals a very interesting fact that in most
instances the two pure qubit states prepared in finite copies
can be perfectly distinguished according to the measurement
results with symmetric POVMs. Theorem 1 is composed of
three parts which are supported by lemmas 2–4, respectively.

We begin with formulating the expression of Z2 twirling on
the n copies of a pure qubit state. The corresponding Hilbert
space is (C2)⊗n. First of all, it is necessary to clarify the
two subspaces Heven and Hodd of (C2)⊗n. According to the
action of parity operator ω defined by Eq. (19), we conclude
that Heven is spanned by the vectors that up to a permutation
of subsystems are |0〉⊗(n− j)|1〉⊗ j where j is even, and Hodd

is spanned by the vectors that up to a permutation of sub-
systems are |0〉⊗(n− j)|1〉⊗ j where j is odd. It is not difficult
to calculate that dim(Heven) =∑ j even

(n
j

)
and dim(Hodd) =∑

j odd

(n
j

)
. Next, we can calculate Z[|ψ〉〈ψ |⊗n] for a qubit

state |ψ〉 by Eq. (22). Obviously, |ψ〉〈ψ |⊗n is invariant under
Z2-twirling operation if |ψ〉 = |0〉 or |1〉. It is remaining to
consider the generic qubit state |ψ〉 = √

p|0〉 + eiφ√
1 − p|1〉

when p ∈ (0, 1). A direct calculation yields that

|ψ〉⊗n =
∑
j even

ei( jφ)(
√

p)n− j (
√

1 − p) j

√(
n

j

)
|v j〉

+
∑
j odd

ei( jφ)(
√

p)n− j (
√

1 − p) j

√(
n

j

)
|v j〉, (27)

where

∀ j, |v j〉 =
√

1(n
j

) ∑ |0〉⊗(n− j)|1〉⊗ j, (28)

and the sum is over all the ways of having (n − j) systems
in state |0〉 and j systems in state |1〉. It is worthy to note the
following two useful equalities:

∑
j even

(
n

j

)
an− jb j = 1

2
[(a + b)n + (a − b)n],

∑
j odd

(
n

j

)
an− jb j = 1

2
[(a + b)n − (a − b)n]. (29)

They will be used to simplify our calculation in what follows.
Denote �p ≡ p − (1 − p) = 2p − 1, and let

|0p〉 :=
∑
j even

ei( jφ)

√√√√(nj)pn− j (1 − p) j

1
2 [1 + (�p)n]

|v j〉,

|1p〉 :=
∑
j odd

ei( jφ)

√√√√(nj)pn− j (1 − p) j

1
2 [1 − (�p)n]

|v j〉. (30)

Then one can rewrite Eq. (27) as

|ψ〉⊗n =
√

1 + (�p)n

2
|0p〉 +

√
1 − (�p)n

2
|1p〉, (31)

and thus |ψ〉〈ψ |⊗n is formulated as

1 + (�p)n

2
|0p〉〈0p| + 1 − (�p)n

2
|1p〉〈1p|

+
√

[1 + (�p)n][1 − (�p)n]

4

(|0p〉〈1p| + |1p〉〈0p|
)
. (32)

It follows from Eq. (22) that

Z[|ψ〉〈ψ |⊗n] = 1 + (�p)n

2
|0p〉〈0p| + 1 − (�p)n

2
|1p〉〈1p|.

(33)

According to Eq. (33), one can verify that for generic pure
qubit state |ψ〉, Z[|ψ〉〈ψ |⊗n] cannot be expressed as the n
copies of some qubit state. Therefore, we have to introduce
the dual relation given by Eq. (4) to deal with our problem. In
what follows, we shall adopt the expression of Z[|ψ〉〈ψ |⊗n]
in Eq. (33) when the Z2 twirling of an n-copy generic pure
qubit state is needed.

Now we are ready to show our main results on the asymp-
totic behavior of the minimal probability of type-II error for
two pure qubit states ρ0 and ρ1. To understand the main results
in Theorem 1 conveniently, we also illustrate them in Table I.

Theorem 1. Suppose ρ0 = |ψ0〉〈ψ0| and ρ1 = |ψ1〉〈ψ1|
where |ψ0〉 and |ψ1〉 are two pure qubit states.

(i) If |ψ0〉 = |ψ1〉, or {|ψ0〉, |ψ1〉} = {√p|0〉 +√
1 − p|1〉,√p|0〉 − √

1 − p|1〉} with p ∈ (0, 1), then for
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any n,

2−Dε
H

(
Z
[
ρ⊗n

0

]∣∣∣∣Z[ρ⊗n
1

])
≡ inf

{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
}

= 1 − ε. (34)

(ii) If |ψ0〉 and |ψ1〉 are not given in (i), then for any given
constant ε ∈ (0, 1), there exists a large enough nε such that
∀ n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0. (35)

Particularly, if one of |ψ0〉 and |ψ1〉 is |0〉, and the other one is
|1〉, then ∀ n � 1, Eq. (35) holds. �

Proof. (i) In the first case, namely when |ψ0〉 = |ψ1〉, one
can obtain Eq. (34) directly by definition. In the second
case, we may assume |ψ0〉 = √

p|0〉 + √
1 − p|1〉 and |ψ1〉 =√

p|0〉 − √
1 − p|1〉 without loss of generality. Then it follows

that

Z
[
ρ⊗n

0

] = 1 + (�p)n

2
|0p〉〈0p| + 1 − (�p)n

2
|1p〉〈1p|,

Z
[
ρ⊗n

1

] = 1 + (�p)n

2
|0̃p〉〈0̃p| + 1 − (�p)n

2
|1̃p〉〈1̃p|, (36)

where

|0p〉 =
∑
j even

√√√√(nj)pn− j (1 − p) j

1
2 [1 + (�p)n]

|v j〉,

|1p〉 =
∑
j odd

√√√√(nj)pn− j (1 − p) j

1
2 [1 − (�p)n]

|v j〉, (37)

|0̃p〉 = |0p〉, |1̃p〉 = −|1p〉,
and |v j〉 is given by Eq. (28). It follows from Eq. (36) that,
∀ n � 1, Z[ρ⊗n

0 ] = Z[ρ⊗n
1 ]. Thus, by definition we obtain

Eq. (34).
(ii) This assertion follows from Lemmas 2–4. For the

last statement, one can verify it directly. This completes the
proof. �

From Eq. (34) we observe that the minimum probability
of type-II error does not decrease in the number of copies,
if |ψ0〉 = |ψ1〉, or |ψ0〉 = √

p|0〉 + √
1 − p|1〉 and |ψ1〉 =√

p|0〉 − √
1 − p|1〉 with p ∈ (0, 1). When |ψ0〉 = |ψ1〉, the

result is trivial. However, the same result for the case when
|ψ1〉 = √

p|0〉 − √
1 − p|1〉 with p ∈ (0, 1) is interesting. It

implies that Z2-twirling operation could make two orthogonal
states indistinguishable for any n copies. In other words, there
exist two orthogonal states which can only be perfectly distin-
guished using asymmetric POVMs. For example, let p = 1

2 .
Such two pure qubit states are orthogonal. Nevertheless, after
applying Z2-twirling operation they become indistinguishable
as the two Z2-twirlings are the same. Instead, from Theorem
1(ii) we conclude that there exists some symmetric POVM as
an optimal POVM such that the probability of type-II error
reduces to zero in finite copies.

Furthermore, by comparing our results in Theorem 1
with quantum Stein’s lemma, it shows our results are more
informative than the asymptotic behavior characterized by
quantum Stein’s lemma, under the setting of Z2-invariant

POVMs. For simplicity, we shall discuss according to the
different cases listed in Table I. First, when |ψ0〉 = |ψ1〉, then
D(ρ0||ρ1) = 0, and the quantum Stein’s lemma is consistent
with the result that the minimal probability of type-II error
βn(ε) will maintain at some level even for an infinite number
of copies. A slight difference in the setting of Z2-invariant
POVMs is βn(ε) will maintain 1 − ε for any number of copies.
Second, when {|ψ0〉, |ψ1〉} = {√p|0〉 + √

1 − p|1〉,√p|0〉 −√
1 − p|1〉}, it follows from Table I that the minimal proba-

bility βn(ε) will also maintain 1 − ε for any number of copies
in the setting of Z2-invariant POVMs, while quantum Stein’s
lemma predicts it will converge to zero in the general setting.
The comparison of this case reveals a qualitative difference.
As we have discussed in the previous paragraph, to perfectly
distinguish such two states

√
p|0〉 + √

1 − p|1〉 and
√

p|0〉 −√
1 − p|1〉, the implemented POVM must be an asymmetric

one which is not invariant under the action of Z2 twirling.
Third, in all other cases when |ψ0〉 �= |ψ1〉, the corresponding
density matrices ρ0 and ρ1 have the same set of eigenvalues
{0, 1}, and Supp(ρ0) is generally not a subset of Supp(ρ1). It
follows that D(ρ0||ρ1) diverges, and quantum Stein’s lemma
is consistent with the result that the minimal probability βn(ε)
reduces to zero for a finite number of copies, which is also
derived in the setting of Z2-invariant POVMs. It means we can
complete the task of QHT between such two pure qubit states
by implementing a Z2-invariant POVM, with finite resource.
Therefore, our results are more suitable for practical scenarios
than quantum Stein’s lemma.

Finally, we list the three essential lemmas to support
Theorem 1(ii). In Lemma 2 we consider the nondegenerate
case, i.e., both p, q ∈ (0, 1). In Lemmas 3 and 4 we consider
the two degenerate cases, i.e., either p or q belongs to {0, 1}.

Lemma 2. Suppose |ψ0〉 and |ψ1〉 are two distinct pure
qubit states which are expressed in Eq. (17) with p, q ∈ (0, 1).
Except the case when p = q and φ = π both hold, for any
given ε ∈ (0, 1), there exists a large enough nε such that,
∀ n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0. (38)

As both p, q ∈ (0, 1), both ρ⊗n
0 and ρ⊗n

1 are
indeed supported on the four-dimensional subspace
span{|0p〉, |1p〉, |0q〉, |1q〉}. Then we derive an orthonormal
basis of such a four-dimensional subspace. In terms of this
orthonormal basis we derive the optimal POVM namely
{En, I − En} such that

lim
n→∞ Tr

(
Z
[
ρ⊗n

0

]
En
) = 1, (39)

while

Tr
(
Z
[
ρ⊗n

1

]
En
) = 0 for any n � 1. (40)

It leads to the conclusion given by Eq. (38). We put the
detailed proof of Lemma 2 in Appendix A. Next, we consider
the two degenerate cases.

Lemma 3. Suppose |ψ0〉 = |0〉 or |1〉, and |ψ1〉 = √
q|0〉 +√

1 − q|1〉 with q ∈ (0, 1). Then for any given ε ∈ (0, 1),
there exists a large enough nε such that, ∀ n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0. (41)
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Lemma 4. Suppose |ψ0〉 = √
p|0〉 + √

1 − p|1〉 with p ∈
(0, 1), and |ψ1〉 = |0〉 or |1〉. Then for any given ε ∈ (0, 1),
there exists a large enough nε such that, ∀, n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0. (42)

In Lemmas 3 and 4, ρ⊗n
0 and ρ⊗n

1 are indeed supported on
the three-dimensional subspace. Using the similar technique
in the proof of Lemma 2 we can prove the two degenerate
cases analogously. We also put the detailed proofs of Lemmas
3 and 4 in Appendixes B and C, respectively.

To sum up, all possible cases in Theorem 1(ii) are included
in Lemmas 2–4, and have been discussed. Hence, we have
shown the validity of Theorem 1. It is worth noting that we
also specify the optimal POVM {En, I − En} to minimize the
probability of type-II error in the corresponding proofs of
Lemmas 2–4.

In the following section we will investigate the minimal
number of copies nε such that Tr(Z[ρ⊗n

0 ]En) � 1 − ε and
Tr(Z[ρ⊗n

1 ]En) = 0 when the optimal POVM is performed. We
call such minimal number of copies as the critical number of
copies.

C. The critical number of copies for perfect distinguishing

It follows from Theorem 1 that in most cases we can
perfectly determine that the system is prepared in the state
ρ0 from two distinct pure qubit states with a finite number
of copies using a symmetric POVM. From the perspective of
resource conservation, it is better to prepare as few copies of
states as possible while we can perfectly distinguish between
the two pure qubit states. It inspires us to further derive the
critical number of copies in our asymmetric QHT task. Note
that the critical number of copies depends on the optimal
POVM selected. Here, we select the optimal POVM given in
the proofs of Lemmas 2–4 respectively. By fixing the opti-
mal POVM, we minimize the number of copies nε such that
Tr(Z[ρ⊗n

0 ]En) � 1 − ε and Tr(Z[ρ⊗n
1 ]En) = 0.

Proposition 1. Suppose |ψ0〉 = √
p|0〉 + √

1 − p|1〉 and
|ψ1〉 = √

q|0〉 + eiφ√
1 − q|1〉 are two distinct pure qubit

states except the case when p = q and φ = π .
(i) Suppose p ∈ (0, 1), and |ψ1〉 ∈ {|0〉, |1〉}. When

|ψ1〉 = |0〉, the critical number of copies nε is equal to
�logp ε
. When |ψ1〉 = |1〉, the critical number of copies nε is
equal to �log1−p ε
.

(ii) In all other cases, the critical number of copies has the
formula as

nε = logλ2
max

(ε) + o
(
logλ2

max
(ε)
)

as ε → 0, (43)

where λmax is calculated by√
pq + (1 − p)(1 − q) + 2

√
pq(1 − p)(1 − q)|cos φ|.

Particularly, if |ψ0〉 = |0〉 or |1〉 and q = 1
2 , the critical number

of copies nε is equal to �log 1
2
ε + 1
.

We also present the detailed proof of Proposition 1 in
Appendix D. It is crucial to obtain the critical number of
copies nε as fewer copies require less resource. Thus, Proposi-
tion 1 indicates how much resource we need at least to achieve
our goal in the hypothesis testing between two pure qubit
states.

IV. QUANTUM HYPOTHESIS TESTING BETWEEN A PURE
AND A MAXIMALLY MIXED QUBIT STATE WITH PARITY

In this section we extend our study to the context of the
QHT between a pure and a maximally mixed qubit state.
Specifically, we replace one of the two pure qubit states in
Sec. III with a maximally mixed qubit state, and consider how
the hypothesis testing relative entropy asymptotically behaves
between such two states. If the pure state is |0〉 or |1〉, then
both the pure state and maximally mixed state are invariant
under Z2-twirling. In this case, one can obtain the hypothesis
testing relative entropy directly from Stein’s lemma. Thus, we
only need to consider the pure state in the superposition of |0〉
and |1〉. The asymptotic behavior of the minimal probability
of type-II error is characterized by Theorem 2. Similar to
Theorem 1, we also describe the main results in Theorem 2
by Table II for convenience.

Theorem 2. Let |ψ〉=√
p|0〉+√

1−p|1〉 for p ∈ (0, 1).
(i) Suppose ρ0 = |ψ〉〈ψ | and ρ1 = 1

2 I . Then

lim
n→∞

Dε
H

(
Z
[
ρ⊗n

0

]||Z[ρ⊗n
1

])
n

= 1. (44)

(ii) Suppose ρ0 = 1
2 I and ρ1 = |ψ〉〈ψ |. Then for any

given ε ∈ (0, 1) and, for all n � �log(1/ε)
 + 1,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0. (45)

Proof. It follows from Eq. (33) that Z[|ψ〉〈ψ |⊗n] =
1+(�p)n

2 |0p〉〈0p| + 1−(�p)n

2 |1p〉〈1p|, where |0p〉 and |1p〉 are
mutually orthonormal. Thus, one can expand {|0p〉, |1p〉} to
an orthonormal basis of (C2)⊗n:{|0p〉, |1p〉, |2p〉, . . . , |(2n − 1)p〉

}
. (46)

In terms of this orthonormal basis, we obtain

Z
[(

1

2
I

)⊗n
]

= 1

2n
I⊗n = 1

2n

2n−1∑
j=0

| jp〉〈 jp|. (47)

(i) Suppose ρ0 = |ψ〉〈ψ | and ρ1 = 1
2 I . According to the

dual relation Eq. (4), we obtain βn(ε) ≡ maxr�0 fn,ε (r), where

fn,ε (r) := 1

2

[
1 + (1 − 2ε)r − ∥∥rZ

[
ρ⊗n

0

]− Z
[
ρ⊗n

1

]∥∥
1

]
= 1

2

[
1 + (1 − 2ε)r −

(∣∣∣∣ r[1 + (�p)n]

2
− 1

2n

∣∣∣∣
+
∣∣∣∣ r[1 − (�p)n]

2
− 1

2n

∣∣∣∣+ 1

2n
(2n − 2)

)]

= 1

2

[
1

2n−1
+ (1 − 2ε)r −

(∣∣∣∣ r[1 + (�p)n]

2
− 1

2n

∣∣∣∣
+
∣∣∣∣ r[1 − (�p)n]

2
− 1

2n

∣∣∣∣
)]

. (48)

If �p � 0, we can further obtain that

fn,ε (r) =

⎧⎪⎨
⎪⎩

(1 − ε)r, r ∈ [0, r1]
1
2n + (1−2ε−(�p)n )r

2 , r ∈ [r1, r2]
1

2n−1 − εr, r ∈ [r2,+∞),

(49)
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where r1 = ( 1
2n )/( (1+(�p)n )

2 ) and r2 = ( 1
2n )/( (1−(�p)n )

2 ). A
straightforward calculation yields

max
r�0

fn,ε (r) =
{ 1−(�p)n−ε

[1−(�p)n]2n−1 ε ∈ (0, 1/2),
1−ε

[1+(�p)n]2n−1 ) , ε ∈ [1/2, 1).
(50)

The first part, namely ε ∈ (0, 1/2), holds for sufficiently large
n such that 1 − 2ε − (�p)n > 0. It follows that the hypoth-
esis testing relative entropy between Z[ρ⊗n

0 ] and Z[ρ⊗n
1 ],

i.e., Dε
H (Z[ρ⊗n

0 ]||Z[ρ⊗n
1 ]), can be expressed as the following

piecewise function:

− log 1−(�p)n−ε

[1−(�p)n]2n−1 , ε ∈ (0, 1/2)

− log 1−ε
[1+(�p)n]2n−1 ) , ε ∈ [1/2, 1).

(51)

Thus, by calculating the limit we obtain

lim
n→∞

Dε
H

(
Z
[
ρ⊗n

0

]||Z[ρ⊗n
1

])
n

= 1.

If �p < 0, we can similarly obtain Eq. (51) by just re-
placing (�p)n with (|�p|)n. Thus, we also conclude that

lim
n→∞

Dε
H (Z[ρ⊗n

0 ]||Z[ρ⊗n
1 ])

n = 1 for �p < 0. Therefore, assertion

(i) is valid.
(ii) Suppose ρ0 = 1

2 I and ρ1 = |ψ〉〈ψ |. One can choose

the binary POVM as {E ≡∑2n−1
j=2 | jp〉〈 jp|, I⊗n − E}. It fol-

lows that

Tr
(
Z
[
ρ⊗n

0

]
E
) = 2n − 2

2n
, while Tr

(
Z
[
ρ⊗n

1

]
E
) = 0. (52)

A straightforward calculation yields that Tr(Z[ρ⊗n
0 ]E ) � 1 −

ε for all n � �log(1/ε)
 + 1. Thus, by definition assertion (ii)
is valid.

This completes the proof. �
Different from Theorem 1, the minimal probability of type-

II error decreases in the number of copies when ρ1 is a
maximally mixed state, and the decreasing rate is given by
Eq. (44). However, when ρ0 is a maximally mixed state, we
derive a conclusion that there exists some symmetric POVM
as an optimal POVM such that the probability of type-II error
reduces to zero in a finite number of copies, which is similar
to Theorem 1(ii). Furthermore, the critical number of copies
in this case has been specified to �log(1/ε)
 + 1 by fixing an
optimal POVM.

V. CONCLUSIONS

In this paper we investigated the asymmetric quantum
hypothesis testing between two qubit states within the re-
source theory of parity. Differently from the general QHT,
we considered the operational limitations arising from the
lack of a reference frame for chirality. This reference frame
is associated with the group Z2 consisting of the identity
transformation and the parity transformation. According to
quantum resource theory, the POVMs that can be adopted in
our task of QHT are those that respect the symmetry of the
problem, i.e., the Z2-invariant POVMs. Hence, the focused
problem was to figure out how the minimal probability of
type-II error, or equivalently the hypothesis testing relative
entropy, asymptotically behaves as the number of copies in-
creases, when the POVMs are required to be Z2 invariant.

By virtue of an equivalent characterization of Z2-invariant
operations called Z2 twirling, we transformed the problem to
minimizing the probability given by Tr(Z[ρ⊗n

1 ]E ) for an ar-
bitrary POVM {E , I − E}, where ρ1 represents the alternative
hypothesis. Then, via an optimization duality, this optimiza-
tion problem is further equivalent to maximizing a simple
function of one real variable.

We started by considering the QHT between two pure qubit
states. We first explicitly formulated the expression of the
Z2 twirling on an arbitrary pure qubit state. By analyzing
the specific optimization problem in terms of a one-variable
function, we completely solved the focused problem for two
pure qubit states by Theorem 1. It is worth noting that our
results showed that the minimal probability of type-II error
reduces to zero in a finite number of copies, if the Z2 twirlings
of such two pure qubit states are different. Physically, it means
that the observer can perfectly decide the prepared quantum
system is in state ρ1 by only finite copies. Furthermore, from
the perspective of resource conservation, we also derived the
critical number of copies such that the probability of type-II
error reduces to zero in Proposition 1. Finally, we replaced
one of the two pure states with a maximally mixed state as
an attempt to generalize the results on two pure states to
the context of mixed states. In this case, we characterized
the asymptotic behavior of the minimal probability of type-II
error by Theorem 2.

Here, we provide two possible directions for future re-
search. First, it is interesting to further investigate the
asymmetric QHT between two mixed qubit states, or
more generally between two mixed quddit states, within the
resource theory of parity. Second, we may consider the op-
erational limitations arising from the lack of some quantum
reference frame associated with a generic group G. That is, the
performed POVMs in the task of QHT can only be G invariant.
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APPENDIX A: PROOF OF LEMMA 2

For both p, q ∈ (0, 1), we obtain

Z[|ψ0〉〈ψ0|⊗n] = 1 + (�p)n

2
|0p〉〈0p| + 1 − (�p)n

2
|1p〉〈1p|

Z[|ψ1〉〈ψ1|⊗n] = 1 + (�q)n

2
|0q〉〈0q| + 1 − (�q)n

2
|1q〉〈1q|,

(A1)
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where

|0p〉 :=
∑
j even

√√√√(nj)pn− j (1 − p) j

1
2 [1 + (�p)n]

|v j〉,

|1p〉 :=
∑
j odd

√√√√(nj)pn− j (1 − p) j

1
2 [1 − (�p)n]

|v j〉,

|0q〉 :=
∑
j even

ei( jφ)

√√√√(nj)qn− j (1 − q) j

1
2 [1 + (�q)n]

|v j〉,

|1q〉 :=
∑
j odd

ei( jφ)

√√√√(nj)qn− j (1 − q) j

1
2 [1 − (�q)n]

|v j〉, (A2)

and |v j〉 is given by Eq. (28). First of all, we need to
find an orthonormal basis, namely {|0L〉, |1L〉, |2L〉, |3L〉}, of
span{|0p〉, |1p〉, |0q〉, |1q〉}. According to the Gram-Schmidt
process we formulate the orthogonal vectors as

|0L〉 := |0q〉,
|1L〉 := |1q〉,
|u2〉 = |0p〉 − 〈0q|0p〉|0q〉,
|u3〉 = |1p〉 − 〈1q|1p〉|1q〉. (A3)

Denote μ1 = √
pq and μ2 = √

(1 − p)(1 − q). A calculation
yields that

〈0q|0p〉 =
√

1
1
4 [1 + (�p)n][1 + (�q)n]

⎛
⎝ ∑

j, j′−even

e−i( jφ)

√(
n

j

)(
n

j′

)
qn− j pn− j′ (1 − q) j (1 − p) j′ 〈v j |v j′ 〉

⎞
⎠

=
√

1
1
4 [1 + (�p)n][1 + (�q)n]

∑
j even

(
n

j

)
e−i( jφ)μ

n− j
1 μ

j
2

=
√

1
1
4 [1 + (�p)n][1 + (�q)n]

(
μ1 + e−iφμ2

)n + (μ1 − e−iφμ2
)n

2

=
(
μ1 + e−iφμ2

)n + (μ1 − e−iφμ2
)n√

[1 + (�p)n][1 + (�q)n]
. (A4)

Similarly, we obtain

〈1q|1p〉 = (μ1 + e−iφμ2)n − (μ1 − e−iφμ2)n

√
[1 − (�p)n](1 − �q)n)

. (A5)

Let

〈0q|0p〉 := aneiαn and 〈1q|1p〉 := bneiβn , (A6)

where an, bn are the modulus of 〈0q|0p〉 and 〈1q|1p〉, respec-
tively. Since

‖u2‖ =
√

1 − a2
n, ‖u3‖ =

√
1 − b2

n,

we conclude that 0 � an, bn � 1. Next, we consider two
cases: (i) p = q and φ �= 0, π ; (ii) p �= q.

Case (i) If p = q and φ �= 0, π , both |p + e−iφ (1 − p)|
and |p − e−iφ (1 − p)| are less than one. Thus, we obtain

lim
n→∞ an = lim

n→∞ bn = 0.

Case (ii) If p �= q, we conclude that

|μ1 + e−iφμ2| � |μ1| + |μ2| = μ1 + μ2

<
p + q

2
+ 1 − p + 1 − q

2
= 1. (A7)

Similarly one can verify that |μ1 − e−iφμ2| < 1. Thus, we
obtain

lim
n→∞ an = lim

n→∞ bn = 0.

Therefore, in both Cases (i) and (ii), lim
n→∞ an = lim

n→∞ bn = 0.

Let

|2L〉 = 1

‖u2‖ |u2〉 = 1√
1 − a2

n

|0p〉 − aneiαn√
1 − a2

n

|0q〉,

|3L〉 = 1

‖u3‖ |u3〉 = 1√
1 − b2

n

|1p〉 − bneiβn√
1 − b2

n

|1q〉. (A8)

It follows that

|0p〉 =
√

1 − a2
n|2L〉 + aneiαn |0L〉,

|1p〉 =
√

1 − b2
n|3L〉 + bneiβn |1L〉. (A9)

Let σ0 := Z[|ψ0〉〈ψ0|⊗n] and σ1 := Z[|ψ1〉〈ψ1|⊗n]. Write σ0

and σ1 in the matrix form as

σ1 =

⎛
⎜⎜⎝

1+(�q)n

2 0 0 0
0 1−(�q)n

2 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠,

σ0 =

⎛
⎜⎜⎝

m11 0 m13 0
0 m22 0 m24

m∗
13 0 m33 0
0 m∗

24 0 m44

⎞
⎟⎟⎠, (A10)
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where

m11 = 1 + (�p)n

2
a2

n, m33 = 1 + (�p)n

2

(
1 − a2

n

)
,

m13 = 1 + (�p)n

2

(
an

√
1 − a2

neiαn
)
,

m22 = 1 − (�p)n

2
b2

n, m44 = 1 − (�p)n

2

(
1 − b2

n

)
,

m24 = 1 − (�p)n

2

(
bn

√
1 − b2

neiβn
)
. (A11)

To obtain the minimum of the error probability defined
in Eq. (26), we may take the POVM element to be E =
|2L〉〈2L| + |3L〉〈3L|. We obtain that

Tr(σ1E ) = 0,

Tr(σ0E ) = m33 + m44. (A12)

Since lim
n→∞(�p)n = 0, and lim

n→∞ an = lim
n→∞ bn = 0, we con-

clude that

lim
n→∞ m33 + m44

= lim
n→∞

(
1 + (�p)n

2

(
1 − a2

n

)+ 1 − (�p)n

2

(
1 − b2

n

))
= 1. (A13)

It implies that for any given 0 < ε < 1, there exists a large
enough nε such that ∀ n � nε , Tr(σ0E ) = m33 + m44 � 1 − ε.
Thus, we obtain that, ∀ n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0.

The optimal POVM to reach the above infimum can be chosen
as

{|2L〉〈2L| + |3L〉〈3L|, |0L〉〈0L| + |1L〉〈1L|}.
This completes the proof. �

APPENDIX B: PROOF OF LEMMA 3

Since q ∈ (0, 1), it follows that

Z
[
ρ⊗n

1

] = 1 + (�q)n

2
|0q〉〈0q| + 1 − (�q)n

2
|1q〉〈1q|, (B1)

where |0q〉 and |1q〉 are expressed in Eq. (30).
Case (i) In this case we suppose |ψ0〉 = |0〉. Let

|v0〉 = |0〉⊗n. Then we use the Gram-Schmidt process to
find an orthonormal basis, namely {|0L〉, |1L〉, |2L〉} for
span{|0q〉, |1q〉, |v0〉}. A straightforward calculation yields
that

|0L〉 := |0q〉,
|1L〉 := |1q〉,
|u2〉 := |v0〉 − 〈0q|v0〉|0q〉

= |v0〉 −
√

qn

1
2 [1 + (�q)n]

|0q〉,

|2L〉 := 1

‖u2‖ |u2〉

=
√

1
2 [1 + (�q)n]

1
2 [1 + (�q)n] − qn

|u2〉. (B2)

It follows that

|v0〉 =
√

1
2 [1 + (�q)n] − qn

1
2 [1 + (�q)n]

|2L〉 +
√

qn

1
2 [1 + (�q)n]

|0L〉.

Let σ0 := Z[ρ⊗n
0 ] = |v0〉〈v0| and σ1 := Z[ρ⊗n

1 ]. Denote

xn = qn

1
2 [1 + (�q)n]

(B3)

and write σ0 and σ1 respectively in matrix form as

σ0 =
⎛
⎝ xn 0

√
(1 − xn)xn

0 0 0√
(1 − xn)xn 0 1 − xn

⎞
⎠,

σ1 =
⎛
⎝ 1

2 [1 + (�q)n] 0 0
0 1

2 [1 − (�q)n] 0
0 0 0

⎞
⎠. (B4)

Since q ∈ (0, 1), we obtain lim
n→∞ xn = 0. Take the projector

element to be E = |2L〉〈2L|. It follows that

Tr(σ0E ) = 1 − xn(→ 1), Tr(σ1E ) = 0. (B5)

Case (ii) In this case we suppose |ψ0〉 = |1〉. Let |vn〉 =
|1〉⊗n. Similarly, we can find an orthonormal basis of
span{|0q〉, |1q〉, |vn〉} in the following process. For even n, a
direct calculation yields that

|0L〉 := |0q〉,
|1L〉 := |1q〉,
|u2〉 := |vn〉 − 〈0q|vn〉|0q〉

= |vn〉 −
√

(1 − q)n

1
2 [1 + (�q)n]

|0q〉,

|2L〉 := 1

‖u2‖ |u2〉

=
√

1
2 [1 + (�q)n]

1
2 [1 + (�q)n] − (1 − q)n |u2〉. (B6)

For odd n, a direct calculation yields that

|0L〉 := |0q〉,
|1L〉 := |1q〉,
|u2〉 := |vn〉 − 〈1q|vn〉|1q〉

= |vn〉 −
√

(1 − q)n

1
2 [1 − (�q)n]

|1q〉,

|2L〉 := 1

‖u2‖ |u2〉

=
√

1
2 [1 − (�q)n]

1
2 [1 − (�q)n] − (1 − q)n |u2〉. (B7)

Then we denote

xn = (1 − q)n

1
2 [1 + (−1)n(�q)n]

. (B8)
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Since q ∈ (0, 1), we obtain lim
n→∞ xn = 0. Then from (B6) and

(B7) it follows that

|vn〉 =
{√

xn|0L〉 + √
1 − xn|2L〉, even n√

xn|1L〉 + √
1 − xn|2L〉, odd n.

(B9)

Let σ0 := Z[ρ⊗n
0 ] = |vn〉〈vn| and σ1 := Z[ρ⊗n

1 ]. For even n,
we formulate σ0 as

σ0 =
⎛
⎝ xn 0 e−i(nφ)√(1 − xn)xn

0 0 0
ei(nφ)√(1 − xn)xn 0 1 − xn

⎞
⎠,

(B10)
and for odd n, we formulate σ0 as

σ0 =
⎛
⎝0 0 0

0 xn e−i(nφ)√(1 − xn)xn

0 ei(nφ)√(1 − xn)xn 1 − xn

⎞
⎠.

(B11)
For any n � 1, we can formulate σ1 as

σ1 =
⎛
⎝ 1

2 [1 + (�q)n] 0 0
0 1

2 [1 − (�q)n] 0
0 0 0

⎞
⎠. (B12)

To obtain the minimum of the error probability defined in
Eq. (26), we may take the measurement element to be E =
|2L〉〈2L|, where the expression of |2L〉 is given by (B6) or (B7)
depending on even n or odd n. It follows that

Tr(σ0E ) = 1 − xn(→ 1), Tr(σ1E ) = 0. (B13)

Combining (B5) and (B13) in Case (i) and Case (ii), respec-
tively, we conclude that no matter |ψ0〉 = |0〉 or |1〉, there
always exists a large enough nε such that ∀ n � nε ,

inf {Tr(σ1E ) : Tr(σ0E ) � 1 − ε} = 0.

To reach the above infimum, the POVM can be taken as
{|2L〉〈2L|, |0L〉〈0L| + |1L〉〈1L|}.

This completes the proof. �

APPENDIX C: PROOF OF LEMMA 4

The technique here is similar to that used in Lemma 3.
Let |v0〉 = |0〉⊗n and |vn〉 = |1〉⊗n. First of all we need
to find the orthonormal basis of span{|0p〉, |1p〉, |v0〉} or
span{|0p〉, |1p〉, |vn〉} depending on |ψ1〉 = |0〉 or |1〉.

Case (i) In this case we consider |ψ1〉 = |0〉. A direct cal-
culation yields that

|0L〉 := |v0〉,
|u1〉 := |0p〉 − 〈v0|0p〉|v0〉,
|2L〉 := |1p〉,

|1L〉 := 1

‖u1‖ |u1〉

=
√

1
2 [1 + (�p)n]

1
2 [1 + (�p)n] − pn

|u1〉. (C1)

It follows that

|0p〉 =
√

1
2 [1 + (�p)n] − pn

1
2 [1 + (�p)n]

|1L〉 +
√

pn

1
2 [1 + (�p)n]

|0L〉.

Denote

xn = pn

1
2 [1 + (�p)n]

. (C2)

Let σ0 = Z[ρ⊗n
0 ] and σ1 = Z[ρ⊗n

1 ]. Then we write σ0 and σ1

in the matrix form as

σ0 =

⎛
⎜⎜⎝

1+(�p)n

2 xn
1+(�p)n

2

√
xn(1 − xn) 0

1+(�p)n

2

√
xn(1 − xn) 1+(�p)n

2 (1 − xn) 0

0 0 1−(�p)n

2

⎞
⎟⎟⎠,

σ1 =
⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠. (C3)

Take the projector element to be E = |1L〉〈1L| + |2L〉〈2L|. It
follows that

Tr(σ0E ) = 1 − [1 + (�p)n]

2
xn = 1 − pn(→ 1),

Tr(σ1E ) = 0. (C4)

Case (ii) In this case we consider |ψ1〉 = |1〉. For n is even, a
direct calculation yields that

|0L〉 := |vn〉,
|u1〉 := |0p〉 − 〈vn|0p〉|vn〉

= |0p〉 −
√

(1 − p)n

1
2 [1 + (�p)n]

|vn〉,

|2L〉 := |1p〉

|1L〉 := 1

‖u1‖ |u1〉

=
√

1
2 [1 + (�p)n]

1
2 [1 + (�p)n] − (1 − p)n |u1〉. (C5)

Thus, {|0L〉, |1L〉, |2L〉} in (C5) is an orthonormal basis of
span{|vn〉, |0p〉, |1p〉} when n is even. For n odd, a direct cal-
culation yields that

|0L〉 := |vn〉,
|1L〉 := |0p〉,
|u2〉 := |1p〉 − 〈vn|1p〉|vn〉,

= |1p〉 − einφ

√
(1 − p)n

1
2 [1 − (�p)n]

|vn〉,

|2L〉 := 1

‖u2‖ |u2〉

=
√

1
2 [1 − (�p)n]

1
2 [1 − (�p)n] − (1 − p)n |u2〉. (C6)
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Thus, {|0L〉, |1L〉, |2L〉} in (C6) is an orthonormal basis of
span{|vn〉, |0p〉, |1p〉} when n is odd. Then we denote

xn = (1 − p)n

1
2 [1 + (−1)n(�p)n]

. (C7)

Since p ∈ (0, 1), we obtain limn→∞ xn = 0. It follows from
(C5) and (C6) that

|0p〉 = √
xn|0L〉 +

√
1 − xn|1L〉, even n

|1p〉 = √
xn|0L〉 +

√
1 − xn|2L〉, odd n. (C8)

Let σ0 = Z[ρ⊗n
0 ] and σ1 = Z[ρ⊗n

1 ]. For even n we formulate
σ0 as

σ0 =

⎛
⎜⎝

1+(�p)n

2 xn
1+(�p)n

2

√
xn(1 − xn ) 0

1+(�p)n

2

√
xn(1 − xn ) 1+(�p)n

2 (1 − xn ) 0

0 0 1−(�p)n

2

⎞
⎟⎠,

(C9)

and for odd n we formulate σ0 as

σ0 =

⎛
⎜⎜⎝

1−(�p)n

2 xn 0 1−(�p)n

2

√
xn(1 − xn )

0 1+(�p)n

2 0

1−(�p)n

2

√
xn(1 − xn ) 0 1−(�p)n

2 (1 − xn )

⎞
⎟⎟⎠.

(C10)

For any n � 1, we can formulate σ1 as

σ1 =
⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠. (C11)

To obtain the minimum of the error probability defined
in Eq. (26), we may take the measurement element to be
|1L〉〈1L| + |2L〉〈2L|, where the expressions of |1L〉 and |2L〉 are
given by (C5) or (C6) depending on even n or odd n. It follows
that

Tr(σ0E ) = 1 − (1 − p)n(→ 1), Tr(σ1E ) = 0. (C12)

Combining the above two cases we conclude that for any
given ε ∈ (0, 1), there exists a large enough nε such that,
∀ n � nε ,

inf
{
Tr
(
Z
[
ρ⊗n

1

]
E
)

: Tr
(
Z
[
ρ⊗n

0

]
E
)

� 1 − ε
} = 0.

This completes the proof. �

APPENDIX D: PROOF OF PROPOSITION 1

(i) This case corresponds to Lemma 4. According to
Eqs. (C4) and (C12) we determine the critical nε such that,
∀ n � nε , pn � ε when |ψ1〉 = |0〉, and (1 − p)n � ε when
|ψ1〉 = |1〉. A direct calculation yields the assertion (i).

Next we consider the assertion (ii) in three cases.
(ii.a) Here, we consider |ψ0〉 = |0〉 or |1〉, and |ψ1〉 =√

q|0〉 + √
1 − q|1〉 with q ∈ (0, 1). This case corresponds to

Lemma 3. According to Eqs. (B5) and (B13) we determine
the critical nε such that xn � ε, ∀ n � nε , where xn is given by
Eq. (B3) or Eq. (B8) depending on |ψ0〉 = |0〉 or |1〉. Specifi-
cally, if |ψ0〉 = |0〉, we consider the following inequality:

qn

1
2 [1 + (�q)n]

� ε. (D1)

If �q > 0, i.e., 1
2 < q < 1 it follows that, ∀ n > 1, 1 < 1 +

(�q)n < 1 + �q = 2q. Then we obtain

qnε

2q
<

qnε

1 + (�q)nε
< qnε . (D2)

Since nε is an integer, we conclude that logq(ε) + 1 � nε �
logq(ε) + logq( 1

2 ) + 1. One can verify lim
ε→0

nε

logq ε
= 1. It im-

plies that nε = logq ε + o(logq ε) as ε → 0. If �q = 0, i.e.,
q = 1

2 , it follows from (D1) that nε = �log 1
2
ε + 1
. If �q <

0, i.e., 0 < q < 1
2 , it follows that, ∀ n > 1, 2q = 1 + �q <

1 + (�q)n < 2. Then we obtain

qnε

2
<

qnε

1 + (�q)nε
<

qnε

2q
. (D3)

Since nε is an integer, we conclude that logq(ε) � nε �
logq(ε) + 2. It also implies that nε = logq ε + o(logq ε) as
ε → 0.

If |ψ0〉 = |1〉,we consider the following inequality:

(1 − q)n

1
2 [1 + (−1)n(�q)n]

� ε.

Similar to the above discussion, we conclude that if �q >

0, then log1−q(ε) � nε � log1−q(ε) + 2; if �q = 0, then
nε = �log 1

2
ε + 1
; if �q < 0, then log1−q(ε) + 1 � nε �

log1−q(ε) + log1−q( 1
2 ) + 1. Thus, when �q �= 0, we conclude

nε = log1−q(ε) + o(log1−q(ε)).
(ii.b) Here, we consider |ψ0〉 = √

p|0〉 + √
1 − p|1〉 and

|ψ1〉 = √
p|0〉 + eiφ√

1 − p|1〉 with φ �= 0, π . This corre-
sponds to Lemma 2. According to Eq. (A13) we should
determine the critical nε such that, ∀ n � nε ,

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n � ε, (D4)

where an and bn are given by Eq. (A6). Note that p = q and
φ �= 0, π in this case. It follows that

an = |[p + e−iφ (1 − p)]n + [p − e−iφ (1 − p)]n|
1 + (�p)n

,

bn = |[p + e−iφ (1 − p)]n − [p − e−iφ (1 − p)]n|
1 − (�p)n

. (D5)

Denote the two moduli as

λ1 := |p + e−iφ (1 − p)|

=
√

p2 + (1 − p)2 + 2p(1 − p) cos φ,

λ2 := |p − e−iφ (1 − p)|

=
√

p2 + (1 − p)2 − 2p(1 − p) cos φ. (D6)

We first consider the case when cos φ = 0. It implies that λ1 =
λ2. Let λ ≡ λ1 = λ2. Then we write p + e−iφ (1 − p) = λeiθ

and p − e−iφ (1 − p) = λe−iθ . It follows from Eq. (D5) that

an = |λneinθ + λne−inθ |
1 + (�p)n = 2λn cos (nθ )

1 + (�p)n ,

bn = |λneinθ − λne−inθ |
1 − (�p)n = 2λn sin (nθ )

1 − (�p)n . (D7)
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On the one hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

= 2λ2n cos2 (nθ )

1 + (�p)n + 2λ2n sin2 (nθ )

1 − (�p)n

� λ2n. (D8)

On the other hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

= 2λ2n cos2 (nθ )

1 + (�p)n + 2λ2n sin2 (nθ )

1 − (�p)n

� λ2n

p(1 − p)
. (D9)

Since nε is an integer, it follows that logλ2 (ε) � nε �
logλ2 [p(1 − p)ε] + 1. It implies lim

ε→0

nε

log
λ2 (ε) = 1, and thus

nε = logλ2 (ε) + o(logλ2 (ε)) as ε → 0.
Second we consider the case when cos φ �= 0. It implies

that λ1 �= λ2. We write p + e−iφ (1 − p) = λ1eiθ1 and p −
e−iφ (1 − p) = λ2eiθ2 . It follows from Eq. (D5) that

an =
∣∣λn

1einθ1 + λn
2einθ2

∣∣
1 + (�p)n ,

bn =
∣∣λn

1einθ1 − λn
2einθ2

∣∣
1 − (�p)n . (D10)

From the triangle inequality we obtain that∣∣λn
1 − λn

2

∣∣
1 + (�p)n � an � λn

1 + λn
2

1 + (�p)n ,

∣∣λn
1 − λn

2

∣∣
1 − (�p)n � bn � λn

1 + λn
2

1 − (�p)n . (D11)

It follows that (
λn

1 − λn
2

)2
2[1 + (�p)n]

+
(
λn

1 − λn
2

)2
2[1 − (�p)n]

� 1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

�
(
λn

1 + λn
2

)2
2[1 + (�p)n]

+
(
λn

1 + λn
2

)2
2[1 − (�p)n]

. (D12)

Let λmax := max{λ1, λ2} and λmin := min{λ1, λ2}. It fol-
lows that λmax = [p2 + (1 − p)2 + 2p(1 − p)|cos φ|]1/2 and
λmin = [p2 + (1 − p)2 − 2p(1 − p)|cos φ|]1/2. On the one
hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

�
(
λn

1 − λn
2

)2
2[1 + (�p)n]

+
(
λn

1 − λn
2

)2
2[1 − (�p)n]

=
(
λn

1 − λn
2

)2
[1 + (�p)n][1 − (�p)n]

>
(
λn

1 − λn
2

)2
>

(
1 − λmin

λmax

)2

λ2n
max. (D13)

On the other hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

�
(
λn

1 + λn
2

)2
2[1 + (�p)n]

+
(
λn

1 + λn
2

)2
2[1 − (�p)n]

=
(
λn

1 + λn
2

)2
[1 + (�p)n][1 − (�p)n]

�
(
λn

1 + λn
2

)2
(1 + �p)(1 − �p)

<
λ2n

max

p(1 − p)
. (D14)

Since nε is an integer, it follows from (D13) and (D14)
that logλ2

max
[(1 − λmin

λmax
)−2ε] � nε � logλ2

max
[p(1 − p)ε] + 1.

It implies lim
ε→0

nε

log
λ2

max
(ε) = 1, and thus nε = logλ2

max
(ε) +

o(logλ2
max

(ε)).
(ii.c) Here we consider |ψ0〉 = √

p|0〉 + √
1 − p|1〉 and

|ψ1〉 = √
q|0〉 + eiφ√

1 − q|1〉 with distinct p, q and both of
them in (0,1). This also corresponds to Lemma 2. We shall
keep considering the inequality (D4). Note that p �= q in this
case. It follows that

an = |(μ1 + e−iφμ2)n + (μ1 − e−iφμ2)n|√
[1 + (�p)n][1 + (�q)n]

,

bn = |(μ1 + e−iφμ2)n − (μ1 − e−iφμ2)n|√
[1 − (�p)n][1 − (�q)n]

, (D15)

where μ1 = √
pq and μ2 = √

(1 − p)(1 − q). Denote the two
moduli as

λ1 := ∣∣μ1 + e−iφμ2

∣∣ = √μ2
1 + μ2

2 + 2μ1μ2 cos φ,

λ2 := ∣∣μ1 − e−iφμ2

∣∣ = √μ2
1 + μ2

2 − 2μ1μ2 cos φ. (D16)

We first consider the case when cos φ = 0. It implies that λ1 =
λ2. Let λ ≡ λ1 = λ2. We write μ1 + e−iφμ2 = λeiθ and μ1 −
e−iφμ2 = λe−iθ . From Eq. (D15) we obtain

an =
∣∣λneinθ + λne−inθ

∣∣√
[1 + (�p)n][1 + (�q)n]

= 2λn cos (nθ )√
[1 + (�p)n][1 + (�q)n]

,

bn =
∣∣λneinθ − λne−inθ

∣∣√
[1 − (�p)n][1 − (�q)n]

= 2λn sin (nθ )√
[1 − (�p)n][1 − (�q)n]

. (D17)

On the one hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

= 2λ2n cos2 (nθ )

1 + (�q)n + 2λ2n sin2 (nθ )

1 − (�q)n � λ2n. (D18)
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On the other hand, we obtain that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

= 2λ2n cos2 (nθ )

1 + (�q)n + 2λ2n sin2 (nθ )

1 − (�q)n � λ2n

q(1 − q)
. (D19)

Since nε is an integer, it follows that logλ2 (ε) � nε �
logλ2 [q(1 − q)ε] + 1. It implies lim

ε→0

nε

log
λ2 (ε) = 1, and thus

nε = logλ2 (ε) + o(logλ2 (ε)) as ε → 0.
Second we consider the case when cos φ �= 0. It implies

λ1 �= λ2. We write μ1 + e−iφμ2 = λ1eiθ1 and μ1 − e−iφμ2 =
λ2eiθ2 . It follows from Eq. (D15) that

an =
∣∣λn

1einθ1 + λn
2einθ2

∣∣√
[1 + (�p)n][1 + (�q)n]

,

bn =
∣∣λn

1einθ1 − λn
2einθ2

∣∣√
[1 − (�p)n][1 − (�q)n]

. (D20)

From the triangle inequality we obtain that∣∣λn
1 − λn

2

∣∣ � √
[1 + (�p)n][1 + (�q)n]an � λn

1 + λn
2,∣∣λn

1 − λn
2

∣∣ � √
[1 − (�p)n][1 − (�q)n]bn � λn

1 + λn
2.

(D21)

Let λmax := max{λ1, λ2} and λmin := min{λ1, λ2}. It fol-
lows that λmax = (μ2

1 + μ2
2 + 2μ1μ2|cos φ|)1/2 and λmin =

(μ2
1 + μ2

2 − 2μ1μ2|cos φ|)1/2. On the one hand, we obtain
that

1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

�
(
λn

1 − λn
2

)2
2[1 + (�q)n]

+
(
λn

1 − λn
2

)2
2[1 − (�q)n]

=
(
λn

1 − λn
2

)2
[1 + (�q)n][1 − (�q)n]

>
(
λn

1 − λn
2

)2
>

(
1 − λmin

λmax

)2

λ2n
max. (D22)

On the other hand, we obtain that
1 + (�p)n

2
a2

n + 1 − (�p)n

2
b2

n

�
(
λn

1 + λn
2

)2
2[1 + (�q)n]

+
(
λn

1 + λn
2

)2
2[1 − (�q)n]

=
(
λn

1 + λn
2

)2
[1 + (�q)n][1 − (�q)n]

�
(
λn

1 + λn
2

)2
(1 + �q)(1 − �q)

<
λ2n

max

q(1 − q)
. (D23)

Since nε is an integer, we conclude that logλ2
max

[(1 −
λmin
λmax

)−2ε] � nε � logλ2
max

[q(1 − q)ε] + 1. It follows that
lim
ε→0

nε

log
λ2

max
(ε) = 1, and thus nε = logλ2

max
(ε) + o(logλ2

max
(ε)).

This completes the proof. �
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