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Dynamic population of multiexcitation subradiant states in incoherently excited atomic arrays
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The deterministic generation of multiexcitation subradiant states proves to be challenging. Here, we present
a viable path towards their transient generation in finite-sized ordered arrays of dipole-dipole coupled quantum
emitters, based on incoherent driving of the atomic ensemble. In particular, we show that a maximal coupling to
long-lived subradiant states is achieved if only half of the atoms are initially excited. We characterize the nature
of the resulting states by calculating the dynamic fluorescence spectrum of the emitted light. Finally, we elucidate
the role of coherent interactions during the decay process of sufficiently dense atomic arrays, which result in a
coherently driven radiation burst that leads to a subsequent reduction of the chances to prepare multiexcitation

subradiant states.
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Introduction. Recent developments in controlling and ma-
nipulating atomic ensembles in predefined geometries [1-3]
open up promising avenues towards well-controlled coopera-
tive interactions between light and matter, which are expected
to be a fundamental building block for future quantum tech-
nologies [4].

If the density of the atomic ensemble is increased such
that the spatial separation between atoms is smaller than
or on the order of the atomic transition wavelength, light-
induced dipole-dipole interactions [5,6] give rise to intriguing
cooperative effects such as super- and subradiance [7-11].
State-of-the-art experiments [12—14] are now able to reach
this high-density regime, which has triggered numerous stud-
ies of subradiance in ordered ensembles of quantum emitters,
as well as of its applications in quantum metrology and sens-
ing, quantum information processing, and efficient photon
storage [15-26]. While most of these works focus on the
single-excitation manifold where only one individual pho-
ton or excitation is shared among all atoms at a time, the
preparation and analysis of subradiant states with multiple
excitations has proven elusive over the years. This is due to
the unfavorable scaling of the Hilbert space, as well as to
the complex and nonintegrable nature of the underlying spin
model, which make a thorough study of large ensembles of
emitters difficult.

Here, we study this challenging multiexcitation regime and
focus on the transient generation of multiexcitation subradiant
states in periodic atomic arrays in free space. The combination
of the Monte Carlo wave function (MCWF) method [27,28]
to solve the master equation and a cumulant expansion of
the Heisenberg-Langevin equations up to third order [29,30]
allows us to analyze large particle numbers in the multiex-
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citation regime, as well as to characterize and understand
the mechanisms leading to many-body subradiance. Direct
addressing of individual subradiant states requires local phase
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FIG. 1. (a) Sketch of a periodic chain of atoms with no pair
correlations and only certain atoms excited (marked in red) atz = 0.
(b) Magnitude of the subradiant population per particle pg/N, i.e.,
the excited population left in the array by the time the instantaneous
decay rate yi, = 0.1, as a function of excitation density ne. for
different array sizes and geometries. Shaded regions encompass one
standard deviation. The dashed and solid lines correspond to co-
herent excitation and incoherent excitation, respectively. (¢) psu/N
as a function of atom number N for a one-dimensional chain
(purple) and a two-dimensional square lattice (cyan) for an initial
checkerboard excitation distribution. Third-order cumulant expan-
sions exhibit good agreement with the master equation solutions
(black dashed line). The inset shows the decay of the atomic pop-
ulation for a one-dimensional chain of ten atoms, as well as the
time at which the system is considered to become subradiant (Ving =
0.1) and pgy is extracted. The lattice spacing is a = 0.154¢ in
(b) and (c).
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and amplitude imprinting via the driving field at each atomic
position. While this is feasible for small numbers of qubits
coupled to waveguides, where driving can occur both through
the waveguide and through external sideports [25], it turns out
to be elusive in free-space setups. Therefore, alternative paths
towards the dynamic population of subradiant states have to
be determined.

In this Letter, we outline two fundamental criteria that
need to be fulfilled to dynamically populate multiexcitation
subradiant states without requiring single-site addressability.
First, the initially prepared state has to have a large overlap
with the least radiative states of the Lindbladian spectrum
[31]. We show that this can be achieved by exiting half of the
atoms with no initial coherences among them, which does not
require single-site addressability [32]. In this case, the system
naturally evolves into a mixture of multiexcitation subradiant
states. The second criterium is that the distance between atoms
must be large enough such that the interaction-induced energy
shifts do not lead to a population transfer from subradiant to
superradiant states. If the second condition is not fulfilled,
the dynamic population of bright states due to the coherent
part of the atomic interactions gives rise to a rapid buildup
of the atomic coherences, and the subsequent appearance of
a coherently driven superradiant burst. This results in an op-
timal geometry or lattice spacing for which the population of
multiexcitation subradiant states is maximized.

Model. We consider an ensemble of N identical two-level
atoms with resonance frequency wy = 2mwc/Ag that interact
with the three-dimensional vacuum radiation field. Tracing
out the photonic degrees of freedom under the Born-Markov
approximation, one obtains the master equation for the atomic
density matrix p [5,6,33]

dp i~
= —[#

7 . 1+ L[p, ey

where the Hamiltonian 7 describes the coherent interactions
between emitters

N
= hay Z 5% L R Z JumG 865, )

n=1 n,m#n

and the Lindbladian £[p] characterizes the dissipative inter-
actions

Here, 6,5 = |en)(gm| (65 = |gm){en|) is the raising (lower-

ing) operator for atom m, and the coherent and dissipative
parts of the dipole-dipole interactions mediated by the vac-
uum electromagnetic field are given by J,, —il',,/2 =
—SZATJ—OW’dfG(rnm, wo)d, [5,6], where d is the transition dipole
moment of the atoms, G(r, w) is the Green’s tensor for a point
dipole in vacuum [32,34,35], and r,,, = r, — I, is the vector
connecting atoms n and m. [, = yy is the spontaneous decay
rate of a single atom. The Lamb shift J,, is included in the
definition of the transition frequency wy.

Typically, the dynamics of decaying atomic ensembles
are characterized by the excited-state population pex.(t) =
Te{p(t) ), 8 =) ,(6:°)(t) and the total photon emission

rate Yot = —Pexc- Here, we introduce the instantaneous decay
rate,
Vlot n Jm#n an<6,fg0',§1€>
Vinst = — = Yo+ (4)

Pexc >, (62) ’

as the figure of merit for characterizing photon emission.
Unlike Yiot, Vinst(?) is constant for a pure exponential decay
and directly reflects the superradiant (y;n > o) or subradi-
ant (Yinst < Yo) character of the state p(¢) at each instant. In
particular, the deviation from independent decay (Vinst = Y0)
is determined by the second term in Eq. (4) and arises from
the buildup of two-body coherences (6,56 ).

We employ two different numerical methods to compute
the dynamics of the atomic system. For small system sizes
containing up to ten atoms, we use the MCWF technique
to obtain the atomic density matrix governed by the master
equation (1) [27,28]. In addition, we perform a cumulant
expansion of the Heisenberg-Langevin equations up to third
order. To this end, we derive the equations of motion for

the expectation values (0) = Tr{pO} of all operators O con-
taining at most three atomic operators, i.e., (ofe&;golfe) and
expand the averages of fourth-order operator products in terms
of products of third-, second-, and first-order expectation val-
ues [29,30,32,36-38]. This approximate method allows us to
study systems containing up to 36 atoms with remarkable
accuracy. This is a three times larger system size than what
can be simulated using the MCWF method.

Generating subradiant states. To characterize the many-
body nature of the dynamically generated subradiant states,
we define the subradiant population pg,, as the total excited-
state population left in the array at the time f,;, at which the
instantaneous decay rate reaches e = 0.1yp. As illustrated
in the inset of Fig. 1(c), this marks the point in time at
which the decay of the excited-state population has drastically
slowed down, indicating subradiance.

We calculate this subradiant population as a function of
the excitation density #siexc := Nexc/N, Where N is the total
number of atoms and N denotes the number of initially
excited emitters. First, we choose a coherent spin state of the
form [Yeon) = [T,(v/T = Mexclgn) + € fitexclea)) as an ini-
tial state, which can be experimentally prepared by a coherent
laser pulse impinging on the atomic array [20] and is typically
used to study subradiance in atomic gases [23,39]. For any
value of n, the initial excited-state population is coherently
shared among the atoms. While we choose k = 0 for the
remainder of this work, the presented results generally hold
for all k within the light cone—defined as |k| < 27 /Ao—that
is, for any value of k that can be achieved experimentally.
The red dashed line in Fig. 1(b) shows the subradiant pop-
ulation obtained using the MCWF approach for a chain of
ten atoms prepared in |Ycon). In this case, the subradiant
population is maximal for a fully inverted system (r1¢x. = 1.0).
This phenomenon can be understood by noting that such a
coherent initial state predominantly overlaps with the radia-
tive states of the Dicke ladder [32]. Decreasing rnex. simply
reduces the overlap with highly excited radiative states, which
consequently diminishes the chance that the excitation gets
trapped in subradiant states while cascading down the ladder.
Note also that, for coherent initial states |Ycon), the maximum
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subradiant population is well below 10% of the total atom
number. That is, once the system becomes subradiant, there
is on average less than one excitation left in the system.

The value of pgy, can be increased if an optimized initial
state is used. In particular, we find that this is the case for
partially and incoherently excited arrays, i.e., for initial states
of the form [Yincon) = [ [,ce 62" |G), where |G) corresponds to
the state where all atoms are in the ground state and £ denotes
the set of initially excited atoms. Unlike |¥con); |¥incon) has
no correlations at initial times and only atomic populations
are nonzero at t = 0 [32]. This state can thus be experimen-
tally realized by either destroying the spatial coherence of the
impinging laser via a speckle pattern or by applying a large
detuning on random atoms during the coherent excitation
pulse (see Supplemental Material [32]).

The solid lines in Fig. 1(b) show the subradiant population
for different lattice dimensions and sizes averaged over 50
random distributions of incoherent excitations. pgy, iS max-
imal if half the atoms are incoherently excited (rexc = 0.5),
both for one-dimensional chains and two-dimensional square
lattices, and larger values are obtained in the case of two-
dimensional geometries. In any case, the fraction of atoms that
remain excited for long times is on the order of 15%—20% of
the total atom number, which is substantially higher than for
coherently excited arrays [red dashed lines in Fig. 1(b)].

The improved behavior of the incoherent initial condition
can be understood from the spectrum of the Lindbladian. As
opposed to [Y¥eon), | Wincon) has an overlap with all states within
its corresponding excitation manifold, which ultimately in-
creases the probability of dynamically populating subradiant
states. The fact that the maximum pygy, is reached at nex. = 0.5
also makes sense intuitively, as it corresponds to the excita-
tion manifold with the largest number of states. As a result,
the overlap of the initial state with the most radiative decay
channels is minimal and the probability to dynamically reach
subradiant states maximal.

One can further increase the subradiant population by de-
termining an initial state that has a larger overlap with the
least radiative decay channels than the random configurations
considered in Fig. 1(b). Based on intuition gained from the
single-excitation manifold, where the most subradiant state is
always a checkerboard pattern of positive and negative phases,
we now choose initial states where only atoms located at even
lattice sites are excited initially. This state can still be readily
prepared without single-site addressability (see Supplemental
Material for details [32]). In Fig. 1(c), we show pg, as a
function of atom number N. The achieved subradiant pop-
ulation is substantially larger than the maxima observed in
Fig. 1(b), and reaches values well above 20% of the total atom
number even for small systems. That is, at the time #,, where
the instantaneous decay rate is below 0.1y, a chain with ten
atoms has an average of more than two excitations left. This
illustrates the efficient population of two-excitation subradiant
states.

Spectrum. To quantify the population that is dynamically
trapped in each excitation manifold, we additionally compute
the overlap Oy, (7) = Zldn) oy (Wil p@)]Y;) of the state
o(t) with the set of eigenstates of the Hamiltonian contain-
ing Nexc excitations, Wy, . = {|Y1) - |¥wm)}. For an atomic
array initially prepared in an incoherent checkerboard con-
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FIG. 2. (a) Overlap with the different excitation manifolds over
time for a ten-atom chain (a = 0.15)(), with half the atoms ini-
tially excited in a checkerboard pattern. A significant contribution
from multiexcitation subradiant states (N, > 1) is observed at times
t' > 1/yo. (b) Overlap of the dynamically populated state at the
times indicated by black stars in (a) with each individual state
contained in a given excitation manifold. Only the most subradi-
ant states are dynamically populated. (b) Instantaneous emission
spectrum at different times of the decay process. At early times
(blue curve), the fast decaying superradiant states generate a broad
background. The most subradiant modes persist at late times (green
solid curve) and result in a discrete set of very narrow lines at fixed
frequencies.

figuration, the overlap of the many-body state with manifolds
containing more than one excitation (Nexe > 1) is finite at long
times, as shown by the black dashed-dotted curve in Fig. 2(a).
This indicates that the system naturally evolves into a mixture
of multiexcitation subradiant states, even for moderate array
sizes of just ten atoms. As shown in Fig. 2(b) and in the
Supplemental Material [32], the dynamically generated states
exhibit a large overlap with the most subradiant states in each
excitation manifold. This effect is particularly pronounced due
to the employed checkerboard initial state, as can be seen
by comparing our results to a recent work studying subra-
diant state generation using a statistical mixture as an initial
state [39,40].

A relevant experimental observable that characterizes the
subradiant nature of the state p is the dynamic fluores-
cence spectrum S(w,t’). If measured along the direction
perpendicular to the array, the spectrum is simply given by
the Fourier transform of the two-time correlation function,
ie, S(w,1") =Y, Si(w, 1) =Y, 2Re[ [ dre ™ (0,5 (t' +
)0 (t"))] [41]. In Fig. 2(b), we plot the dynamic spectrum
for different times ¢’ at which the spectrum measurement
begins. At early times (blue and orange curves), the fast-
decaying superradiant states result in a broad background. The
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FIG. 3. (a) Subradiant population py,, for an atomic chain with
ten atoms as a function of lattice spacing a for a checkerboard
exciation pattern (blue) and sets of five randomly excited atoms
(red). The black dashed line is obtained via the master equation.
(b) Normalized emission rate as a function of time for atomic chains
with ten atoms and a checkerboard excitation pattern. A radiation
burst emerges for small lattice spacings a = 0.075A¢ (red curve),
and disappears if coherent dipole-dipole shifts are turned off (dashed
red curve). No peak appears for larger spacings (a = 0.1X, in solid
green and a = 0.15)¢ in solid blue). For comparison, we also plot
the superradiant peak for a fully inverted array with a = 0.15A¢
(dashed-dotted grey curve). The upper panel shows the total photon
emission rate y,,, at early times. (c), (d) Populations (diagonal values)
and two-body coherences (6,%6%) at the time of the burst for an
atomic chain with a = 0.0754, (c) with (J;; # 0) and (d) without
(Jij = 0) coherent shifts.

narrow peaks correspond to the long-lived subradiant states
that are dynamically populated during the decay process. The
late-time spectrum obtained at a finite time ¢’ 3> 1/y does not
contain any contribution from the initial superradiant decay.
Hence, the broad background gets strongly suppressed and
only the narrow lines remain in the spectrum. Interestingly,
the frequencies of these lines do not change over time and
are simply determined by the energy shifts associated to the
populated subradiant eigenstates of the Hamiltonian. They
can therefore be employed in cooperatively enhanced sensing
protocols.

Role of coherent dynamics. Cooperative effects typically
become stronger for decreasing lattice constant a. In partic-
ular, the Lindbladian in Eq. (3) approaches the Dicke limit
for a/Ay — 0. Intuitively, this suggests that the overlap of
the initial state |incon) With the subradiant manifold in-
creases for decreasing a and that the subradiant population

Psub consequently increases, as shown in Fig. 3(a) for atomic
chains with a > 0.15A¢. If one further decreases the lattice
spacing, however, the coherent dipole-dipole interactions in
Eq. (2) become the largest energy scale of the system and
start inducing a strong coupling between different states in
the same excitation manifold. This results in a population
transfer from subradiant to superradiant states, which ulti-
mately reduces pgy, for small a [see Fig. 3(a)]. Thus, there
is not only an optimal initial condition to dynamically pop-
ulate subradiant states, but also an optimal lattice spacing or
geometry.

Additionally, the appearance of large coherent interactions
modifies the emission properties at early times. As shown in
the top panel of Fig. 3(b), the total emission rate y, initially
decreases for states with n.. = N/2 independent of lattice
spacing. That is, the dissipative channels of the system cannot
generate a fast buildup of atomic coherences to trigger the
onset of a radiation burst. While this results in a monotonic
decrease of the total emission at early times for a > 0.154¢, a
radiation peak emerges for small enough lattice spacing [see
the solid red curve in Fig. 3(b)]. This radiation burst originates
from an excitation transfer from subradiant to superradiant
states, mediated by the coherent interactions between atoms.
The burst vanishes if coherent interactions (J,,, = 0) are ar-
tificially put to zero, as evinced by the dashed red curve in
Fig. 3(b).

The effect can also be understood based on the two-body
correlation matrix (6,56, ) at the instant where the burst
takes place. As shown in Figs. 3(c) and 3(d), the coherences
required to observe a peak are only dynamically generated
in the presence of coherent dipole-dipole interactions (J,,,, #
0). This phenomenon is therefore different in nature from
standard Dicke superradiance, where the buildup of corre-
lations and the appearance of a radiation peak occurs due
to collective dissipation, and we hereby refer to it as “co-
herently driven superradiance.” Additionally, these findings
show that the two-photon correlation function at zero time
[20] can fail to capture the existence of radiation bursts for
certain initial conditions of the atomic array. Finally, it is
worth noting that the Hamiltonian evolution of the system
can be partially engineered by adding spatial modulations
of the atomic detunings, which modify the coupling be-
tween dark and bright states [21,22] and can consequently
enhance or suppress the coherently driven superradiant
peak [32].

Conclusions and outlook. We introduced a viable path
towards the dynamic population of multiexcitation subra-
diant states in atomic emitter arrays that does not require
local phase imprinting [25]. Our approach is based on deter-
mining an experimentally feasible initial configuration such
that the dynamics results in multiexcitation subradiance. We
show that incoherently exciting half of the atoms in the ar-
ray and choosing a sufficiently large lattice spacing lead to
a significant subradiant state population at late times. The
resulting states can be characterized by means of the dy-
namic fluorescence spectrum, which features a peak with a
narrow linewidth for each subradiant state populated at late
times. These states with cooperatively reduced linewidths
are a promising resource for future quantum sensing pro-
tocols involving subwavelength emitter arrays. To obtain a
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good estimate of achievable sensitivities, a detailed study of
realistic coherence times, the stability with respect to position
fluctuations of the atoms, and the role of lattice vacancies is
required [42].

We further show that a smaller atom spacing does not nec-
essarily lead to improved multiexcitation subradiance. This
occurs due to an increase of the coherent dipole-dipole in-
teractions, which strongly couple subradiant and superradiant
states and may result in a coherently driven superradiant
outburst. Due to its coherent nature, this effect can be com-
pensated and engineered by applying local ac Stark shifts to
different atoms in the array [43,44]. Combining such atomic

detuning patterns with tailored driving fields remains an
important, mostly unexplored, avenue to prepare multiexci-
tation subradiant states [45,46].
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