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Generation of multiple ultrashort temporal solitons in a third-order nonlinear composite medium
with self-focusing and self-defocusing nonlinearities
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Theoretical consideration of the propagation of femtosecond Gaussian pulses in a one-dimensional composite
medium, consisting of alternating self-focusing and self-defocusing waveguide segments with normal group-
velocity dispersion, predicts the generation of trains of bright solitons when an optical pulse first propagates in the
self-focusing segment, followed by the self-defocusing one. The multiple temporal compression process, based
on this setting, offers a method for controllable generation of multiple ultrashort temporal solitons. Numerical
solutions of the generalized nonlinear Schrödinger equation modeling this system demonstrate that the intrapulse
Raman scattering plays a major role in the temporal and spectral dynamics. Collisions between ultrashort solitons
with different central wavelengths are addressed too. The paper provides a procedure for producing controllable
trains of ultrashort temporal solitons by incident optical pulses propagating in a composite medium.
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I. INTRODUCTION

The dynamics of pulse propagation in media with anoma-
lous dispersion and self-focusing nonlinearity is crucially
important for soliton formation. Indeed, considering higher-
order dispersion and the nonlinear (NL) terms affecting the
pulse propagation, such as the self-phase modulation, self-
steepening, and intrapulse Raman scattering, the generation
of multiple solitons may occur during the pulse propagation,
initiated by temporal compression followed by soliton fission
[1–5]. Most commonly, the input pulse evolves into a single
temporal soliton with the remaining energy being spilled out
as dispersive waves. However, under specific conditions, the
energy released by the first soliton fission may also evolve
into multiple temporal solitons [4–8]. Then, as the first fission
takes place around the central peak of the input pulse, the first
emerging soliton has a higher peak power than the secondary
solitons. Hence, the first solitary pulse features a stronger
soliton self-frequency shift (SSFS), which is accompanied by
temporal deceleration through the intrapulse Raman scattering
and anomalous dispersion [4–11].

Also, efforts have been made to explore media providing
a negative NL refractive index n2 in the normal-dispersion
regime. For instance, birefringent NL crystals, such as lithium
niobate (LiNbO3), β – barium borate (β – BBO), and potas-
sium titanyl phosphate (KTP) have been investigated to
control the effective NL refractive index n2,eff acting on the
pulse, where the strong negative second-order cascading NL
regime can overcompensate for the positive Kerr nonlinear-
ity; then a medium with a defocusing effective nonlinearity
n2,eff < 0 in the normal dispersion regime [12–14] is obtained.
Such media have also been used to compress pulses and to
control the supercontinuum generation [15–17].
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On the other hand, studies of composites containing metal-
lic nanoparticles (NPs) have drawn much interest from the
NL optics community. These metal-dielectric nanocomposites
may present large and controllable n2,eff due to contributions
of the host material and NPs. The amplitude and sign of the
nonlinearity can be controlled by proper selection of size,
shape, and volume fraction of the NPs [18–21]. For example,
it was shown that optical fibers based on fused silica, doped
with silver NPs, exhibit n2,eff < 0 and in the case of the normal
dispersion they can provide the generation of bright solitons
controlled by the volume fraction of the metal NPs and the
central wavelength of the pulse [22–27].

In the present work we report numerical results, based on
the generalized NL Schrödinger equation (GNLSE), which
exhibits generation of trains of ultrashort solitons under the
action of the normal dispersion, without soliton fission near
the central peak of the pulse. Our approach addresses the
propagation of 800-nm femtosecond pulses in a stacked one-
dimensional system in such a way that the pulse initially
propagates in a self-focusing (SF) waveguide followed by a
self-defocusing (SDF) one. The dispersion of both waveguide
segments is assumed to be normal in the entire composite
system, providing generation of solitons via what is called the
multiple temporal compression (MTC) process. For the cal-
culation, the first segment in the waveguide is assumed to be
made of pure fused silica (with n2 > 0), while the second one
is made of silica doped with silver NPs, having n2 < 0. In this
scenario, all generated solitons feature a temporal acceleration
due to the intrapulse Raman scattering.

II. THEORETICAL APPROACH

To perform simulations of the pulse propagation through
the two segments of the composite medium with n2 of op-
posite signs, pure and doped fused-silica-based waveguides
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are considered. The unidimensional propagation of an optical
pulse, represented by a slowly varying envelope amplitude
A(z, T ) of the electric field, can be modeled by the GNLSE
[11]
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Numerical solutions of Eq. (1) are performed by means
of the fourth-order Runge-Kutta method in the interaction
picture, which is more accurate in comparison to other meth-
ods, such as the conventional split-step Fourier-transform
scheme [28]. In Eq. (1), βn (n � 2) are the higher-order
dispersion coefficients which come from the Taylor expan-
sion of the propagation constant β(ω) around the central
frequency ω0. The respective values of the high-order disper-
sion coefficients at 800 nm, numerically calculated from the
Sellmeier expression for fused silica, are [29] β2 = 3.63 ×
10−2 ps2 m−1, β3 = 2.75 × 10−5 ps3 m−1, β4 = −1.10 ×
10−8 ps4 m−1, β5 = 3.15 × 10−11 ps5 m−1, β6 = −8.00 ×
10−14 ps6 m−1, and β7 = 2.50 × 10−16 ps7 m−1.

The right-hand side of Eq. (1) describes the NL effects,
where γ0 = ω0n2(ω0 )

cAeff
is the usual NL waveguide coefficient and

Aeff is the effective modal area. The value of γ0 is taken to be
0.0025 W−1 m−1, assuming that for fused silica at 800 nm
we have n2 = 2.5 × 10−20 m2 W−1, and the waveguide di-
ameter is 10 μm. We set the effective NL parameter for
the propagation in the first segment as γeff = γ0 > 0, and
γeff = ω0n2,eff (ω0 )

cAeff
= −γ0 in the second segment. The respective

negative NL effective refractive index n2,eff can be provided by
doping fused silica with silver NPs (with the volume fraction
approximately equal to 10−4), as enabled by the Maxwell-
Garnet theory [30]. Another possibility to implement a
negative NL parameter is offered by a BBO crystal for type-I
phase matching with θ ≈ 27.5◦, where θ is the angle between
the input beam and optical c axis of the BBO crystal [16].

The temporal derivative on the right-hand side of Eq. (1)
is associated with the third-order NL effects, such as self-
steepening and optical-shock formation. Concerning the
integral term on the right-hand side of Eq. (1), the contribution
of the delayed Raman response to the NL polarization is
represented by fr (equal to 0.18 for silica fibers [11]), which
leads to effects such as the intrapulse Raman scattering and
SSFS, while the local term represents the self-phase modula-
tion (SPM) produced by the instantaneous electronic Raman
contribution. Therefore, in this work, like in Ref. [22], we
assume that both the self-focusing and defocusing waveguide
segments are characterized by equal Raman terms.

III. GENERATION OF SOLITON PAIRS BY MTC

A. Pulse propagation in uniform media

To examine the generation and evolution of bright soli-
tons due to the pulse propagation in the composite medium

with n2 of opposite signs, it is instructive to analyze the
soliton dynamics considering only negative [Figs. 1(a)–
1(c)] or positive [Figs. 1(d) and 1(e)] nonlinearity. Then
we consider the propagation of a Gaussian input pulse
A(0, T ) = √

P0 exp[−0.5( 1.665T
TFWHM

)2], with central wavelength
λ0 = 800 nm, time duration TFWHM = 90 fs, and peak power
P0 = 85 kW. In the sample segment with n2 < 0 (γeff =
−0.0025 W−1 m−1) with total length L = 150 mm, the in-
terplay between n2 < 0 and the normal dispersion gives rise
to the typical soliton fission around the central region of the
pulse after the propagation distance L ≈ 22 mm. A modest
spectral broadening driven by SPM due to the temporal com-
pression of the pulse is shown in Figs. 1(a)–1(c). In cases of
stronger spectral broadening it is possible to generate super-
continuum spectra throughout the visible to near-IR range, as
the result of the first soliton fission [5].

As soon as the bright soliton acquires its form, we
observe its robust evolution with high peak power (approxi-
mately equal to 3.8P0) under the influence of the intrapulse
Raman scattering, which shifts the central wavelength to the
red (Stokes) side during the propagation [Fig. 1(c)]. Once
the bright soliton propagates under the action of the normal
dispersion, its group velocity increases as its spectral center
shifts towards longer wavelengths, leading to the soliton ac-
celeration. This phenomenon exemplifies the SSFS effect and
may strongly influence the temporal and spectral evolution of
ultrashort solitons [4–11].

Concerning the pulse propagation in the medium with the
positive nonlinearity (γ0 = 0.0025 W−1 m−1), Figs. 1(d) and
1(e) show the respective temporal and spectral evolution. The
most important feature observed in this configuration is the
temporal broadening which leads to reduction of the pulse
peak power during the propagation.

In the next section we explore the pulse propagation in
the composite sample, with the first and second waveguide
segments having n2 > 0 and n2 < 0, respectively. Figures 1(d)
and 1(e) are helpful for selecting the length of the first segment
so as to avoid spectral saturation due to the decrease of the
pulse peak power. Thus, the criterion for choosing the length
of the first segment with positive n2 should be based on the
balance between the NL phase accumulated from the action
of the temporal SPM and temporal broadening of the pulse
under the action of the normal dispersion.

B. Pulse propagation in the composite medium

In this section we investigate the pulse propagation initi-
ated by the same Gaussian pulse considered in the preceding
section (λ0 = 800 nm, TFWHM = 90 fs, and P0 = 85 kW). The
pulse propagates first in the segment with n2 > 0 and then
in the second segment with n2 < 0. The calculation was per-
formed for three different lengths of the first segment (L1 = 5,
10, and 30 mm).

Figures 2(a)–2(f) show the spectral and temporal evolution
of the pulse for each value of L1. Notice that for L1 = 5 mm,
besides the generation of a soliton pair caused by the dou-
ble temporal compression, almost symmetrically with respect
to the pulse’s center, the pair of bright solitons collide (at
L ≈ 50 mm) and fuse into one after propagation for a few
millimeters. Then the fused soliton propagates with a higher
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FIG. 1. Soliton generation in the uniform medium under the action of the normal dispersion and SDF nonlinearity: (a) temporal and
spectral profiles of the input pulse (black curve) and one obtained after passing 150 mm (blue curve), (b) temporal and (c) spectral evolution,
and (d) temporal and (e) spectral evolution of the pulse in the medium with the normal dispersion and SF nonlinearity.

FIG. 2. Generation of solitons via the MTC process: temporal evolution for the first segment with lengths (a) L1 = 5, (b) L1 = 10, and
(c) L1 = 30 mm and (d)–(f) spectral evolution for the same cases.
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TABLE I. Peak power and time duration of the soliton leading edge SLE and soliton trailing edge STE for different values of the input power.

�����������Edge
P0 (MW)

0.15 0.30 0.45 0.60

SLE 0.14 MW/19 fs 0.32 MW/12.5 fs 0.41 MW/10 fs 0.50 MW/9 fs
STE 0.16 MW/18 fs 0.30 MW/13 fs 0.33 MW/12 fs 0.33 MW/12 fs

peak power, approximately equal to 4P0, similar to the case
displayed above in Fig. 1(b).

Because there is no soliton collision for L1 = 10 mm
[Fig. 2(b)], the soliton pair generated due to the double tempo-
ral compression gives rise to two fundamental bright solitons
with similar peak powers, on both sides of the pulse. An
essential feature of this dynamics is the contribution of the
intrapulse Raman scattering, which is also similar for both
solitons; they propagate close to each other as they experience
similar redshifts due to the SSFS. Therefore, increasing L1

from 5 to 10 mm, it is worth mentioning that the scenarios
explored in this work offer the potential to study collisions
between solitons with slightly different central wavelengths.

Note the oscillatory pattern in the spectral evolution dis-
played in Fig. 2(e). These oscillations are attributed to the
spectral superposition of the soliton pair, which is not ob-
served in the case of L1 = 5 mm because in such a case
the soliton collision allows the soliton to experience relevant
SSFS only at the earlier stage of the evolution, while later it
propagates with a spectrum around 800 nm.

Concerning a longer first segment (L1 = 30 mm), as shown
in Figs. 2(c) and 2(f), even though the pulse has accumulated
more NL phase in the first segment in comparison to the other
cases, the temporal broadening of the Gaussian pulse in the
normal-dispersion regime is enough to weaken the soliton
generation in the second waveguide segment. This fact indi-
cates the importance of knowing results of the propagation
through the first segment, concerning the spectral saturation,
to predict the soliton generation in the second medium.

IV. GENERATION OF SOLITONS BY MTC

In the previous sections, instead of the most common sce-
nario with the soliton generation occurring around the central
region of the pulse, the soliton generation was observed from
the double temporal compression effect occurring on both
sides of the pulse passing the composite medium. In this
section we explore the soliton generation by considering a
Gaussian input pulse like that addressed in the preceding
section (λ0 = 800 nm and TFWHM = 90 fs), but with higher
peak powers.

First we fix the lengths of the first and second segments
as L1 = 15 mm and L2 = 75 mm, respectively. Then, like the
preceding section, the pulse propagates at first in the seg-
ment with γ0 = 0.0025 W−1 m−1 and then in the second one
with γeff = −0.0025 W−1 m−1. In this configuration, the pulse
demonstrates well-balanced temporal and spectral broadening
in the first segment, which is required to observe the soliton
generation in the second one.

The simulations are performed by taking the following
values of input peak power: 0.15, 0.30, 0.45, and 0.60 MW.
For 0.15 MW a modest spectral broadening (from 750 to

870 nm) was observed in the first waveguide segment at
−30 dB with respect to the maximum value. This power was
enough to generate two pairs of bright solitons in the second
segment, as shown in Fig. 3(e) (red curve). Furthermore, it is
worth noting that this configuration leads to the spectral shift
towards the red side, chiefly due to the contribution of the
intrapulse Raman scattering that acts individually onto each
fundamental soliton according to the relation 	p(z) ∝ −z

T 4
FWHM

[11].
Considering input peak powers larger than 0.15 MW, more

bright solitons are generated in the leading and trailing edges
of the pulses due to the MTC, which is an intrinsic feature
of the soliton generation driven by the pulse propagation in
the segments with n2 of opposite signs and normal dispersion.
Thus, the soliton generation starts from the first generation
of the soliton pair, almost temporally symmetric with respect
to the central region. The pair represents the soliton leading
(SLE) and trailing (STE) edges. As the pulse propagates in
the second nonlinear segment, additional fundamental soliton
pairs are generated due to the MTC process. The generation of
additional solitons, which considers the soliton order of N ≈ 1
due to the influence of the Raman term on the spectral and
temporal evolution of the solitons, is illustrated by

N = TFWHM

1.665

√
γeffPsoliton

0

β2

= 0.1581
√

Psoliton
0 T 2

FWHM ≈ 1. (2)

To analyze the characteristics of the generated solitons,
Table I shows typical values of peak power Psoliton

0 and time
duration TFWHM (in picoseconds) of the SLE and STE according
to the peak power of the Gaussian input pulse. Evaluating
the increase in the input peak power from Table I, temporal
compression of SLE is observed, accompanied by an increase
in its peak power, while the STE does not show conspicuous
variations in their peak powers and time durations for the
Gaussian input pulse with P0 > 0.30 MW. Concerning the
secondary solitons generated in this case, we note that they
tend to be slightly broader, as they are generated closer to the
central region of the pulse, without a strong variation in their
peak powers, as shown in Figs. 3(e)–3(h).

Another interesting feature revealed by the analysis is pre-
sented in Fig. 4, which shows the relation between the input
peak power of the Gaussian input pulse (the horizontal axis)
and the respective number of generated solitons (black dots),
following the relation between the input peak power of the
Gaussian pulse and its equivalent soliton orders, viz., N (P0) ∝√

P0 (blue curve in Fig. 4). For instance, considering the
Gaussian input pulse corresponding to an N th-order soliton,
it creates approximately N fundamental solitons during the
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FIG. 3. Generation of multiple solitons via the MTC process. The temporal evolution is shown for input pulses with peak powers equal to
(a) 0.15, (b) 0.30, (c) 0.45, and (d) 0.60 MW. (e)–(h) Temporal and spectral shapes during the pulse propagation. The black line illustrates the
input pulse, the red line shows the output of the SF segment for L = 15 mm, and the blue line corresponds to the output of the second segment
L = 100 mm.

propagation, thus demonstrating a noteworthy phenomenon of
the energy redistribution among the bright solitons.

Because of the discrete nature of the soliton creation, there
are different values of input peak power resulting in the same
number of the generated solitons as illustrated by horizontal
black segments in Fig. 4; in the degeneracy ranges, small
temporal compressions of the solitons are observed with the
increase of the input peak power. This feature is more relevant
for higher input peak powers, making the degeneracy ranges
broader.

Concerning the soliton dynamics illustrated by Fig. 3,
when SSFS pushes the central soliton wavelength towards

FIG. 4. Number of ejected solitons by the MTC as a function
of the input peak power (black segments). The equivalent soliton
order [see the left-hand side of Eq. (2)] of the input pulse taking into
account its time duration and peak power (blue curve).

longer values, conspicuous soliton acceleration occurs in the
normal-dispersion regime, leading to an increase of the soli-
tons’ group velocity as they individually experience the action
of the SSFS effect. Then, to investigate the temporal and
spectral evolution of the bright solitons in this setting, we
focus on the specific case with an input peak power of 0.25
MW, L1 = 15 mm, and second segment length L2 = 135 mm.

In this way, Figs. 5(a) and 5(b) show the temporal and spec-
tral evolution of the Gaussian pulse with the same parameters
as in Fig. 4 (except for L2). We apply numerical filters to
temporally isolate each fundamental soliton during its prop-
agation and then apply the Fourier transform to produce their
spectra. As shown in Fig. 5(c), when all solitons have already
been generated (at L = 40 mm), it is straightforward to con-
clude that the solitons generated at the frontal region of the
pulse are redshifted (λ0 > 800 nm) and those generated at the
back of the pulse are blueshifted (λ0 < 800 nm) in such a way
that the soliton’s central wavelength slightly decreases while
proceeding from the leading edge of the pulse (S1, S2, and S3)
to the trailing edge (S4, S5, and S6).

Once the two solitons generated at the early stage of the
evolution in the leading edge (S1 and S2) are temporally iso-
lated, there is no soliton collision which would change their
central wavelengths, hence their group velocities. Therefore,
as both solitons have similar peak powers and pulse durations,
they experience a similar SSFS, which provides a contin-
uous soliton acceleration in the normal-dispersion regime.
Concerning the solitons generated in the trailing edge, each
blueshifted soliton (S4, S5, and S6) experience its own SSFS,
and a trend to acquire longer wavelengths is seen for all
solitons in Fig. 5(a), from the observation of the increase in
their group velocities.

In the case of the propagation length L = 60 mm, due to
the higher peak power of S6 in comparison to neighboring
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FIG. 5. (a) Temporal and (b) spectral evolution in a system with
L1 = 15 mm initiated by the input pulse with a peak power of 0.25
MW. (c) Evolution of the central wavelength λ0 of the solitons S1, S2,
S3, S4, S5, and S6 during the pulse propagation.

solitons (S4 and S5), S6 undergoes stronger SSFS so that the
central wavelengths of S4, S5, and S6 coalesce to the value of
800 nm. Hence, close to L = 60 mm solitons S4, S5, and S6

have similar group velocities, propagating together with the
central region of the pulse if the Raman contribution suddenly
turns off.

Although strong SSFS suffered by the S6 soliton produces
notable soliton acceleration, after propagation over a distance

FIG. 6. Output spectrograms of the system with L1 = 15 mm
initiated by the input pulse with a peak power of 0.25 MW at (a) L =
15 mm (the output of the SF segment), (b) L = 30 mm, (c) L =
40 mm, (d) L = 75 mm, (e) L = 120 mm, and (f) L = 150 mm.
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L ≈ 100 mm, its central wavelength exceeds the wavelengths
of neighboring solitons. This trend stops when the S6 soliton
transfers part of its energy to the S5 soliton through an inelas-
tic collision at L ≈ 120 mm. After collision, the S5 soliton
quickly shifts its central wavelength to longer values, while
the S6 soliton experiences a transient effect due to the soliton
depletion. Thus, only after a propagation distance of L =
140 mm will the S6 soliton demonstrate conspicuous SSFS.

To summarize, the generation of multiple solitons through
the MTC process is initiated by the pulse propagation in the
first segment under the action of the normal dispersion and SF.
The respective output signal carries positive chirp, as shown
in the spectrogram at L = L1 = 15 mm in Fig. 6(a). At this
point, the pulse has accumulated positive nonlinear and linear
phases.

Because the second segment applies the normal dispersion
and negative nonlinearity to the propagating pulse, there is a
transient length associated with the NL phase compensation.
This means that the frequency generation by SPM occurs
at opposite edges with respect to the frequency generation
in the first segment. For instance, the leading edge of the
pulse supports the generation of redshifted components in the
first waveguide segment and blueshifted ones in the second
segment. Once the redshifted components propagate faster
than their blueshifted counterparts (in the normal-dispersion
regime), the generation of multiple solitons through the tem-
poral compression after passing the transient length is enabled
at both edges of the pulse. In Fig. 5(b) the transient length
is between L = 15 and 30 mm, where the accumulation of
the positive linear phase prevents the full compensation of the
pulse chirp, which would prevent the MTC process.

After the transient length, the first soliton pair is generated
at both edges of the pulse, as shown in the spectrogram for
L = 30 mm in Fig. 6(b). Then almost the whole pulse is split
into multiple solitons. In particular, at L = 75 mm, the system
creates six solitons [see Fig. 6(d)] and the above-mentioned
soliton collision between S5 and S6 at L = 120 mm can be
seen in the spectrogram in Figs. 6(e) and 6(f).

V. CONCLUSION

In this work we proposed a method to generate multiple
ultrashort temporal solitons by a pulse propagating in a com-
posite waveguide consisting of two segments with opposite
signs of cubic refractive nonlinearity, while the dispersion is
normal in both segments. Systematic simulations of the corre-
sponding generalized NL Schrödinger equation demonstrated
that pairs of temporal solitons are generated symmetrically

with respect to the central region of the pulse, and as they
propagate more solitons are generated from the leading and
trailing edges until the central region of the pulse creat-
ing optical scenarios is able to observe a soliton collision.
The physical process that enables the soliton generation
is multiple temporal compression, which may be obtained
in systems composed of successive pairs of self-focusing
and self-defocusing materials. This may be considered as a
scheme of nonlinearity management, i.e., a chain of alter-
nating SF and SDF segments with a common group-velocity
dispersion value [31,32].

The multisoliton dynamics considered in this work can be
extended by producing Newton’s cradle already investigated
in [3], i.e., propagation of collision waves in a multisoliton
chain. Also, we demonstrated that the MTC process provides a
method to generate ultrashort temporal solitons from a single
input pulse, where the number of generated solitons can be
controlled by the input peak power. This phenomenon is hard
to observe in a single waveguide under anomalous dispersion
regime due to the energy limitation once a high-energy con-
centration is localized in the first generated soliton around the
central peak of the pulse.

Exploitation of the MTC process is a powerful method
for controllable generation of multiple solitons due to the
energy redistribution among them. This approach was already
exploited for generation of spatial solitons [32], but here we
investigated a composite sample. The main advantage of the
present approach is the possibility to control the number of
generated solitons, which is manageable due to the energy
redistribution. This point is left for work, as well as a detailed
comparison between the MTC process and high-order soliton
fission in a photonic crystal fiber. Another relevant direction
for further studies is implementation of MTC for generation of
multiple dark solitons and subsequently addressing collisions
between them.
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