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Higher-order modulation instability and multi-Akhmediev breathers of Manakov equations:
Frequency jumps over the stable gaps between the instability bands
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We study higher-order modulation instability phenomena in the frame of Manakov equations. Evolution
that starts with a single pair of sidebands expands over several higher harmonics. The choice of initial pair
of sidebands influences the structure of unstable frequency components and changes drastically the wave
evolution, leading, in some cases, to jumps across spectral components within the discrete spectrum. This
complex dynamics includes several growth-decay cycles of evolution. We show this using numerical simulations
of the modulation instability process and confirm the results using the exact multi-Akhmediev breather solutions.
Detailed explanations of the observed phenomena are given.
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I. INTRODUCTION

Modulation instability (MI) is a phenomenon well known
in optics [1], hydrodynamics [2], and other branches of
physics. Simply speaking, MI is an instability of a plane
wave or a continuous wave in a self-focusing nonlinear
medium relative to periodic modulations. Small modulations
with frequencies within the band of instability are amplified.
However, exponential amplification is valid only at the initial
stage of the process that is usually described by the linear
stability analysis. Once the initial stage is developed, further
evolution is becoming more complex. There are several rea-
sons for complications. Firstly, with the nonlinear growth of
the amplitude of modulation the spectrum of the wave field
expands due to the four-wave mixing process. The full spec-
trum of the wave field may increase far beyond the instability
band [3]. Secondly, the higher harmonics of modulation also
have a chance to be amplified provided that they are located
within the instability band. This follows from the analysis
of higher-order exact solutions of the nonlinear Schrödinger
equation (NLSE) [4]. These reasons lead to a more complex
evolution of the wave field.

The simplest case when only one pair of sidebands is
involved in the dynamics results in the excitation of “Akhme-
diev breathers” (AB) [5]. This is a special solution of the
focusing nonlinear Schrödinger equation that describes the
full growth-decay cycle of the periodic perturbation on top
of a plane wave [5–7]. The case when several unstable spec-
tral components are involved in the evolution is known as
higher-order modulation instability [8–10]. In these situations,
several ABs can be excited simultaneously. Then the full
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evolution can be described by the multi-AB solutions of the
NLSE [11]. Each AB that is involved in the dynamics expands
a pair of sidebands of initial modulation to a whole set of
frequency components that are the higher harmonics of initial
sidebands. The resulting wave field depends on how many of
these frequency components fall within the instability spec-
trum. In the case of systems described by the NLSE, even such
complicated dynamics can be described analytically, although
comparison with the results of an experiment or numerical
simulations can be quite involved and requires a deeper anal-
ysis.

In the case of the NLSE, there is a single band of un-
stable frequencies, thus making such analysis relatively easy
task. In more complicated cases, several instability bands may
exist [12–15]. In particular, this happens when several wave
components are involved in the dynamics [16–18]. The MI
of the coupled evolution equations has been studied in sev-
eral publications [19–24]. However, the role of additional MI
bands in the nonlinear stage of MI evolution remains largely
unexplored.

Interaction between multiple waves is one of the reasons
for the appearance of new MI bands. For example, in the
case of Manakov equations [25], there is an additional X-
shaped MI band well known from previous studies [26]. Thus,
when the spectrum expanding as a result of MI covers these
additional bands, the wave evolution may enter new regimes
unknown for the case of the NLSE. Moreover, the presence
of spectral gaps between the bands of unstable frequencies
may introduce additional complications into the dynamics.
Recent results revealed the existence and the extremely asym-
metric spectra of fundamental ABs growing in such MI bands
[27,28]. The spectral expansion in these cases may traverse
the gaps, thus causing jumps from lower spectral harmonics
to higher-order ones, skipping some intermediate frequencies.
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This is one of the new complex phenomena related to the MI
that we observed in the present study.

In this paper, we study numerically wave evolution caused
by the MI with a single pair of sidebands and observe its
evolution when the initial parameters of modulation vary. We
did indeed observed the regime when the spectral expansion
occurs through the jumps over the spectral components that
fall within the stability gap. Detailed explanation of this phe-
nomenon is presented and exact multi-AB solutions are given
that correspond to such phenomena.

II. VECTOR ABS AND MI

The Manakov equations [25], in dimensionless form, are
given by

i
∂ψ (1)

∂t
+ 1

2

∂2ψ (1)

∂x2
+ σ (|ψ (1)|2 + |ψ (2)|2)ψ (1) = 0,

i
∂ψ (2)

∂t
+ 1

2

∂2ψ (2)

∂x2
+ σ (|ψ (1)|2 + |ψ (2)|2)ψ (2) = 0,

(1)

where ψ (1)(t, x), ψ (2)(t, x) are the two nonlinearly coupled
components of the vector wave field. The physical meaning of
independent variables x and t depends on a particular physical
problem of interest. We have normalized Eq. (1) in such a way
that σ = ±1. Note that in the case σ = 1, Eqs. (1) describe the
focusing (or anomalous dispersion) regime, In the case σ =
−1, Eqs. (1) describe the defocusing (or normal dispersion)
regime.

We start with the fundamental AB solution of (1). Using
a Darboux transformation scheme for Eqs. (1) and using the
vector plane wave solution of Eqs. (1),

ψ
( j)
0 = a exp

{
i
[
β jx + (

2σa2 − β2
j /2

)
t
]}

, (2)

with j = 1, 2 as a seed, at the first step, we find [27,28]

ψ ( j) = ψ
( j)
0

[
cosh(� + iγ j )eiη1 j + � cos(� − iε j )eiη2 j

cosh � + � cos �

]
. (3)

Parameters a and β j in (2) are the amplitude and the wave
number of the two plane wave components, respectively.
Without loss of generality, we can set β1 = −β2 = β. The
scalar arguments � and � in (3) are

� = ωχit, � = ω

[
x +

(
χr + 1

2
ω

)
t
]

+ arg
2χi

2χi − iω
. (4)

Here x = x − x1, t = t − t1 are shifted spatial and time vari-
ables, respectively, with x1 and t1 being responsible for the
spatial and temporal position of the center of the breather.
Other notations in (3) are

η1 j = γ1 j + γ2 j

2
, η2 j = arg

χ∗ + β j

χ + β j + ω
, (5)

γ j = γ1 j − γ2 j

2
, � =

∣∣∣ 2χi

2χi + iω

∣∣∣, (6)

γ1 j = arg
χ∗ + β j

χ + β j
, γ2 j = arg

χ∗ + β j + ω

χ + β j + ω
, (7)

ε j = ln

(
(χ∗ + β j )(χ + β j )

(χ + β j + ω)(χ∗ + β j + ω)

)1/2

. (8)

FIG. 1. MI growth rate G = |ωχi| on the (ω, β) plane given by
the AB solution (3) in (a) defocusing and (b) focusing regimes. The
four large violet dots in (b) are the branch points given by (12).
Parameter a = 1.

An important parameter of the breather is its complex
eigenvalue χ ≡ χ(σ, a, β, ω) with its real χr and imaginary
χi parts. The explicit expressions for χ are given by

χ± = ±(β2 − σa2 + ω2/4 − √
ν)1/2 − ω/2, (9)

where

ν = a4 − 4σa2β2 + ω2β2. (10)

Thus, once σ is fixed, the AB (3) is a three-parameter family
of solutions depending on the background amplitudes a, the
relative wave number β, and the modulation frequency ω.
The solution (3) represents the full growth-decay cycle of MI.
Namely, it grows out of the plane wave (2) that is weakly
modulated with frequency ω.

The AB solution satisfies a simple transformation

ψ ( j)(x,χ+) = ψ ( j)(x + �x,χ−)ei�φ j , (11)

where �x = 2
ω

(arg 2χi
2χi−iω ) is the shift along the x axis and

�φ j = 2η1 j is the phase shift of the complex function, re-
spectively. This means that ψ ( j)(χ+) and ψ ( j)(χ−) have the
same amplitude profiles. This is essentially the same solution
but shifted along the x axis.

The growth rate of MI that follows from the exact AB so-
lution is G = |ωχi|. The plane wave is unstable when G �= 0.
Remarkably, the plane wave can be unstable both in the focus-
ing and in the defocusing cases. The values of the MI growth
rate on the (ω, β) plane separately for the defocusing and
focusing cases are shown in Figs. 1(a) and 1(b), respectively.
The growth rate G depends on both the frequency ω and the
eigenvalue χ. The areas of nonzero growth rate in Fig. 1 are
simultaneously the areas of the AB existence.

Let us analyze first the MI growth rate plot in the defocus-
ing case, σ = −1, shown in Fig. 1(a). The MI growth rate is
positive in the X-shaped region located between the two red
dotted straight lines ω2 = 4β2 and the two red solid curves
defined by ω2 = 4(β2 − 2a2). G is a continuous function of ω

and β within these areas.
The growth rate curve at the first sideband frequency

defines further evolution of the perturbed wave field. In par-
ticular, the plots in Fig. 1 allow us to generalize the ideas
of higher-order MI dynamics developed in Ref. [15] to the
vector wave field. If |β| � 2

√
6a/3, the second harmonic 2ω
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is always outside the MI band. This means that higher-order
MI cannot occur. The higher-order MI can be excited with
a single initial modulation frequency ω, when |β| < 2

√
6a/3

and Nω < ωmax(= 2β ), where N � 2 and N ∈ N.
Let us now analyze the MI growth rate as a function of ω

and β in the focusing case, σ = 1. The areas of nonzero G
are shown in Fig. 1(b). The growth rate varies from 0 to 2.
There are two specific regions in this plot: (i) the X-shaped
region limited by the red solid hyperbolic curves ω2 = 4β2 +
8a2 and four dashed straight lines ω2 = 4β2 limited by the
condition |ω| >

√
2a, and (ii) two U-shaped regions limited

by the two gray curves defined by ω2 = 4a2 − a4/β2.
In region (i), the AB solutions satisfy the relation (11).

Thus, there is one AB solution in this area. On the other
hand, in region (ii) the eigenvalues are related by χ+ =
−χ− − ω. Their imaginary parts are equal and have opposite
signs, χ+,i = −χ−,i, but their real parts differ χ+,r �= χ−,r .
This means that the two solutions are different, ψ ( j)(χ+) �=
ψ ( j)(χ−), despite that they have equal growth rates G(χ+) =
G(χ−). The two solutions, ψ ( j)(χ+) and ψ ( j)(χ−), do not
satisfy the transformation (11). Thus, these two AB solutions
have the same initial growth rate but their wave profiles for
any given values a, β, and ω are different. Each of these ABs
describes a distinctly individual growth-decay cycle of MI, as
shown in our previous work [28].

The four branch points shown by four large violet dots in
Fig. 1(b) are given by

(ω, β ) = (ωb, βb) = (±
√

2a,±
√

2a/2). (12)

In the horizontal stripe between the branch points, β2 � β2
b .

Here, the MI growth rate has a single lobe at each side of
the spectrum. Figure 2(a) shows, as an example, the spectrum
of the MI growth rate when β = 0.3. However, outside of
the stripe, when β2 > β2

b , the MI growth rate spectrum splits
into two lobes at each side of the spectrum, with the region
of stability between them. Three typical cases are shown in
Figs. 2(b)–2(d). Figure 2(b) shows the MI growth rate spec-
trum when β = 0.85, which is slightly higher than βb. There
is a small gap in the growth rate spectrum between the two
lobes. Figures 2(c) and 2(d) show the MI growth rate spectra
for larger values of β: β = 1.0 and β = 1.8, respectively. The
finite gap in the growth rate spectrum increases with β, as can
be seen from these two examples.

In experiments, the first sideband of the induced MI spec-
trum can be chosen arbitrarily. The choice of the first sideband
influences the full-scale evolution that starts with the MI. To
give an example, the first sideband in Fig. 2(a) is chosen to
be ω = 0.8. In this case, the two higher harmonics of the
first sideband with frequencies 2ω, 3ω are also within the MI
band. They are shown in Fig. 2(a) by the blue stars. Then, the
higher-order MI will involve these three frequencies (ω, 2ω,
3ω). All three of them initially will grow exponentially. The
full-scale evolution then will be described by the multi-AB
solution with these frequencies. This dynamics is similar to
the higher-order MI evolution in the scalar NLSE case [9]. We
omit this case in numerical simulations of the higher-order MI
evolution.

The case shown in Fig. 2(b) is more complicated. The MI
growth rate spectrum now consists of the two lobes at each

FIG. 2. Four examples of the MI growth rate spectra for fixed
values of β in the focusing case. Pink areas correspond to a single
AB solution at each frequency. Gray areas contain two different AB
solutions at each frequency. In all cases, a = 1. (a) β = 0.3 (β <

|βb|). There is only one lobe at each side of the spectrum. The blue
stars correspond to unstable modes at {ω, 2ω, 3ω} when ω = 0.8.
(b) β = 0.85. There are two branches of instability at each side of the
spectrum. The blue star in the gray area corresponds to ω = 1.0 while
the blue stars in the pink area correspond to {2ω, 3ω}. (c) β = 1.0.
The two lobes of the MI growth rate at each side of the spectrum are
separated with a small gap. The blue stars show the unstable mode
at the first sideband ω = 1 in the gray area and one unstable mode
at the third harmonic 3ω in the pink area. The perturbation at second
harmonic 2ω shown by the red cross does not grow. (d) β = 1.8.
There are two unstable frequencies {ω, 2ω} (ω = 0.7) in the gray
region and one with {6ω} in the pink region.

side of the symmetric spectrum. There are two different AB
solutions at each frequency of the gray lobe of the spectrum.
Both of them can be excited when the perturbation contains
this frequency. The pink lobe corresponds to a single AB at
each frequency. Thus, only one AB can be excited at each
of these frequencies. Let us suppose that the perturbation
frequency is chosen to be ω = 1. It is located in the gray lobe
of the spectrum. Then the two higher harmonics 2ω, and 3ω

are located on the pink lobe. These frequencies are shown by
the blue stars in Fig. 2(b). In this case, two ABs can be excited
at the first sideband ω and two more ABs can be excited at
frequencies 2ω and 3ω. Thus, the full-scale evolution of the
induced MI with this frequency, ω = 1, will involve four ABs.

The gap between the spectral lobes increases with β. When
this happens, one of the higher harmonics may fall into the gap
and remain stable. Such a case is shown in Fig. 2(c). Here,
β = 1.0 and the first sideband is also chosen to be ω = 1. It is
located slightly to the left of the maximum of the gray lobe of
the spectrum. There are two different ABs that correspond to
this frequency. The second harmonic, 2ω, appears in the gap
between the two lobes. It is shown by the red cross in Fig. 2(c).
There is no growing AB at this frequency. On the contrary, the
third harmonic 3ω falls slightly to the right of the maximum
of the pink lobe of the spectrum. It is shown by the blue star in
Fig. 2(c). This frequency component is unstable and the AB
with the corresponding frequency can be excited. Thus, in the
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case of the induced MI with the frequency ω, two ABs can
be excited at the frequency ω and one AB at the frequency
3ω. There is no AB at the frequency 2ω. The full-scale MI
evolution will involve three ABs.

In the case shown in Fig. 2(d), the value of β is even higher
(β = 1, 8). This leads to a significantly wider gap between
the two spectral lobes. Then, several higher harmonics of the
first sideband may fall into this gap. For this to happen, the
basic MI frequency is chosen to be ω = 0.7. This frequency
and its second harmonic 2ω are located in the gray lobe. They
are shown by the blue stars on the gray lobe. The latter is
close to the maximum of the growth rate. However, the three
higher MI modes with the frequencies 3ω, 4ω, and 5ω fall
into the spectral gap. They are shown by the red crosses in
Fig. 2(d). There are no growing ABs at these frequencies.
On the contrary, the sixth harmonic, 6ω, appears close to the
maximum of the pink lobe. It is shown by the blue star. It is
unstable and the corresponding AB solution does exist. All
together, four ABs can be excited within the gray lobe of the
spectrum and one AB can be excited in the pink area. Thus,
the full-scale evolution will involve five ABs.

When the modulation frequency is chosen as in the above
examples, the induced MI process creates the higher har-
monics of the first sideband. Those that are unstable will be
amplified and generate the ABs. As discussed above, the num-
ber of excited ABs depends on the value of β. Each unstable
frequency in the gray spectral lobes creates two ABs, while
each unstable frequency in the pink lobes creates one AB.
This leads to the complex higher-order MI dynamics that can
be described analytically using the higher-order AB solutions.
For example, as four ABs can be excited in the case shown
in Fig. 2(b), this case can be described analytically with the
fourth-order AB solution. Third-order AB solution is required
for the case shown in Fig. 2(c). The most complex case shown
in Fig. 2(d) requires fifth-order AB solution.

Our preliminary analysis shows that the induced higher-
order MI may exhibit new complex dynamics which is absent
in the scalar NLSE case [9]. Below, we provide numerical
analysis of such dynamics confirming the above ideas. It is
based on direct simulations of Manakov equations with the
MI related initial conditions. We will also compare the nu-
merical results with the exact multi-AB solutions of the same
equations.

III. HIGHER-ORDER VECTOR MI DYNAMICS

We simulated wave evolution by integrating numerically
the set of Manakov equations (1). Namely, we have solved
Eqs. (1) numerically using the split-step Fourier method. Step
sizes in simulations have been optimized in test runs by reach-
ing the accurate correspondence of numerical results with the
known exact solutions of Eqs. (1). In simulations, we used the
initial condition in the form of harmonically perturbed plane
waves in each wave component,

ψ ( j) = (1 + ε cos ω̃x)ψ ( j)
0 , (13)

where ε (�1) denotes a small amplitude of modulation with
frequency ω̃ (ω = ω̃), and ψ

( j)
0 is the plane wave background

(3). We accompanied these simulations with the analytic vec-
tor AB theory. The determinant form of the higher-order AB

solutions of a given order is presented in Appendix. The de-
tails of derivation can be found in Ref. [29]. Parameters of the
ABs in the theory have been chosen for best matching of the
analytic results with simulations. The results of the numerical
simulations and the corresponding exact solutions are shown
in Figs. 3–5. The modulation frequencies and the growth rate
spectra chosen here are the same as in Figs. 2(b)–2(d). We
only show the MI dynamics in the ψ (1) component as the
second one satisfies the symmetry ψ (2)(β ) = ψ (1)(−β ).

Figure 3 shows the higher-order MI dynamics when the
spectrum of the MI growth rate and the modulation frequency
are the same as in Fig. 2(b). The results of numerical sim-
ulations for the evolution of the wave profile are shown in
Fig. 3(a). The corresponding evolution of the spectrum is
shown in Fig. 3(b). The components of the discrete spectrum
are numbered by the integer n. The number n = 0 corresponds
to the pump mode, while |n| � 1 numbers the sidebands [n =
±1,±2, ... ± 7]. The discrete spectral components at three
selected values of t are presented in Fig. 3(d) as vertical bars.
The selected values of t are shown in green fonts in Figs. 3(a)
and 3(b). The choice of these values of t for presentation in
Fig. 3(d) is dictated by the points of maximal energy transfer
from the pump to the sidebands. These figures contain three
growth-return cycles of the higher-order MI. Figures 3(b) and
3(d) show that the left-hand side and right-hand side sidebands
are asymmetric with respect to the pump mode. This asym-
metry indicates that there is transverse energy transfer in each
wave component.

As discussed above, the complex dynamics of the higher-
order MI shown in Figs. 3(a) and 3(b) involves four
fundamental ABs. Thus, the verification of these plots re-
quires the fourth-order exact AB solution. This solution in
matrix form is given in the Appendix. The evolution of the
wave profile ψ (1) according to this solution is shown in
Fig. 3(c). When parameters of the individual ABs are correctly
chosen, the exact fourth-order AB solution reproduces well
the numerical results.

The first growth-decay cycle is mainly defined by the two
ABs ψ ( j)(χ+, ω̃) and ψ ( j)(χ−, ω̃), each with the transverse
frequency ω = ω̃. The two subsequent growth-decay cycles
involve two ABs with the transverse frequencies kω̃, where
k = 2 and 3. These are ψ ( j)(χ+, 2ω̃) and ψ ( j)(χ+, 3ω̃). Thus,
the whole three-cycle dynamics of the higher-order MI con-
tains four ABs expanding the spectrum from ω, to 2ω, 3ω,
and all higher harmonics of the modulation.

We also calculated the spectrum of the exact fourth-order
AB solution using the method proposed in Refs. [27,30]. The
discrete spectral components at the same three selected values
of t are shown by stars in Fig. 3(d). As we can see, these
stars are located on top of the corresponding bars obtained
in numerical simulations. Thus, comparison of the spectra ob-
tained in numerical simulations and from the exact solutions
also shows good agreement between them.

Let us now turn our attention to the higher-order MI dy-
namics when some of the spectral components are located
in stable regions of the growth rate spectrum as shown in
Figs. 2(c) and 2(d). These spectral components do not excite
the ABs. In particular, Fig. 4 shows the higher-order MI dy-
namics obtained for the growth rate spectrum in Fig. 2(c).
Numerical results for the wave evolution excited by the
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FIG. 3. Higher-order MI evolution with the growth rate spectrum shown in Fig. 2(b). Parameters ω̃ = 1 and β = 0.85. (a) The results
of numerical simulations started from initial conditions (13). Only the |ψ (1)| wave component is shown. (b) The evolution of the discrete
spectrum for the same simulations. (c) The exact fourth-order AB solution confirming numerical simulations. Parameters of the solution are
χset = {χ+, χ−, χ+, χ+}, ωset = {ω̃, ω̃, 2ω̃, 3ω̃}, �xset = {3.50, 0.90, −0.78, 0.78}, and �tset = {7.05, 5.80, 8.80, 11.95}. (d) Discrete spectra
of the wave field obtained from the numerical simulations (vertical bars) and from the exact solution (crosses) at three selected values of t
shown in green fonts in (a) and (b).

initial conditions (13) with ω̃ = 1 and β = 1 are displayed in
Fig. 4(a). The corresponding spectrum is shown in Fig. 4(b).
The higher-order MI in this example exhibits only two
growth-decay cycles. The initial modulation in Fig. 4(a) de-
velops into the ABs with the transverse period 2π/ω̃ and
the maximum modulation at t = 6.2. This structure further
evolves into a breather with the period 2π/(3ω̃). Each maxi-
mum of the previous breather splits into three smaller maxima
rather than two. Correspondingly, the spectrum evolution
shown in Fig. 4(b) reveals the enhancement of the third-order
sidebands (±3ω̃) at the second expansion-contraction cycle.
Instead, the second-order sidebands (±2ω̃) are completely
suppressed.

The first cycle consists of two different ABs with the
same frequency ω̃, namely, ψ ( j)(χ+, ω̃) and ψ ( j)(χ−, ω̃).
The second cycle can be described by the AB ψ ( j)(χ+, 3ω̃).
This corresponds to the breather evolution with abnormal

frequency jumping (ω̃ → 3ω̃). Figure 4(c) shows the exact
third-order AB solution formed by nonlinear superposition
between ψ ( j)(χ+, ω̃), ψ ( j)(χ−, ω̃), and ψ ( j)(χ+, 3ω̃). The
exact results in Fig. 4(c) are in good agreement with the nu-
merical simulations in Fig. 4(a). The discrete spectra obtained
from the numerical simulations (vertical bars) and the exact
results (stars) at selected values of t are shown in Fig. 4(d).
The selected values of t here correspond to the maximal
energy transfer from the carrier wave to the sidebands. Com-
parison of these spectra also shows good agreement between
the numerical simulations and analytic results.

Figure 5 shows the vector higher-order MI corresponding
to the MI growth rate shown in Fig. 2(d). Figures 5(a) and
5(b) show the numerical results of the evolution in time and
frequency domains, respectively. Three growth-return cycles
of the amplitude distribution can be seen from Fig. 5(a).
Specifically, the initial modulation grows exponentially into
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FIG. 4. Higher-order MI evolution with the growth rate spectrum shown in Fig. 2(c). Parameters ω̃ = 1 and β = 1. (a) The results of
numerical simulations started from initial conditions (13). Only the |ψ (1)| wave component is shown. (b) The evolution of the discrete
spectrum for the same simulations. (c) The exact third-order AB solution confirming numerical simulations. Parameters of the solution are
χset = {χ+, χ−, χ+}, ωset = {ω̃, ω̃, 3ω̃}, �xset = {−3.29, −4.30, −0.62}, and �tset = {7.05, 5.90, 10.35}. (d) Discrete spectra of the wave field
obtained from the numerical simulations (vertical bars) and from the exact solution (crosses) at three selected values of t shown in green fonts
in (a) and (b).

breathers with period 2π/ω̃. The breathers then split into
subwaves with period π/ω̃. After that, these subwaves split
into small-amplitude breathers with smaller period π/(3ω̃).
As the breathers of the first two cycles exist in region (ii), each
cycle consists of two different ABs. Namely, the first cycle
corresponds to the ABs {ψ ( j)(χ+, ω̃), ψ ( j)(χ−, ω̃)}; the sec-
ond cycle consists of the ABs {ψ ( j)(χ+, 2ω̃), ψ ( j)(χ−, 2ω̃)}.
This corresponds to the breather splitting with normal fre-
quency jumping (ω̃ → 2ω̃) in region (ii). On the other hand,
the breather of the third cycle corresponds to region (i), which
is given by either ψ ( j)(χ+, 6ω̃) or ψ ( j)(χ−, 6ω̃). This cor-
responds to the breather splitting with abnormal frequency
jumping (2ω̃ → 6ω̃). This can be confirmed by the spectrum
evolution shown in Fig. 5(b). As can be seen, only the n = −6
sideband is well enhanced at the third expansion-contraction
cycle.

Just as in the two other cases discussed above, the
higher-order MI dynamics involving three growth-return cy-
cles shown in Fig. 5(a) can be well described by the exact
higher-order AB solution. Figure 5(c) shows the amplitude
distribution of the exact solution formed by the nonlinear
superposition of five ABs. The corresponding spectra at the
selected time are shown in Fig. 5(d). Again, there is great
agreement between the exact solution and the numerical sim-
ulations.

Results of higher-order MI dynamics shown in Figs. 4
and 5 are only particular examples involving multi-ABs with
abnormal frequency jumping. In fact, we have found that

such MI dynamics can be excited from a wide range of the
parameters of initial conditions (13). In order to prove this
point, in Fig. 6, we present the existence diagram of such
excitations on the (ω, β) plane obtained numerically. Such
higher-order MI dynamics can be excited when the parameters
ω and β are in the cyan and red areas. They belong to the low-
frequency MI subregion with β > |βb|. Higher-order MI in
the red area involves the energy transfer between the spectral
components that are not the nearest neighbors, i.e., (ω̃ → kω̃),
where k � 3. A particular case with k = 3 is shown in Fig. 4.
The parameters of the initial conditions that correspond to this
case are represented by the black star in Fig. 6.

On the other hand, higher-order MI in the cyan area in-
volves, as the first step, energy transfer between the closest
components (ω̃ → 2ω̃). The second step is the energy transfer
across the spectral components: (2ω̃ → kω̃) with k � 4. The
longer spectral jump when k = 6 is shown in Fig. 5. The
parameters of the initial conditions that correspond to this case
are represented by the yellow dot in Fig. 6. The sharp edges
of the red and cyan regions in Fig. 6 are located on the green
dashed line β = βb = ±√

2a/2. The diagram in Fig. 6 can be
useful in experiments for observations of higher-order MI in
optics and hydrodynamics.

IV. CONCLUSIONS

In conclusion, we have studied higher-order MI dynamics
that start with a single frequency modulation using direct

063507-6
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FIG. 5. Higher-order MI evolution with the growth rate spectrum shown in Fig. 2(d). Parameters ω̃ = 0.7 and β = 1.8. (a) The
results of numerical simulations started from initial conditions (13). Only the |ψ (1)| wave component is shown. (b) The evolution
of the discrete spectrum for the same simulations. (c) The exact fifth-order AB solution confirming numerical simulations. Parame-
ters of the solution are χset = {χ+, χ−, χ+, χ−, χ+}, ωset = {ω̃, ω̃, 2ω̃, 2ω̃, 6ω̃}, �xset = {−1.88, −7.97, −0.42, −0.86, 0.34}, and �tset =
{8.45, 8.20, 11.30, 10.90, 16.00}. (d) Discrete spectra of the wave field obtained from the numerical simulations (vertical bars) and from
the exact solution (crosses) at three selected values of t shown in green fonts in (a) and (b).

FIG. 6. The (ω, β) plane of initial conditions. The higher-order
MI with two types of frequency jumping can be excited in the cyan
and red areas. The black star corresponds to the initial parameters
that we used to generate higher-order MI dynamics shown in Fig. 4,
while the yellow dot shows the parameters used for generation of
results shown in Fig. 5.

numerical simulations of the Manakov equations. Due to the
existence of additional modulation instability bands in the
case of the Manakov equations, the nonlinear stage of the
modulation instability is qualitatively different from the MI
of the single NLSE. We presented detailed analysis of the
processes in such dynamics and confirmed the analysis using
the exact multi-AB solutions of Manakov equations. We have
shown that the energy of the spectral components of the vector
higher-order MI may jump over the frequency regions that
belong to the stable gaps of the growth rate spectrum.
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APPENDIX: MULTI-AB SOLUTIONS

The general determinant form of the Mth-order AB solu-
tions via the Bäcklund transformation [29] is

ψ ( j)[M] = ψ
( j)
0 det(G ( j) )/det(G), (A1)

where

G ( j) =

⎛
⎜⎜⎜⎜⎜⎝

g( j)
1,1 g( j)

1,2 ... g( j)
1,M

g( j)
2,1 g( j)

2,2 ... g( j)
2,M

...
...

...

g( j)
M,1 g( j)

M,2 ... g( j)
M,M

⎞
⎟⎟⎟⎟⎟⎠

, (A2)

G =

⎛
⎜⎜⎜⎜⎝

g1,1 g1,2 ... g1,M

g2,1 g2,2 ... g2,M

...
...

...

gM,1 gM,2 ... gM,M

⎞
⎟⎟⎟⎟⎠. (A3)

Here, g( j)
m1,m2 and gm1,m2 are the matrix elements of G ( j) and

G in the m1-th row and m2-th column, respectively. They are
given by

gm1,m2 = ϕm1ϕ
∗
m2

χ∗
m2 − χm1

+ ϕ̃m1ϕ̃
∗
m2

χ̃∗
m2 − χ̃m1

+ ϕm1ϕ̃
∗
m2

χ̃∗
m2 − χm1

+ ϕ̃m1 + ϕ∗
m2

χ∗
m2 − χ̃m1

,

g( j)
m1,m2 = χ∗

m2 + β j

χm1 + β j

ϕm1ϕ
∗
m2

χ∗
m2 − χm1

+ χ̃∗
m2 + β j

χ̃m1 + β j

ϕ̃m1ϕ̃
∗
m2

χ̃∗
m2 − χ̃m1

+ χ̃∗
m2 + β j

χm1 + β j

ϕm1ϕ̃
∗
m2

χ̃∗
m2 − χm1

+ χ∗
m2 + β j

χ̃m1 + β j

ϕ̃m1ϕ
∗
m2

χ∗
m2 − χ̃m1

,

where ∗ denotes the complex conjugate, χm is the eigenvalue,
and χ̃m = χm + ωm (m = 1, 2, 3, ...M ). Note that

χm1 = χm|m=m1, χ̃m1 = χ̃m|m=m1,

χm2 = χm|m=m2, χ̃m2 = χ̃m|m=m2.

Similarly,

ϕ(χm1) = ϕ(χm)|m=m1, ϕ(χ̃m1) = ϕ(χm)|m=m1,

ϕ(χm2) = ϕ(χm)|m=m1, ϕ(χ̃m2) = ϕ(χm)|m=m2,

where the functions ϕ(χm) and ϕ(χ̃m) are given by

ϕ(χm) = exp
{
iχm

[
(x − xm) + 1

2χm(t − tm)
]}

, (A4)

ϕ(χ̃m) = exp
{
iχ̃m

[
(x − xm) + 1

2 χ̃m(t − tm)
]}

. (A5)

The real parameters xm and tm are the shifts in x and t of
individual breathers, respectively. For M = 1, we obtain the
fundamental vector AB solution of the Manakov equations. It
is given, in simplified form, by Eq. (3).

The Mth-order solution corresponds to the nonlinear su-
perposition of M fundamental ABs, each associated with
the parameters (χm, ωm, xm, tm), where m = 1, ..., M. The
space-time structure of a single AB in the superposition is
directly determined by the parameters χset = {χ1, ...,χM} and
the frequencies ωset = {ω1, ..., ωM}. The interaction between
them (the spatiotemporal patterns of such multi-ABs) depends
on the relative separations in both x and t , i.e., �xset =
{x1, ..., xM} and �tset = {t1, ..., tM}.
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