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Toroidal dipolar supersolid with a rotating weak link
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Ring-shaped superfluids with weak links provide a perfect environment for studying persistent currents and
dynamic stirring protocols. Here, we investigate the effects of a weak-link system on dipolar supersolids. By
calculating the ground-state energy at fixed angular momenta, we find that metastable persistent currents may
exist in the supersolid phase near the superfluid transition point. When stirring the weak link rapidly enough, we
show that vortices can enter the supersolid. These vortex entries cause phase slips, emitting solitonic excitations
that interfere with the crystalline structure of the supersolid, leading to a continuous melting and recrystallization
of the droplets. Finally, we examine the release of vortex-carrying supersolids from the trap, observing that the
released density exhibits a discrete structure associated with the density modulation and a central hole resulting
from the vortex core.
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I. INTRODUCTION

A many-body quantum state with off-diagonal long-range
order exhibits dissipationless flow, known as superfluidity
[1,2]. This leads to remarkable phenomena, such as quan-
tized vortices and persistent currents, observed in electron
systems due to Bose-condensed Cooper pairs, leading to su-
perconducting quantum interference devices (SQUIDS) and
their applications in closed superconducting loops [3,4].
Similarly, persistent currents occur in neutral systems like
the early experiments in superfluid liquid helium [5–7] or
Bose-condensed ultracold alkali metal atoms [8–12]. These
persistent currents are metastable, have integer values of an-
gular momentum per particle in units of h̄ [13], and are
insensitive to perturbations and disorder. Including a small
potential barrier, a so-called “weak link,” allows for states
of different integer angular momentum to mix, effectively
creating a two-level system [14–21]. Stirring the weak link
dynamically [22–26] can induce hysteresis between different
persistent current states [27]. As with any hysteresis process,
the different states are well separated by a potential bar-
rier. This potential barrier, however, can be overcome with
solitonic excitations which provide a steady-state solution
and allow for nonquantized persistent currents [28]. If the
many-body quantum state exhibits off-diagonal and diagonal
long-range order simultaneously it results in the counterintu-
itive state of supersolidity [29,30], where superfluidity and
crystalline structure coexist. While long sought after in 4He
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[31–35], supersolidity has been observed in spin-orbit or light-
coupled condensates [36–39], where, however, it occurs due
to external factors and not due to the spontaneous symme-
try breaking of both translational and gauge symmetry. The
spontaneous breaking of these symmetries can be induced
in ultracold dipolar Bose gases of dysprosium (164Dy) and
erbium (166Er) [40–42], following the stabilization of a dipolar
system against collapse when reducing its scattering length
[43]. The stabilization is due to a beyond-mean-field cor-
rection term that is usually negligible and occurs due to the
interplay of different density dependencies of the mean-field
and beyond-mean-field terms [44–48]. Only when tuning the
system’s scattering length to particular values via Feshbach
resonances do these quantum fluctuations have a signifi-
cant effect. The increase of the effective dipolar interaction
strength εdd = add/a, where add is the dipolar length and a
the s-wave scattering length, beyond a critical value accompa-
nies a softening of the roton mode in the excitation spectrum
[49–53]. The finite momentum value associated with the roton
minimum relates to the periodicity of the crystalline structure
within the supersolid or the isolated droplets [54].

In previous work, we found a hysteretic cycle in the an-
gular momentum states in a toroidal supersolid of dipolar
dysprosium atoms and demonstrated the existence of per-
sistent currents in these systems [55]. We now turn to a
similar system, however, with a weak link (see Fig. 1). The
weak link causes density modulations to form around it,
close to the regime where the roton softens, similar to a
dark solitary wave in a dipolar superfluid [56,57]. This weak
link creates an avoided level-crossing of angular momen-
tum states, depending on the relative dipolar strength and
the weak link strength. When rotating the weak link, the
droplets move along while the superfluid stays stationary.
However, as with purely contact-interacting superfluids, there
is a local flow within the weak link [26,58,59]. If the flow
velocity in this area approaches the local speed of sound it
becomes energetically favorable for a supercurrent to exist.
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FIG. 1. Density isosurfaces for a toroidal supersolid with εdd =
1.366 and our wide link system, where the transparent and solid
isosurfaces are taken at density values n = 7.5 × 1013 cm−3 and
n = 2 × 1014 cm−3, respectively. The light gray-shaded area is the
contour of the toroidal trap with a weak link, and the dark red-shaded
area is the difference from a purely toroidal trap.

With the emergence of the persistent current, a phase slip
and a corresponding vortex entry occur. We differentiate be-
tween two different regimes. In the well-established superfluid
phonon-dominated regime, a solitonic wave-like excitation
accompanies the phase slip. The solitonic excitation decays
over time as it creates phonon excitations in the system.
Further, the exact type of solitonic excitation depends on the
chemical potential. In a regime where the roton mode softens,
however, a roton excitation accompanies the emerging dark
solitary wave. This roton leads to a density modulation and
a still strongly connected supersolid. By bringing the system
past the critical point into the supersolid phase, the emitted ro-
ton and dark solitary excitation lead to complicated dynamics
between the droplets, resulting in a roton-mitigated melting
and recrystallization of neighboring crystal sites, reminiscent
of the Lindemann melting criterion [60,61].

II. MODEL AND METHODS

We model our dipolar condensate using a nonlocal ex-
tended Gross-Pitaevskii equation,

ih̄∂tψ (r, t ) = HGPψ (r, t ), (1)

where

HGP = − h̄2∇2

2m
+ Vtrap(r) + g|ψ (r, t )|2

+
∫

dr′Vdd(r − r′)|ψ (r′, t )|2 + γ |ψ (r, t )|3. (2)

Here the order parameter ψ is normalized to the total number
of particles N , m is the mass of a single particle, and g =
4π h̄2a/m is the contact interaction coupling constant with
the s-wave scattering length a. The nonlocal dipolar potential

is Vdd(r) = μ0μ
2

4π

1−cos2 β

|r|3 , where μ0 is the permeability in a
vacuum, μ the magnetic moment, and β the angle between
r and the dipole alignment direction, which is taken to be
along the z axis. The final term is the beyond-mean-field
term in the local density approximation [45,46,48,62], where
γ = 128

√
π

3
h̄2a5/2

m (1 + 3
2ε2

dd ), and add = mμ0μ
2/(12π h̄2). The

ring-shaped trap with a weak link is modeled according to

Vtrap(r) = mω2(θ )

2
[(ρ − ρ0)2 + λ2z2], (3)

where the dependence on the azimuthal angle θ of ω(θ ) =
ω0[1 + Ae−θ2/(2w2 )] causes a constriction around θ = 0. Here
ρ0 is the radius of the ring, ω0 the axial trapping frequency,
λ the ratio of transversal and axial trapping frequencies, and
A and w are dimensionless numbers that characterize the
strength and width of the link, respectively. To study a ro-
tating link we consider a frame that moves along with it,
adding to the right-hand side of Eq. (1) the term −�(t )Lzψ ,
where �(t ) is the time-dependent rotating frequency, and
Lz = ih̄(y∂x − x∂y). To obtain the ground state at some im-
posed angular momentum L0 we minimize the quantity Ẽ =
E + C(L − L0)2, where E is the energy corresponding to
Eq. (1), L = ∫

drψ∗Lzψ , and C > 0 a number that, when
sufficiently large, ensures that the energetic minimum occurs
at L ≈ L0 [63]. We solve the extended Gross-Pitaevskii equa-
tion in imaginary and real time by using the split-step Fourier
method.

III. RESULTS

To exemplify our findings we consider a system consisting
of 164Dy atoms and fix the parameters N = 1 × 105, ρ0 =
5 µm, ω0 = 100 Hz, and λ = 1.1. The amplitude of the weak
link is set to A = 0.5 with a width equal to w = 0.3 for a
wide link or w = 0.03 for a thin link. For these parameters,
we find that in the absence of a weak link the ground state
in the supersolid phase contains ten localized high-density
sites. Adding a weak link, this amount reduces by one for
the wide link and remains unchanged for the thin link (see
Fig. 2), where the integrated density along the azimuthal angle
nθ (θ ) = ∫∫

dρdz|ψ |2 is displayed for some values of εdd.
The emergence of the supersolid phase in the presence of a
weak link is perhaps not as evident as for the system without,
since in the latter the supersolid transition in the ring occurs
precisely when azimuthal symmetry breaks. This spontaneous
symmetry breaking cannot be taken as the transition point for
the weak-link system since the trap itself breaks azimuthal
symmetry. We can see that when the dipolar interaction is
weak compared to the contact interaction the density is nearly
homogeneous away from the link. This behavior changes with
increased relative interaction strength, and the atoms start
to cluster at the edges of the weak link, as shown here for
εdd = 1.3. This can be understood since the diminished den-
sity in the link results in a decreased side-by-side repulsion
in its vicinity. For stronger interactions, the density acquires
an oscillatory behavior where the amplitude diminishes away
from the link. For even larger values of εdd, the overall behav-
ior stays the same as the oscillation amplitude increases and
clear regular localizations in the density appear. To gain some
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FIG. 2. Densities nθ (θ ) = ∫∫
dρdz|ψ |2 as a function of the az-

imuthal angle θ when εdd = 0.7, 1.3, 1.354, 1.366 as indicated by the
legend. The top panel shows densities for the wide link (w = 0.3)
and the bottom panel for the thin link (w = 0.03). The insets in
the top left corner of each panel show density isosurfaces for the
case εdd = 1.366, where the transparent and solid isosurfaces are
taken at density values n = 7.5 × 1013 cm−3 and n = 2 × 1014 cm−3,
respectively.

insight regarding the rotational properties of the weak-link
system, we consider the ground-state energy as a function of
the angular momentum for different values of εdd, see Fig. 3
for results with a wide link (we find the same qualitative
behavior for w = 0.3 and w = 0.03 and choose to display
results only for the former here). In the superfluid phase,
the energy forms dampened intersecting parabolas, similar to
a mixed Bose-Bose system in the bubble phase [64]. Such
dampened behavior builds the basis of the neutral atomic
qubit occurring for repulsive Bose gases in the superfluid
phase [14–21]. The dampened behavior is in contrast to a
superfluid in an azimuthally symmetric torus, where E (L) is
concave with a V-shaped minimum at L/(Nh̄) = 1 [13]. As
we increase the relative interaction strength and approach the
supersolid phase, the intersection of the parabolas sharpens
and moves towards L/(Nh̄) ∼ 0.5, and eventually the ener-
getic behavior becomes that of two intersecting parabolas.
This is similar to the toroidal dipolar supersolid without a link
[55], and has the interpretation of rigid motion of the localized
high-density regions together with counterflow in the low-
density regions for angular momenta smaller than L/(Nh̄) =
0.5, and rigid motion plus a singly quantized vortex nucle-
ated in the center for angular momenta larger than L/(Nh̄) =
0.5 [and smaller than L/(Nh̄) = 1.5, beyond which multiply
quantized vortices become energetically favorable]. Since lo-

FIG. 3. Ground-state energy as a function of angular
momentum for the wide (w = 0.3) link when εdd =
1.3, 1.34, 1.36, 1.366, 1.375, as indicated by the legend. The
energy unit is E0 = h̄2/(mξ 2), where ξ = 1 µm.

cal energetic minima exist at finite L > 0 for small enough
εdd, the supersolid may consequently support persistent cur-
rents when a weak link is present. An interesting question
is whether it is possible to introduce vorticity to a supersolid
through the rotation of a weak link. To this end, we consider
a protocol where the link’s rotation frequency � is ramped
linearly from � = 0 to � = �max over 250 ms and then kept
at this maximal value for another 250 ms. Figure 4 shows
the angular momentum as a function of time L(t ) for both
links for four different values of �max [65]. Before the sharp
jumps in angular momentum, all systems oscillate regularly
in L/(Nh̄). This oscillation originates from the excitation of
a mode corresponding to the swaying back and forth of the
localized high-density regions of the supersolid. When the
maximal rotation frequency is sufficiently high, L(t ) is charac-
terized by a quick increase in the angular momentum, which
corresponds to the entering of vortices into the condensate.
We see that the behavior for the different links is quite dif-
ferent and that the critical rotation frequencies also differ. To
estimate this frequency (where an s-times quantized vortex
is energetically favorable) it is possible to use the analytical
expression derived in Ref. [55] for a torus without a weak link,

�crit = (2s − 1)h̄

2mρ2
0

, (4)

which was derived for a system where the radius of the
torus is much larger than the length scale set by the trapping
frequency, i.e., ρ0 � √

h̄/(mω0). For the parameters in this
study this translates to �crit/ω0 ≈ 0.012 for s = 1, �crit/ω0 ≈
0.037 for s = 2, and �crit/ω0 ≈ 0.062 for s = 3. Although
these values serve as decent estimates, an inspection of the
results in Fig. 4 shows that these estimates are not exact. In
particular, for the thin link when �max = 0.025, two vortices
enter in quick succession around t = 250 ms, followed by the
almost immediate exit of one of these, leaving only a single
vortex remaining in the system. Following the quick increase
in angular momentum associated with vorticity, L(t ) becomes
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FIG. 4. Angular momentum as a function of time when the link
is set to rotate for εdd = 1.366 for the wide link (top panel) and the
thin link (bottom panel). The rotation frequency is ramped linearly
from � = 0 to � = �max over 250 ms and then kept at this maximal
value for another 250 ms.

strongly oscillatory. As the vortices enter, a solitonic excita-
tion appears that moves more slowly than the link. This results
in an interference between the solitonic excitation and the lo-
calized structure of the supersolid, and gives rise to additional
oscillations on top of the already excited mode. To understand
this mechanism, let us investigate the entry of solitonic excita-
tions due to the phase slip associated with the stirring protocol.
In such a case, solitonic excitations provide a pathway for
nonquantized currents. Firstly, we recover the effects known
for a Bose gas in the phonon regime (either purely contact
interacting or at low relative dipolar interaction strengths, here
εdd = 0.7) in a torus with a weak link [28]. In this case, a
vortex-antivortex pair creates the counterflow in the region
of the weak link, similar to the Meissner effect [58,59]. The
resulting phase jump increases with rotational speed until the
flow velocity inside the weak link is equal to the local speed
of sound. At this point a phase slip occurs, creating a solitonic
vortex that moves along the torus [66,67]. This solitonic exci-
tation decays by creating phononic excitations itself, moving
closer to the outer edge of the superfluid in the process. For
a system close to the roton instability (here for εdd = 1.3,
see Fig. 5) this process is equal up to the point of the emis-
sion of solitonic excitations. Here we find a dark solitary
wave moving through the condensate instead of a solitonic
excitation. Similarly to the above, the solitary wave creates
quasi-particle excitations which move with the local speed of
sound. However, the excited quasi-particles are rotons. This

(ms)

FIG. 5. (top panel) Density distribution snapshots at given
times with isosurfaces taken at n = 7.5 × 1013 cm−3 and n = 2.0 ×
1014 cm−3. (Bottom panel) Time evolution of the integrated angular
density nθ (θ ) = ∫∫

dρ dz|ψ |2 for εdd = 1.3.

triggers the roton instability, such that one observes a periodic
density modulation preceding the dark solitary wave with the
local speed of sound. The density modulation itself disappears
and re-emerges periodically as the solitary wave and rotonic
excitation move through the system. Equipped with these
insights, let us now turn to the supersolid phase (see Fig. 6).
As the phase slip occurs, similar to the superfluid case in the
roton regime, the dark solitary wave emerges. However, here
the solitary wave becomes untraceable as it encounters the
first droplet. As before, the solitary wave excites rotons, which
move at the local speed of sound. Additionally, the density

FIG. 6. (top panel) Density distribution snapshots at given
times with isosurfaces taken at n = 7.5 × 1013 cm−3 and n = 2.0 ×
1014 cm−3. Note the varying amount of droplets throughout. (Bottom
panel) Time evolution of the integrated angular density nθ (θ ) =∫∫

dρ dz|ψ |2 for εdd = 1.366. White dots mark the positions of each
local maxima with nθ (θ ) > 4000 (µm)−1.
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modulation associated with the solitary wave creates a new
droplet between the solitary wave and the weak link. After the
solitary wave decays, the initial kick and propagation of the
excited rotons determine the dynamics and propagation of the
system. These rotons interact with the existing droplets, lead-
ing to a continuous melting and recrystallization of droplets.
If two or more droplets move too close to each other, they may
melt into a large, lower-density area (see the first two droplets
below the weak link at around 400 ms in Fig. 6). This melting
is similar to the mean displacement argument in Lindemann’s
melting criterion [60], where one, based on a system’s temper-
ature, estimates the solid-liquid phase transition by calculating
the mean displacement necessary for two crystal sites to
touch. On the other hand, if two individual droplets move too
far apart, a new droplet forms in between them (see the first
two droplets above the weak link at around 400 ms in Fig. 6),
similar to the supersolid dynamics of Ref. [68]. The prop-
agating roton-excitation further mitigate this behavior when
interacting with the already existing structure. All three cases
outlined above for the wide link are equivalent to the tight
link. In the supersolid case, however, the dark solitary wave
dissipates much faster. In the previous sections, we observed
rotation and the vortex entry associated with superfluidity
under a dynamic stirring protocol. However, a more direct way
to show a system’s superfluid properties is by observing vortex
cores directly. As a vortex core penetrates the ring, it eventu-
ally vanishes as it sits at the center of the torus. Thus a direct
way to observe this hallmark of superfluidity is by letting
the condensate expand into the center where the vortex core
would sit via a time-of-flight setup. For a contact-interacting
toroidal Bose gas made out of 23Na atoms, a similar protocol
allows observing a true vortex core increasing with size as
vorticity increases sometime after turning off the radial trap.
Here we obtain ground states in a rotating frame of our system
with the wide link and show the densities in the z = 0 plane
5 ms after removing the radial trap in Fig. 7. Note that this
also removes the weak link. Initially, for a system without a
vortex (s = 0, see the top left panel in Fig. 7), a high-density
region forms at the center due to interference of the dispersing
and expanding condensate. If a vortex exists, however, the
vortex core prevents this high-density region as the conden-
sate increases in size, as shown in Fig. 7 for s 	= 0, while
also maintaining the crystalline structure of the supersolid.
Thus this type of time-of-flight setup directly establishes
the coexistence of superfluidity and crystalline structure for
the vortical supersolid. A similar time-of-flight interference
pattern and maintained periodic modulation across the ring
occurs in a contact-interacting superfluid [69]. Here, however,
the density modulation originated by dynamically modulating
the trap frequency in resonance with the system’s intrinsic
phonon modes, leading to density standing waves across the
torus. Similar to the crystalline structure of a supersolid, these
standing waves may continue to exist during a time-of-flight
expansion.

IV. CONCLUSIONS AND OUTLOOK

In conclusion, we have studied dipolar supersolids in
ring-shaped traps with a weak link. Through a study of the
energetic behavior, we found that persistent currents may be
supported in these systems. Simulating the real-time dynamics
of a rotating link, we saw that the entry of vortices resulted in

FIG. 7. Densities in the z = 0 plane 5 ms after the radial trap has
been turned off for the thin link (w = 0.03) for different values of
the vortex quantization s = 0, 1, 3, 5, as indicated by the figure. The
relative interaction strength is εdd = 1.366 and the initial systems
prior to release are generated as ground states in the rotating frame at
rotation frequencies �/ω0 = 0, 0.02, 0.07, 0.11, respectively. Note
that the color scale is saturated and that the peak density at the center
of the top left panel is n ≈ 570 (µm)−3. The insets in the bottom right
corner of each panel show a zoom-in of the central region.

the creation of solitonic excitations traveling along the ring,
interacting with the supersolid structure. When released from
the radial trap, we observed a characteristic density pattern
with a discrete structure together with a central hole, pro-
viding a useful experimental signature for the coexistence of
superfluidity and spontaneous density modulation. Superfluid
Bose-Einstein condensates made out of 23Na in ring-shaped
traps with a weak link have been realized experimentally
[22,27], and the parameters used throughout this paper are of
similar orders of magnitude as in these experiments. Unlike
the pure superfluid, however, the high-density regions in the
supersolid phase set a boundary on the lifetimes due to the
increased impact of three-body recombination losses. Finally,
it would be interesting to study the behavior of an asymmetric
binary Bose mixture in the droplet-superfluid phase in the
presence of a weak link. These systems are analogous to the
dipolar supersolids studied here in many ways [47,70], and
may help pave the way in increasing our understanding of
beyond-mean-field physics in the context of atomtronics.
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