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Protecting classical-quantum signals in free-space optical channels
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Due to turbulence and tracking errors, free-space optical channels involving mobile transceivers are charac-
terized by a signal’s partial loss or complete erasure. This work presents an error-correction protocol capable
of protecting a signal passing through such channels by encoding it with an ancillary entangled bipartite state.
Beyond its ability to offer protection under realistic channel conditions, our protocol has the ability to transmit
both a quantum state and a classical symbol using the same encoded state. We show how the protocol can
improve the fidelity of transmitted coherent states over a wide range of losses and erasure probabilities relative
to nonencoded direct transmission. In addition, the use of ancillary non-Gaussian entangled bipartite states in
the signal encoding is considered, showing how this can increase performance. Finally, we briefly discuss the
application of our protocol to the transmission of more complex input states, such as multimode entangled states.
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I. INTRODUCTION

Building a global quantum network is a major technolog-
ical challenge [1]. Any quantum technology that relies on
mature hardware may provide a practical path forward. Con-
tinuous variable (CV) quantum communications, which can
be implemented using off-the-shelf components, is one such
technology [2—4]. In this technology, quantum information
is extracted using homodyne or heterodyne measurements:
detection techniques previously developed to extract classi-
cal information encoded via coherent communications [5-7].
Interestingly, CV quantum and coherent communications can
coexist using the same signal [8—13], and we study this in-
teresting coexistence of classical and quantum information
here. Our main contribution will be the introduction of a
combined classical-quantum encoding protocol that accom-
modates a wide range of partial loss and erasure conditions
in the channel. As we discuss later, such conditions are those
anticipated for practical free-space optical channels, where at
least one of the transceivers is mobile.

Optical free-space communications provide the basis for
long-range communications, both classical [14] and quan-
tum [4], through horizontal channels on the ground [2,4]
or more general channels to (or sometimes between) fly-
ing objects such as drones [15], aircraft [16], or satellites
[17-19]. However, beam deformation and wandering induced
by the turbulent atmosphere can have detrimental conse-
quences [20-23]. If at least one of the transceivers is mobile
and untethered, then further misalignment of the optical beam
introduced by transceiver motion (e.g., jitter) must also be
considered [24,25]. Any error-correction protocol that can al-
leviate such combined effects would be useful for a pragmatic
communication deployment.

In the context of quantum information alone, previous
works have analyzed and experimentally demonstrated how
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error correction of the pure erasure channel (total loss in
a channel) can be achieved by introducing ancillary modes
transmitted through independent channels [26-30]. Unlike
these previous works, however, we present a protocol capable
of error correction under more realistic conditions and accom-
modating combined classical-quantum information encoding.
The realistic channel conditions we consider encompass a
range of loss conditions across the independent channels, not
just simple erasures. As we shall see, careful monitoring of the
channel losses via separate bright classical reference signals
provides the feedback mechanism to protect a three-mode-
encoded classical-quantum signal under our realistic channel
conditions.

Our specific contributions in this work can be summarized
as follows: (i) We develop a three-channel error-correction
protocol capable of correcting any amount of loss on one
mode of a three-mode quantum state while allowing some
loss on the other modes, demonstrating how to optimize sig-
nal recovery. (ii) We show that transmitted coherent states
exhibit a substantial improvement in fidelity over direct state
transmission using one channel under our protocol. (iii) We
demonstrate how the transmission of classical symbols can
be embedded into the protocol by adding a displacement
operation. Following a modulation scheme that defines the
symbols, the displacement characteristics needed to achieve
communications with a specific bit-error rate are quantified.
(iv) We show how non-Gaussian states used as entangled
ancillary states within the protocol can further increase the
fidelity of transmitted states. (v) We investigate whether the
trends found for coherent states also apply to the distribution
of entanglement by the protocol, discussing how care must be
taken in interpreting the transmission of different input states.

This work is organized as follows. In Sec. II, the protocol is
introduced. Section III presents simulation results of the state
transmission via the protocol. The usefulness of non-Gaussian

©2023 American Physical Society
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FIG. 1. The protocol to transmit a quantum state and a classical symbol concurrently. The protocol protects a single-mode quantum state
against erasures by combining it with an entangled bipartite state |{ap). A classical symbol is encoded using the displacement operation
applied in mode 2. Bob monitors the channels via the LOs. The syndrome measurement corresponds to a dual homodyne measurement. Using
the syndrome result, a correction is applied to mode 1’ to recover the original quantum state. Dashed lines represent the transmission of classical
information required to optimize the protocol. Turbulence simulations were obtained via phase screen simulations (b). Here, r, and r, represent

aperture radii, and L is the distance between transceivers.

operations is presented in Sec. IV. Potential modifications to
the protocol are discussed in Sec. V, as are discussions on the
use of alternate input states to the protocol. Our conclusions
are drawn in Sec. VI.

II. THE PROTOCOL

In Fig. 1(a), our protocol is presented. The protocol con-
sists of the concurrent transmission of a classical symbol and
a quantum state embedded into an error-correction protocol.
The error-correction code is first described, followed by the
transmission and recovery of the classical symbol via the
protocol.

The following steps are followed to perform error cor-
rection in the protocol. (i) Alice initially possesses the
single-mode quantum state |¢s), the “quantum signal” state to
be error corrected in mode 1°, alongside an entangled bipartite
state |Wag) in modes 2° and 3°. (ii) The state |¢) is combined
with mode 2° of the state [{/5p) using a balanced beam splitter
(BS), shown as BS1, to create a three-mode encoded state.
(>iii) The three modes of the encoded state are transmitted via
the three fluctuating channels (acting independently on the
three modes). The loss applied to each mode is characterized
by the transmissivity coefficient 7; with j = 1,2, 3. A local
oscillator (LO) is transmitted from Alice to Bob through each
channel (a bright classical beam of known amplitude multi-
plexed with each mode). (iv) Bob receives the three modes, 1,
2, and 3. (v) Bob obtains 7; information on the channels by
monitoring the three LOs. (vi) Bob uses a second BS (BS2),
on modes 1 and 2 to decode the state. (vii) Applying a third BS
(BS3), dual homodyne measurements are then performed on
modes 2’ and 3’ (referred to as the syndrome measurements
X and p). (viii) Bob uses his channel information, combined

with the syndrome measurements, to determine the optimal
corrective displacement Deorr that is applied to mode 1’ to
obtain the output state |¢oy) of the protocol. If error correc-
tion was successful then, |¢o,) Will deviate only marginally
from |¢s).

A critical protocol component is the classical computing
required to apply the correction Doy This classical compu-
tation can be thought of as an algorithm that takes as inputs
the measured 7 in each channel; the syndrome measurements
X and p; and the (premeasured) excess noise in each channel;
and determines the optimal value of the gain g in Deoy that
will be applied to mode 1’ so to optimize the fidelity between
|Pout) and |¢s). The details of this optimization procedure are
nontrivial and are explained in detail below. However, suffice
it to say this procedure can be implemented in software a
priori. In the following, we will utilize one particular quantum
information formalism to illustrate how the needed calcula-
tions within the software can be implemented.

The simulation results that appear later will be based on
two steps: (i) the derivation of the analytical expressions for
the transformations of quantum states in each step of Fig. 1(a);
and (ii) the numerical simulations to determine the probability
distributions for the transmissivity of each channel (based on
models of the phase screens indicated in Fig. 1(b) required as
input to the analytical expressions.

A. State transformation

A previous result [31] demonstrates that the outcome state
of CV quantum teleportation can be elegantly computed using
the characteristic function (CF) formalism. In this work, we
present a similar result.
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For any n-mode quantum state p, its CF is defined as
X, a2 d) = Te(pDOND(2) ... DOW)Y, - (1)
where A; € C, and D is the displacement operator
D) = M, )

where a; and &; are, respectively, the annihilation and creation
operators of mode j, and * represents the complex conju-
gate. Using the CF formalism, linear optics operations can
be expressed by simply transforming the CF arguments while
leaving the functions unchanged. The effect of a loss-noise
channel, with transmissivity 7; and excess noise € on a single-
mode quantum state, corresponds to the transformation of its
CF as

X0 2L S (VTN ST=T, €, ()

where y o, is the CF of the vacuum state.

The full derivation of the CF of |y,,) is presented in
Appendix A. Given the CF of the quantum signal, x (1),
and the CF of the entangled state, x og(A2, A3), the CF of the
output state corresponds to

Xouwr) = X (T + ET-)1) 4)
x xap(T- + 8TOA, VT3gA*)
X X0V (1 +€)Q2Z + 1) +2g%(1 — n?) — T'A),

(5)
with
. _NTHVE . JT-VE
+ = 2 > - = 2 4
T T
T = 5‘<1+g>2+§(1—g)2+ng2. (6)

Here, g = gn, with n? the efficiency of the homodyne mea-
surements. The gain parameter when applying Deor, g
corresponds to a free parameter Bob can select at will (see
Appendix A for more detail). Error correction in the protocol
works when Bob selects the appropriate value of g based on
the knowledge he obtains by monitoring the channels. By
selecting the appropriate value of g, the output state can be
made independent of the loss affecting one of the three modes
in the encoded state. The ideal scenario occurs when two of
the three modes are unaffected by the loss. In this scenario,
g can always be selected to nullify the loss effects in the
remaining mode. For more insight, some idealized scenarios
with specific g values are discussed in the Appendix B.

Transmission of classical symbols. The only additional re-
quirements for transmitting classical symbols are an agreed
digital modulation scheme between Alice and Bob and an
extra displacement operation D(A). During the first step in
the error correction, the operation D(A) is used by Alice to
encode a symbol on mode 2° of |{),p immediately after it
has been prepared. Following a predetermined digital mod-
ulation scheme, the symbol corresponds to one or multiple
classical bits. Bob automatically recovers the symbol from the
syndrome measurement results values ¥ and p. Note, we adopt
h =2;and A, X, and p are dimensionless (the variance of the
vacuum noise is one).

TABLE I. Free-space communications parameters.

A (nm) r; (cm) Cy (Im]*7) Iy (mm) Ly (m)

1550 2.5 2,47 x 1078 7.5 1.57

B. Transmissivity calculations

The technique used here to model turbulence via phase
screen simulations has been detailed extensively in our pre-
vious works, with experimental validation over a horizontal
free-space channel of 1.5 km [32]. The simulation methodol-
ogy in this work follows our previous works; details can be
seen in [32,33].

Our phase screen simulations allow us to find the probabil-
ity density function (PDF) of the transmissivity in the channel
for any given communications setup. Henceforth, we refer to
this PDF as P. The dominant parameters of a communication
setup are the propagation distance L, the wavelength of the
light used A, the beam waist at the transmitter 7, and the size
of the receiving aperture r4. These parameters will be fixed to
be values shown in Table I (except for L and rg4). For focus,
we assume a horizontal channel in the results we show here;
however, other configurations can be easily accommodated
via small changes in the simulations [32]. A total of 10 uni-
formly distributed phase screens are used, and the grid size of
complex numbers is 1500 1500. Figure 2 shows the resulting
transmissivities from our calculations.

Beyond turbulence, other real-world system issues can af-
fect the channel transmissivity. Most notable are the pointing
and tracking errors between the transmitter and receiver that
create a jitter and/or deterministic offsets of the beam di-
rection [24,25]. In our channel model, we will account for
these effects by the addition of erasures into the PDF of
the transmissivity. That is, for each optical beam sent from
the transmitter to the receiver, we consider that there is a
probability p. of it entirely missing the receiver (correspond-
ing to T; = 0). In other words, for a given communications
setup (e.g., the transceiver apertures, propagation distance,
and wavelength) with corresponding PDF P, and an erasure
probability p., the values of 7; are now given by the following

0 L L L L L L L L L |
1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000
L (m)

FIG. 2. Transmissivities obtained from the model of the free-
space channel following the parameters in Table I. The shaded area
represents the standard deviation of the curves.
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modified PDF:
T {T; ~ P with probability(1 — p,),
j=

7
0 with probabilityp,, @

where X ~ Y indicates that a random variable X is drawn
from distribution Y. This channel model represents a good
approximation to the real-world channel of interest to us, a
channel where erasure probability is high.! Also, extending
the channel model via a new probability p, to parametrize the
additional loss caused by transceiver movement and offsets
allows us to compare better with previous related work.

III. SIMULATIONS

Here, we first outline the CFs of the main quantum re-
sources we use and make clear how we determine the fidelity,
the key metric we use. We then discuss the performance of
the quantum and classical communication under the protocol,
detailing how the optimization of g is determined for each
simulation run.

A. Quantum resources

The quantum signal is a coherent state |«), whose CF is

P s
Xy () = exp [—7 + (" — A a)]. (8)

The two-mode squeezed vacuum (TMSV) state |{ap) used in
the encoding has a CF,

Xtmsv(Aa, Ap) = exp [~ (1AL 12 + [A51D)]- )

In deriving this, the following transformation has been used
[34]:

Sap(@)D(a)D(18)S} 5 (0) = D(V\)D(),

A, = cosh(r); + e?sinh(r)Af, j,k={A,B}, j#k

(10)

with $,p the two-mode squeezing operator, and with o = re.
Without loss of generality, the value ¢ = m is set. Finally, the
CF of the vacuum state |0) that appears in Eq. (5) is

|A?
Xjop(A) = exp [—T] (11)
Fidelity is used as the metric of the effectiveness of the
protocol. The fidelity represents the closeness between the
quantum signal |¥) and the output state [y ). In the CF
formalism, the fidelity is computed as

1
F, = ;fdzk s W) X ou (—1). (12)

'In channels where P indicates a small probability for T ~ 0, and
where p, ~ 0, we find that no improvement from the protocol is
likely, the transmission may as well be just direct. If a priori known
that p, = 0, we have a Gaussian channel, and the introduction of
non-Gaussian states or measurements into the protocol is needed if
any advantage is to be forthcoming.

The fidelity as defined in Eq. (12) will depend on each input
state’s value «. Therefore, the mean fidelity over an ensemble
of coherent states must be considered. The following Gaussian
distribution specifies the ensemble:

-]
exp | — , (13)

with o, the variance. Therefore, the fidelity over the ensemble
of coherent states will be used, defined as

Py(a) =

Oq

F= / da®Py (o) Fy. (14)

Ideally, we would like to compute the fidelity considering
a uniform distribution of coherent states (corresponding to
oy — 00); however, this would be analytically intractable. An
approximation to a uninform distribution can be obtained by
setting a large enough variance, o, = 10 (a value we adopt
through this work). For reference, the so-called classical limit
Feass = 0.52 sets the baseline where fidelities of transmission
below this value could be obtained using purely classical
communications [35].

Using Eq. (5) with Eq. (14) it becomes possible to find
an analytical expression of the fidelity for the ensemble of
coherent states. This expression is provided in Appendix C,
Eq. (Cl). Additionally, the fidelity for direct transmission
for the ensemble of coherent states F9' is also presented in
Appendix C, Eq. (C3).

B. Transmission of quantum states

After Bob has received the three modes, he can use the
information gained by monitoring the channels to apply the
correction Deoyr to reduce his state to the output state given by
Eq. (4). Of course, if any a priori information about the chan-
nels could have been known, one would use the best channel
instead of transmitting an encoded state via three channels.
Nonetheless, the fact that the channels behave stochastically
makes it impossible to select the best channel. In effect, we
emphasize that the usefulness of this error-correction scheme
hinges on the stochastic behaviors of the channel. In principle,
error correction is not restricted to stochastic loss, a similar
scheme could be used to correct other types of errors, such as
displacements [28].

In the following calculations, a homodyne measurement
efficiency of n*> = 0.9 is set unless specified otherwise. Fluc-
tuations of the free-space channel produce several effects
contributing to the excess noise [21,22]. We have modeled
the excess noise in our simulation as € = €p, + €ge. Here,
€ph is related to noise introduced by the displacement used
in the encoding (see [12,13]) and will be modified by the
transmissivity of the channel. The other term €4 is detector
excess noise, which we set to €4oc = 0.013 [22]. As an exam-
ple, for T = 0.5, we have ¢ = 0.018. When computing the
fidelity, every protocol realization involves a different sample
of the values T;. Thus, the parameter g must be optimized for
each protocol realization, as shown in Fig. 3. The following
procedure was followed to compute the mean fidelities. First,
using the numerical simulations described in Sec. 11 B, 30 000
samples of T; were obtained for a given propagation distance.
Next, fidelity was obtained for a specific realization of the
channels using three sampled values of 7T} in Eq. (C1).
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FIG. 3. Fidelity as a function of g, each curve corresponds to a
specific set of values of [T}, T, T3]. The dots mark the value of g =
&opt corresponding to the maximum fidelity, and each label denotes
the values of the set [T}, T3, T3] corresponding to the adjacent curve.

All possible transmissivity occurrences must be accounted
for to compare the protocol’s effectiveness to direct transmis-
sion. For direct transmission, the total fidelity is calculated as

A= = pe)FU + peFio). (15)

The results comparing the mean total fidelity between the
protocol and direct transmission are shown in Fig. 4. The
results indicate that the protocol improves the transmission
fidelity for values of p. up to 0.35. The advantage provided
by the protocol decreases as the distance increases. For values
pe > 0.35, it is observed that the protocol does not provide
any advantage for the r; values shown.

C. Transfer of classical symbols

While classical signals can of course be carried by the low-
amplitude quantum states used for quantum key distribution
(QKD), this is not optimal due to the low signal-to-noise ratio.
The aim here (and in previous works) has been to find the
best way to combine low-amplitude “quantum” signals with
higher-amplitude “classical” signals in the most efficient way.
Previous works have explored the coexistence of CV quantum
and classical information to perform CV quantum key distri-
bution alongside the transmission of classical symbols [8—13].
In these works, the receiving party extracts the symbol when
measuring the quantum state transmitted via the quantum
channel because the symbol is encoded into the quantum state.
On the other hand, in our protocol, the symbol is encoded
in the ancillary quantum system. Therefore, in our protocol,
the symbol is obtained without collapsing the quantum state,
a scenario that could prove advantageous in cases where
the receiver wishes to relay or store the quantum state for
later use.

Now we analyze the bit-error rates when classical symbols
are transmitted. An error during the transmission of classical
information corresponds to Bob misidentifying the symbol
sent initially by Alice. The excess noise added to the system
increases the variance of the syndrome measurements. Thus,
if the noise is too high, there is a probability that the syndrome
measurements appear on a different partition from the one

Frotal

| Y > |
1300 1400 1500 1600
L (m)

0.5 . !

1
1000 1100 1200 1700 1800 1900 2000

Frotal
(=3
BN

‘ . %
1600 1800 2000 2200 2400 2600 2800 3000
L (m)

0.5
1000 1200 1400

FIG. 4. Total fidelity for different values of erasure rate. Solid
lines represent transmission via the protocol, and dashed lines cor-
respond to direct transmission. The ancilla entangled state uses a
squeezing value of » = 10 dB.

Alice meant to encode. The error probability can be directly
quantified by the ratio between the variance of the syndrome
measurements o, and the magnitude of the displacement used
during the classical encoding |A|. For a given value of |A|, a
larger o, means a higher bit-error rate (BER). Alternatively,
a more significant displacement can also be used to increase
the distance between partitions and offset the effects of oy,
increasing the signal-to-noise ratio (SNR).

If all the states used during the protocol are Gaussian, then
the measurement results will follow a Gaussian distribution
[36]. Solving the integration in Eq. (A12) in Appendix A, we
see that the syndrome measurements have the mean values
given by

1

1
uz = —=nTiRe(A),
X ﬁ +

The variance o, depends on the specific values 7}, the amount
of squeezing r, and the size of the ensemble of states being
transmitted using the protocol o,. The expression of o; is
presented in Appendix D.

Once we have determined the moments of the syndrome
measurements, we can compute the BER. For simplicity, we
assume the classical information consists of single bits en-
coded in binary phase-shift keying [5]. In this case, the BER
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FIG. 5. Mean magnitude of the displacement, in shot-noise units,
required to keep the error rate below 10~° when the transmissivity is
zero on mode 1. A squeezing value r = 10 dB is considered in the
TMSV state.

of the protocol will be

1 T.|A
BER = Eerfc(n | '). (17)

V202
A value of interest is the size of the displacement required
to maintain the BER to a tolerable level. For a BER of 1072,
we see in Fig. 5 the mean values of |A| required for the special
case when 77 = 0 in mode 1 (or similarly mode 2). If instead
mode 3 possesses T3 = 0, the displacement requirements are
approximately half of the values shown.

IV. ENHANCEMENT VIA NON-GAUSSIAN OPERATIONS

Non-Gaussian states represent a key element in CV quan-
tum information, and there has been great interest in their use
to enhance quantum communications protocols [37-42]. Par-
ticularly, in CV quantum teleportation, certain non-Gaussian
operations have shown to enhance the fidelities of transmitted
states [34,43-45]. Thus, asking if the same holds for this
protocol is natural.

One viable experimental way to construct non-Gaussian
states shown in Fig. 6, where a mode of a TMSV is com-
bined with a BS with transmissivity 7, with a M photon
Fock state, and a photon discriminating detector is used to
detect N photons. In the following, we consider a photon
subtraction (PS), setting M = 0, N = 1; photon addition (PA)

—————————————————————————————

Non-Gaussian
aoperation

INYV]

FIG. 6. Non-Gaussian operations used to generate a non-
Gaussian resource state. The operations are applied on a single mode
of a TMSYV state.

055 06 065 0.7 0.75 08 085 0.9 0.95 1
T

FIG. 7. Fidelities obtained for a loss channel for the different
non-Gaussian states. In each case, the squeezing of the TMSV state
before the non-Gaussian operation is fixed at a value r = 4.7 dB.

with M = 1, N = 0; and photon catalysis (PC) setting M = 1,
N = 1. We also consider the successive application of the PS
and PA operations, PS-PA (order reversed in PA-PS). All the
operations are applied in mode 3° of the initial TMSYV state as
the first step in our protocol.

Aside from applying non-Gaussian operations on a TMSV,
an additional non-Gaussian entangled state is considered. This
state is prepared at the start of the protocol by the application
of the two-mode squeezing operation to a Bell state, the state
known as the squeezed Bell (SB) state, given by

[¥sg) = [cos* () + sin®(9)] 7'/
x Sap(0)[cos(9)]00) + sin()[11)].  (18)

The implementation of the non-Gaussian states is achieved
by replacing |[Y¥ap) in Fig. 1 with the corresponding non-
Gaussian state. The CF of each non-Gaussian state must be
computed first and used in Eq. (5), where the non-Gaussian
CF replaces x op. The CF of the states used in this work
have been calculated in previous works [44], and are listed
in Appendix E for completeness.

In the CF of each non-Gaussian state, a free parameter
exists corresponding to the transmissivity of the beam splitter
involved in each operation. This free parameter is optimized
to maximize the fidelity of transmission. In the case of the
SB state, the ¥ free parameter is optimized. For the PS-PA
and PA-PS, the exact value of 7, is used in both succes-
sive non-Gaussian operations. Finally, it is assumed that a
quantum memory is available at the transmitter, such that the
non-Gaussian states can be prepared and stored to be used on
demand during the protocol.”

The results are presented in Fig. 7. To simplify the analy-
sis, we evaluate the fidelities for a simplified channel, where
P = 8(T; — T')in Eq. (7), the excess noise is setas € = 0, and
n = 1. Of all the non-Gaussian resources used, only two states
represent an enhancement over the TMSV squeezed state: the

2Non-Gaussian operations have a nonunity success probability.
Without a quantum memory, this success probability would need to
be accounted for in the resulting fidelities.
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PA-PS and the SB states. Moreover, the gain in fidelity is only
observed when the squeezing in the entangled states is low,
around r = 4.7 dB. As the squeezing increases, the fidelities
obtained by the non-Gaussian states get closer to the ones
obtained by the TMSYV state, for a value of » = 10 dB, the
difference in fidelity is of the order of 1072, We point out an
agreement between the two non-Gaussian resources that rep-
resent an enhancement between the protocol presented here
and CV quantum teleportation [44]. Moreover, when mode 3
is erased, the fidelities obtained using the non-Gaussian states
are equal to the ones obtained when the TMSYV state is used.

Now, we address how the use of non-Gaussian states af-
fects classical encoding. When non-Gaussian states are used,
the syndrome measurement results follow a non-Gaussian
PDF. Numerical integration over this non-Gaussian PDF in-
dicates that the values of |A| required to keep low BER are
considerably higher when the non-Gaussian states are used.
Approximately 80% larger |A| is required in the SB and
PA-PS states when mode 1 is erased.’

V. DISCUSSION

Here, we discuss our new results concerning previous
similar work, some alternative encoding schemes, and some
additional input states.

A. Relation to other work

Other works [26-30] have previously looked at similar
encoding schemes. In [26,27], a three-mode encoding scheme
was studied in the context of a quantum state sharing scheme.
Although not aimed at the communication scenario, the na-
ture of this scheme was similar to the encoding required for
an erasure channel in the communication context. In [29],
a four-mode encoding scheme used to transfer two coherent
input states over an erasure channel was investigated. In [30],
a three-mode encoding scheme similar to that used in the
context of state sharing was analyzed for the communication
scenario, with extensions to include non-Gaussian operations.
This latter work was again only in the scenario of an erasure
channel. Channel errors beyond a simple erasure were consid-
ered in [28], namely, a displacement error.

The results presented here represent outcomes different
from all these previous works in several aspects. First, we
consider a channel model more appropriate to that antici-
pated for free-space atmospheric communications in which
one transceiver is untethered. Simulations of this channel are
then used to analyze a modified protocol deployed over a
three-mode channel. The key modification in the protocol is
an optimization phase in which the transmissivity measured
for each channel is used as an input. This allows for encoding
and decoding in the more general case where transmissivities
in all channels are nonzero. Importantly, our protocol leads
to improved results relative to the situation where any loss

3A case where the application of the PA-PS operation is applied
to mode 2° instead of mode 3° during the preparation of the non-
Gaussian state was also tested. The results showed no difference in
the displacement requirements between the two cases.

is simply considered a complete erasure. Second, we have
included additional displacements within the encoding phase
to include classical signaling. Third, we have investigated
non-Gaussian operations within the modified protocol.

B. Alternative encodings and postselection

Thus far, we have considered combined classical-quantum
communication embedded in the same signal. However, other
possibilities exist. For example, the reference pulses could
embed classical information: simple on-off keying being one
scenario. In this scenario, the lack of any LO sent in a channel
could indicate a zero and its presence, a one. In this case, the
quantum signal would not need an additional displacement,
but the tradeoff would be that the quantum information rate
would be reduced. Exactly how much reduction would occur
would depend on the coherence time of the channel and the
pulse rate of the source, but for anticipated timescales of order
1 ms and available pulse rates of 100 MHz, this reduction
would be minimal (since the channel is stable for thousands
of sent LOs, these can be reused). This tradeoff of a reduced
quantum information rate would have the benefit of a reduc-
tion in the excess noise of ~0.02 and would yield an increase
of fidelity (=0.05). An added benefit would be a reduction
of the complexity of deployment (one less displacement op-
eration) and potential power savings (fewer LOs sent). On-off
keying could also be applied to the quantum signals (with a
vacuum detection being mapped to a zero). However, such
schemes would need a modified digital modulation scheme
(to avoid “on” signals which have small displacements).

Our results presented here have utilized an averaging over
all channel conditions. In practice, postselection could be uti-
lized to select the channels such that, at most only one presents
an erasure. Again, a tradeoff in performance vs throughput
would be in play here. Postselection would be most beneficial
under high erasure error rates. For example, postselecting to
allow at most a single erasure at an error rate p. = 0.3 would
have the benefit of the fidelity being increased by ~0.15, at a
reduction in throughput of 0.8.

C. Entanglement distribution

We are also interested in evaluating the protocol’s effec-
tiveness in distributing entangled states. Considering an input
TMSV state, |1ﬁﬁN) with squeezing ryn, we can evaluate
the fidelity with the state obtained after mode M has been
transmitted via the protocol. Although not shown, our results
show that there are scenarios where an advantage over di-
rect transmission can be found similar to before. For equal
squeezing values in the states |[{ap) and |1ﬁiM“N), we observe
the use of the protocol does present an advantage over direct
transmission.

Ideally, for entangled input states, we would like to test
the protocol’s effectiveness using an application of quan-
tum communications, such as entanglement distribution.
However, using only fidelity can be an incomplete metric
of the transmission of quantum information, especially for
entangled states [46]. Entanglement distribution is perhaps
better measured by computing the reverse coherent informa-
tion (RCI) of the channel, as it represents a lower bound on
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FIG. 8. RCI obtained using the protocol (solid lines), and by
direct transmission (dashed lines) over a fixed loss channel with
a probability of erasure p.. The values € =0 and n = 1 are used.
The curve with p. = 0 corresponds to the two-way assisted quantum
capacity of the pure-loss channel (the repeaterless bound) [49]. A
maximally entangled TMSV is considered as |{ag).

the distillable entanglement [47]. The RCI is defined as
R = S(pn) — S(omn), (19)

with S(-) the von Neumann entropy, and pyn a maximally
entangled TMSYV state (ryn — 00), where mode M has been
transmitted via the channel using the protocol.

For our protocol, an upper bound on the RCI can be found
using the fact that the entropy is concave,

Stomn) = Y piS(px), (20)
k

where the index k iterates over all possible erasure com-
binations on three modes (no erasure, erasure on mode 1,
erasure on mode 2, and so forth), py is the corresponding state
after error correction for combination k, and p; the proba-
bility of each combination. In the combinations when error
correction is not possible, e.g., erasures on modes 1 and 2,
Or = TrM[,oiM"N]. Using the upper bounds of the RCI as a new
metric, we are interested in comparing the protocol with direct
transmission. Direct transmission, in this case, corresponds to
transmitting mode M (of the state |y~ )) via the channel. For
simplicity, we compute the upper bounds of the RCI for the
same channel used to compute the results presented in Fig. 7.

Since loss is the dominant noise source for optical quantum
communication, a fundamental tradeoff exists between loss
and distance for any optical quantum communication proto-
col [48]. The RCI gives an achievable lower bound on the
distillable entanglement [47]. The quantum capacity of the
pure-loss channel is equal to the RCI in this case and gives the
fundamental limit for point-to-point quantum communication,
—log, (1 — T'), where T is the transmissivity [49]. This limit
is known as the repeaterless bound and is achievable by some
optimal protocol for the pure-loss channel. Since loss is the
dominant noise source, the repeaterless bound makes a good
upper bound to the achievable rate of our protocol.

The resulting upper bounds of RCI are presented in Fig. 8.
The results show that the upper bound on the RCI obtained
from the protocol and direct transmission is virtually equal

for values T’ close to 1; as T’ decreases in value, the protocol
stops presenting an advantage, and the RCI becomes lower
than the one obtained by direct transmission. The lack of an
advantage by the protocol in this simulation can be understood
by the fact that loss in the ancilla modes (modes 2" and 3')
in the protocol propagates to the final state. Thus, while the
transmission of coherent states can be effectively enhanced
by using the protocol presented here, we warn that this may
not be the case for applications that are dependent on the
distribution of entangled states.

VI. CONCLUSIONS

In this work, an error-correction protocol was introduced.
Aimed at deployment over realistic free-space optical chan-
nels where at least one transceiver is untethered, the protocol
was designed to encompass both classical and quantum in-
formation on the encoded signal. We showed, relative to
nonencoded direct transmission, that the protocol improves
the fidelity of transmitted coherent states over a wide range
of losses and erasure probabilities. In addition, using ancillary
non-Gaussian entangled bipartite states in the signal encoding
further increased the fidelity of transmission. Variants on a
theme for the protocol were discussed, including its appli-
cation to the transmission of components of a multimode
entangled state. Our results demonstrate that signal loss in
atmospheric channels can be compensated for significantly at
the price of additional implementation complexity.
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APPENDIX A: OUTPUT STATE CF DERIVATION

We will derive the CF of the output quantum state obtained
by the protocol. To do so, we follow the diagram presented
in Fig. 1. As the first step, consider the application of a
displacement operation on mode 2 of a bipartite state pap:

p' =D(A)pasD' (D). (AD)
Then the CF of the state p’ is
Xy iy A2) = TID(A)paD (M)D(1)D(2)].  (A2)
Using the following properties of the displacement operator,

D)D) = " =P D(a + p),

DY (@)D(B)D(a) = & P~FD(B), (A3)
the CF of p’ is then
Xpr (s Ap) = Tr[e* 24D D(A)D () pas]
= X (A1, 22)Da(h), (A4)
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where we defined the function DA (1) = e®™*-2%") and x \p
is the CF of psp. Now the CF of the initial state at the start
of the protocol, considering the displacement applied to the
entangled state, is

Xs(ADxap(A2, 23)Da(X2).

The effect of BS1 acting on modes 1 and 3 can be described
as a change in variables, such as

A+ Ao Al — A Al — A
_— ———— A3 | DAl — ). A6
XS( NG )X< NG 3) ( NG ) (A0)

After that, the effect of the loss acting independently on every
channel transforms the CF to

Tidi + VToh Tihi — Toh
m(%)m;(%, ﬁm)
Tihi — Toh
A(%)mm(ﬂ*h)xwﬂﬁ)@
S X\O)(T;;*)\S),

with T = /1 + € — T;. Thereafter, BS2 is applied by Bob
on modes 1" and 2':

X <\/Tl()\l +22) + VT (A —)»2))

(A5)

x D

(AT)

2
Ti( + 22) — V(M — A
XXAB(\/_]( 1+ 2)2\/—2( 1 2)’\/73)\’3)
(ﬁ(xl + 12) = VT (A — m)
XDA >
TP (A + 2 Tk — A
XXIO)( 1(\1/5 2)>X|0>( 2(\1/5 2))X|o>(T3*?»3)-

(A8)

Finally, to perform a dual homodyne measurement, BS3 is
applied, transforming the state. The efficiency of the homo-
dyne measurements can be modeled by considering a BS with
transmissivity 12, with an extra vacuum mode placed before
the detectors. Then the CF of the state before homodyne
measurements is

xBs3(A1, A2, A3)

, (hy + A3)
=sts(M,Az,x3>DA(A1T_+%nn . (A9)
where
Xigs3()\1,)»2,)»3)
A2 +)»3
=Xs<le++ 7 nT_>
(A2 + 2A3) vTan(kz—A3))
X X MT_ + nTy,
AB( 1 \/z + ﬁ

Al Ay + A3
o[ (G5

Al Ay + A3
X X0y Iy ﬁ—n 5

x X|0><T3 7= f >X|o V1 =n?x1)
X X1 — nh2).

It is convenient to express the measurement results in
the phase-space representation by transforming the complex
arguments into two real numbers, x; = A; + 17 and p; =
i(A7 — 4;). Then the homodyne measurements are represented
by integrating the measured modes

(A10)

P, p)”!
Q)2 /dedP3XBs3(X, D, x2,0,0, p3)

% e—txp3+1pxz ,

Xm(x, p) =

(Al1)

with P(%, p) the PDF of any pair of measurement results,
given by

PG5 = ooy [ dradpatpss(0.0.22.0.0.p3)
(27)
x e PP, (A12)

Expanding the terms in DA, we have
Dal i 7T- + T, ;i T- + T
( Tt T T )
= exp[—ix;T_-Im(A) + ip; T_Re(A)]
. nTIm(A) T+R6(A)]
X exp | —ix i . (A13)
P|: 2 2 p3n /2

Inserting this expression into Eq. (A12) and manipulating
the terms, it becomes clear that the mean of the syndrome
measurement results is displaced following Eqs. (16).

The additional exponential term in Eq. (All) indicates
that the state after the measurement requires a corrective
displacement to be recovered. This corrective displacement
must also account for the additional displacement induced
by the displacement A. The corrective displacement can be
implemented via

Deore (%, p) =exp[—ip(v/2¥'g + T_Re(A))

+ ix(v2p g + T_Im(A))], (Al4)

with

P =p+up (A15)
where pzp) is defined in Eq. (16). Here, the correction in-
cludes a factor of /2 to compensate for the global factor that
appears in the arguments of x g3 in Eq. (A9).

Finally, since the output CF will depend on a specific set of
measurement results, the mean over all possible measurement
outcomes, weighted by their corresponding probability, must
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be considered, that is

You(x. p) = [ X dFPE. ) (x. P)Deon (. )

= Ty fdfc dpdx,dps xgs3(x, p, %2, 0,0, p3)

&% (P3=2p9)—il (2 —V2xg)

X (Al6)

At this point, the definition of the Dirac delta function
= [ e f(a)dB da = [8(x — a)f(a)de can be used
twice to obtain

Xou(X, P) = / dx,dp38(p3 — N2p)8(xs — v/2x)

X X;gs3(-x7ps-x2709 O’ p3)' (A17)
Removing the integrands using the properties of the § func-
tion, Eq. (5) presented above is recovered.

APPENDIX B: SPECIFIC EXAMPLES
OF ERROR CORRECTION

To further understand the error correction, we outline the
following three cases, corresponding to different values of g.

1.g=0

/ i+71
Xs(T2) x ap(T-2, 0)X|0>< l+e— T)\> (BD)

In this case, the resulting state is independent of the value of
T5. Moreover, the excess noise in channels 2" and 3’ does not
propagate to the output state. However, when 717, imperfect
destructive interference in BS2 will translate to additional
excess noise introduced by the entangled state, which will
be proportional to the squeezing of the state. When T} = T>,
the resulting state is equivalent to the one obtained if the
signal state were to be transmitted directly through the channel
without using the protocol.

2.8=

1
n

XsVTIM X as WTih, VT515)

1

The resulting state will be independent of the value of 7.
Unlike the previous case, the resulting state is affected by the
loss and excess noise affecting modes 2’ and 3’. Consider the
case when T = T3, then it becomes clear that the vacuum con-
tribution appears in the output state three times. On an ideal
scenario, with 71 = T3 = 1, the quantum signal can be fully
recovered in the limit V' — oo as in this limit x ,g(A, A*) — 1
[see Eq. (9)] [30].

3.g=-

= =

Xs(VDM) X ag(—VToh, —/T51*)

1
X X \/3+36+2(F—1>—2T2—T3)» . (B3)

In this case, the resulting state is independent of 7;. Similarly
to the previous case, the loss and excess noise from the ancil-
lary entangled state propagates to the output state.

APPENDIX C: FIDELITY OF TRANSMISSION

To compute the fidelity between the states |¢y,) and |pouc)
first the CF of x,, is obtained using Eq. (5). Next, an analyti-
cal expression for a single-input coherent state can be obtained
by solving the integration in Eq. (12). Finally, this fidelity is
averaged over the ensemble of coherent states by solving the
integral in Eq. (14). The expression obtained is

2

F= . . :
204(Ts + 3T — 1 +c1 + 1

(ChH

with
1 = V((T- + 2T + B:E)

— 2VV2 — U(T_ 4+ gT)VTg + (T + 3T )

+ 14+ +D)+FU—n>) =T (C2)

Additionally, the analytical expression for the fidelity of
direct transmission can be obtained by following the same
procedure as above, where the CF of the state transmitted
directly through the channel replaces x,. The expression

obtained is
2

20, (VT — 12 +2°
where T is the transmissivity of the channel.

FPT (C3)

APPENDIX D: DERIVATION OF THE SNR
OF THE MEASUREMENT RESULTS

The SNR ratio of the syndrome measurement is used to
calculate the bit-error rate of the encoded classical communi-
cations. To find the SNR, we need to find the variance of the
syndrome measurement results os. If all the states involved
in the protocol are Gaussian, then solving the integration in
Eq. (A12), we observe that P corresponds to a Gaussian

distribution
5 )~C/2 +ﬁ/2
P&, p) = —_, D1
@ =5 exp[ 207 (D1)
where
o2 = (T?0, +c2)+ 1 (D2)
with
T? T
=V 7"}‘? —\/Vz— 1(T+VT3)
LB (T D3)
— e —— ).
2 2
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APPENDIX E: CF OF NON-GAUSSIAN STATES

1. Photon addition, photon subtraction, and photon catalysis

In the following, we apply the procedures of [33] for determining CFs. The unnormalized CF of the state resulting from the
application of the non-Gaussian operation to a mode of the TMSV state after it has been transmitted through the channel is

_ 2 2
1exp[—'é‘g'] i *<e ['&' }f(%&f)) (E1)

’ 77(
Xps(sAa &p) =

T, 2 | 0&goé&y
where
2
f(En, £, VT) = / %XTMSV(SAaE)eXP [Z(IT )(ISI + I&81%) + ﬁl (§8€” +E§f§)}- (E2)
Similarly, the unnormalized CF, after the PA operator is applied, is
Xpa(Ea, E8) = (T, — 1)exp [@} 8—2 (exp [ |$B|2:|f(§A, &g, f)) (E3)
2 | 0&g0&;

When the PC operator is applied, the unnormalized CF is

, o, &g 2] 82 9? |sB|2
Xpc(E, E8) = ¢* exp ——— 1 exp[—|&s]*] fEn, &8, VT,)

2 |0&pdgg 9&pdéy

aon [ g oo ( ['&'z]fwﬂ)}
q €Xp S Xp 08; As 8B,
&8I @ |$B|2
—qexp|— 25 p[—lél]— fGa88, VT ) + f(Ea, &8, vV T0), (E4)

dép

T,—1

where g = .
For the sequential use of the PS and PA operators, the operations PS-PA and PA-PS, we consider the two non-Gaussian
operations to use the same beam-splitter transmissivity 7. For PS-PA, the unnormalized CF is

X 63 E)=6126XP[|§B|2} - {eXp[—IS ] - (e ['EBP}J‘(E § T))} (ES)
PS—PA\SA>» SB ) 3§B3$§ B 3533$§ A, SB»
The unnormalized CF for PA-PS is
, | |2 82 2 | |2
xPA.Ps@A,sB):(TK—1>2exp[— s; }a&agg{ xpllés 15 agB( xp[ i }f(sA,sB,T))} (E6)

2. Squeezed Bell-type states
The normalized CF of an SB state is [43]

Xss(En, &p) =[cos* (@) + sin® ()] exp [— 2 (&I + 165 1P)][ cos* (D) + 2 cos(P) sin(P)
x Re{€x&h} + sin®(0)(1 — [E41)(1 — |&51)]. (E7)

where Re{z} is the real part of z and the transformation given by Eq. (10) is used.
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