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Practical quantum simulation of small-scale non-Hermitian dynamics
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Non-Hermitian quantum systems have recently attracted considerable attention due to their exotic properties.
Though many experimental realizations of non-Hermitian systems have been reported, the non-Hermiticity
usually resorts to the hard-to-control environments and cannot last for too long times. An alternative approach
is to use quantum simulation with the closed system, whereas how to simulate non-Hermitian Hamiltonian
dynamics remains a great challenge. To tackle this problem, we propose a protocol which combines a dilation
method with the variational quantum algorithm. The dilation method is used to transform a non-Hermitian
Hamiltonian into a Hermitian one through an exquisite quantum circuit, while the variational quantum algorithm
is for efficiently approximating the complex entangled gates in this circuit. As a demonstration, we apply our
protocol to simulate the dynamics of an Ising chain with nonlocal non-Hermitian perturbations, which is an
important model to study quantum phase transition at nonzero temperatures. The numerical simulation results
are highly consistent with the theoretical predictions, revealing the effectiveness of our protocol. The presented
protocol paves the way for practically simulating small-scale non-Hermitian dynamics.
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I. INTRODUCTION

Recent years have witnessed ongoing interests in explor-
ing non-Hermitian phenomena [1,2]. Quantum systems driven
by non-Hermitian Hamiltonians can lead to unconventional
and exclusive features, such as the non-Hermitian topological
band [2,3], the non-Hermitian skin effect [4], the quantum
critical phenomenon [5], chiral population transfer [6,7], and
anomalous bulk-boundary correspondence [8–10]. However,
experimentally investigating non-Hermitian physics is very
challenging, particularly for achieving long-time dynamics
in many-body systems [11], because non-Hermiticity usually
originates from particle loss and decoherence assigned by the
environment, which is hard to manipulate [12–16].

In order to practically explore non-Hermitian physics, there
have developed many strategies to simulate non-Hermitian
Hamiltonian dynamics using closed quantum systems. By
averaging the measured results over multiple noise config-
urations based on the stochastic Schrödinger equation, the
non-Hermitian dynamics can be achieved; yet it needs tremen-
dous experimental resources thus is hard to scale [17–19].
Researchers also suggest dilating a non-Hermitian Hamilto-
nian into a Hermitian one in a higher-dimensional Hilbert
space, but they are only applicable for special types of parity-
time-symmetric systems [20–24]. Remarkably, a recent work
in Ref. [25] proposes a powerful method that can dilate a
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general non-Hermitian Hamiltonian into a Hermitian one by
executing a carefully designed quantum circuit on the ancilla-
assisted system. Except for single-qubit rotations, this circuit
contains a complex entangled unitary operation, which brings
a new challenge for experimental realization, especially in
the multiqubit case [25]. Conventional strategies for realiz-
ing a unitary operation include matrix decomposition [26,27]
and quantum simulation using the Suzuki-Trotter formulas
[28–30]. However, the former one is actually a highly non-
trivial task, and the latter one may not have an available form
for specific quantum systems. In addition, both of these two
strategies inevitably produce exponentially growing opera-
tions, so the accumulated experimental errors will be serious.
Therefore much more effort should be made on developing
feasible methods that enable practical realization of the dy-
namics of non-Hermitian Hamiltonians.

In this work we propose to combine the dilation method
[25] with the variational quantum algorithm (VQA) [31,32]
for practically simulating small-scale non-Hermitian Hamil-
tonian dynamics. VQA functions by iteratively optimizing a
parameterized quantum circuit with limited operations and
circuit depth and thus has found plenty of applications in
finding ground states and excited states for quantum chemistry
[33–36]. Moreover, it has also been used to approximate quan-
tum processes and quantum gates [37–40]. Here we bypass
the difficulty of realizing the complex entangled operation
in the dilatation method with the use of VQA. This leads
to an important advantage that this complex entangled op-
eration can be realized in a much shorter time. To optimize
the parameters in VQA, it is routine to apply gradient-based
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algorithms [41]. However, as the system size and the circuit
depth increase, the convergence speed of the conventional
gradient-based algorithms usually becomes very slow due to
the quickly enlarged parameter space. To mitigate this is-
sue, we utilize the backpropagation strategy, which is widely
used in machine learning [42], to accelerate the optimization
process.

To verify the effectiveness of our protocol, we apply it to
the problem of simulating the evolution of a quantum Ising
chain with nonlocal non-Hermitian perturbations [43]. This
physical model is important for understanding the quantum
phase transition (QPT) of spin systems at nonzero tem-
peratures. However, its experimental realization faces great
challenges mainly due to the non-Hermitian terms. With our
protocol we numerically simulate the evolution dynamics of
this model up to five qubits. We use the Loschmidt echo
and its time average to characterize the QPT under multiple
conditions. The results are well consistent with the theoreti-
cally calculated results. Our protocol can be very helpful for
experimentally realizing small-scale non-Hermitian Hamilto-
nian dynamics.

The outline of this work is organized as follows. We
first introduce the procedure of our protocol for simulating
small-scale non-Hermitian Hamiltonian dynamics in Sec. II.
Numerical simulations of applying our protocol to simulate
the spin dynamics with a non-Hermitian perturbation are
demonstrated in Sec. III. Finally, discussions and outlook are
presented in Sec. IV.

II. METHODOLOGY

We consider the task of simulating small-scale non-
Hermitian Hamiltonian dynamics with closed quantum sys-
tems. The schematic diagram of our protocol is shown in
Fig. 1. Briefly speaking, our protocol consists of two parts:
(1) dilate the non-Hermitian Hamiltonian into a Hermitian
one using the quantum circuit depicted in Fig. 1(a), and (2)
approximate the entangled operation in the above circuit with
VQA; see Fig. 1(b). In the following we introduce our proto-
col in detail.

A. Procedures of the dilation method

We first describe the principle of dilating a non-Hermitian
and generally time-dependent Hamiltonian into a Hermitian
Hamiltonian with one single ancillary qubit [25]. For such a
system with Hamiltonian Hs(t ), its quantum state ρs(t ) satis-
fies the equation

i∂tρs(t ) = Hs(t )ρs(t ) − ρs(t )H†
s (t ). (1)

To realize this evolution in a quantum system, an ancillary
qubit is introduced to dilate Hs(t ) into a Hermitian Hamilto-
nian Hs,a(t ), which is governed by the equation

i∂tρs,a(t ) = Hs,a(t )ρs,a(t ) − ρs,a(t )Hs,a(t ). (2)

Here ρs,a(t ) is the dilated state and can be expressed as

ρs,a(t ) = ρs(t )|−〉〈−| + ρs(t )η†(t )|−〉〈+|
+ η(t )ρs(t )|+〉〈−| + η(t )ρs(t )η†(t )|+〉〈+|, (3)

FIG. 1. Schematic diagram of simulating the time evolu-
tion governed by a small-scale non-Hermitian Hamiltonian.
(a) Quantum circuit for the dilation method. To simulate the
dynamics of a non-Hermitian Hamiltonian Hs(t ), we intro-
duce a dilated state ρs,a(t ) = ρs(t )|−〉〈−| + ρs(t )η†(t )|−〉〈+| +
η(t )ρs(t )|+〉〈−| + η(t )ρs(t )η†(t )|+〉〈+| governed by a carefully de-
signed dilated Hermitian Hamiltonian Hs,a(t ), where |−〉 = (|0〉 −
i|1〉)/

√
2 and |+〉 = −i(|0〉 + i|1〉)/

√
2, and η(t ) is an appropriate

linear operator. To realize this state, the system is initialized as an ar-
bitrary state ρs(0), and meanwhile the ancillary qubit is first prepared
at |0〉〈0| and then rotated by Ry(α) and Rx (π/2) with α = 2 arctan η0.
The joint system then undergoes the evolution driven by Hs,a(t ), i.e.,
UHs,a (t ). Afterwards, a rotation Rx (−π/2) is applied on the ancilla.
The non-Hermitian system’s final state ρ(t ) can be extracted by
measuring the subspace where the ancillary qubit is |0〉〈0|. (b) Pa-
rameterized circuit U (θ ) of the VQA. We use the VQA to efficiently
approximate the small-scale evolution operator UHs,a (t ). The VQA
encodes parameters with L layers of building blocks, with each block
containing a limited number of single-qubit rotations (yellow square
boxes) and an entangled gate (green square box). These parameters
are then optimized with an appropriate optimization algorithm by
setting a suitable fitness function.

where |−〉 = (|0〉 − i|1〉)/
√

2 and |+〉 = −i(|0〉 + i|1〉)/
√

2
are the eigenstates of the Pauli operator σy with respect to the
ancillary qubit, and η(t ) serves as a suitable linear operator for
connecting the system Hamiltonian with the dilated Hamilto-
nian. From Eq. (3) we clearly see that the evolution of ρs(t )
can be obtained by measuring the state ρs,a(t ) in the subspace
where the ancillary qubit is at state |−〉〈−|. Now the key issue
becomes how to construct the explicit form of Hs,a(t ). By ex-
pressing Hs,a(t ) in subspaces and substituting Eqs. (1) and (3)
into Eq. (2), we can get i∂t M(t ) = H†

s (t )M(t ) − M(t )Hs(t )
with M(t ) ≡ η†(t )η(t ) + I , where M(0) should be chosen to
ensure that M(t ) − I keeps positive for all t , and I represents
the identity. Subsequently, we substitute the above relation
into Eq. (2) and observe that the choice of the dilated Her-
mitian Hamiltonian Hs,a(t ) is not unique. Therefore we can
select

Hs,a(t ) = Λ(t ) ⊗ I + Γ (t ) ⊗ σz, (4)

where Λ(t ) = {Hs(t ) + [i d
dt η(t ) + η(t )Hs(t )]η(t )}M−1(t )

and Γ (t ) = i[Hs(t )η(t ) − η(t )Hs(t ) − i d
dt η(t )]M−1(t ) with
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η(0) = η0I, η0 = 2. Here σz is the Pauli operator. In this way
the dilated state can be calculated using Hs,a(t ), and the evo-
lution of ρs(t ) is also available.

Concretely, the above-described dilation method can be re-
alized by the quantum circuit shown in Fig. 1(a). The system’s
initial state is arbitrary and denoted as ρs(0); meanwhile the
ancillary qubit is initialized at |0〉〈0|. Two rotations Ry(α) and
Rx(π/2) are then successively applied on the ancilla, where
Rγ (β ) represents a β-angle rotation along the γ axis and
α = 2 arctan η0. Afterwards, the system and the ancilla jointly
undergo the evolution driven by Hs,a(t ). Finally, a rotation
Rx(−π/2) is applied on the ancillary qubit. With these op-
erations, the total final state

ρs,a(t ) = ρs(t )|0〉〈0| + ρs(t )η†(t )|0〉〈1|
+ η(t )ρ(t )|1〉〈0| + η(t )ρ(t )η†(t )|1〉〈1|, (5)

thus ρs(t ) can be extracted by measuring in the subspace
where the ancilla is |0〉〈0|. However, in this quantum circuit,
the evolution governed by Hs,a(t ) is a general multiqubit
unitary operation, which brings a great challenge for exper-
imental realizations. In the following we discuss how to solve
this problem.

B. VQA for approximating the evolution governed by Hs,a(t )

To realize a general unitary operation, a direct way is to
decompose it into basic operations, usually in terms of single-
qubit gates and CNOT gates. However, it has been proved that
synthesizing any N-qubit U (2N ) gate needs an order of O(4N )
basic operations [26,44]. This matrix decomposition task is
highly complicated, and the exponentially increasing basic
gates will introduce serious accumulated errors. An alternative
way is to use quantum simulation with the Trotter-Suzuki
formulas [28–30]. Assume a general Hamiltonian that consists
of many local interaction terms, i.e., H = ∑

l Hl . The first
step is to break up the total evolution time t into a sufficiently
large number of equal slices, and the duration of each slice is
denoted as 
t . Thus the evolution governed by H can be cal-
culated by U = (e−iH
t )t/
t . As in most cases [Hl , H ′

l ] �= 0,
we then need to approximate e−iH
t by the Trotter-Suzuki
formulas. For example, the first-order Trotter-Suzuki formula
leads to U ≈ (

∏
l e−iHl 
t )t/
t . It is worth mentioning that

the local term Hl may not be available in specific quantum
systems and thus more operations are needed to make a trans-
formation. Therefore there will be a huge number of separated
operations, especially when the higher-order Trotter-Suzuki
formulas are applied for better precision, which can lead to
very large errors.

As the above-mentioned two approaches face great chal-
lenges in efficiently realizing a general unitary gate, we thus
need more practical methods. The VQA is routinely used to
find the eigenstates of molecules, but it can also be applied
to many other problems, such as simulating the dynamics of
quantum systems and solving linear equations [32]. Here we
utilize the VQA to approximate the evolution governed by
Hs,a(t ), namely, UHs,a (t ). It is worth noting that similar tasks of
studying how to decompose a known, complex unitary opera-
tor into an experiment-friendly circuit have been explored in
many cases [45,46]. Usually the VQA parametrizes a quantum

FIG. 2. Building blocks of the VQA and schematic diagram of
the backpropagation strategy. (a) VQA parameterizes a quantum
circuit with L-layer building blocks, with each block containing finite
single-qubit rotations Rγ (θ l

η,k ) and a nonlocal gate Uent, where γ =
x, y; k = 1, 2, 3; η = 1, 2, ..., N ; l = 1, 2, ..., L. (b) Gradients of the
fitness function F (θ ) with respect to θ l

η,k are computed according to
the illustrated chain rule. The navy arrows guide the chain rule for
calculating the gradients of F (θ ), while the orange arrows illustrate
the concept of backpropagation. The backpropagation strategy sug-
gests avoiding redundant calculations of the intermediate gradient
nodes (e.g., yellow and green circles) for accelerating the conver-
gence speed of the gradient-based algorithm.

circuit U (θ ) with L sequentially applied layers (called ansatz),
with each layer involving a limited number of single-qubit
rotations and nonlocal gates. The specific structure of an
ansatz is generally relevant to the problems at hand, but some
ansätze can work even when no relevant information is readily
known. Here we use such an ansatz called hardware-efficient
ansatz, as shown in Fig. 2(a). The hardware-efficient ansatz
determines the form of the nonlocal gates by the connectivity
and interactions specific to a quantum hardware, which can
reduce the circuit depth and thus has witnessed many practical
applications [33,47]. Concretely, the parameterized quantum
circuit can be expressed as

U (θ ) =
L∏

l=1

Ul ,Ul = Uent
[ ⊗N

η=1 Rη
(
θ l
η

)]
, (6)

where Rη(θ l
η ) = Rη

x (θ l
η,3)Rη

y (θ l
η,2)Rη

x (θ l
η,1), with Rη

γ (θ l
η,k ) rep-

resenting θ l
η,k rotation along the γ axis applied on the ηth qubit

of the lth layer (γ = x, y; k = 1, 2, 3), and Uent represents the
hardware-specific nonlocal gate.
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On the other hand, as Hs,a(t ) is time dependent, we cal-
culate the target evolution operator UHs,a (t ) by dividing the
evolution time t into sufficiently large M equal segments, with
the duration of each segment denoted as 
t . Thus we can get

UHs,a (t ) = T e−i
∫ t

0 dtHs,a (t ) =
M∏

m=1

e−i
tHs,a (m
t ). (7)

It is worth noting that we simply treat the evolution UHs,a (t )

as a whole so that the approximated operator U (θ ) is very
likely to be realized in a much shorter time. This is a great
advantage for exploring the long-time behavior of the non-
Hermitian Hamiltonian dynamics.

In the VQA, the parameterized circuit U (θ ) needs to be
optimized with appropriate optimization algorithms by setting
a suitable fitness function. Here we set quantum gate fidelity
as a fitness function, namely,

F (θ ) = |Tr(U †
Hs,a (t )U (θ ))|2/4N . (8)

Generally speaking, the optimization algorithms that have
been used in the VQA can be classified into three categories,
i.e., gradient-based algorithms [41,48,49], gradient-free algo-
rithms [50], and machine learning [51,52]. In our protocol we
utilize the common gradient-based algorithm to accomplish
the optimization. However, as the system size becomes larger
and the number of to-be-optimized parameters increases, the
convergence speed of the gradient-based algorithm can be
significantly reduced.

To mitigate this issue, we combine the backpropagation
strategy [53], which is widely used in machine learning,
to accelerate the convergence process. The backpropagation
strategy computes the gradients of the fitness function by
the chain rule and then iterates backward from the last term
to avoid redundant calculations of the intermediate terms in
the chain rule [54]. Specifically, the gradients of the fitness
function in Eq. (8) with respect to the parameters θ l

n,k can be
calculated by the chain rule,

∂F

∂θ l
n,k

= ∂F

∂U

∂U

∂Ul

∂Ul

∂Rn

∂Rn

∂θ l
n,k

, (9)

as shown in Fig. 2(b). During the optimization, there exist
many gradient nodes that are repeatedly calculated. For ex-
ample, in each iteration the calculations of ∂F/∂θ l

n,k with the
same l and n actually share the same gradient nodes ∂F/∂U ,
∂U/∂Ul , and ∂Ul/∂Rn. The backpropagation strategy suggests
computing the above-shared gradient nodes only once and
recording them for further use. This strategy can significantly
save the computing time and thus accelerates the convergence.

III. NUMERICAL SIMULATIONS

To demonstrate the effectiveness of our protocol, we ap-
ply it to simulate the evolution dynamics of an Ising chain
with non-Hermitian perturbations [43]. This physical model
indicates that the QPT can be completely preserved at finite
temperatures, and it presents an alternative approach for un-
derstanding the QPT of quantum spin systems at nonzero
temperatures [43]. However, it is a great challenge to re-
alize such non-Hermitian Hamiltonians, especially for the

multiqubit case. In the following we describe in detail how
our protocol can accomplish this task.

A. Model and methods

Consider an Ns-qubit Ising model under open boundary
condition, which can be described by the following Hamil-
tonian:

H0 = −J
Ns−1∑
n=1

σ n
x σ n+1

x + g
Ns∑

n=1

σ n
z , (10)

where σ n
γ (γ = x, y, z) are the Pauli operators applied on the

nth site, J represents the coupling strength, and g (g � 0)
denotes the field strength. For simplicity, we assume J = 1
in the following discussions. In the thermodynamic limit we
need to introduce a nonlocal non-Hermitian operator D =
1
2

√
1 − g2

∑N
n=1 gn−1Dn [43] with

Dn =
∏
l<n

( − σ l
z

)
σ n

x − i
∏

l<Ns−n+1

( − σ l
z

)
σ Ns−n+1

y . (11)

This perturbation term captures the impact of nonzero tem-
perature on the spin system. Overall, the total system
Hamiltonian can be defined as

Hs = H0 + κDn, (12)

where κ is a real constant that satisfies κ 
 g.
To simulate the evolution dynamics of the above non-

Hermitian Hamiltonian using our protocol, we first use the
method introduced in Sec. II A to dilate it into an N-qubit Her-
mitian Hamiltonian with one ancillary qubit. Thus we have the
explicit relation N = Ns + 1. Next, in order to approximate
UHs,a (t ) with the VQA, we need to focus on a specific quan-
tum platform. Taking the nuclear magnetic resonance (NMR)
system as an example, the nonlocal gate in this system can be
conveniently expressed as

Uent = e−iHintts , Hint =
∑N

i< j
πJi, jσ

i
zσ

j
z /2, (13)

where Ji, j is the coupling between the ith spin and the jth spin,
and ts is the evolution time. As the NMR samples have fixed
molecular structures, the couplings between the spins remain
unchanged. Thus the above nonlocal gate is simply realized
by letting the system undergo free evolution for a time period
ts, which is very favorable for the use of the hardware-efficient
ansatz; see Fig. 2(a). For an N-qubit parameterized quantum
circuit with L layers, we thus need 3NL single-qubit rotations
and N nonlocal gates. To optimize these rotation parameters,
we apply the gradient-based algorithm with the backpropaga-
tion strategy [55].

For exploring the QPT in the above physical model, we
routinely introduce the Loschmidt echo (LE) [56], i.e.,

L(t ) = [Tr
√√

ρs(0)ρs(t )
√

ρs(0)]2. (14)

The LE characterizes the degree of distinguishability be-
tween ρ(0) and ρ(t ), which allows us to quantify the
sensitivity of quantum evolution to perturbations. To study
nonzero temperature QPT, we set the initial state as
the thermal state ρs(0) = e−βH0/Tre−βH0 at temperature β

for the prequench Hamiltonian H0. As the system state
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FIG. 3. Comparison of the LEs with different Hamiltonian parameters. The solid lines and the markers represent the theoretical LEs [Lth(t )]
and the simulated LEs [Lsim(t )], respectively. (a) Results for Hs = H0 + κD1 with different g. The corresponding parameters are Ns = 5, J = 1,
κ = 0.1, and β = 10. The profiles of the LEs in different phases are distinct, converging to 1.0 for the paramagnetic phase and 0.5 for the
ferromagnetic phase, respectively. (b–e) Results for Hs = H0 + κDn (n = 1, 2, 3, 4, 5) with different g. The corresponding parameters are
Ns = 5, J = 1, κ = 0.1, and β = 1. The profiles of the LEs all converge to 1.0 for the paramagnetic phase when (d) g = 1.1 and (e) g = 1.5.
However, for the case of the ferromagnetic phase (b) g = 0.1 and (c) g = 0.5, the LEs for large n remain near 1.0, while the LEs for small n
gradually tend to 0.5.

ρs(t ) obeys the equation i∂ρs(t )/∂t = Hsρs(t ) − ρs(t )Hs
†

and Hs is time independent, the system’s final state
with normalization can be directly calculated by ρs(t ) =
e−iHstρs(0)eiH†

s t/Tr[e−iHstρs(0)eiH†
s t ]. In this way we can get

the theoretical LE, marked as Lth(t ). On the other hand, when
executing our protocol introduced in Sec. II, the system’s
final state obtained from the dilated circuit also needs to be
normalized. This final state then leads to the simulated LE,
marked as Lsim(t ).

B. Simulation results

We first consider the simulations for Hs = H0 + κD1,
where D1 is the dominant term of Dn, n = 1, 2, ..., Ns. With
Ns = 5 qubits, we apply the above-introduced method to sim-
ulate its dynamical evolution. Specifically, we first substitute
Hs into Eq. (4), then construct the corresponding Hermitian
Hamiltonian Hs,a, and finally simulate UHs,a with VQA. As
for realizing Uent in the VQA with the NMR system, we
choose the parameters of the seven-qubit sample 13C-labeled
crotonic acid and set ts = 0.0035 J−1 for the simulations; see
the specific values Ji j of this sample in Refs. [57–59]. With
sufficiently large number of layers L = 400 and the initial
guess θ l

n,k = 0, we obtain the fitness function F � 0.9995. As
described above, we use the LE to characterize the QPT in
this physical model. The theoretical LEs and the simulated
LEs are shown in Fig. 3(a). It can be seen that the LEs tend to
different values for different g. Specifically, when g > 1, the
system is in the paramagnetic phase; the non-Hermitian per-
turbation does not substantially affect the dynamics, hence the
LEs satisfy L(t ) ≈ L(0) = 1.0. On the contrary, the system
is in the ferromagnetic phase when g < 1, and the dominant

non-Hermitian term D1 leads to the exceptional point dynam-
ics. The exceptional point makes the thermal state approach to
its half component in the ferromagnetic phase [43], and thus
the LEs converge to 0.5. Generally speaking, the simulated
LEs (markers) and the theoretical LEs (solid lines) are well
matched, revealing that our protocol can almost exactly sim-
ulate the evolution dynamics of this non-Hermitian physical
model. In addition, for each point in Fig. 3(a), the opera-
tion time of the dilated circuit with and without resorting
to the VQA are 400ts = 1.4J−1 and 5J−1, respectively. This
advantage makes our protocol more favorable for simulat-
ing the long-time behavior of the non-Hermitian Hamiltonian
dynamics.

Next we consider the Hamiltonian Hs = H0 + κDn with
n = 1, 2, 3, 4, 5. We set Ns = 5 and use the same simula-
tion parameters as above, i.e., L = 400, θ l

n,k = 0 and ts =
0.0045 J−1. The fitness functions for all the cases satisfy F �
0.9995. The theoretical LEs and the simulated LEs are shown
in Figs. 3(b)–3(e). It can be seen that the long-time behavior
of the LEs when g > 1 is similar to that in the above case, all
converging to 1.0; see Figs. 3(d) and 3(e). For g < 1 we find
that the LEs converge to 0.5 when n = 1, which is the same as
the above case; see Figs. 3(b) and 3(c). However, the LEs with
other position-dependent parameters n = 2–5 have different
features. Specifically, for n = 3–5 in Fig. 3(b) with g = 0.1
and n = 5 in Fig. 3(c) with g = 0.5, the LEs remain at 1.0.
It is worth noting that the LEs remain at 1.0 when n = 5
regardless of the value of g. The reason behind this is that
D1 is the dominant term of Dn; the non-Hermitian effects
become smaller and smaller when n increases [43]. For other
n values in Figs. 3(b) and 3(c), it can be seen that the LEs
gradually tend to the profile of n = 1 as n becomes smaller,
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FIG. 4. Average LEs as a function of g for different Ns. The solid
lines represent the theoretical average LEs (L̄th), while the markers
are the simulated average LEs (L̄sim). The dashed line is the ideal
average LEs for large Ns limits, which separates the ferromagnetic
phase (g < 1, green background region) and the paramagnetic phase
(g > 1, pink background region). Here we set κ = 0.1, J = 1, β =
10, τ = 500, T = 500, and n = 1. It reveals that the average LEs
tend to the prediction in the thermodynamic limit as Ns increases.

indicating that the LEs decay more rapidly as n approaches
the boundary. In all the compared cases, we clearly find that
the simulated LEs and the theoretical LEs are well consistent
with each other, showing the effectiveness of our protocol on
simulating the non-Hermitian Hamiltonian dynamics again.

Finally, we check the average LE to determine the effect of
g with g varying from 0 to 2. The average LE in the time in-
terval [τ , τ + T ] can be defined as L̄ = 1

T

∫ τ+T
τ

L(t )dt , where
τ � 1. Similarly, we further mark the theoretical average LE
and the simulated average LE as L̄th and L̄sim, respectively.
For simplicity, we restrict ourselves to the Hamiltonian Hs =
H0 + κD1 with κ = 0.1. This is because D1 is the dominant
non-Hermitian term of Dn, and the impacts of other terms are
very small; thus we can omit them. With the same simulation
procedure and the same parameters, we obtain the results
shown in Fig. 4. It can be seen that when g is very small,
the average LE remains at 0.5. As g increases, the average
LE for different Ns rapidly rises to 1.0 and has a trend to
gradually approach the thermodynamic limit (dashed line, Ns

is very large) as Ns increases. Moreover, when g > 1, the LEs
remain unchanged at around 1.0. These results indicate that
the LEs are also effective to characterize the QPT at nonzero
temperatures, even for small-scale systems. We clearly see
that the simulated average LEs are well matched with the the-
oretical average LEs for all the tested Ns and g, demonstrating
the effectiveness of our protocol in simulating the evolution
dynamics of non-Hermitian Hamiltonians.

C. Computational cost analysis

As the VQA is a key part of our protocol, we here analyze
its computational cost. In the above simulations, we set a
sufficiently large number of layers L = 400 to make sure that

FIG. 5. (a) Number of circuit layers L needed for reaching a
certain value of the fitness function F vs the number of qubits N . The
error bars are plotted with five runs using random initial parameters
θ l

n,k . (b) Fitness function F vs the iteration number for different
numbers of qubits N .

the approximated U (θ ) is as close to the target gate UHs,a (t )

as possible, resulting in F � 0.9995 for all cases. However,
the actual applications may not need such high values of
the fitness function, and thus we can reduce the number of
layers needed. This reduction is beneficial to the experimental
applications, as real quantum platforms have finite coherence
times which limits the number of quantum operations that
can be faithfully realized. In addition, the VQA parameters
can also be significantly reduced, which can accelerate the
optimization process. Here we explore the number of circuit
layers required to achieve distinct values of the fitness func-
tion F for different number of qubits N . The simulation results
are shown in Fig. 5(a). It can be seen that the number of layers
can be reduced about 9%–30% or 33%–55%, if decreasing
F = 0.9999 to 0.999 or 0.99, respectively. Therefore we need
to make a balance between the accuracy of the fitness function
and the circuit layers a quantum platform can afford for spe-
cific applications. For NMR systems, the decoherence time of
the used sample is greater than 2 s [60] and the fidelities of
single-qubit gates can approach 0.9999; thus the simulations
here are roughly within the reach of current NMR techniques.

We also explore the convergence speeds of the gradient-
based algorithm with the backpropagation strategy for finding
the optimal VQA parameters. Here we set a sufficiently large
number of circuit layers L for each number of qubits N to
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guarantee that the optimization algorithm can converge in an
acceptable time; see the results in Fig. 5(b). It can be seen
that the fitness function F for different numbers of qubits N
quickly converges within 120 iterations, reaching F � 0.995
for all cases. This reveals that the backpropagation-enhanced
optimization algorithm has a very fast convergence speed, and
the increasing number of system dimensions and the VQA pa-
rameters do not influence the convergence speeds very much.
This is an important feature of our protocol for efficiently
simulating multiqubit non-Hermitian dynamics.

IV. DISCUSSION AND OUTLOOK

In summary, we propose a practical protocol for efficiently
simulating the small-scale non-Hermitian Hamiltonian dy-
namics. The basic idea is to first dilate the non-Hermitian
Hamiltonian into a Hermitian one with a carefully de-
signed quantum circuit and then use the VQA with the
hardware-efficient ansatz to approximate the complex en-
tangled operation in this circuit. To optimize the VQA
parameters, we apply the gradient-based optimization algo-
rithm enhanced by the backpropagation strategy. To show
the effectiveness of our protocol, we use it to simulate the
dynamics of an Ising chain with nonlocal non-Hermitian per-
turbations. With simulations up to five qubits, we demonstrate
that the simulated results using our protocol are well matched
with the theoretical predictions. We hope the proposed pro-
tocol can soon find other applications and experimental
verifications on various quantum platforms.

There are several aspects that are worth further efforts.
First, for the specific problems at hand, problem-inspired
ansätze [32] instead of the hardware-efficient ansatz may be
more efficient to approximate the target unitary gate, which
can significantly decrease the optimization complexity. There-
fore suitable ansätze need to be chosen according to the
problems and features of the available physical platform. Sec-
ond, there may exist many sources of noise in realizing the

optimized VQA, so it is helpful to explore the behavior of our
protocol when including typical noises in optimizing the VQA
parameters [61,62]. Third, the present method is restricted to
small-scale systems (up to around 12 qubits) due to the diffi-
culty of computing the general time-evolution operators on a
classical computer [63]. However, as we are now in the noisy
intermediate-scale quantum era [64], considering the problem
of simulating the non-Hermitian Hamiltonian dynamics up to
tens of qubits will be highly interesting and demanded. This
suggests that we combine more efficient time-evolution simu-
lation strategies [65], more effective VQA ansätze, and more
powerful optimization algorithms to accomplish this task.
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