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We study the fundamental limits of the precision of estimating parameters of a quantum matter system when
it is probed by a traveling pulse of quantum light. In particular, we focus on the estimation of the interaction
strength between the pulse and a two-level atom, equivalent to the estimation of the dipole moment. Our analysis
of single-photon pulses highlights the interplay between the information gained from the absorption of the photon
by the atom as measured in absorption spectroscopy and the perturbation to the temporal mode of the photon due
to spontaneous emission. Beyond the single-photon regime, we introduce an approximate model to study more
general states of light in the limit of short pulses, where spontaneous emission can be neglected. We also show
that for a vast class of entangled biphoton states, quantum entanglement between the signal mode interacting
with the atom and the idler mode provides no fundamental advantage and the same precision can be obtained
with a separable state. We conclude by studying the estimation of the electric dipole moment of a sodium atom
using quantum light. Our work initiates a quantum information-theoretic methodology for developing the theory

and practice of quantum light spectroscopy.
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I. INTRODUCTION

Spectroscopy seeks to estimate one or more parameters ap-
pearing in the model of a matter system by measuring the light
that has interacted with it. Recent technological developments
have made it possible to use quantum light in spectroscopy
[1], e.g., few-photon Fock, squeezed, or entangled states that
exhibit nonclassical spatial or temporal correlations [2]. This
resulted in sensing with sensitivity better than the classical
shot-noise limit [3-6], in obtaining different scaling of the
spectroscopic signals [7] with incident light intensity, and in
new spectroscopic techniques [8—12]. Despite many propos-
als to perform spectroscopy with pulses of quantum light, a
rigorous and quantitative assessment of the best attainable pre-
cision, as well as of the potential advantage of using entangled
light, remains absent.

In this paper we start to uncover the fundamental limits
of quantum light spectroscopy by employing the tools of
quantum estimation theory that underlie quantum metrology.
Our aim is to understand the extent to which the in-principle
enhancements of quantum metrology [13,14] are relevant un-
der the particular circumstances of practical quantum light
spectroscopy experiments [1,15]. Specifically, we focus on
a paradigmatic scenario that can be considered a minimal
example of quantum spectroscopy: A pulse of quantum light
is used to probe a single two-level atom, as illustrated in
Fig. 1, with the objective of estimating the light-atom coupling
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parameter I, proportional to the square of the atom’s electric
dipole moment (EDM).

Our work chooses this simplest of matter systems to
establish a quantum information-theoretic methodology for
analyzing pulsed quantum light spectroscopy. We focus on
pulses of quantum light as our endeavor is to understand the
challenges and methods peculiar to this scenario; we do not
aim to compare the performance or practicality of pulsed light
with schemes based on continuous waves.

Calculating the fundamental bounds set by quantum me-
chanics to the precision of estimating I' requires a full
description of the quantum state of the light and all math-
ematically valid detection techniques. The former is made
challenging by the change in the modal structure of pulsed
light after the light-atom interaction and the latter by the
infinitude of possibilities. Nevertheless, for single-photon
pulses, for instance, we clearly identify two sources of in-
formation about the parameter I': a classical one, related
to absorption spectroscopy [16], and a quantum one, re-
lated to fluorescence lifetime estimation [17] and fluorescence
spectroscopy [18]. That our methodology can elucidate phe-
nomena typically studied in disparate frameworks speaks to
its strength.

Our work thus stands in contrast to previous ones where
quantum estimation theory was applied to estimate the light-
matter coupling parameter in cavity-based setups [19,20],
wherein only one discrete mode of the light field was involved.
It also stands in contrast to the analysis of spectroscopic
signals that rely on evaluating the expectation values of par-
ticular observables [18], different for various spectroscopic
setups. Finally, our methodology relies on studying the exact
dynamics of a pulse interacting with a single atom. This is
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in contrast to conventional approaches [1,21] that relate the
induced polarizations in ensembles to the measured signals or
treat the matter effectively [22-24].

Our main results are as follows.

(i) We derive the fundamental precision bounds for
estimating I with generic single-photon and entangled bipho-
ton states (in the slowly varying envelope approximation,
assumed throughout the paper) in Egs. (30) and (44), respec-
tively.

(i) We identify practically reasonable measurements that
attain the fundamental precision for single-photon pulses in
Sec. IITA 3.

(iii)) We show that there is in general no quantitative re-
lationship between the precision of estimating I' and the
excitation probability using a certain pulse (see, e.g., Fig. 2).
However, the two quantities are related for Fock states in the
short-pulse regime, as in Sec. IV C.

(iv) For single-photon pulses, we show that the probability
of losing the photon from the original traveling-pulse wave
packet contains a fraction of the total information about the
parameter that would be available at the end of the experiment
in the ideal case, i.e., where all the spontaneously emitted
light can be measured optimally. The fraction becomes % in
the limit of short pulses [see e.g., Fig. 2(c)].

(v) In Sec. IV B we show that in the limit of short pulses
and detection of the light shortly after the interaction (in units
of the atom lifetime) the variance of estimating I" decreases
as the inverse of the pulse duration and as 1/ if probed by
n-photon Fock states.

(vi) In Sec. VA we show that for entangled biphoton
probes with real-valued temporal envelopes, entanglement is
not a fundamental resource to enhance the estimation preci-
sion, since there always exists an unentangled single-photon
probe that performs at least as well.

All the results in this paper, apart from (i) above, are
obtained under the assumption of zero detuning between the
pulse carrier frequency and the transition frequency of the
atom.

The paper is structured as follows. In Sec. II we present
our theoretical framework: the model of light-matter inter-
action and a summary of local quantum estimation theory.
In Sec. III we present an extensive analysis of the limits of
the precision of estimating I" using single-photon pulses. In
Sec. IV we approximate the problem to a much simpler one
in the regime of short pulses and present a general solution
within this approximation. In Sec. V we extend the analysis to
entangled biphoton pulses, investigating the potential advan-
tage afforded by such states. In Sec. VI we apply our general
results to the EDM estimation of a sodium atom. We conclude
in Sec. VII with a summary and brief discussion.

II. THEORETICAL FRAMEWORK

We begin with a theoretical model of light-atom interac-
tion, followed by a description of the quantum states of a
traveling pulse of light. We then provide a brief introduction
to quantum estimation theory, necessary to quantify the fun-
damental and attainable precision in parameter estimation.
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FIG. 1. Illustration (not to scale) of the excitation of an atom by
a quantum pulse of light (with Gaussian temporal envelope). Here I'
represents the interaction strength with the pulse, while I'| describes
emission into other (inaccessible) orthogonal field modes. As illus-
trated, the shape of the wave packet is changed by the interaction
with the atom.

A. Model
1. Atom, field, and their interaction

We consider a single two-level atom (the atom or A subsys-
tem) fixed in space modeled by its free Hamiltonians H”. The
ground and excited states of the atom are denoted by |g) and
le), respectively. Setting the ground-state energy to zero,

H* = hayle) (el (1)

where oy is the transition frequency.

We next consider a traveling pulse of quantized radiation
field (the pulse or P subsystem), which must be described by
a continuum of frequencies. As is customary in spectroscopic
setups, we assume the field to have a well-defined direction of
propagation. This leads to the free-field Hamiltonian [25]

HP =h / oodwwaT(w)a(a)), (2)
0

with the bosonic operators [a(w), a’(w)] = §(w — ') labeled
by a continuous frequency w. Invoking the slowly varying
envelope approximation, which assumes the central frequency
@ of the electric field to be much larger than the spectral
width [21] and is usually valid in the optical regime, we obtain
the standard expression for the positive-frequency part of the
electric-field operator in the interaction picture with respect
to HY,

a(w)e ", 3)

E(1) = ihe A(®) / v do
—oo 27

Nor
where € is a unit polarization vector, A(®) = /@/2€cAHR,
and A is the transverse quantisation area.

The interaction between the traveling pulse and the atom is
schematically illustrated in Fig. 1. It is modeled by an interac-
tion term Hy. Supplementing the slowly varying envelope with
the dipole approximation so that the spatial extent of the atom
is assumed to be much smaller than the wavelength associated
with @, it is possible to show that A = 1/u(r)?, where u(r)
is the transverse spatial mode function of the paraxial beam
at the atomic position r (for a detailed derivation see, for
instance, Ref. [26]). Making next the rotating-wave approx-
imation, the interaction Hamiltonian in the interaction picture
generated by the unitary transformation e~ +H") takes the
standard form [27]

HP () =d(t) - E'(t)+d'(t) - E(r) 4)
= —ihivTloya(t) — o_a' ()], (5)
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where d(t) = ;Lega_e‘i”’O’ is the positive-frequency part of the
dipole operator, ft,, = —g.{e|r|g) is the relevant dipole matrix
element (g, is the charge of the electron), and o_ = |g)(e| =
oi. In Eq. (5) we have introduced the so-called quantum
white-noise operators'

a(t) — ‘/;oo j;—na(a))e_i(w_w())t (6)

satisfying [a(t),a’(t')] = 8(t —t') and the constant I' =
(Mo - €)*A(@)* proportional to the square of the dipole mo-
ment.

In addition to the continuum of bosonic modes a(w) that
describes the pulse degrees of freedom, an atom in free space
interacts with an infinitude of other modes of the electro-
magnetic field (capturing all the other spatial and polarization
degrees of freedom beyond those of the pulse). We account
for this by introducing a coupling to an additional continuum
of bosonic modes b(w) with a free Hamiltonian analogous to
Eqg. (2), leading to the interaction-picture Hamiltonian

HMPE(t) = —ifio [VTa(t) + VTb@)] +He.,  (7)

where the additional set of white-noise operators b(t)
satisfying [b(t), b'(t')] = 8(t — t') represents a collective en-
vironment (E) subsystem coupled to the atom and I is the
coupling strength with such an environment. For complete-
ness, we show in Appendix A that this is equivalent to a more
realistic model where the environment consists of a discrete
set of infinitely many families of white-noise operators, rep-
resenting all the degrees of the electromagnetic field beyond
those described by a(w).

Our approach is to treat A, P, and E as distinct subsystems,
of which P is the only one that can be measured experi-
mentally. This will change slightly in Sec. V for entangled
biphoton states: The signal (S) subsystem plays the role of
P, but an additional idler (/) subsystem that does not interact
with either A or E is also assumed to be measurable. The
atom-environment interaction in Eq. (7) seeks to capture an
experimental scenario where light emitted into the environ-
ment is irreversibly lost. Mathematically, this means tracing
out the subsystem E; the resulting reduced dynamics of the
atom-pulse state is governed by a master equation in Lindblad
form

dp*(t) i
di~ h

where we have introduced the superoperator D[A]p =
ApAT — L(pATA + ATAp). While a master equation treatment
is very useful numerically, for single-photon pulses it will be
easier to solve the full unitary dynamics. We take the latter
approach in Sec. III.

Although the Hamiltonian in Eq. (7) is obtained in the
white-noise limit, a Markov approximation, this is not enough
to have a reduced dynamics in Lindblad form for a generic

[HF @), p*F ()] + TLDlo_1p* (1), (8)

'Formally, the operators a(t) should be treated using quantum
stochastic calculus [28], but this is unnecessary for our purposes. We
refer the reader to some physics-oriented introductions in the context
of light-matter interaction with pulses of light [26,29,30].

initial state of the E subsystem. The Lindblad form is guaran-
teed because the initial state is the vacuum and thus temporally
uncorrelated. On the contrary, nonclassical initial states of the
field, such as Fock or squeezed states that we will choose for
the traveling pulse, have temporal correlations and induce a
non-Markovian reduced dynamics of the atom [31]. However,
the reduced dynamics of the atom can generally be described
by hierarchies of master equations [29,32,33] or by using a
virtual cavity with a suitable time-dependent coupling [34,35].

The interaction Hamiltonian in Eq. (7) can be used to
describe light-matter interactions in different scenarios by
assigning different relative magnitudes to the quantities I'|
and I'. In a free-space configuration with the atom probed
by paraxial light, there is usually a strong coupling with the
environment and a weak coupling with the pulse, resulting in
I > T [36]. Nonetheless, by matching the pulse spatial and
polarization degrees of freedom to the dipole pattern of the
atom, one could in principle obtain a perfect coupling I = 0
even in free space [37]. However, the scenario I} =0 is
mostly employed to study two-level atoms in one-dimensional
waveguides [38,39].

In this paper we will not grapple with such model-
dependent details and take the Hamiltonian in Eq. (7) as our
starting point until Sec. VI. There we will apply our methods
to estimating the dipole moment of the sodium D, transition
using traveling pulses of quantum light. Furthermore, we will
always assume that the atom is initially in the ground state,
because we want to model light absorption and the corre-
sponding excitation induced by the pulse. However, if we kept
the same Hamiltonian but started the dynamics with the atom
in the excited state and both P and E in the vacuum, the
overall decay rate would be ',y = I' 4+ I, [26,29,37,40], and
in free space this corresponds to the standard rate obtained

2.3
_ “"(’g‘ wy

from Wigner-Weisskopf theory [y = e

2. Quantum states of the traveling pulse

To describe a pulse of light traveling in a well-defined
direction quantum mechanically, we introduce the continuous
Fock states [25]

ng) = %( /0 Oodw&w)a*(w)) 0), ©)

where £ (w) is the single-photon spectral amplitude, a square-
integrable normalized function describing the wave packet.
As mentioned before, we assume the light to be sufficiently
narrowband around the carrier frequency @, which we fur-
ther assume to equal the atomic transition frequency. Thus,
@ = wy. In this regime, we can extend the integral in Eq. (9)
to the whole real line and introduce the temporal amplitude
)= [ %%(w)e‘i(w‘wo)’, i.e., an envelope that modu-
lates oscillations at the carrier frequency, as depicted in Fig. 1.
Then we can introduce the photon-wave-packet creation oper-
ator (satisfying [Ag,Ag] =1)

Al = / T e o) = / T dwk@ad ). (10)

]

where the a(¢) are defined in Eq. (6). In general, £(¢) can be
considered as one element of a complete orthonormal basis
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of functions &;(r), known as temporal modes [41,42], e.g.,
Hermite-Gauss polynomials if £(¢) is Gaussian. The Hilbert
space of the P subsystem is thus the tensor product of the
Fock spaces associated with each temporal mode and the most
general pure state therein is written as 3}, cn jlng;) [43].

Thus, even if the description of a traveling pulse needs
an underlying continuous degree of freedom (i.e., w or f),
the initial state describing the incoming pulse is effectively
single-mode using the photon-wave-packet operators The
Fock states in Eq. (9) can be reexpressed as |ng) = —A'”|0)

and descriptions of other states such as coherent states

el /2 Z

with average photon number ffooo dt (o la® (¢t Ja(t)|og) = loe|?
and squeezed vacuum states [33,42]

2 (5) S

with average photon number f_oooo dt(s§|a"'(t)a(t)|s§) =

OtA —a*Ag |0

(1)

los) =€

(rAf —rA? )/2|0

lse) = e [2ng) (12)

sinh? |r| (where r = |r|e’®, ¢ = cosh r, and s = ¢/ sinh r) fol-
low.

The preceding is not the most general scenario, since
generic quantum states of light are supported on multiple tem-
poral modes [44], e.g., realistic single-beam squeezed states
obtained from parametric down-conversion [25,45]. We leave
the analysis of this more general case for future studies. Note,
however, that the entangled biphoton states in Sec. V neces-
sarily involve multiple temporal modes.

Finally, having defined &(¢) and a(¢) as Fourier trans-
forms centered around wy, for a detuning A = wy — @ # 0
the temporal amplitude £ (t) acquires a linear temporal phase?
equivalent to a shift of the spectral amplitude [46]. Since a
complex-valued temporal amplitude might effectively make
the pulse not resonant, a real £(¢) is to some extent a “natural
assumption on resonance” [47], a choice we will also make
in the following. A detailed study of the effect of detuning on
pulsed quantum light spectroscopy of a two-level atom will be
presented elsewhere [48,49].

B. Local quantum estimation theory

Estimation theory quantifies the precision in estimating
the value of a parameter I from experimental observations
x distributed according to a probability distribution pr(x)
belonging to a parametric family. Quantum mechanically,
pr(x) = Tr(prIl,), the probability distribution of the col-
lected data, is obtained from the Born rule. Here por is a
quantum state depending on the parameter I', T1, is an ele-
ment of a positive-operator-valued measure (POVM), which
mathematically describes a quantum measurement [50], and
x labels the possible experimental outcomes. For example, in
a photon-counting measurement x is the number of detected
photons. In this paper, pr may correspond either to the joint

2Applying a temporal phase means modifying the temporal ampli-
tude as £(t)e’?®, preserving the distribution |£(¢)|%.

state of the atom and light or to the reduced state of the light
only.

Denoting by I" an unbiased estimator of T, its variance
satisfies the Cramér-Rao bound (CRB) [51]

Var[['] > —, (13)

where M is the number of repetitions of the experiment and
C(pr, I,) is the classical Fisher information® (CFI) defined

as
N 1 (pr))
C<pr,nx>—§x:pr(x)( T ) (14)

where the summation becomes an integral for continuous
distributions. Since the inequality (13) can be saturated in
the limit M — oo [51], e.g., by the maximum-likelihood esti-
mator, the CRB captures the maximum precision that can be
extracted by collecting data from the distribution pr(x).

To identify the fundamental quantum limit on the variance
of the estimator, the CFI must be maximized over all possible
POVMs, obtaining [52-55]

I{r;_[f%?}(C(Pr, ;) = Q(pr), (15)

where we introduced the quantum Fisher information (QFI),
defined as

Q(pr) = Tr(prLt), (16)

where Ly is the symmetric logarithmic derivative, a Hermitian
operator satisfying the Lyapunov equation

3& _ prLr + Lrpr

ar 2 (an
The bounds on the estimation precision are thus
Var[["] > ! > ! ) (18)
MC(pr, ;) = MQ(pr)

The latter inequality is known as the quantum CRB on the
variance. We assume that M can be made sufficiently large
so that we can meaningfully focus on the CFI and QFI as the
relevant figures of merit to quantify the estimation precision.
This setting is known as local estimation, since the CFI and
QFT are defined locally around the true value of the parameter
(pr and orpr are evaluated at the true value of I' in all
the equations above). We stress that, while M copies of are
required, they need not be measured collectively to attain the
fundamental quantum bound for single-parameter estimation,
since the optimization in Eq. (15) is over measurements on a
single copy of the system.* For small M, nonlocal approaches
such as Bayesian or minimax estimation are more suitable.
Note that the CFI and QFI are dimensional quantities if the
parameter has physical dimensions. To ease the comparison

3Since the CFI depends only on the classical probability distribu-
tion pr(x), we will often use C(p) to denote the CFI of a particular
["-dependent distribution p, dropping the I" dependence too.

“While the optimal measurement may depend on the unknown pa-
rameter, performing first a rough estimate using a sublinear amount
of copies is enough to attain the bound [56].
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for different parameter values, we focus on the dimensionless
QFI I'>Q(pr) that captures the estimation precision relative
to the true parameter value. It sets a fundamental upper bound
on the relative estimation precision I'?/Var[I'], formally the
squared inverse coefficient of variation of the unbiased estima-
tor. These quantities are sometimes referred to as the quantum
and classical signal-to-noise ratio (SNR) [55]; we do not adopt
this terminology to avoid confusion with homonymous exper-
imental quantities.

While the QFI defined in Eq. (16) does not have a simple
closed-form expression in general and must be evaluated by
diagonalizing the density matrix [55,57], in some cases more
explicit formulas can be obtained. For a pure state |Wr),

Q(IWr)) = 4({(drWr|dr¥r) — [(ar Wr|Wr)[?). (19)

Another case that will be relevant is the rank-2 mixed
state pr = [Ve) (Yol + |¥g) (|, obtained from tracing out the
atomic degrees of freedom from a pure state of the form
[¥r) = le)¥e) + 18)1¥). The two vectors [,) and |) de-
scribing the quantum states of the field are neither normalized
nor mutually orthogonal and are generally infinite dimen-
sional. In this paper we use the tilde to denote unnormalized
state vectors. In this scenario, the QFI can be evaluated ex-
plicitly without rewriting por on an orthonormal basis by
solving Eq. (17) using nonorthogonal bases [58-60], as re-
cently shown in the context of superresolution imaging. We
use this technique in Sec. IV.

Another useful property of the QFI is the extended convex-
ity [61,62]

Q(Z Pm,rpm,r) <Cpmr)+ Y pirQir),  (20)

where p,, 1 is a (potentially parameter-dependent) probabil-
ity distribution and p, r are normalized quantum states. In
words, the QFI of a generic mixture is upper bounded by the
CFI of the mixing probability plus the average QFI of the
states; this reduces to standard convexity when the mixing
probability does not depend on the parameter. This equa-
tion can be understood as a consequence of the monotonicity
of the QFI under completely positive and trace-preserving
maps [63], since the right-hand side of Eq. (20) is the QFI
of the state Y, puw.r om.r @ |m){m| while the left-hand side is
obtained via its partial trace, potentially losing information.
In the context of probabilistic quantum metrology, a state
in this form can be obtained by making a selection mea-
surement on an initial state and storing the outcome in an
ancillary system that acts as a classical register [64]. If the
states p,, r have support in mutually orthogonal subspaces (at
least in the neighborhood of the true parameter value), then
the information contained in the classical register {|m)(m|} is
formally redundant, since they are perfectly distinguishable,
and Eq. (20) is saturated with equality [65].

III. SINGLE-PHOTON PULSES

We now begin the presentation of our results on quantum
light spectroscopy of a two-level atom using single-photon
pulses. This is a simple yet conceptually rewarding and prac-
tically relevant scenario of quantum light spectroscopy. The

results of this section can be applied to arbitrary pulse shapes,
but we present analytical expressions for a few paradigmatic
ones studied in the literature [37], often focusing on a rect-
angular pulse for clarity. This is more than a mere theoretical
exercise, since the realization of nontrivial single-photon wave
packets is a well-developed experimental field [46,66—69].

We first present the general analytical expression for the
QFI for single-photon pulses. Then we evaluate the QFI for
various pulse shapes when the atom is perfectly coupled to the
incoming pulse, i.e., I = 0. Finally, we present results for an
atom that can also emit spontaneously into an environment,
focusing in particular on the free-space case where I, > T,
where we elaborate on the relation to single-photon absorption
spectroscopy.

A. General expressions
1. Unitary evolution of the atom, pulse, and environment

We start by assuming the atom to be in the ground state.
Then the global atom-pulse-environment state never contains
more than one excitation due to the form of the interaction
Hamiltonian in Eq. (7). This state is given by (omitting the
explicit time dependence for brevity)

[WAE) = [€)]07)[0) + 18) (|74 )IOF) + 10P)]5)), (2D

where ¥, is the time-dependent amplitude of excitation of the
atom and

g (1)) = / dt §g (1, T)a’ (1)|07), (22)

oo
i) = / dt yi(t, b (2)]0%) (23)
—00
are unnormalized single-photon states in the pulse and envi-
ronment modes, respectively. For clarity, we have explicitly
separated the vacuum in the pulse and environment modes.

Solving the Schrodinger equation ifid|WAPE(1))/dt =
H{PE(1)|WAPE (1)) for the interaction-picture Hamiltonian
in Eq. (7) assuming the initial state |WAPE(f)) =
|g)[ff°oo dt £(t)a’ ()|0F)]|0F) gives [38] (see also
Appendix D in Ref. [26])

Do) = _ﬁ/ dr' e~ THDE2g 1y, 24)

[ (1) =/ dr[£(1) + VT O — 1)Ye(r)la’ (1)|0F),
(25)

|FE@) = VTL / dt . (T)b' (1)|0F), (26)

where ®(x) is the Heaviside step function. Note that for £ (r) €
R the amplitudes of the evolved wave functions remain real,
as will be the case for the explicit calculations in the following
sections. We also assume that o is well before the arrival of
the pulse so that we may set fp = —oo in the integrals. For
I' > 0 there is a nonzero excitation probability p.(1) =
[, (¢)|*> which tends to zero for large times: lim;— o p.(t) =
0. This happens even when I} = 0, meaning that the atom is
spontaneously emitted into the pulse; in this case the final state
[ P2°) = lim, o [, p(¢)) is a normalized one-photon wave
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packet with temporal amplitude £(7) + VT,(1). Note also
that the global state defined in Egs. (21)—(26) is normalized,
as we show explicitly in Appendix B.

Assuming that only the P subsystem is accessible for de-
tection, we trace out both the A and E subsystems, obtaining
an incoherent mixture of the vacuum and the modified single-
photon wave packet

p" = (1l + (FE | FE)I107) (OF | + | FF ) F
where again we have suppressed the explicit time dependence.
In the long-time limit ¥ — oo the atom decays to the ground

state and becomes disentangled from the light, but for I, > 0
the initial photon of the pulse is partly lost to the environment.

, 27)

2. Single-photon QFI: Classical and quantum contributions

The state in Eq. (27) has the form pr = pr|0){(0] 4+ (1 —
po)lvr){(¥r|, where we have highlighted the dependence on
the parameter of interest I and written it in terms of a normal-
ized single-photon state (Yr|y) = 1. For clarity,

pr=Wl + (T [05)  r) = [¥;)/J(GE|FE).  (28)

The QFI of pr is then the CFI of the two-outcome probability
distribution {pr, 1 — pr} plus the QFI of the pure single-
photon state rescaled by the corresponding probability:

a 2
Qo) = — TP paer))  (29)
pr(l —pr)
— Clpr) + Oy, (30)

This QFI equals the right-hand side of (20), saturating the
extended convexity bound, since the two pure states in the
mixture are orthogonal and the vacuum contains no informa-
tionon I'.

There are two contributions to the fundamental limit on
the precision of estimating I': (i) the probability pr of los-
ing a photon from the pulse due to absorption by the atom,
giving the CFI C(pr), which we call the classical contri-
bution to the total QFI Q(pr), and (ii) the perturbation to
the temporal shape of the single-photon wave packet due
to spontaneous emission, giving the QFI of the pure single-
photon state (rescaled by the corresponding probability of
not losing a photon) Q(1¥r) = (1 — pr)Q(IYr)) = 4(1 —
pr)((8r¥r|dryr) — [(3r¥r[¥r)|*), which we call the quan-
tum contribution.

In Appendix C we report more explicit expressions for
&(t) € R in terms of the unnormalized single-photon state
|1/}§ ). These are more convenient in the calculations of the
following sections.

3. Optimal measurements

We now discuss the means of attaining (i) and (ii) above.

The classical term (i) in the QFI (30) is attained by
any measurement that perfectly distinguishes the vacuum
from the single-photon component. In principle, this is al-
ways possible and corresponds to a POVM with an element
Iy = |0P)(0P|, completed on the single-photon subspace by
a POVM with outcomes s (continuous or discrete), IT; ; =
[drdt'T (t, v")a’(v)|0) (0P |a(z’). This yields the joint
probabilities po = Tr(orIly) = pr and p,; = Tr(prIl; ;) =

(1 = pr){(Yr|I; s|¥r), corresponding to the marginal and
conditional probabilities p; = f dsps1 =1—pr and py =
Ps.1/p1 = (Yr |1 s|¥r). The chain rule [70] gives the overall
CFI C(pr)+ (1 — pr )C(psu).5 The first term of this expres-
sion is exactly the classical contribution (i) in Eq. (30), for
any choice of the single-photon POVM [T, ;. Physically, this
is the information obtained by measuring the photon loss, as in
single-photon absorption spectroscopy. Indeed, the CFI C(pr)
represents all the information available when the measure-
ment detects the presence of a photon but is insensitive to
the shape of the wave packet, i.e., a trivial single outcome
POVM I1,(z, ') = 8(tr — t’) (formally the identity in the
single-photon subspace such that (Y- |IT;|yr) = 1 for any
1Y)

The quantum term (ii) can be attained by choosing an ap-
propriate single-photon POVM. A projection onto the output
state |y ) itself (more precisely the projection on a state |Yrr)
in the limit I — TI') saturates the QFI. This is an optimal
measurement in local pure-state quantum estimation [71]. For
completeness, we show this explicitly in Appendix G 1. There
are however infinitely many POVMs that saturate the QFI
for pure states and they generally differ in how robust they
are to imperfections in their practical implementation. The
most robust POVM for which the CFI is least degraded by
a worst-case small perturbation can be found exactly [72] and
chosen in the absence of other practical constraints.

Such formally optimal measurements may however be ex-
perimentally impractical. Consequently, we present two more
measurements that are optimal for attaining (ii) when &(¢) €
R, an assumption that we will make for the explicit results in
the following sections. The first is the POVM

I ,(z, ) =8(s — 1)d(zr — ©) (31)

yielding the conditional probability density py; =
[Yr(s)>. For vyr(s)eR and dryr(s) e R we have
[dsoryr(s)¥(s)=0 and the CFI of the probability
distribution py; = Yr(x)? equals the pure-state QFI, since
[dsloryr (712 /v(s)* =4 [drloryr(s)].

The POVM in Eq. (31) operationally corresponds to mea-
surement of photon arrival times, which can be accomplished
using time-correlated single-photon counting (TCSPC) [73].
While TCSPC is ordinarily employed in lifetime measure-
ments using single-photon fluorescence spectroscopy, where
the atom is assumed to be already excited and the excitation
process itself is not modeled (TCSPC is in fact optimal for
single-exponential lifetime detection [17]), our proposal is
somewhat different. The quantum term (ii) is saturated by
the TCSPC measurement of the probability distribution pyy,
which amounts to the measurement of the modulus squared of
the time-dependent envelope of the conditional single-photon
state. However, to measure also the absorption probability and
saturate the classical term (i), one should also know precisely
the number N, of photons incident on the two-level system so
that the probability can be estimated as pg = 1 — Nycspe /Nine

>The chain rule can be applied by considering two random vari-
ables: the photon number (either O or 1) and the outcome of the
single-photon POVM I1, ;, conditional on having the outcome 1 for
the first random variable.
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for large Nic, where Nycspc is the total number of TCSPC
counts. This is different from standard fluorescence detection,
where one assumes the measured single-photon wave packet
to be a decaying exponential and Nrcspc only acts as a nor-
malization factor.

The second optimal measurement is to detect the light
in a discrete orthonormal basis of temporal modes that
includes the original pulse temporal mode, corresponding
to a rank-1 projective POVM TI1; ; = |&;) (|, where |&;) =
f_oooo dt &(7)a’(1)|0p). The optimality of temporal mode-
resolved photodetection here has been studied in detail in
Ref. [49] and will be presented elsewhere [48]. Practically,
such mode-resolved photon-counting measurements can be
achieved using quantum pulse gating techniques [41,74-78]
for ultrafast pulses, where an incoherent train of pulses inter-
acts with a sufficiently shaped gating pulse in a sum-frequency
interaction inside a nonlinear crystal. The shape of the gating
pulse determines the mode the incoming pulse is effectively
projected onto, presenting at the output as a higher-frequency
signal than the incoming pulse. Therefore, with the right
toolbox of gating pulses, the optimal measurement for I" esti-
mation is accessible, in principle.

Finally, we consider a suboptimal measurement that will
be relevant subsequently: detecting photons only in the
original unperturbed temporal mode of the pulse. For sin-
gle photons, this corresponds to a two-outcome POVM
with elements IT; = |£)(&| and 1y = 1 — I1;, where |£) =
ffooo dt £(t)a’(1)|0F) is the initial state of the single-photon
pulse. The probability of such a detector clicking for the
state in Eq. (27) is thus pog = Tr[T1ipr(1)] = [{£|¥g ()]
Clearly this measurement is suboptimal because it does not
discriminate the vacuum from temporal modes orthogonal to
&, which become populated due to the spontaneous emission
of the atom. The performance of this measurement in attaining
the overall QFI Q(pr) in Eq. (30) is addressed in the next
section for some specific examples; we will see that this
measurement is optimal or close to optimal when the effect
of spontaneous emission is negligible.

B. Perfect atom-pulse coupling

To further clarify our understanding of quantum light spec-
troscopy using single-photon pulses, we now focus on perfect
atom-pulse coupling by setting I = 0. We study the effect
of different pulse shapes by considering a few paradigmatic
real-valued temporal amplitudes & (¢).

1. Asymptotically long time

We start by studying the asymptotic case t — 0o, when
the final state of the pulse contains exactly one photon and
is pure and disentangled from the atom, i.e., pr = 0. Then
all the information about the parameter I' is encoded in the
temporal shape of the wave packet, which is perturbed due to
the interaction.

In Fig. 2(a) we show the QFI of the asymptotic single-
photon state as a function of pulse duration for various pulse
shapes. We define the pulse duration 7, as the standard de-
viation of the initial single-photon temporal distribution & (¢ )2
to aid the comparison of different shapes; we will later use
a different convention for rectangular pulses, whose duration
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FIG. 2. (a) Dimensionless QFI I'?Q(p%°) of the atom-pulse cou-
pling parameter I for the asymptotic single-photon wave packet
(with perfect coupling, IT = 0) as a function of the dimension-
less quantity I'7,, where T, is the standard deviation of the pulse
temporal distribution. The pulse shapes are (from top to bottom in
the legend) Gaussian, rectangular, decaying and rising exponential
(with overlapping lines), and symmetric exponential. (b) Maximal
excitation probability of the two-level atom. (c) Ratio between the FI
C(Porig) for photodetection in the original pulse mode and the asymp-
totic QFI; the decaying and rising exponentials are overlapping.

is unambiguously defined. The mathematical descriptions of
the pulse shapes considered in Fig. 2 are provided in Ap-
pendix D, together with the available analytical expressions
for the quantities of interest. Note that the dimensionless QFI
depends solely on the dimensionless combination I'7,.
Figure 2(a) shows that the various pulse shapes display the
same qualitative behavior. The QFI increases approximately
linearly as the pulse duration increases from 7;; = 0, as shown
in the inset. It reaches a maximum for a value around the
fluorescence lifetime I'T,, = 1. Overall, there is a mild de-
pendence on the particular shape. This behavior is similar
to that of the maximum excitation probability of the atom
[37,47], shown in Fig. 2(b). One may naively think that a pulse
which excites the atom more effectively also leads to a larger
asymptotic QFI. Our results show otherwise. First, the optimal
pulse duration for a given pulse shape for the two quantities
is different. Second, while a rising and a decaying exponential
pulse of the same duration yield the same asymptotic QFI, i.e.,
overlapping curves in Fig. 2, the rising exponential is optimal
to excite the atom [47,79] (reaching one in the inset plot),
while the decaying exponential performs much worse. Notice
that here we are comparing the behavior of the asymptotic
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(t > I'"!) QFI with the excitation probability, maximal at
a time of the order of I'"! and vanishing for long times.
Differently from the asymptotic case, the finite-time QFI de-
pends directly on the atomic excitation through the classical
contribution in Eq. (30). In this regime the two quantities may
be more closely connected, as we will show in Sec. IV for
short pulses.

In Fig. 2(c) we show how much information can be ex-
tracted by detecting the photon in the original temporal mode
compared to the information available in the asymptotic state
by plotting the ratio between the CFI of this detection strategy
C(Porig) (for t — o0) and the asymptotic QFI [plotted on its
own in Fig. 2(a)]. In the limit of short pulses 7;, — 0 this ratio
tends to the value 1/2; curiously, it is always 1/2 for the ris-
ing and decaying exponentials. This has been proven exactly
for all pulse shapes except for Gaussian pulses, for which
all the quantities must be evaluated by solving the integrals
numerically [this is also the reason for the numerical noise
for large I'T;; in Fig. 2(c)]. We conjecture this to be a general
feature of this metrological problem in the 7;; — 0 limit, since
the details of the pulse shape should be less relevant in this
regime.

It is remarkable that for quantum light spectroscopy with
single-photon pulses, this simple detection strategy yields
a substantial fraction of the maximal information available,
quantified by the asymptotic QFI, about the parameter. As
we show in the next section, measuring the photon in the
original temporal mode has the advantage that the information
can be obtained rather rapidly after the interaction (about
femtoseconds or picoseconds for ultrafast pulses), without the
need to wait for the atom to decay (timescale of nanoseconds
in standard atomic and molecular systems). While this may
be of limited appeal in spectroscopy, it may be exploited in
quantum information processing.

Finally, one could in principle optimize the pulse shape to
maximize the estimation precision. Given the recent advances
in the experimental shaping of single-photon wave packets
[46,66,68,80], this could be of practical use.

2. Finite time

For finite ¢, the atom remains partially excited and the over-
all atom-pulse state entangled, so the classical contribution
C(pr) in Eq. (30) now plays a role. While atom-pulse entan-
glement could in principle mean that not all the information is
accessible by measuring the pulse subsystem only, at least for
real-valued £(¢) and I = O this is not the case. In fact, there is
no information about I' in the relative phase of the atom-pulse
state Y,|e)|07) + [g)|¥;) and it is easy to verify that the QFI
of this pure state is equal to the QFI of the reduced pulse state
Y2107 (O] + [P §) Py, ie., in Bq. (27) for I = 0.

To highlight the qualitative features in this regime, we
focus on a rectangular pulse £(t) = /1/TO@)O(T — t) sup-
ported on an interval of duration TS starting at fy = 0, where
®(x) is the Heaviside step function. This choice makes both

The duration parameter T is a multiple of the one used in Fig. 2,

T, =T/V12.
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I'2/Var[l']

FIG. 3. Upper bounds on the relative estimation precision
I'2/Var[I'] as a function of time (in units of 1/I") for a rectan-
gular single-photon pulse with perfect atom coupling I} = 0, for
(@) I'T =2 and (b) I'T = 1/20. The curves represent the classical
contribution I'’C(pr) (blue dashed line), the quantum contribu-
tion T2Q(|yr)) (orange dotted line), the overall dimensionless QFI
I'2Q(pr) (green solid line, sum of the previous two), the dimension-
less CFI I'2C(porig) for photodetection in the original temporal mode
(red dot-dashed line), and the asymptotic value lim,_ o, I'>Q(pr)
(thin black solid line). The shaded purple region shows the pulse
temporal distribution |£(¢)|? as a guide for the eye; it is not to scale
on the vertical axis.

analytical calculations possible and the identification of the
beginning and the end of the pulse unambiguous.

In Fig. 3 we plot the two contributions to the QFI in
Eq. (30) separately as a function of time, as well as the
CFI C(porig) obtained by detecting the photon in the origi-
nal temporal mode. For a pulse of duration comparable to
the fluorescence lifetime I'T = 2, Fig. 3(a) shows that the
total QFI approaches its asymptotic value by an interplay of
the two contributions and for large times only the quantum
contribution (ii) is relevant, as expected from the preceding
long-time analysis. The dot-dashed line represents the infor-
mation obtained by detecting the photon wave packet in its
initial temporal mode, and it settles to a value around half of
the asymptotic QFI, as previously shown in Fig. 2(c). Since
the pulse has a finite duration T, the spontaneous emission that
happens after T does not affect the dynamics in this temporal
mode. This effect is due to the abrupt cutoff of the rectangular
pulse, but the same principle applies to other localized time
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envelopes £(¢) and the qualitative behavior in this figure will
be exhibited by other pulse shapes.

Figure 3(b) presents the results for a much shorter pulse,
I'T = 1/20. In this case the photon interacts with the atom for
a short time and there is only a small distortion to the photon
wave packet. This is witnessed by the fact that the dotted line
representing the quantum contribution O(|r)) increases only
slightly while the pulse is interacting with the atom (shaded
region). On the other hand, during the interaction most of the
information is obtained by measuring the absorption proba-
bility pr, which in this regime practically coincides with pqig
and we have C(pr) & C(porig) in this region of the plot. How-
ever, after the interaction is over C(porig) remains unchanged,
exactly as in Fig. 3(a), while C(pr) decreases and Q(liﬁp))
increases slowly to roughly 2C(porig) [thin black line at the
top of Fig. 3(b)] as the atom decays back to the ground state.

C. Atom in free space

We now deal with a nonzero coupling to the additional
environmental field modes, i.e., I > 0. For simplicity, we
focus on asymptotic results and present those for a rectan-
gular pulse. We expect qualitatively similar results for other
shapes and we have confirmed this explicitly for decaying
exponential pulses. In Fig. 4 we show two exemplary cases,
one [Fig. 4(a)] where I is smaller than but comparable to I',
I =T'/2, and another [Fig. 4(b)] where the coupling to the
environment is significantly more relevant than to the pulse
mode, IT = 10T". For larger I'} the quantum contribution due
the perturbation of the photon wave packet affected by spon-
taneous emission of the atom is less important and almost all
the information can be retrieved by restricting measurements
to the incoming temporal mode.

The choice I' /I =10 is intended to capture a pulse
interacting with an atom in free space, without particular
geometries to enhance the coupling. It is comparable to that
for the Na D, transition we consider in Sec. VI. In general,
for I, > I" the atom is coupled far more strongly with the
vacuum environment than with the pulse and thus after the
excitation it will be spontaneously emitted predominantly into
the environmental modes. In Fig. 5 we compare the total
QFI [including both contributions in Eq. (30)] and the CFI
of the original temporal mode for I'} /T" = 10 with that for
the perfect-coupling case I, = 0 considered in the preceding
section. As expected, a larger I'| decreases both the QFI and
the CFIL. However, in the region of short pulses (shown in the
inset), the CFI C(porig) of the perfect coupling case follows
closely the CFI and the QFI of the curves for I = 10I".

This observation is confirmed more generally. Indeed, us-
ing the analytical expressions for the rectangular pulse in
Table I of Appendix D and the expressions in Appendix C,
we can show that

i Qor(T), T)
m lm =
IN—o00T—0 C(pgrig(FL = 07 T))

1, (32)

where we have highlighted the dependence on the parame-
ters [7 and T. These limits cannot be interchanged, since
limp, 0 Q(or(I'L)) = 0. Analogous results are observed nu-
merically for the pulse shapes considered in the preceding
section. These formal limits should be understood physi-
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FIG. 4. Upper bounds on the relative estimation precision
I'2/Var[I'] for measurements on the asymptotic state of the pulse, as
a function of the dimensionless pulse duration I'T', for (a) I, =T/2
and (b) I, = 10T". The curves represent the classical contribution
I'2C(pr) (blue dashed line), the quantum contribution I'2Q(|y¥))
(orange dotted line), the total dimensionless QFI I'>Q(pg°) (green
solid line, sum of the previous two), and the dimensionless CFI
I'2C(poiig) for photodetection in the original temporal mode (red
dot-dashed line).
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FIG. 5. Upper bounds on the relative estimation precision
I'2/Var[I'] for measurements on the asymptotic state of the pulse.
The curves represent the dimensionless QFI I'2Q(pg°) (two solid
lines) and CFI I"%C( Porig) (two dot-dashed lines) for I, = 10T (two
lower curves, blue and orange) and for perfect coupling I, = 0 (two
top curves, green and red). The inset shows a close-up of the region
closeto I'T = 0.

062601-9



ALBARELLI BISKETZI, KHAN, AND DATTA

PHYSICAL REVIEW A 107, 062601 (2023)

cally as the following separation of timescales 1/wy < T K
1/T} « 1/T" for short pulses in the free-space scenario of
stronger coupling to vacuum modes than to the incoming
pulse mode. Indeed, if Il or 1/7T is comparable to the optical
carrier frequency wy, the rotating-wave and slowly varying
envelope approximations are typically invalid.

Physically, the above observation means the following:
The information obtained during the interaction between the
atom and the pulse is the same regardless of the presence of
additional environment modes because the pulse is so short
(i.e., TT o < 1) that the spontaneous-emission terms can be
neglected during this part of the dynamics. Moreover, in this
limit all the information on I' is entirely retrieved by con-
sidering only the original temporal mode; this also motivates
the next section, where we introduce an effective single-mode
model for the pulse-atom interaction. However, by waiting
until the atom decays by spontaneous emission, additional
information can be obtained if the emitted photon can be
measured (I, = 0 case) but nothing more if it decays almost
completely into inaccessible modes (I, > I').

IV. SHORT-TIME AND SHORT-PULSE REGIME

In this section we consider pulses with a real-valued tem-
poral amplitude, which we rewrite as &£(t) = f (’%’)/ VT,
where f(x) is a scale-invariant shape function [26], dimen-
sionless and squared normalized [ dx f(x)* = 1. We have
factored out the parameter 7 that mathematically represents
a dilation of f(x) and it captures the pulse duration when f(x)
is well- localized around x = 0, as we assume in this paper.
Here 7 is a location parameter that essentially conveys the time
of arrival of the pulse; often this is the peak of a unimodal
temporal amplitude such as a Gaussian wave packet.

The approximate approach presented in this section will be
applied to estimating the Na D, dipole moment in Sec. VI.

A. Approximate interaction Hamiltonian
with a single temporal mode

For short times ¢ << 1/, spontaneous emission, either
back into the pulse or into the environment, can be neglected.
Considering also short pulses 7 << 1/T'y, the evolution of the
atom-field state according to the master equation in Eq. (8)
can be approximated by a unitary evolution obtained from
a time-dependent Jaynes-Cummings (JC) interaction between
the pulse temporal mode and the atom:

Hic(t) = ilNTE(t)(Ago,. — Alo). (33)

This is the same approximate model introduced in Ref. [81]
and investigated in Refs. [36,40] for rectangular pulses, where
its validity for paraxial beams propagating in free space was
corroborated. The idea is that in this limit the temporal mode
is not distorted and the dynamics can be approximated as a
coherent interaction between the atom and a single temporal
mode of the field.

Considering a complete basis of orthonormal temporal
modes that satisfy ), & ()& (t') = 8(t —t'), we can for-
mally express the white-noise operators in the light-matter
Hamiltonian in Eq. (5) as a(t) = [dt' Y, & )& (t)at’) =
> &k()Ag, . Fixing the zeroth temporal mode to be the pulse

temporal amplitude &,(z) = £ (), all the other temporal modes
are initially empty and our approximation is tantamount to
saying that for short evolution times and short pulses they
continue to remain practically empty. The dynamics is equiv-
alent to that obtained by neglecting the terms k£ > 0 in the
summation.

We first checked the validity of this approximation by
truncating the number of orthonormal modes and solving
Schrodinger’s equation numerically for Gaussian pulses and
single-photon states [82]. However, extending this approach
to multiphoton states is rather challenging numerically. We
have taken an alternative route and employed the methods
of Refs. [34,35] that allow one to obtain the quantum state
of a specific temporal mode of the light after the interaction
with the atom. Interestingly, this method has recently been
reformulated as an effective time-dependent JC interaction [as
in Eq. (33)] between the atom and a fixed temporal mode, plus
the interaction with an auxiliary orthogonal mode [83]. We
provide details on the method of Ref. [83] in Appendix E, as
well as a few plots suggesting the convergence to the time-
dependent JC model as the pulse duration (and consequently
the final time of the experiment) decreases, showing not only
that the reduced states of the pulse coincide, but also that the
auxiliary orthogonal mode remains practically empty. All the
numerical calculations have been performed for real temporal
amplitudes &£ (r) and we restrict ourselves to this case for the
rest of this section.

Since we are considering zero detuning, the time depen-
dence of the Hamiltonian in Eq. (33) is trivial and no time
ordering is needed; the solution is the same as for the standard
JC model (describing a discrete cavity mode) with a redefined
“time” variable ftié (t"dt' = G, [81]. We assume that the
pulse amplitude is localized at a time much later than #, so that
formally we can set 7y = —oo when needed, as in Sec. III; we
also assume that the integral ffooo &(@")dt', i.e., the total pulse-
atom interaction time is finite. As in the previous sections,
we also assume the atom to be initially in the ground state.
For an arbitrary initial state of the pulse W}; )y = Z;io Ynlng),
where |ng) are the Fock states in the pulse temporal mode in
Eq. (9), the atom-pulse initial state is thus [y{F) = |g)[¥f).
The evolved state is [84]

WA @) = —ile) Y sin(VTGv/n+ D lne)

n=0
+ 190 Y cos(VT G, v/m)ylne)
n=0

= [e)Ve(1)) + |&) [ (1)), (34)

where we have introduced two unnormalized field states that
also appear in the rank-2 reduced state of the field

pF (1) = Tra[|WAP (1)) WAP ()]
= [TV e (t) + [P (1)) g (0). 35)

This state is mixed since the atom-field state in Eq. (34) is
entangled, as predicted also by perturbative calculations (see,
e.g., Sec. V in Ref. [85]).

If VT G, +/n is large enough, this model predicts coherent
Rabi oscillations between the two-level atom and a single
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temporal mode, a nontrivial result, given the intrinsic
multimode nature of the problem. This behavior was sug-
gested by the atom’s reduced dynamics [29,32] and it has
been confirmed rigorously using quantum stochastic calcu-
lus in Ref. [30], reproducing the approximated model of
Refs. [40,81] that we also employ here.

B. QFI expressions

The main advantage of this approximate model is that
we can easily evaluate the QFI and apply existing results
regarding the estimation of the coupling constant of the JC
Hamiltonian [19]. First, the overall atom-field QFI is propor-
tional to the average number of photons 7 in the pulse (since
the atom is initially in the ground state); the time-dependent
details of the problem enter only as a multiplicative factor:

2 2
QWP (1)) = %(wg |ALA: [¥g) = %ﬁs~ (36)
For an arbitrary pulse shape £(t) = f (%) /T, centered
around 7 = 0 without loss of generality, a change of variable

. t/T . c1e
gives G; = JT fto dx f(x) = VT F;. This means that within
this approximation the global atom-field QFI Q(|WAP)) is
linear in the pulse duration T and different shapes only induce
different proportionality constants.

Second, for the atom initially in the ground state and a Fock
state wave packet |ng), the QFI Q(p") of the reduced field
state in Eq. (35) is equal to the pure-state QFI Q(|WAP)) of
the composite field-atom system [19]. The same also holds for
the reduced atomic state, but this is practically irrelevant as the
atom cannot be measured directly. Moreover, the reduced state
of the field is always diagonal in the Fock basis and photon
counting is thus the optimal measurement that attains the QFL.
Specifically, for an n-photon Fock pulse the QFI is

nG?> nTF?
QFock - N - r (37)
We show in Appendix F that Eq. (37) for n = 1 is consistent
with the short-time and short-pulse limit of the single-photon
QFI of Sec. III; in particular, the classical contribution is the
only relevant one and coincides with the CFI of the probability
Porig Of finding the photon in the original temporal mode.

For other initial states of the pulse we need to evaluate the
QFI Q(p") for the rank-2 density matrix in Eq. (35) employ-
ing Eq. (G8) in Appendix G 2, derived using the methods of
Ref. [60]. In general, the QFI of the atom-pulse state remains
an upper bound for the QFI of the pulse Q(p?) < ##:G*/T
because of the monotonicity of the QFI under completely
positive and trace-preserving maps [86]. While Fock states
attain this bound, it is not always the case for other states.

C. Linear absorption regime and connection
to bosonic loss estimation

When the argument of the trigonometric functions in
Eq. (34), i.e., the effective pulse-atom interaction, is small
VTTF,\/n < 1, we can ignore saturation effects and the
atom excitation probability is approximately p, (1) ~ n[ G =
nI‘TEZ. This is linear in the number of photons and we call
this the linear absorption regime. Note that an absorption

FIG. 6. Schematic (not to scale) illustration of a linear biphoton
setup. An entangled biphoton state is generated by a pulse interacting
with a nonlinear crystal and the signal photon interacts with a two-
level atom with a dipole coupling of strength I'. The atom can also
decay by spontaneous emission to other environment modes, with a
rate I .

probability approximately linear in I'T is a general feature
in the short-time and short-pulse regime that holds also for
more complex matter systems (see Sec. IV in [26]). Similarly,
for states with an indefinite number of photons in this regime
we obtain p.(t) ~ iz ' TF?, showing that the details of the
quantum state of the light are not important as far as the
excitation probability is concerned.

On the contrary, the QFI, i.e., the bound of the precision
of estimating the parameter of interest, is greatly influenced
by the choice of the photonic probe state. While in this linear
absorption regime the dimensionless QFI is equal to the exci-
tation probability for Fock states, this is not true for arbitrary
photonic states with coherences, since their QFI does not
saturate the upper bound 7; G?/T" in general. We will see in
Sec. VI that coherent states with the same average number
of photons perform much worse, while squeezed states also
saturate the upper bound.

In this linear absorption regime the estimation problem is
very closely connected to absorption spectroscopy [16,87,88]
and formally equivalent to loss estimation [89,90]. The cor-
respondence between the two problems is evident when
considering the estimation of a small bosonic loss rate 0 <
y « 1 appearing in the Lindblad master equation describing
the loss of excitations of a bosonic mode dp/dt = y(apa’ —
1/2{a'a, p}). For y — 0, the leading-order term of the QFI
for an initial Fock probe state |n), evolved for a time f,
is nt/y [89,90]. This is very similar to the quantum CRB
obtained from the QFI in Eq. (37) for the atom-pulse cou-
pling I', the difference being that the pulse duration 7' acts
as an effective interaction time instead of ¢ and there is an
additional proportionality constant encoding the details of the
pulse shape. Furthermore, for loss estimation, also measuring
the environment into which the photons are lost gives no
additional information about the loss parameter if Fock states
(or other optimal probe states) are used [89,91], just like for
the estimation of the JC coupling parameter [19].

V. ENTANGLED BIPHOTON PROBES

In this section we consider the so-called linear biphoton
setup, illustrated in Fig. 6, in which only one, the signal (§),
of the two macroscopically distinct modes, i.e., two beams, of
an entangled biphoton state interacts with the atom, while the
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other mode, the idler (1), evolves freely. This is the simplest
instance of spectroscopy using entangled light, the archetypal
instance of quantum light spectroscopy [1,7,21,92,93]. The
biphoton setup (with coincidence detection at the end such
that the idler photon serves as timing gate for signal photon)
has been employed in absorption spectroscopy experiments
[4,5,8], where improved SNR vis-a-vis spectroscopy using
single-mode detection was demonstrated. Our objective is to
quantify the performance of entangled states in the simple
spectroscopic setup of Fig. 6.

Theoretically, the statistics generated by a setup relying
only on uncorrelated coincidence measurements can be repro-
duced exactly without the need of entanglement, as pointed
out by Stefanov [94]. Moreover, since only one of the entan-
gled photons interacts with the sample in Fig. 6, the setup is
formally equivalent to the use of noiseless ancillae in quantum
metrology. Therein, it is well known that entanglement with
ancillae is not advantageous in the case of noiseless unitary
dynamics, but may be useful in the presence of noise [95]. The
exact conditions when noiseless ancillae improve the optimal
attainable precision in quantum metrology, however, remain
unknown [96]. For our problem, since the biphoton pulse
becomes entangled with the atom, the dynamics of the field
is not unitary and the initial entanglement between the signal
and idler modes may be useful. The most general biphoton
state, entangled over the macroscopically distinct signal and
idler modes, is written as

| Ppiph) = / dwsdoy®(ws, or)ag(ws)a;) (w0501, (38)

where ®(ws, ) is the joint spectral amplitude (JSA) that
captures the spectral (or equivalently temporal) correlations
of the biphoton state and ws and w; denote the signal and idler
frequencies, respectively.

We first present an expression for the QFI without specify-
ing a particular form for the JSA so as to preserve generality.
Subsequently, in Sec. VA we make an additional assump-
tion on the form of JSA that applies, for instance, to the
specific example of entangled biphoton states produced as
a result of type-II spontaneous parametric down-conversion
(PDC) in birefringent x®-nonlinear crystals in the weak
down-conversion limit [97-99]. In the PDC setting, the
JSA is a product of the envelope of the pump field and a
phase-matching function, which can be approximated using
a Gaussian [97,98].7 Numerical results under this assumption
will presented in Sec. VI.

Recent years have seen considerable experimental efforts
devoted to developing methods to shape the JSA of bipho-
ton states [101,102]. Parametric down-conversion states with
novel JSAs have been proposed or reported in experiments
by domain engineering the nonlinear crystal [103,104] as

"The validity of approximating the sinc phase-matching function as
a Gaussian was studied by experimentally measuring joint temporal
intensities using time-resolved femtosecond up-conversion [100].
Both the sinc and Gaussian phase-matching function were in rough
agreement with experimental values.

well as fabricating multipole nonlinear crystals to generate
n-mode frequency bin entanglement [105]. Time-frequency
entangled states can also be produced using the x ®(Kerr)-
nonlinear interaction of spontaneous four-wave mixing [99]
using pulsed [106—111] or continuous-wave [112,113] pump-
ing in conventional optical fibers, photonic crystal fibers,
and silicon-on-insulator waveguides. Another curious source
of correlated pairs is the biexciton-exciton cascade [114]
that was used to produced time-bin entangled states using
quantum-dot emitters [115]. It thus makes sense to optimize
the JSA directly [116], or more practically the pump profile
[117], for quantum information processing tasks. For our pur-
poses, optimizing the JSA in order to obtain maximal QFI
represents a quantum metrological recipe for source engineer-
ing the time-energy entangled states employed to estimate the
I" parameter.

The JSA admits a Schmidt decomposition in terms
of discrete Schmidt modes ®(ws, wr) = Y, rkéks(ws)é‘,z(a)l),
whereby

|Duipn) = Y rea] gaf 110°)10") = > " nlgl)&). (39
k

k

where a, s = [ dosEd (ws)ag(ws) and aj =
f da)léll(a)l )af(a)l) are photon-wave-packet creation operators
for each Schmidt mode of the signal and idler photons,
respectively, |$ks> and |.§,§) are the respective single-photon
wave packets, and r; are positive Schmidt weights [118,119].
For instance, a Gaussian JSA has Hermite-Gauss functions as
Schmidt modes [120].

As we have done previously, we assume that the JSA
is peaked around two carrier frequencies @s and @y, in
addition to @s = wp. In analogy with the single-photon
case, we define the time-domain envelope ®(fs, ) as the
Fourier transform of ®(w; + @i, ws + @s). This in turn de-
fines temporal amplitudes of the Schmidt modes &5 (t5) =

I ";’; ES (ws)e™@so8)s 5o that a] ¢ = [ dis& (ts)ag(ts).
Analogous definitions hold for the idler.

We can thus make the same approximations explained in
Sec. II and consider an interaction-picture Hamiltonian iden-
tical to Eq. (5) with the substitution a(t) — as(t) ® 11, i.e.,
only the signal beam interacts with the atom, as in Fig. 6. By
linearity we can employ the previous single-photon solution
given by Egs. (21), (24), and (25) denoting the atom-signal-
environment unitary operator corresponding to integrating the
Schrodinger equation by UASE(r). Applying it to the wave
packets 5,? (t) of the signal mode, we have the overall atom-
signal-idler-environment global state

UM ()| g) | Pipn) |0F)
= > n[UF019)]60)107)] &)
k

= 3" nWea®1e)0%)[0%) + 18)[ 5, 1))10%)

k

+ 18)10%) [ )] [&). (40)
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We can trace out the atomic and environmental degrees of
freedom to obtain

P =D rint (Ve i + (TP )10°000° @ & )|

Jk

(o) (Sowle). e

k J

which has the form prp® + (1 — pr)ly ) (¥ "], where we
have introduced the normalized density matrix in the vacuum
subspace of the signal photon

0
e = p—Zr,rk (Ve Wis + (Teal Ve )10%)0°] @ [85)(&L]
Jjk
(42)
and the normalized pure state in the signal single-photon
subspace

e |0 S ED), (43)

J— 2.
while pr = Y [ri2(Wel® + (FE,1FE,)) is the probability
of losing a photon from the signal beam. Since these are
normalized states living in orthogonal subspaces, the QFI
saturates the upper bound in Eq. (20) and is composed of a
classical and a quantum contribution

Q%) = C(pr) + pro(pY) + (1 — pr)Q(|¥"), (@4

with the classical being C(pr) = (dpr/dT)?/pr(1 — pr)
and the quantum Q = prQ(pg) + (1 — pr)Q(|v¥1)). Equa-
tion (44) is similar to Eq. (30) for single-photon pulses, the
main difference being that ,0F 9 can now carry information on
the parameter due to the entanglement with idler modes, while
in the single-photon case one would have just the vacuum,
which carries no information.

If we neglect the emission into environment modes
(by setting Il = 0), the mixed state in Eq. (41) becomes
rank 2 and we can take evaluate the QFI using Eq. (G9)
in Appendix G2, obtaining Q(p*) =4, |rk| [1OrYes]® +
(3r1ﬂ;k|3r1/f:k> +Im(y) Or Yex + (ng|3r1/fgk>)]

A. No advantage from entanglement for real-valued
joint temporal amplitudes

In this section we limit ourselves to the case of perfect
coupling (Il = 0), but the argument also applies to I, > 0
for short times when spontaneous emission can be neglected.
We also assume that the temporal amplitudes of the Schmidt
modes are of the form e"*&7 (fs) with real &5 (ts) and ¢y (i.e.,
they have no temporal phases). The Hermite-Gauss modes
obtained as Schmidt basis functions of a two-dimensional
Gaussian JSA have, for instance, this form. More generally,
this is also true when the time-domain envelope ®(rs, f1) is
real valued,

D s ENn) =) rdN(ts)En(n)

n n

= EJ(ts)" = pES(ts),
Ern)* = pEa(t), p=+l, (45)

i.e., the Schmidt signal and idler functions are either both real
or completely imaginary. In either case, this implies the lack
of a relative temporal phase for the signal Schmidt modes,
which are of interest here.® Since the overall phases ¢ do not
depend on time, they will also factor out of ¥, () and |1ﬁ§ )
and since it does not depend on the parameter I" it will also
factor out when taking the derivatives.
Under these assumptions,

QU )| Pripn)) = Y _ 17kl> Q(Wekle) 0%) + [2)]F5))
k

(46)
=Y 1P QW P105)(0%] + |95 Ve ) (47)
k

= Q(Z el [1Wex PIO3)O ] + |95 )5, ] © \éi)(éi\)
k

The first equality holds because all the components in the
superposition live in mutually orthogonal subspaces, due to
the idler modes, and because the normalized pure states
Verle)|0F) + |g)|1ﬂ; ;) are orthogonal to their I' derivatives
due to the assumption about the absence of temporal phases
for the Schmidt modes. This assumption justifies also the
second equality, together with the fact that we are considering
single-photon wave packets of the signal beam. Physically, it
means that for each single-photon wave packet the informa-
tion on I' is fully available in the reduced state of the field
subsystem. In the final equality, we have stressed that the
QFI obtained in the previous line corresponds to the QFI of
an initial classically correlated state >, r7[€2) (55| ® |E]) (€]
instead of an entangled state.

Equations (46)—(47) mean that using a biphoton probe state
whose Schmidt temporal modes have no temporal phases is
equivalent to probing the atom with randomly chosen single-
photon states |£7) with probability |r|*, but retaining the
knowledge on each value k, e.g., by detecting the idler photons
in the Schmidt modes to perform heralded state preparation of
single-photon wave packets in the signal mode. If the knowl-
edge on the values k is not available, we are left with the mixed
single-photon state ) ", r |ék (Ek | obtained by tracing over the
idler mode. Such a mlxed single-photon state yields in general
less information on I", as shown by the convexity property of
the QFI in Eq. (20).

Since the QFI in Eq. (46) is a convex sum of the QFI of
the different Schmidt modes, it is in principle always better
to deterministically prepare the single-photon wave packet
in the mode &> with the largest QFI max; Q(|v.«|?|0)(0] +
|1/;§ ) (1}5 (). This clearly shows that entanglement is not
a fundamental resource, since there is always a single-
photon wave packet that gives at least as high a precision.
However, we note that it could be more practical to imple-
ment entangled-state strategies rather than some theoretically
superior nonentangled one. More specifically, in the next
section we show that for a realistic Gaussian joint spectral

8A real ®(t, 1) only constitutes a sufficient condition, and it is
possible to construct more general JSAs whose Schmidt bases do not
have a temporal phase.
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density coming from PDC, the additional entanglement ac-
tually decreases the short-time QFI and it is better to employ
a Gaussian single-photon wave packet.

B. Regime of short-time and short signal photons

The idler and signal photons being entangled in time, the
temporal properties of one of the two subsystems cannot
be defined unambiguously. However, we can get a sense of
the relevant timescales from the arrival-time distribution of the
signal photon p(fs) = ), |rk|2|’§kS (ts)|? (where the idler beam
is traced out), since this distribution will have a well-defined
temporal width. We can write each Schmidt temporal mode
in term of scale-invariant orthonormal functions as Eks(ts) =
fkS (ts/T)/~/T, introducing an overall scale parameter T for
the whole basis of functions. Even if being a complete basis
implies that the functions & (s) will eventually spread over
the whole real axis, we can still think of the parameter T as
a duration when there is moderate entanglement, so a limited
number of Schmidt modes is sufficient to describe the state
and all of them have a temporal duration still captured by T'.

Making these assumptions, when I't < 1 and I'T < 1
we see that, just like in the single-photon case, the excita-
tion probability is linear in I'T, p.(t) = Y, [r|*|Yex(®)|* =
T Y, Irel?|Fx|?, where F, = fi/; dx f5(x) and thus also
very small. There is approximately no perturbation to the
shape of each Schmidt temporal mode, and in this limit all
the information is contained in the classical term, so the QFI
reads

pe(t) T Y |nl?|Fal
2 r '
This expression will be used in the next section, as its pre-

dictions match the results obtained from solving Schrédinger
equation numerically [82] for the relevant timescale.

Q(p*" ~ C(pr) ~ (48)

VI. DIPOLE MOMENT ESTIMATION OF A SODIUM
ATOM IN FREE SPACE

In this section we rephrase estimation of I' as the more
physical problem of estimating the EDM p = p,, - €. For
simplicity, we further assume that p,, and € are parallel. Then
the EDM is related to the parameter we have considered in
previous sections as I' = w? A(®)?, where we assume that
the constant A(@) = /@/4mhegcA of the propagating field
is known perfectly, so estimating I" or p are formally equiv-
alent problems. Such a reparametrization entails the relation
Q, = (dT /d)*Qr = 4u’ A(@)*Qr between the QFI for the
two different parameters (and analogously for any CFI of
particular measurements).

To obtain concrete numbers, we use the experimental data
reported in Ref. [121] for the D, transition of a sodium
atom. Specifically, we set the dipole moment p = 2.988 x
107 Cm = 1.868 x 1078 ecm, the transition frequency
wp = 2m x 508.333 THz (also equal to the carrier frequency
of the pulse), and the decay constant 'y, = 61.542 x 100 5!
corresponding to a lifetime 1/ = 16.249 ns. We compute
the value of A(@) by considering the transverse quantization
area A to be equal to the effective scattering of the light
o= )% /27, with Ag = 27 c/wg the central wavelength of the

4 F— ep
. L 1-photon o, ..'
a | == 1-photon Hg /
g 3T = Entangled S = 0.45 emTmEmEEEE
. . Squeezed | \flesrrrmmreeeeanaaen
: 2 [ ==== Coherent
= [
=
1
C
0 F i 1 1

FIG. 7. QFI for different states: single-photon Gaussian pulse
(orange solid line) of duration T = 1/0, = 0.15 ps [defined as the
variance of |£(¢)|?], squeezed vacuum (brown dash—double-dotted
line) and coherent (purple dotted line) states with one mean photon
(e = 1) and the same Gaussian temporal mode, entangled biphoton
with a Gaussian phase-matching function and a Gaussian pump
profile of duration 7 (red dotted line), and a single-photon pulse
corresponding to the zeroth Schmidt mode of the entangled biphoton
(green dashed line). The shaded Gaussian represents the pulse profile
(not to scale on the vertical axis).

light. The aim of this example is to capture realistic parameter
regimes, without performing a full modelization of an exper-
iment; thus we do not employ the more accurate expression
for the constant A stemming from the transverse spatial mode
function mentioned in Sec. 1.

With these parameter values, we obtain the ratio I'| /T =
11.56, similar to the value previously considered in Sec. III;
the decay rate into the perpendicular modes is obtained by
subtracting the decay rate into the propagating pulse modes
from the total free-space decay rate I, = ',y — I.

We fix the pulse shape to be an ultrashort Gaussian
of duration T = 1/0, = 0.15 ps and we consider different
single-temporal-mode states: single-photon Fock (labeled “1-
photon o, in Figs. 7 and 8), coherent, and squeezed vacuum
states, as defined in Sec. II A (the complex phases of the
coherent state parameter « and of the squeezing parameter
r have no affect on the results). These parameters put us
well into the short-pulse regime defined previously, ' 7T =
9.2313 x 107% and I'T = 7.34995 x 1077, and we can thus
neglect all spontaneous-emission effects by considering the
dynamics of the system up to shortly after the interaction.
If we consider a regime where spontaneous emission is not
negligible, the fact that I is also proportional to > would
also need to be accounted for, making the problem different
from the one studied in previous sections.

We also consider entangled biphoton states obtained with a
Gaussian pump pulse with spectral width o, = 1/T and with a
Gaussian phase-matching function so that the overall JSA is a
bivariate Gaussian and the Schmidt modes are Hermite-Gauss
polynomials. We fix the entanglement time Tyen = 2.09 ps.
(See Appendix H for the definition of Ty and other details
of the PDC process.) This corresponds to an entanglement
entropy S = 0.62. Notice that we are fixing the pump to have
the same temporal profile as the temporal mode considered for
the unentangled probe states. However, the scale parameter of
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FIG. 8. QFI for a fixed pump width 1/5,, = 0.15 ps and varying
entanglement time. The blue solid line represents the biphoton state,
the green dotted line represents a single-photon Gaussian pulse with
duration o, and the orange dashed line represents a single-photon
pulse in the zeroth Schmidt temporal mode, which is also Gaussian
but the duration depends on the entanglement time (see Appendix H).
In all cases the QFI is evaluated at t = 107 for a pulse peaked at
t=0.

the family of signal Schmidt modes, as introduced in Sec. V B,
is not the pump pulse duration 7 but the parameter 1/kg intro-
duced in Eq. (H11), which depends on the details of the PDC
process.” For this reason we also consider a single-photon
state having a Gaussian shape corresponding to the zeroth
Schmidt mode of the entangled state (labeled “1-photon Hy”
in Figs. 7 and 8).

With this choice of parameters we are safely in the regime
of validity of the approximation presented in Sec. IV. Since
we will not consider intense pulses with high photon numbers,
we are also working in the linear absorption regime. We can
thus evaluate the QFI using Eq. (48).

The comparison of these states is shown in Fig. 7, where
the coherent and squeezed vacuum pulses have a mean
photon number 7 = 1. In this short-pulse and linear ab-
sorption regime, the excitation probabilities obtained for
single-photon, coherent, and squeezed states are essentially
identical, since such probability depends only on the average
photon number and on the shape of the temporal mode, as
argued in Sec. IV C. In contrast, the behavior of the QFI of the
light subsystem may be very different. Indeed, Fig. 7 shows
that while single-photon and squeezed states perform almost
identically, the information extracted by coherent states is
very small and indistinguishable from zero at this scale.'® This
is confirmed more generally for other parameter configura-
tions for which the approximate model is valid. These results
are consistent with the conclusion of Sec. IV C, which draws a
connection to the estimation of an optical loss rate, for which
fixed-photon-number states are known to be optimal and for

°A fuller discussion of the tradeoffs in the precision of estimation
between the pump pulse and crystal parameters in the PDC process
will be provided elsewhere [48,49].

0This corrects a few erroneous results reported in Ref. [82], in
particular, Figs. 5.4, 5.5, and 5.13 therein.

which it is known that squeezed vacuum states perform opti-
mally in the small-loss regime [89].

In Fig. 7 we see that the zeroth Hermite-Gaussian mode
alone carries more information than the entire biphoton state.
This behavior is confirmed more generally in Fig. 8, where
we show the QFI for a fixed pump pulse duration 7 = 0.15
ps, identical to the previous figure, but now varying the en-
tanglement time. Notice that in this regime, the amount of
entanglement in the biphoton state has the same qualitative
behavior as the entanglement time Tgen. In this figure we
also show the QFI of a single-photon state with the same
Gaussian shape as the pump and the QFI of zeroth Schmidt
mode single-photon states for the different values of Tgen.
In the plotted region we see that considering just a single-
photon state prepared in the zeroth Schmidt modes always
outperforms the corresponding entangled state. This is con-
sistent with the argument in Sec. V A on the suboptimality
of entangled biphoton probes, for real-valued joint temporal
amplitudes (such as the Gaussian considered in this section).

VII. CONCLUSION

We have introduced a quantum information-theoretic
methodology for analyzing and understanding spectroscopy
with pulses of quantum light. Focusing on the simplest quan-
tum matter system and employing a fully quantum model
of light-matter interaction, we have elucidated the origins of
the classical and quantum information that lead to precision
spectroscopy. Along the way, we have recognized connections
to existing spectroscopic techniques.

Our first step towards the understanding of spectroscopy
with pulsed quantum light can serve as the foundation for
numerous explorations. Evident theoretical questions on the
utility of nonresonant pulses [48,49] in the spectroscopy of
simple and more complex matter systems such as those af-
fected by a phononic bath [26] remain open. Going forward, to
understand the fundamental limits to spectroscopic precision,
it may also prove useful to properly take into account that
more than one parameter may be unknown, e.g., the position
of the atom in the beam, by applying the, admittedly more
involved, theories of quantum multiparameter [122,123] or
semiparametric [124] estimation. In conclusion, we hope that
our work will clear a path towards tangible quantum advan-
tages in spectroscopy experiments with pulsed quantum light.
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APPENDIX A: EQUIVALENCE BETWEEN SPONTANEOUS
EMISSION INTO MANY MODES AND A SINGLE MODE
FOR THE REDUCED DYNAMICS

In this Appendix we show that a photonic environment
composed of an infinity of (initially empty) field modes that
are distinct from the traveling pulse, i.e., different spatial and
polarization degrees of freedom, can be effectively described
as a single collective bosonic mode that interacts with the
atom (the E subsystem in the main text), as mentioned after
Eq. (7) in Sec. IT A.

A two-level atom in free space can be described as in-
teracting with a discrete set of infinitely many modes of the
electromagnetic field. With the usual dipole and Markovian
approximations (explained in the main text in Sec. II A) the
interaction-picture Hamiltonian is

Hy(t) = —i\/Tiomplo_a(t)’ — o.a’(t)]
— iy JTanjlo_ajt) —oal®]. (Al
J

J

In this expression [y is the standard Wigner-Weisskopf
spontaneous-emission rate in free space, which could be suit-
ably modified to model emission of radiation in a different
propagating medium, while the parameters n; > 0 are geo-
metric factors that determine the coupling of the atom with
the mode / (for a more in-depth discussion see, for instance,
Ref. [26]). In particular, we have separated the term corre-
sponding to the interaction with the traveling-pulse mode,
which we assume to be the only experimentally accessible
one. The others modes are initially in the vacuum and we
treat them as an inaccessible, i.e., environmental degrees of
freedom. For this reason, it is more convenient to treat them
as a single collective mode, defined as

Ya;0). (A2)

b(t) =
; Zj/ n;

and satisfying [b(¢), b'(¢')] = 8(t — t') so that we can rewrite
the Hamiltonian (7) used in the main text with I' = 'y np and
I =T Zj nj-

APPENDIX B: EXPLICIT CHECK OF SINGLE-PHOTON STATE NORMALIZATION

In this Appendix we show explicitly that the state given by Egs. (24)—(26) of Sec. Il A1 is normalized to unity. We only

consider the case [T = 0 for simplicity.
The amplitude of the excited atomic state is

v = _ﬁ/ di'e” T2 g (') (B1)

and the corresponding probability is

2

t t 2
|1ﬁe(t)|2=I“ f dt’ e T/Pg ()| =Te / dr'e™ e . (B2)
The pulse component is
[¥g (1)) = / dr[£(1) + VT O — 1)¥(1)la’ (7)|07) (B3)

with modulus squared

GO = [ dels@ + VFou - o mP

=/ dflé(f)lz+/ dT{T|Ye(1)” + 2v/TRe[Y(1)E* (7)1}

Io’s) —

t
=1+F2/ dre T

—0Q

o0

/ dt/ert’/Z%.(t/)

2 t T
—2r / drt e“/ZRe( / dz’eF"/Zg(t’)g:*(r)>. (B4)

—0Q (o]

Since we are assuming that the atom is initially in the ground state, i.e., |1/,(—00)|> = 0, we can rewrite the excitation probability

as

[Ye())> =Te™" / dr'e™ e

—00

2 t
= 1"/ dri<e_rf
o dT

/ dt/ert’/ZE(t/)

o]

2
). (BS)

Explicitly computing the derivative inside the integral, one can recognize the last two terms of Eq. (B4) with an overall opposite
sign and verify that |4, (t)|> + (; (1) (1)) = 1. The reasoning when I, > 0 is analogous.
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APPENDIX C: SINGLE-PHOTON QFI FOR REAL-VALUE WAVE PACKETS

For §(7) € R all the temporal amplitudes remain real and we can rewrite the QFI in terms of the unnormalized state [r) =

VT = prlyr), satisfying (¥r|¥r) = 1 — pr and |dpyr) = W|8pwr) 2(]a_r—;rr)3/2|&p), and substituting this expression in
the second term of Eq. (30), we obtain an alternative expression for the QFI
Q(pr) = rpr)*/pr + 4(dryr|dryr). (CDhH
This is because
. (dr pr)?
(Ordrlordr) = (1 — pr)@ryrldryr) + ———. (C2)
4(1 — pr)

The form in Eq. (C1) is particularly convenient, since we can immediately use the unnormalized state in Eq. (25) without
renormalizing it first. These identities hold because we have (y/|dr{) = 0, in accordance with Eq. (G9), where the second terms

in the summation vanish.

The terms appearing in (C1) can be evaluated more explicitly as follows (defining |[v|> = (v|v)):
2
prt) = ¥.(0) + |y ], (C3)
t 2
we(t)z — F(/ dt/ —(+I)(@— I)/zs(t/)> , (C4)
. ) t T ) 2
[ @ =nr / dr( / di'e” sta’)) : (C3)
—oQ0 —o0

t 2 t t
anr(t) _ (/ dt/e(FwLFL)(tf/)/Z%.(tr)) +2r </ dt/e(l”rl—l)(fz’)/ZE(t/)) </ d[
—00 —00 —00

e~ (T+I)E—1 )/ZE (t ))

T 2 T
sy /l Jr (/ dt/e—(I‘Hl)(r—z/)/Zé_.(t/)> LT /" Jr (/ dt’e‘(”m(f"’)/zs(z’))
—0 —00 —00 —00

x ( f dr m T L2 )) (C6)
—00
t T 2 t T 2
Harlﬁp ||2 — / dt </ dt/ —(P4T ) (r—r1 )/Zé(t/)) + F2 / dt (f dt 7(l—‘+l—l)(t t)/ZE(t ))
& —00 —00 —00 —00
t T T
+2r / dt < / dt’e“”ﬂ(”’)ﬂg(/)) < f dr Lo L T2 )) (C7)
We also report the probability of the asymptotic single-photon component to be in the pulse temporal mode
~ 2
Porig(t) = (W, (1)[§)" (C8)
t t T
(g ®f§) = 1+vT f dt Yo (t)s(t) =1-T / dt (e“*mf/%(r) f dr’e“””””é(t’)). (C9)
—00 —00 —0o0

APPENDIX D: DETAILS OF THE SINGLE-PHOTON
WAVE PACKETS

In Table I we report details for all the pulse shapes
mentioned in Fig. 2 of Sec. IIIB, including their defini-
tion, the excitation probability, the (dimensionless) QFI, and
the (dimensionless) CFI corresponding to a measurement in
the original temporal mode; as mentioned in the main text,
the only relevant parameter for these quantities is the di-
mensionless product I'T". For the Gaussian pulse, analytical
expressions for the QFI and CFI are not available. The arrival
time of all the pulses corresponds to their peak, except for the
rectangular pulse for which it corresponds to the beginning of
the region with a nonzero photon density.

(

APPENDIX E: NUMERICAL EVIDENCE FOR
THE VALIDITY OF THE TIME-DEPENDENT
JAYNES-CUMMINGS MODEL IN THE
SHORT-TIME REGIME

In this Appendix we use the formalism of Ref. [83] to
present numerical evidence for the approximation explained
in Sec. IV, which is also employed in the results of Sec. VI.

When I =0 the Schrodinger equation for the joint
pulse-atom system can be formally solved for input pulses
containing a finite number of photons, as shown in Ref. [38],
but the integrals rapidly become intractable as the number
of photons increases. There is no general approach to ob-
tain the field state analytically for arbitrary I" and I . The
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TABLE 1. Pulse shapes used in the main text. The arrival of all the pulses is at # = 0. The ® denotes the Heaviside step function.

Shape £() T, Pe(t) I2Q(p) T2C(Porig)
R <0
Q)T —1) T 4o (el/2—1)2 0O<t<T 82— TT2(rT42)] 2(rT—2e T2 422
Rectangular 7 i IT ’ T (T2 T2 (T T-2)+2]
4 T1(TT/2_1y2 S
T 12T
4r7e/T
t <0
. . Ty (IT+1)2° = 8IT 4T
Rising exponential 7€ O(—1) T { APTo T 20 Y TTi?
(TT+1)2°
: : 1 12T 4rTe”™  (PT—1)/2T _ 132 8TT 4rT
Decaying exponential 77 () T TT-17 (e 1)°0(@) TT+17 TT+I7
4rre?/T
t <
. . 1T T (PT+2)2° = 64T 64I'T
Symmetric exponential Wi el { 41-7-271“:2 [(CT + 2)e1/21C=2/T) _ 42 >0 ('T+2)3 (CTH2)2(TT+4)
[(I'T)=—4] ’
. 1 —12 /472 T [(FT)2—2It]/2 +t _IT 2
Gaussian TTanEe T V5l Te [erf(ZT 5 )+ 1]

main difficulty is that the interaction not only transforms the
input quantum state, initially defined in a single temporal
model only through the operators Ag introduced in Eq. (10),
but also changes the temporal mode structure due to the
spontaneous emission of the atom, as schematically depicted
in Fig. 1.

A more tractable problem is to obtain the state of the light
after the interaction only for a particular temporal mode, i.e.,
the reduced state obtained by tracing out all the other field
temporal modes. A general formalism to solve this problem
was introduced by Kiilerich and Mglmer [34,35], based on
the use of virtual cavities and cascaded master equations.
More recently this approach was improved in Ref. [83] taking
advantage of an appropriate interaction representation for the
virtual cavities. This more recent method is particularly suited
to study the dynamics of the quantum state of light in a fixed
single temporal mode that interacts with a quantum system,
exactly what we need to validate the approximation to a time-
dependent JC model.

We will now briefly summarize the formalism we have
employed for the numerical validation, referring the inter-
ested reader to Ref. [83] for further details. We consider the
dynamics of a two-level atom interacting with an incident
quantized radiation field governed by the Hamiltonian (5).
When the incident radiation is a pulse in a single temporal
mode, the interaction can be described using an effective
cascaded-system master equation [34,35]. In this formalism,
the quantum pulse is represented by the radiation leaking from
an upstream virtual cavity, while the component of outgoing
radiation that eventually occupies an arbitrary fixed temporal
mode is represented by the radiation picked up by a virtual
downstream cavity. All other temporal modes of the outgoing
radiation are reflected by the downstream cavity and in this
formalism are essentially described as Markovian loss. The
coupling between the atom and the virtual cavities is time
dependent and it is a function of the chosen temporal modes
[34,35]. In this approach excitations travel in a preferred direc-
tion. The initial state of the upstream cavity contains photons,
but at the end of the evolution the upstream cavity is left
empty. In contrast, the downstream cavity starts empty and
is eventually populated with the state of the radiation in the
chosen temporal mode.

The idea of Ref. [83] is to use an interaction picture with
respect to the interaction Hamiltonian of the two virtual cav-
ities, responsible for the propagation of the radiation from
the incident temporal mode to the chosen outgoing tempo-
ral mode, even in the absence of interaction with the atom.
The picture of an upstream and a downstream cavity is no
longer valid in this frame, but the overall dynamics is still
described by a tripartite system composed of the atom and
two bosonic modes. This approach is particularly illuminating
if one focuses on the same temporal mode for the incident
and outgoing radiation, which we assume to be described
by a real-valued wave packet £(¢) as in the main text. In
this situation we have a “main” (initially populated) bosonic
mode ag, describing the temporal evolution of the state of
pulse (P) in the fixed temporal mode &(¢), and an auxiliary
orthogonal (O) mode a,. The mode v is needed to fully cap-
ture the transient dynamics during the atom-pulse interaction,
since it is initialized in the vacuum but eventually decays
into the vacuum again after the interaction. For conceptual
clarity we keep the bosonic operator a; employed in the
Kiilerich-Mglmer (KM) formalism (formally obtained from
the interaction picture applied to the virtual cavities) distinct
from the physical photon-wave-packet operator A; defined in
Eq. (10). The dynamics of the tripartite system composed of
the atom, the pulse mode, and the auxiliary orthogonal mode
obeys a time-dependent Lindblad-like master equation

AP — —%[H(z» PAPO(1)]

+ NLD[o-1p"*°(0) + DILOIpO@),  (E)
where the Hamiltonian has the suggestive form
H(t) = ihv/T&(t)(ao_ — o.az)
+ %ﬁfl ()a@yo- — oray), (E2)

showing exactly the time-dependent JC interaction in Eq. (33)
that we are seeking plus an additional time-dependent inter-
action with the mode v (no free atom Hamiltonian appears
because we are assuming no detuning, as in the rest of the
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FIG. 9. Populations and probabilities for an initial Fock state
with 80 photons, prepared in a Gaussian pulse of duration I'T =
1/50 for I, = 0. (a) Comparison between the atom excitation prob-
ability p, () and the average number of excitations in the pulse mode
& for the state obtained with the time-dependent Jaynes-Cummings
approximation and for the state obtained in the Kiilerich-Mglmer
formalism. (b) Average number of excitations in the auxiliary or-
thogonal mode v appearing in the KM description. The shaded blue
region shows the Gaussian temporal distribution |&(¢)|? of the pulse
as a guide for the eye (not to scale on the vertical axis).

paper). The time-dependent collapse operator reads

L(t) = VTo_ — H(1E(t)a,. (E3)

We have introduced two functions that depend on the wave
function £ (¢) and on the integral of its modulus squared

[1—2I()]E@)

M= oo
e
L) = —————,
T AQIAG
Ie() = / dslE ()P, E4)

where as usual the starting time #; of the experiment is as-
sumed to be far before the arrival (e.g., the main peak) of the
pulse so that I () &~ 1 for times much greater than the pulse
durationt > T.

In Fig. 9 we show results for a Gaussian pulse of dura-
tion [i.e., standard deviation of |£(¢)[*] I'T = 0.02 centered
around 'ty = 0.1, for times up to 't = 0.4. In particular, we
choose an initial Fock state with 80 photons, to show the
expected coherent Rabi oscillations between the atom and
the collective mode, similarly to what was predicted in [30]
using quantum stochastic calculus techniques. As mentioned
in Sec. IV the number of photons needs to be relatively high so
that even if I'T is a small number we are beyond the linear ab-
sorption regime to witness a coherent exchange of excitations.

In this regime we already see pretty good agreement between
the population predicted by the two models and we see that the
orthogonal mode v contains less than 0.01 photons on average
during the whole dynamics. Nonetheless, we also start to see
a deviation from the JC model in the fact that the true p.(t)
obtained from the KM method starts to slowly decay after
the interaction (and it will eventually go to zero for r > I')
and correspondingly the photon number of the state in the
pulse temporal mode & after the interaction contains slightly
fewer photons than predicted by the JC approximation. Thus,
while p,.(¢) + (agag) = 80 in the JC model, we see that this
holds only approximately for the results simulated with the
KM method.

If we consider shorter pulses we can see these dis-
crepancies disappear. In particular, since in a spectroscopy
setting we can only measure the output light scattered by
the two-level atom, we want to test the goodness of the ap-
proximation at the level of the reduced state of the pulse,
i.e., pxL(t) = Tra.0p™PO(t). Such a state is compared with
the state pyc(t) = Trap”P(t) obtained by unitarily evolving
the atom-pulse bipartite system with the time-dependent JC
Hamiltonian in Eq. (33) and then tracing out the atom subsys-
tem. In Fig. 10 we plot the trace distance between these two
states Dy (p,0) = %Tr|p — o evaluated at a time ¢t = 10T
such that pulse-atom interaction is complete but we are still in
the short-time regime 't << 1. We see that the trace distance
vanishes as the pulse and evolution time are made shorter;
similarly, we see that the maximal population of the auxiliary
mode v during the evolution also decreases as the pulses get
shorter. This holds true not only for an initial Fock state |5)
but also for a squeezed vacuum state which has coherences in
the Fock basis.

From Figs. 9 and 10 it is also apparent why the method
of Ref. [83] is more numerically efficient than the origi-
nal approach entailing upstream and downstream cavities of
Refs. [34,35]. As a matter of fact, even if the initial state of the
pulse contains many photons and requires a high-dimensional
Hilbert space, the orthogonal mode v often absorbs only a
small portion of the initial photons, thus requiring a much
smaller Fock space cutoff for the numerical simulation than
the cascaded cavities.

APPENDIX F: SHORT-TIME REGIME FOR SHORT
SINGLE-PHOTON PULSES

In this Appendix we show that the QFI in Eq. (37) derived
for the approximated time-dependent JC model of Sec. IV
for the case a single-photon pulse corresponds to the result
obtained from the exact expressions derived in Sec. III.

We consider times much shorter than the lifetime, i.e.,
t —ty < 1/T. While 1y is the “start of the experiment” and
is assumed to be in the past, i.e., fy < ¢ for the final ¢ at which
detection happens, we can actually think that the only relevant
tp in the experiment is related to the region where the pulse
&(t) is nonzero (justifying then the substitution 7y — —o0 in
the integrals in the main text). For simplicity and without loss
of generality we always assume the peak (or the arrival time)
of the pulse to be at f = 0 so that 1, is always negative. It fol-
lows that for short pulses with 't 7 < 1, #p can be assumed
tobe |fg] < 1/ so that we can neglect the exponentials also
fort <O.
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FIG. 10. Trace distance between (a) the reduced state in the pulse temporal mode pxy obtained from the KM formalism and (b) the state
pic obtained using the JC approximation. The trace distance is evaluated at = 10T, i.e., after the pulse has fully interacted with the atom.
(c) and (d) Maximum value reached by the average number of excitations in the auxiliary orthogonal mode v appearing in the KM formalism
during the evolution.

In this regime, spontaneous emission is negligible and the corresponding exponential factors can be omitted from Eq. (24),
obtaining

t )T
%(l)=—ﬁf dt'&(t')=—~/1“Tf dx f(x), (F1)

t T t/T x
VPnle)=1-T | dr(e@) | die*@))=1-TT dx| foo) | ax' 7)), (F2)
8 1 7 I I

where we have used the scale-invariant pulse shape f(x) defined as £(¢) = f(¢t/T)/ JT, satisfying ffooo | f(x)|?dx = 1. For a
short pulse satisfying I'T" < 1 we can expand py, to first order in I'T" and obtain

. t/T X t/T X
poﬁg=|(w§<t>|s)|2%1—FT[/ dX<$(X) / dx’f*(x’)>+ / dx(f*(x) / dX’f(x’))]

t/T 2
/ dx fo| = 1= )P (F3)

=1-TIT

where the equality between the first and second lines can be obtained as simply an integration by parts

BT ax e [y dx o) =1 [ de fP = [T dx(f*@) [ dx foO)
This calculation shows that, to first order in I'T', the small probability of not detecting a photon in the pulse temporal mode
after the interaction with the atom is only due to the atom absorption and not because other temporal modes become populated
[recall that |Iﬁ§ ()) is not a normalized state]. This in turn means that we only have the classical contribution to the QFI, which

becomes

2 2 1T 2 2
[Orp.(t)] o Prpe@F _ p() T / Fodx ) = TF, 7 (F4)
Pe(D)[1 = p(t)] Pe(t) r? r'\Js, r

where the first approximate equality holds for I'T <« 1 because p,(t) = |.(¢)|> = T'T| ft;/ T ax f(x)]? is also a very small
quantity. We have also used that drp.(t) = p.(¢)/T". This expression in Eq. (F4) corresponds to the Fock state QFI in Eq. (37)
obtained from the approximate time-dependent JC model, for n = 1.

At the same time, we can show that the quantum contribution Q(|v)) vanishes faster than the C( Dorig) in the limit of short
times t — fyp << 1/Io. In order to show this, we first note the following expression for QFI of the normalized state | ) in terms
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of the overlaps of unnormalized wave packet |1ﬁgP ):

Qyr)) =4

~ ~ ~ ~ 2
itk (1505 .

(Wg1vs) (Wglve)
Here we have employed the earlier assumption that ¥, dr ¥ € R. The first term in the above expression can be expressed as

the following power series of pulse duration 7 from which we can extract the leading term (in keeping with the assumption of
short pulses so that I'T < 1):

arvllorg?) T [ dt F? ' ‘ ‘
( ”ﬁ' fpm _ Ty 2 :T/ drFerrTzFff th12+~-~%T/ dt F2. (F6)
(‘(/fg ’wg> 1 - FTF; I 1 to

Similarly, the (square root of) the second term is, to leading power in T,

) ][ [ i) [ 1)
— =T d dx' f(x' rT dx' f(x') — . F7
(Iﬂﬂlﬂﬁ) . X o X f(x) o X fx) = fx) (F7)

Using the mean value theorem for definite integrals to approximate F; = % f (it ;’0) s.t. tp < t; < t, the quantum contribution
Q(|¥)r) obeys the bound

2
4 (t—1o0\° [t —1\° t—to\*'\TTt—1t0 (—1\> 1 [(ts—1o
< -T2 —ar?(—2) | — 2 ) (=), <ttt <t
Q(|1/fr))\3 (T>f< T T 3 Tf T 2f T 0 <tttz <

(F8)
meaning that Q(|yr)) scales as O([t — #]°), whereas the classical contribution in Eq. (F4) scales as O([t — #,]?). Therefore, as
Tot(t — 1) — 0, the quantum contribution vanishes faster, leaving only C(porig).

APPENDIX G: DERIVATION OF USEFUL QUANTUM ESTIMATION RESULTS

1. Optimality of projecting on the probe state for pure-state local quantum estimation

In this Appendix we show explicitly that a projection on the state itself saturates the pure state QFI as stated in Sec. IIT A 3.

The state of the system is |Yr) and we consider a projective measurement I1; = |y ) (Y| and ITo =1 —I1; so
that py = [(Yr|y¥r)[*, po=1—pi, and drp; = —drpo = 2Re((Yr ¥ ) (Yr|0ryr)). We aim to take the limit I' — T
for which limp (Y [yr) = (Yrlyr) = 1 and limp—r Re(r|dryr) = Re(yr|dryr) = 0, and thus limp_.p p; = 1 and
limp . drp; = 0. The CFI of such a two-outcome measurement is C(p;) = ;}‘E—’i‘;; and becomes a 0/0 indeterminate form in
the limit I — T". Using I’Hopital’s rule we obtain

. . (Orpr)? . 20rp132p 5 2 )
1 C =1 —_— =1 _—— =20 —r = —4(R 0 0 . Gl
i C0 =l = i gy = 2 leor = —A(Rel g Ry 1Gryriv). @D

Differentiating the equality (Yr|or¥r) 4+ (Or¥r|y¥r) =0, we obtain RC((I/IHBI% Yr)) = —(@r¥rloryr) and thus
limp . C(p1) = Q(|Yr)) according to Eq. (19).

2. QFI of a rank-2 state

In this Appendix we evaluate the QFI of a rank-2 density matrix, written as a mixture of two nonorthogonal pure states.
This is employed in the main text for the state in Eq. (35) obtained in the approximate time-dependent JC model introduced in
Sec. IV; in particular, it is applied to coherent and squeezed states in Sec. VI. However, more generally, the reduced state of the
field is described by a rank-2 density matrix whenever I} = 0 and ¢ < oo, i.e., when the quantum state of the pulse is mixed
only for being entangled with the two-level atom.

We consider the rank-2 density matrix

or = h/;e)l&e + |¢g>1/;g’ (G2)

such as the one in Eq. (35) for the reduced state of the field. We denote by 13 the (generally nonorthogonal) basis formed by these
two vectors and their derivatives with respect to the parameter of interest I',

B = {1Ye), W), 18re), 180 ¥rg) ), (G3)
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with the Gramian matrix

<1/;e|lﬁe> <¢e|l/;g> <¢e|al“¢e) (Iﬁem[‘lﬁg)
GB _ <1/7g|1[;e> <‘5g|1/7g> (K&gwrl&e) (Iﬁglar‘ll;g) (G4)
Ordelde)  (OrielWe)  (Ordeldrde)  (Orireldriry) |

<8F1ﬂg|¢e‘) (8F1/~’g|1ﬂg) <8F1/;g|a[‘lﬁe> <3F¢g|al“lpg>
Assuming that B is a basis means that the vectors must be linearly independent and thus G? invertible. While the linear
independence of |/.) and |/,) is implied by the assumption that pr is rank 2, the linear independence of the whole basis B

is as an extra assumption in this derivation, but it is valid for the applications considered in this paper.
Using the notation of Ref. [60], we can represent operators as matrices expressed on the basis B and Eq. (17) becomes

20rp® = LEGEpB + pBGELE. (G5)

This equation can be solved efficiently by using block vectorization [59,60]. Once a solution is found, the QFI can be evaluated
as

Qpr) = TI‘(LFGBBF,OFGB). (G6)
For the rank-2 model in (G2) the density matrix and its derivative have a very simple form in the basis B,
1 0 0 O 0 01 0
5_(0 1 0 O 5_[0 0 0 1
=10 0 0 o =11 0 0 o 6D
0 0 0 O 0 1 0 O

and the Lyapunov equation can be solved analytically to obtain an explicit, albeit complicated, expression for the QFI that
depends only on the matrix elements of G,

—4
A(Gp + Gzz){
+4AGn(ImGs; + ImGyy) — 4(ImG13)>G3, + 8ImG3ReG12Go (IMG g + ImGa3)

+ 8ImG3ImG1,G2(ReGas — ReGyy) — 4G11Gp[2ImG13ImGyy + (ReGyy — ReGa3)*]

+ 8ImG,ReG,(ImMG 4 4+ ImGa3)(ReG 4 — ReGa3) + 8ImGouReG 12 G (ImG s 4 ImGa3)

— 4(ReG12)*(ImG 14 + ImGo3 + ReG14 — ReGa3)(ImG)4 + ImGa3 — ReGyy + ReGo3)

+ 8ImG,ImGG1(ReGas — ReGua) — 4(ImG4)* G, }, (G8)

Qpr) = A[(ImGy3 — ImGy)* + (ImGy4 4 ImG)3)’] + 4AGy (ImGs3 + ImGlyy)

where A = GGy — |G2|* > 0 is the determinant of the first diagonal block of G2 and the superscript 3 has been suppressed
for compactness.
A much simpler expression can be obtained when the two parameter-dependent rank-1 states live in orthogonal subspaces,

ie., (Velg) = 0, (Ye|drrg) = 0, and (y|drifr) = 0,

- - I | Or ) 12
Q(pr) = 3 4o Tiloriy) + VeVl (G9)

= AN

which makes the computation easier by avoiding a renormalization of the two orthogonal states. However, since the two states
in the mixture are orthogonal, this QFI can also be obtained from the standard formulas based on the eigendecomposition of the
density matrix [55,57].

APPENDIX H: DESCRIPTION OF PARAMETRIC DOWN-CONVERTED STATE

The biphoton state generated at the end of low-gain type-II PDC interaction in birefringent crystals (such as § barium borate
or potassium titanyl phosphate crystals) that converts the classical pump photon into (signal and idler) daughter photons is
obtained as the first-order perturbation term

1 -
|Pene) = sz_<'0) + / dos / dwlcbppc(ws,w1>a§<ws>a2<w1>|os>|ol>>, (HI)
PDC

where Nppc is the normalization factor which ensures that |Pppc) is well normalized. (For a more complete description of the
PDC process, including in the high-gain regime, see Ref. [99].) The bivariate joint spectral amplitude (JSA) ®ppc(ws, wr) for
PDC states is the product of the classical pump pulse envelope (which is assumed to be Gaussian with spectral width given by
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0p) and the sinc phase-matching function for collinear setups

i()lpump sinc( Ak(CUS, CUI)L) 1 e_(ws+w1_a)p)2/261% ’ (H2)
h 2 /271013

where apump/fi depends on the crystal properties [such as crystal length L and the second-order (as PDC is a three-wave mixing
process) nonlinear susceptibility x ®] as well as beam properties (chief among them being the beam width that fixes the area of
quantization in the paraxial description). For simplicity, we bunch these experimental parameters together into the efficiency of
the down-conversion process [18].

The phase-matching function Ak(ws, wr) can be related to the different group velocities and times of arrival of the two
photons, by Taylor expanding the signal or idler wave vectors around their respective central frequencies (for which conservation
of energy dictates &s + @1 = wp),

Pppc(ws, o) = —

- ok
k(wx) = kx + —

((,()X_C?))()—F“-, X:S,I (HS)
36())(

wyx =Wy

The first-order coefficient can be identified as the inverse of the wave-packet group velocity 1/vxy = 0k/dwx|wy—a,. Keeping
then only the linear terms in the Taylor expansion, the phase-matching function is

Ak(ws, o)L = (i - i)L(ws — os) + <i - l)L(wl —an) = Ts(ws — @s) + Ti(wr — @1), (H4)
v, Vs vp U
where Ts = (1/v, — 1/vs)L is the time difference between the arrival of the wave packet traveling at the group velocity of the
pump versus that of the signal photon, and similarly for 7;. The time delay between the arrival of the two photons is captured by
the quantity Tgene = Ts — T, henceforth referred to as the entanglement time. In the main text we only studied two-photon states
with frequency anticorrelations (75 > 0, Ty > 0), with the specific choice of Ts = 0.12Tey and Ty = 1.127T;ep.. The entanglement
time Tgen, itself is varied for the purposes of the calculation of the metrological quantities between 50 fs and 3.0 ps.
Finally, the sinc function can be approximated as a Gaussian [97,99,100], ignoring its minor maximum, as

. (Ak(a)S»wI)L
sinc| ———>——

5 ) ~ exp{—y[Ak(ws, w1)L]?}, y = 0.04822, (HS)

yielding a JSA that is now proportional to a two-dimensional Gaussian function

[Ctpump

1
h /ZJTGP2

Pppc(ws, wp) ~ — expl—a(ws — @s)* + 2b(ws — @s)(wr — @) — c(wy — @1)°], (H6)

where

1 ) 1 1 )
a=r‘p2+)/Ts, bZT‘g—FyTSTI, ngpz‘l‘yTp (H7)
While it is always possible to (numerically) construct a Schmidt decomposition for arbitrary bivariate JSAs ®(ws, wr) [119], the
approximate double Gaussian JSA in Eq. (H6) admits an analytical Schmidt decomposition in terms of the Hermite-Gaussian

mode functions, defined as

hp(x) = ;e*xz/an(x)vn ef{0,1,...} (H8)

V2mlm

where H,(x) is the nth-order Hermite polynomial. Then, using Mehler’s Hermite polynomial formula [125]

o0
w"H, (x)H, 1 2wxy — w2(x? + y?
Z (X)H,(y) _ ( y (2 y ))’ (H9)
= 2'n! 1—w? 1—w
we can express the two-dimensional Gaussian JSA as the sum of products of univariate functions
[o¢] .
. N _ _ oy [ 1+ w?
Pppc(ws, ) & ;l’n,PDChn[ks(ws = @9)halki(wr = &I, rapoe = — = W= (H10)
where kg and k; are the projections of the elliptical JSA onto the wg and w; axes, respectively,
2a(1 — w? 2¢(1 — w?
—a( ” ), 1= —C( > ), (H11)
(14 w?) (1 + w?)
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with the Schmidt weight factor w obtained using the quadratic formula

—Jac + ~/ac — b?
w = :

(H12)

Defining mode creation operators for signal and idler modes as
as= / dwsh,lks(s — os)al(ws), @) = / doxh, k(e — &)l (@1) HI3)
so that the bosonic commutation relations la,,s afh s] = &yn and la,,1s al’l] = §,un hold, the approximate PDC state then has the

Schmidt form

1 ad . 1 nd
|®ppe) & ——— [10) + Y ruppca) gal (1050 | = ——=(10) + ) " ruepc|Ed)|ED) ), (H14)
i (194 el 09109) = (043 el

n=0

where |§f) = a; s |0S) (|.§,I,) = a;§’1|01)) are n-mode Schmidt basis kets for the signal (idler) photons. Finally, if we postselect for
only successful detections of the two-photon state, the biphoton PDC state becomes

[e.¢]

[¥biph,pDC) = Z;n,PDC|$rLS>|$;i>a FapDC =

n=0

—_TwPC i1 — w?, (H15)
\ 2omeo ITnppcl?

which has the same form as Eq. (39). Note that this is equivalent to renormalizing fppc(ws, wr) to be treated as a proper wave
function, and thus the efficiency parameter apump does not enter explicitly in the description of the postselected state.
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