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Readout errors on near-term quantum computers can introduce significant error to the empirical probability
distribution sampled from the output of a quantum circuit. These errors can be mitigated by classical post-
processing given the access of an experimental response matrix that describes the error associated with the
measurement of each computational basis state. However, the resources required to characterize a complete
response matrix and to compute the corrected probability distribution scale exponentially with the number of
qubits, n. In this work, we modify standard matrix inversion techniques using perturbative approximations with
significantly reduced complexity and bounded error when the likelihood of high-order bit-flip events is strongly
suppressed. Given a characteristic error rate g, we discuss a method to recover the probability of the all-zeros bit
string po by sampling only a small subspace of the response matrix before inverting readout error, resulting in a
relative speedup of poly[2"/(}})], which we motivate using a simplified error model for which the approximation
incurs only O(g") error for some integer w. We then provide a generalized technique to efficiently recover full
output distributions with O(g") error in the perturbative limit. These approximate techniques for readout-error

correction may greatly accelerate near-term quantum computing applications.
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I. INTRODUCTION

While quantum computing will potentially provide an
exponential speedup in solving certain problems, noisy
intermediate-scale quantum (NISQ) [1] devices are subject
to high error rates that must be mitigated in order to extract
useful information from the quantum processors. Readout
error is unique among the standard sources of decoherence
since it is well modeled by a classical stochastic process and is
therefore entirely reversible by classical postprocessing. In the
simplest approach, the effects of readout error can be reversed
by inverting a response matrix R that relates premeasure-
ment computational basis states to bit strings sampled by the
measurement, provided that R is nonsingular and accurately
characterizes the readout-error dynamics.

Previous works in readout-error mitigation typically in-
volve some variation of inverting a Markovian process [2-8].
The goal of these postprocessing techniques is to recover
the entire probability mass function p(x) over bit strings x €
{0, 1}". However, these techniques are generally not scalable
as they require experimental characterization of a response
matrix followed by an (approximate) matrix inversion step,
requiring device time and computing resources that grow ex-
ponentially in n. Bayesian iterative unfolding [9,10] avoids
the latter hurdle by approximating the matrix inversion and
readout rebalancing [11] improves on the accuracy of readout-
error correction for recovering high-weight bit strings by
biasing measurements based on some prior knowledge of the
support of p(x) on R?". However, unless error mitigation is ap-
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plied to recover a specific observable [12—-14], both techniques
still generally require an exponentially large device time to
characterize the response matrix. Furthermore, with limited
exceptions (e.g., Ref. [15]), few of these techniques have been
specialized for the case where only a single bit-string proba-
bility is desired, which requires significantly fewer resources
to mitigate readout error.

In this work, we present a perturbative technique for ap-
proximately correcting readout error on near-term quantum
computers. Intuitively, the technique relies on an assumption
that the likelihood of a readout-error event involving many
simultaneous bit flips (for instance, observing the bit string
1111 after a computational basis measurement of the state
|0000)) is strongly suppressed in the number of simultaneous
bit flips. This includes scenarios for which the bit flips are
weakly correlated between different qubits and the individual
bit-flip rates are small, which is often the case on existing
devices [16].

We introduce our technique by considering the task of
recovering the probability of the all-zeros bit string py and
show that this may be accomplished using only a small subma-
trix of R, and we provide numerical and theoretical evidence
justifying this approximation. By tailoring the experimental
determination of R towards recovering a specific bit string
even in the presence of correlated readout errors, this approach
offers a potential performance advantage over existing tech-
niques designed to recover full distributions.

We then present the general technique to approximately
recover the full empirical bit-string probability distribution
by perturbatively expanding R in terms of a characteristic
readout-error rate g. This technique represents a middle
ground between full matrix inversion of R and sparsity-based
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techniques. It is well suited for mitigating readout error when
both the strength of the correlations between readout errors is
known and the distribution p(x) has nontrivial support on a
large number of bit strings (e.g., superpolynomial in n), such
that the probability of observing each bit string is influenced
by the underlying probabilities for many other bit strings that
are close in Hamming distance. Both variants of our technique
allow for probabilities to be approximately corrected with
the benefit of greatly reduced error correction overhead, and
are therefore especially well suited for experiments in which
readout error is not the limiting factor in the accuracy of the
sampled probabilities.

II. INVERTING READOUT ERROR

Given an n-qubit state represented by its density matrix
p, the error in a projective measurement {|i){(i|} for i =
0, ...,2" — 1 over the computational basis states can be mod-
eled as a classical Markovian process [17], which is described
by the equation

P =Rp. 1)

Here, R is a 2" x 2" matrix with non-negative entries whose
columns sum to one (i.e., a left stochastic matrix), p =
diag(p) is a length-2" normalized array of probabilities mea-
sured in the computational basis without measurement noise,
and p' is the length-2" array of observed (erroneous) bit-string
probabilities. The response matrix R may be defined elemen-
twise in terms of transition likelihoods,

Rij = p(ilj) = plir - -inlj1 -+ Jn)s )

where i, j € {0, 1}" are length-n bit strings, and the notation i
is understood to refer to the kth bit of i. If we are provided with
an invertible R, a basic prescription for correcting readout
error is to compute

p=R"p. 3)

In practice, R may be singular and a least-squares approxima-
tion to the linear equation (1) may be used.

Even when R is invertible, computing Eq. (3) in a general
setting requires two distinct, resource-intensive steps: (i) mea-
suring the complete response matrix of bit-string transition
probabilities using a diagnostic experiment to determine R,
with time complexity O(2"), and (ii) performing matrix in-
version on R, which can be as costly as O(2*") [18]. Notably,
recent works have explored more efficient sparsity-based tech-
niques for mitigating readout error, for example, inverting the
response matrix in the subspace spanned by nonzero compo-
nents of p’ [19,20].

A small infidelity in the readout-error mitigation can usu-
ally be tolerated as a trade-off for an improved complexity
scaling in many cases, for example, when the readout error
is less significant compared to other sources of error such
as decoherence. We now introduce heuristic techniques for
reducing the resource requirements of both of these steps
while incurring some small, controllable error that may be
inferred under some mild assumptions about the structure
of R.

III. RECOVERING THE PROBABILITY
OF AN ALL-ZEROS BIT STRING

We first study a special case of our technique for com-
plexity reduction when one only desires to determine the
probability of the all-zeros bit string pg = Tr(]0"){(0"|p). This
scenario is relevant for near-term algorithms such as quan-
tum kernel methods [7,21], dual-state purification [22], qubit
assignment on hardware [23], and quantum circuit learning
[24,25]. In this context, Eq. (3) can be cast in the form of a
dot product,

po=r-p, “4)

where the vector r € R¥ is defined elementwise as r; =
(R™"):. One would expect that a simplified readout-error
mitigation can be performed to recover the observable pg
with both tight error bounds and greater efficiency than for
recovering the full distribution p, since only the subspace of
R™! that describes likely transitions into and out of 0" is rel-
evant. Assuming that the probability of a bit-string transition
falls monotonically in the number of individual bits flipped,
this subspace corresponds to the set of probabilities (R);; for
which i and j are low-weight strings.

Following this intuition, our proposed technique works by
correcting po using the inverse of a projection of R onto the
subspace of low-weight basis vectors. The weight of a binary
bit string x = x1x5 ...x, € {0, 1} is defined as

wx) =Yy x, 5)
i=1

which is the number of 1’s appearing in x. We denote the set
of all bit strings with weight less than w as

Sw={x:xe{0,1}", wx) < w} {0, 1}". (6)

We then define the weight projection operator P, : R —
RIS»! that projects vectors onto the subspace spanned by basis
vectors whose binary index is in S,,. This is equivalent to the
action

ée; ifjesS
Pwéj:{oj J w

where &; is the jth unit vector. Then, a d x d matrix A may be
projected onto the same subspace by the operation P,AP,.
Defining Ry = P,RP, and the first row of its inverse as
(rr)i = (Fl}1 )o: by analogy with Eq. (4), our goal is to demon-
strate that for some choice of w < n and mild assumptions
about the structure of R, we can compute

(7

otherwise,

Po=rr-pr 3

as a close approximation to py, where p = P,p’. Equa-
tion (8) simply uses the first row ry of the inverse of a
truncated response matrix in place of r applied to a truncated
observed probability vector p’. Applying Eq. (8) consumes a
significantly smaller response matrix Ry which may be under-
stood conceptually as the top-left submatrix of R with rows
and columns re-sorted by index weight. Ry has dimensions
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ty X t, given by the sum over binomial coefficients,

w=3(5) ©)

j=0

and so the readout-error correction for py may be carried out
by sampling Ry from a quantum processor with complexity
O(t,,) and then computing R, ! with complexity O(t?). In this
work, we will neglect the effects of sampling error in both R
and p/, which introduces a constant overhead for readout-error
correction as a function of the strength of noise on the device
[13]. In the absence of statistical effects [such that Eq. (4) is
satisfied], the error of our method is given as
Irr - Py — pol = lrr - pp —r- P/l (10)
This approach therefore introduces error from two different
sources: the first kind of error results from computing p after
discarding bit-flip events involving more than w simultaneous
relaxations and excitations, while the second kind of error is
due to the truncation approximation R} ' P,R'P,. To moti-
vate our technique, we proceed with study situations for which
this difference vanishes and provide the resulting bounds on

|rr - p — 1 - p'| for progressively looser restrictions on the
structure of R.

A. Exact bounds for a relaxation-only model

It is convenient to use the convention that vectors and
matrices be sorted according to the weight of the binary rep-
resentation of the index, with indices of equal weight sorted
arbitrarily. For example, with n = 3, this has the effect of
rearranging the vector of readout probabilities such that

P = (Pooo» Poot» Po10s P100s P110s =+ ) - (11)

We now consider an instructive toy model for readout error
for which an analytical upper bound on the error |pg — r - p/|
may be derived exactly. In this model, R is both overly sim-
plified and trivially invertible, but the analysis will provide
insight into approximations for situations where R has a more
complex structure. The model for readout error that we study
analytically is an extreme example of asymmetric readout
error described by a response matrix of the form

R=@Q) . (12)
k=1
_ (1! q

for 0 < g < 0.5. We can make very strong arguments about
readout error arising from this model.

Proposition 1. Let R be defined as in Eq. (12). For any fixed
projector P, satisfying P2 = P, define Ry = P,,RP,. Then,

P,(R™HP, = Ry (14)

In other words, for this definition of R, the inverse of the
projected response matrix Ry is equal to a projection of R™".
This is a straightforward property of the kinds of upper tri-
angular matrices that we are interested, but an intuitive proof
is provided in Appendix A. The following theorem applies
Proposition 1 to show that we can compute only a very small
subspace of R and invert that subspace to apply readout-error

correction to recover py with error that is exponentially sup-
pressed in our choice of truncation weight w.

Theorem 1. Let R be defined as in Eq. (12). Then the
error introduced by correcting readout error using a truncated
response matrix is bounded by

Irr - Py —r- Pl < 2", 5)

where rr and r are defined elementwise as (r7); = (R}l)oi
and r; = (Rfl)ol-.

The proof is given in Appendix B. We remark that this
is the tightest possible bound given the structure assumed of
R that does not incorporate additional information about the
readout probability distribution over the truncated subspace.
Theorem 1 makes a simple but powerful observation that
given the restricted noise model we have considered, one can
apply readout error using the inverse of a projected matrix
Rz such that the introduced truncation error is exponentially
suppressed in w. This bound becomes quite weak in the limit
that g — 0.5 since the dimension of the truncated matrix itself
grows combinatorially in w. Conversely, for g < 1 such that
g* — 0, this result guarantees that a matrix projected onto the
w = 1 weight subspace with size linear in n can recover the
probability of 0 with an accuracy almost as good as using
the exponentially large R. Since this result is based only on
the structure of R and not the value of elements contained
therein, we can immediately lift some of the restrictions on
constructing R.

Corollary 1. Let R have a tensor structure composed of
distinct individual qubit response matrices of the following
form:

_ > (1 qr
R‘@(O (1—qk>)’ (16)

for 0 < gr < 0.5. Then,
rr - pr =1 P/l < Qqma)" ™t (17)

where gmax = max{g}.

This is shown in Appendix B. Corollary 1 expands on
the intuition of Theorem 1: If kth-order simultaneous bit-flip
events are suppressed exponentially in k, then we need only
sample a submatrix of R to perform good readout correction.
We can further extend this line of reasoning to its practical
limit in a somewhat less rigorous way. Suppose R is any
response matrix that allows only for “relaxation” events, that
is, R may be defined elementwise as

R — p(lj) forw(@) < w(j)ori=j (18)
Y7o otherwise.

If we assume that the probability of a relaxation event is
suppressed exponentially in the number of simultaneous bit
flips, i.e., p(ilj) < O(g*P~*®) for some characteristic rate
g, then the above bounds still hold in the approximate sense,

lrr - Py —r-P'I S 0g"H). (19)

This follows directly from Theorem 1; each entry with mag-
nitude exactly (1 — g)*®¢™®) in the strictly upper triangular
part of R can be replaced with an approximate term with order
O[(1 — q)*Wg»™]. As this modification does not affect the
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structure of R, similar nilpotency and series-expansion argu-
ments that lead to Theorem 1 may be applied by substituting
g — O(g). In this situation, R can no longer be decomposed
and therefore R™! can no longer be efficiently computed as
Qi Qk_l using individual qubit response matrices {Qi};_,;.
This extension also marks a departure from Corollary 1 by
relaxing the assumption that R has a tensor structure, and
therefore accommodates weakly correlated readout errors.
Despite this structural change, the projected Ry ! constructed
from events with order no greater than w still serves as a
useful surrogate for R if only elements in the first row of
R~! are desired, and provides some justification for extending
the reasoning of Eq. (8) to the more general case.

IV. PERTURBATIVE MITIGATION FOR RECOVERING
THE FULL DISTRIBUTION

In the previous section, projecting R onto a subspace of
low-weight indices was motivated by a model for readout
error that penalizes the transition of high-weight bit strings
into 0". This reasoning can be generalized to recovering the
full bit-string distribution p more efficiently, assuming an
error model that penalizes transitions between any two bit
strings that differ by a large hamming weight. This is a
practical model even when there is correlated readout error
between different qubits, provided the correlation strength is
not comparable to the characteristic rate. This model is further
motivated by the observation that correlations in readout error
are likely to be strong only among qubits that are physically
adjacent on a device, for example, nearest neighbors on a
two-dimensional grid of superconducting qubits [26].

To proceed, we assume there is a characteristic rate g that
describes the probability of any given single bit-flip event. For
each j=1,...,n, we define a sparse 2" x 2" off-diagonal
matrix R; whose entries are of magnitude O(1). Then, with-
out loss of generality, we define R with respect to a series
structure such that

on

R=Ro+ Y ¢R, (20)

j=1

where each R; contains a subset of elements of R according
to some pairwise comparison function s,

(Rhum  if s(n,m) = j
R; nm = . 21
A7) {0 otherwise. @D
In this work, we will focus on the specific choice
s(n,m) = w(n @ m), (22)

where w is the weight function of Eq. (5) and & denotes
the bitwise modulo-2 sum. Then, R consists of the diagonal
matrix elements of R of all orders of ¢ and R; consists of the
off-diagonal terms of the order ¢/ describing all likelihoods
involving bit flips whose weights differ by j. Note that under
this definition, Ry will describe all bit-flip events of even order
in which the observed bit string is identical to the prior bit
string, and similarly for j =1,...,n, so that R; does not
necessarily characterize events involving exactly j bit flips.
Even if R is not well modeled by this choice of decompo-
sition, such as in cases involving strongly correlated readout

Algorithm 1 Perturbative mitigation for the full distribution

Input:p’ . {R;}j=01, w
S+ -3 Ry'R;;
v 4 Ralp' :
P v
for k < 1 to w do
v Svu;
peptou;
end

s

i BRI V)

errors, it still may be possible to define R; to include all events
with probability on order ¢/. This will require significant prior
knowledge about the scale of readout errors on the device and
is out of the scope for this work.

The form of Eq. (20) suggests that the R; corresponding to
small j will dominate the effects of dynamics error. Applying
this intuition, we expand the inverse of Eq. (20) as a series,

k

0 2"
R'=R,'"+> [-D ¢R/'R; | R". (23
k=1 j=1

Truncating both series to the order of g* results in

k

R =|1+> |->_¢R;'R;| [Ry' +0(g" ™.
k=1 j=1

(24)

Note that this expression contains some terms of order higher
than ¢, but the error introduced by the truncation remains
bounded by O(g”*!). Applying this expression to p/, we
arrive at an approximate probability distribution p given by

k

w w
p=1+Y | =-D Ry'R;| RGP, (@)
k=1 =1

where we have introduced R; = 'R ;j as the matrix of el-
ements describing order-j transitions sampled directly from
an experimental response matrix (for which knowledge of the
rate ¢ is not strictly necessary). This result can be viewed as
a generalization of the specialized task described in Eq. (8),
which we discuss in Appendix C.

The implementation of the perturbative readout-error mit-
igation to recover an empirical distribution over bit strings
sampled from a quantum computer subject to measurement
error is described by the following pseudocode.

If R~ exists, then the Neumann series introduced in
Eq. (23) converges only if || Z'f:, Ry 'R il < 1, which deter-
mines whether Algorithm 1 can be applied in its given form. If
this condition is met, then the error € = ||p — p||, introduced
by Algorithm 1 is concentrated in the (w + 1)th-order terms,
resulting in an approximate error given by e < 2¢V*!' +
0(q"*?), where we have applied the slightly stronger assump-
tion that |R; 'R ilI < 1. To reach an accuracy with an error ¢,
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we need to implement the algorithm with an order of at least

Ine~! +1n2
w>[—“6 +n 1—1. (26)
Ing™!

The complexity of this technique is dominated by matrix
products involving S in Algorithm 1. If S is sparse, with s
being roughly the fraction of elements that are nonzero, the
algorithm requires w matrix product operations resulting in
approximate time complexity given by

O(s,wM?). 27)

We now compute the sparsity of R, to determine the relative
speedup of this technique over standard matrix inversion. The
nonzero elements of R; occur at all index pairs (x,y) satis-
fying x @ y = j, where x, y € B and B = {0, 1}"". The number
of pairs (x, y) that satisfy this condition is equivalent to the
number of strings x satisfying x = z @y, where z € B; and
Bj = {s : s € B, w(s) = j} is the set of all weight-j bit strings.
This number is given by |B| x |B;|, and so the sparsity factor
sy describing the number of nonzero terms in R, may be
computed directly as 272" x |B| x |B il or

S0 = 2”({2). (28)

This sparsity is computed using the union of Hamming balls
around each weight-k bit string, i.e., our construction implic-
itly assumes readout errors that are only weakly correlated
such that transitions between bit strings with large Hamming
distance are suppressed.

In the context of Eq. (27), s, has the effect of replacing one
term proportional to 2" with a term proportional to w(}}). The
core speedup therefore comes from generating p in Algorithm
1 by a series of sparse matrix-vector products using matri-
ces with, at most, s,, nonzero terms. If convergence of the
Neumann series of Eq. (23) is not guaranteed, a perturbative
technique may still be useful. In this case, an experimentalist
would still measure the set {R;} to a desired truncation point
w, and then directly invert the resulting approximation to R to
recover

~1

w
p=(>_R;| P (29)
j=1

This may result in significant speedup compared to sam-
pling the full R, but incurs additional computational cost
to compute a standard matrix inverse, and we explore this
tradeoff in Appendix D. This approach might therefore be
compatible with other techniques that avoid directly comput-
ing a matrix inverse (for instance, Bayesian iterative unfolding
[9-11]) or with techniques for efficient inversion of sparse,
banded matrices [27,28].

This approach allows us to safely ignore the small response
matrix elements corresponding to higher-order terms. In ex-
periments, each column of R may be estimated by preparing
the state corresponding to that column and then computing
the output bit-string distribution for a computational basis
measurement, resulting in an estimate for the matrix ele-
ments of the corresponding column of R. By discarding the
higher-order terms, this distribution can be reliably deter-

mined with a number of shots such as nyeas ~ 1/¢*%. If a
sufficient truncation order w is known either from previ-
ous experiments or knowledge of the hardware design (e.g.,
Ref. [16]), our technique saves resources by allowing the
experimentalist to omit measurement of higher-order terms.
Moreover, the resource requirement may be reduced further
if only a few bit strings of the output distribution are re-
quired. This includes, for example, the all-zeros bit-string
case discussed in Sec. III and cases where only a specific
qubit excitation sector is of interest due to symmetry. In these
cases, we need only estimate columns of R by computing
elements corresponding to the desired bit-string population
(see Appendix C). This allows us to compute R using fewer
experiments on quantum hardware.

V. NUMERICAL EXPERIMENTS

We implemented the technique introduced in the preceding
sections for a variety of prior distributions and readout-error
strengths. To avoid complications due to statistical uncer-
tainty, we restrict ourselves to using p and R that were
simulated to floating point precision without introducing any
sampling error. We generated each R randomly in the follow-
ing manner: We constructed a tensor product of the form

S (1= m €k
R= 30

with €, n; ~ Uniform(0, ¢), and then we randomly permuted
each weight-k subspace of Rfork = 1, ..., n — 1. The result-
ing matrix is not separable and therefore cannot be trivially
inverted by inverting each term in the Kronecker product
of Eq. (30). We applied the resulting linear map to a prior
distribution p to generate p’. Figure 1 demonstrates the per-
formance of Eq. (8) to correct for py for different prior
distributions. The error in the method is suppressed expo-
nentially in the truncation order w, which is consistent with
behavior that was analytically derived for a more restricted er-
ror model in Sec. III. A similar exponential suppression of the
error can be observed in experiments using response matrices
measured on IBM QPUs (Appendix E 1). In Appendix E 2,
we provide a preliminary comparison of our method to the
M3 technique of Ref. [19].

For Algorithm 1, we are interested in assessing the per-
formance of the readout correction for recovering the full
distribution p’ compared to p. To compare the two distribu-
tions, we compute the trace distance (or L1 norm),

dp.q)=Y_ pj—aqjl. 31

Jje{0. 1y

This has a useful interpretation in terms of computing expecta-
tion values of Hermitian operators. Let O be an operator with
2" real entries on the diagonal bounded by O; € [—1, 1]. The
expected value (O) = Tr(Op) corresponding to the corrected
distribution p is estimated using the quantity

Eo= Y_ 0;p;. (32)
jelo.1y
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FIG. 1. Performance of all-zeros readout-error mitigation given
by Eq. (8) compared for different prior distributions. (a) The Gaus-
sian prior is centered at 0 with n-bit overflow for all bit strings
with value less than 2", i.e., p; o exp[(x; — 0.5)?/0?], where x; =
27"[(j + 2""') mod 2"] and ¢ = 0.25. This distribution is adversar-
ial to recovering p, as it has significant support on the high-weight
subspace. (b) The truncated Gaussian is given by the same distribu-
tion without overflow (x; = j x 27", 0 = 0.25) and renormalized,
and (c) the uniform distribution is p; = 27". In all plots, w = 0 is
defined to correspond to the uncorrected probability p;,. The dashed
line indicates the bound of Eq. (19) derived for a relaxation-only
model, which we observed was not violated even for the more general
error model of Eq. (30).

We can then show that d(p, p) bounds the error incurred in
Eo,

ITr(Op) — Eol < d(p, P), (33)

and so d serves as a natural comparison between output dis-
tributions that will be postprocessed to compute observables.
Figure 2 shows the performance of Algorithm 1 for varying
truncation orders, numbers n of qubits, and increasing noise
rates g. For modest ¢, the effects of readout error can be

(@)
107" A ¢ ¢
S S
) n v “'
310 PS e
510"}
s -4
10 7 m 4qubits ® 10 qubits ]
" * 6 qubits ¢ 12 qubits
10 § v 8qubits z
0 1 2 3 4
Truncation order w
(b)
107
a
2107
S
107
002 004 006 008 0.0
Characteristic rate g
(©) |
= prior p
0.008 1 ,k = errorp’
0.006 prlw=2
5 .
20.004 |
0.002 1
0.000 -— - : : :
0 64 128 192 255
bin(x)

FIG. 2. (a) Performance of Algorithm 1 as a function of trun-
cation order w, for fixed ¢ = 0.05. The elements of the initial
distribution p were each drawn from Uniform(0, 1) and then
normalized. We define w = 0 to represent the uncorrected case cor-
responding to d(p, p’). (b) The performance of the algorithm (n = 8)
diminishes with increasing ¢, which corresponds to the series ap-
proximation for R™" diverging. We discuss the resulting limitations
and workarounds for this behavior in Appendix D. (c) Visualization
of applying correction to a Gaussian distribution for n = 8, w =2
with a characteristic rate g = 0.6.

strongly suppressed using only a fraction of the resources
required for inverting all of R. As n or ¢ increases, the per-
formance of the algorithm rapidly drops off as the series for
truncated inverse requires significantly more terms to con-
verge. Figure 2 also provides a visual example of Algorithm 1
applied using a second-order truncation, which will generally
consume O(n?) resources for sampling R, to recover p.

VI. CONCLUSION

We have proposed a technique for approximately cor-
recting readout error in quantum computers requiring sig-
nificantly less overhead than traditional matrix inversion
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techniques, while still capturing enough of the readout-error
behavior to correct distributions with support on a large
number of bit strings that might present a challenge for
sparsity-based techniques. Such approximations are beneficial
when the error in the correction scheme becomes negligi-
ble compared to other sources of device noise, and so this
technique may be useful for running quantum algorithms on
near-term devices. We have justified the technique in the
perturbative regime and also provided numerical evidence
suggesting that this technique can be useful if either the char-
acteristic error rate g or the number of qubits, n, remains small
(e.g., ng does not grow too large; see Appendix D). Future
work may further generalize the bounds we have derived and
elucidate the nonperturbative regimes for which the errors in
our methods remain well bounded.

Note added. Recently, Ref. [29] appeared. The authors of
that paper also employed series approximations for computing
R™! (as discussed in Sec. IV), but the implementation is
otherwise unrelated to the technique described here.

ACKNOWLEDGMENTS

We thank Achim Kempf for reviewing this manuscript.
E.P. is partially supported through a Kempf’s Google Fac-
ulty Award. E.P. and G.P. are partially supported by the U.S.
Department of Energy/HEP QuantISED program grant HEP
Machine Learning and Optimization Go Quantum, Identifica-
tion No. 0000240323. A.C.Y.L. is supported by the U.S. DOE
HEP QuantISED Grant No. KA2401032. This manuscript has
been authored by Fermi Research Alliance, LLC under Con-
tract No. DE-AC02-07CH11359 with the U.S. Department of
Energy, Office of Science, Office of High Energy Physics.
This research used resources of the Oak Ridge National Lab-
oratory, which is a U.S. DOE Office of Science User Facility
supported under Contract No. DE-AC05-000R22725.

APPENDIX A: PROOF OF PROPOSITION 1

The construction for R given in Eq. (12) is a tensor product
of identical single-qubit response matrices, each of which
prescribes a fixed probability for a relaxation event p(0|1) = ¢
and disallows excitation [p(1|0) = 0]. The outline of the proof
is that disallowing excitations results in an R with a block
structure such that projection operations commute with the
matrix product for strictly upper triangular submatrices of
R acting over indices with weight less than w. The tensor
structure then allows direct computation of r, and therefore
also of rr.

Q is upper triangular and therefore R is also upper triangu-
lar. Given the tensor structure of R, we have that for indices
i, j € {0, 1}" in the upper triangular set, the elements of R are
given elementwise by

qw(j)—w(i)(l _ q)w(i)
Rij= 10—
0 else,

for w(@) < w(}j)

fori=j (A1)

where the term g* )~ (1 — ¢)*@ represents the probability
of |w(j) — w(i)| simultaneous relaxations times the proba-

bility of the remaining w(j) — |w(j) — w(i)| = w(i) bits not
relaxing. We split R into a diagonal component Ry and a
strictly upper triangular component

Ro=)_ Y Ikl ® B,

k=0 £=k+1

(A2)

which represents a block matrix partition of R into {By},
each of which contains all elements (R);; with w(i) = k and
w(j) = £ and has dimensions

dim(By,) = (Z) x (’g)

R, isan (n+ 1) x (n 4 1) block matrix and is strictly upper
triangular with respect to this block structure. For any strictly
upper triangular m x m matrix A, we have that A™ = 0 [30]
and, by similar reasoning, RZH = 0. Therefore, the Neumann
series expansion for R converges in n + 1 terms and we
obtain

(A3)

(A4)

R = [Z (— RolRu)k} Ry

k=0

In computing (R, )*, every column space over basis vectors
of weight w depends only on contributions of column spaces
over basis vectors of weight less than w (i.e., the columns
to the left of the weight-w subspace). Therefore, we further
partition R, into column spaces {D -, Bke}},—; With basis
vectors less than or equal to w and ignore the complementary
column space for computing the truncated part of R~'. That is,
defining the projector m = Py ,, and letting r; = I — 7 be the
projector onto the complementary subspace of 7, we simplify
our representation of R, as

(7 7R %
Ru:<m)au<n MH( : )

The sum in Eq. (A4) may then be computed ignoring the
column space of weights greater than w,

(A5)

(—Ry'R.)Ry’ (A6)

-1 k -1
_ ((—”Rg R:ﬂ) *) (”Rg ”* *) (A7)

_ ((—nRalRun)knRgln *) (A8)
0 =x*
since 72 = by definition. Therefore,
TR HYr =n [Z (- ROIRL,)kR01:|7T (A9)
k=0
=" (~#Ry'Run)"(nRy'n) (A10)

~
Il

0

( - nRa]n)(nRun)k(nRgln) (A11)

[
™M=

(=]

k
= (nR7)"!, (A12)
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where the series now terminates at w due to the nilpotency of
R, in Eq. (A7). Line (A11) is simply the series expansion
for the inverse of mRmw = 7Ry + wR,7, which concludes
the proof.

APPENDIX B: PROOF OF THEOREM 1
AND COROLLARY 1

The size of the projected subspace that includes all strings
of weight less than or equal to w is the binomial sum

t(w) = Xw: <Z>

k=0

(BI)

We can compute the error in the projected readout-error cor-
rection method directly,

lrr - Py — - p') = [[(@RT) ™ plyplo — (R™' Pl
xR~ pirlo — (R p' ol

t(w) 2"—1
=D R Yop; = Y (R Dy
j=0 Jj=0
2"—1
=| > R p
j=t(w)+1
n q k
= > <q) > (B2)
k=w+1 teB(w)
w+1
< (L) (B3)
l—g
< Qo (B4)

where B(w) denotes the set of bit strings of weight w, and v =
Py, (as defined in Appendix A). In line (B2), the additional
factor of (1 — ¢)* is found by explicitly computing the first
row of R™': For a binary string j = jij» ... ju, the jth entry
of ris

Il = [(@ M0, (@ Moy, - - (@,

3 < q )w(j)
T \d-9/)

Then, with the requirement that ¢ < 0.5, we have (1 — ¢) ™ <
27%, which completes the proof. To prove Corollary 1, we
again explicitly compute r;, taking advantage of the tensor
structure of R,

(BS)

(B6)

rjl = ’(QTI)OjI (QEI)sz e (lel)o/',,) (B7)
G Jk
= B8
lj_k[ ((1 - Qk)> B9
w(j)
< (max el ) , (B9)
k(1 —qi)

which upper bounds the magnitude of any element in the
subspace of R™! excluded by the truncation of all bit strings ;
with w(j) > w. The proof of Corollary 1 proceeds identically
as with Theorem 1. Note that the bound given is quite loose
and so the exact expression given in Eq. (B8) may be freely
substituted if gmax is expected to be significantly larger than a

typical gy.

APPENDIX C: REDUCTION OF ALGORITHM 1
TO SINGLE BIT STRINGS

Algorithm 1 can be further simplified if we are only inter-
ested in a specific element £ € {0, 1}" from the distribution.
To illustrate the reduction, we construct a set Sy ,, consisting
of all My, = |S¢,,,| basis states with, at most, a distance w
away from ¢,

Sew ={m|[s(m, £) < w}. (ChH
We can define a projection operator P, ,, given by
. s ifneSpy,
Pewén = {0 otherwise. €2)

It follows from Eq. (24) that the prior probability p, for
measuring a computational basis state |£) is given by

w w k
e ( —~ quROIRj)
k=1 j=1

X (Ro)p P + O(g" ™).

It is straightforward to show that any matrix elements
[(— Zl;:l quale)k][’m with s(m, £) > w are of the order
beyond ¢”. We can thus use the projection operator Py ,, to
write

P(z:Z

m
L,m

(C3)

k

- 4'Ry'R;
j=1

L,m

k

= |- a'PewRs PruR;Peu +0(g"*).

Jj=1
L,m

Defining the truncated operators to be R;[’w) =Py uwR;Pew,
we get the approximated probability to be

o=y

m

w

w k
b 32| - L) |
k=1 j=1

X (RS™) P!

m,mtm:

£,m
(C4)

The algorithm to determine p, is similar to that for the
full distribution, but with R; being truncated to dimensions
M, x M, ,,. The time complexity is thus given by O(MZ w)>
which is consistent with the all-zeros bit-string case discussed
in Sec. III.

Similarly to the case in Sec. IV, the strategy of decompos-
ing R into a set of sparse components {R;} can be combined
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FIG. 3. Failure points for variable number of qubits occur around
the same threshold gu,, in units of 10%. We empirically observe
that this failure threshold scales inversely with n, signifying that
our technique loses effectiveness when the characteristic error rate
q cannot be suppressed as additional qubits are added to the system.

with alternatives to standard matrix inversion or series approx-
imations to matrix inversion for recovering a specific bit string
£. For instance, the technique of [31] for the e-close approxi-
mation for specific elements of the solution to Ax = b could be
applied to recover p, with exponential speedup over recover-
ing the entire distribution p provided additional conditions on
R. However, the procedure to correct the readout probability
for a specific bit string £ # 0" will generally require more re-
sources than recovering the all-zeros bit string. The subspace
Se¢.w can be significantly larger than the subspace S 4, given
that the majority of elements in {0, 1}" have weight close to 5.
For example, to implement the algorithm of Sec. III to recover
pe, R must be projected onto a subspace {x : w(£) — wpin <
w(x) < w(l) 4+ wmax} consisting of strings with weight in
[Wimin, Wmax]- This differs from the £ = 0" case since the pop-

ulation pj, cannot be increased due to the excitation of other
bit strings x # 0.

From the perspective of readout-error mitigation, comput-
ing po [or p(1"), if necessary] is ideal, as it is the string with
the fewest neighbors separated by a low-weight error event.
Consequently, if one desires to compute the probability of
a fixed bit string £ = £,£,...¢, at the output of a quantum
circuit U, from the perspective of mitigating readout error,
it is preferable to perform readout rebalancing [11] by ap-
pending a single layer of gates to construct U’ = (/' ® 02 ®
e ® af" )U, where o, is the Pauli-X gate. Then the corrected
probability po sampled from the output of U’ is a maximally
efficient approximation to p, sampled from U.

APPENDIX D: MODIFIED PERTURBATIVE TECHNIQUE

As mentioned in the main text, our technique relies on
the assumption that the Neumann series for R™' converges,
namely,

ZRgle <1. (D1)
j=1

In general, increasing the number of qubits, n, will uniformly
increase the left-hand side of Eq. (D1), as the magnitude of
the elements of each matrix R; is constant with respect to n
but the size of the matrix grows exponentially in n. Unless the
characteristic error rate g is reduced simultaneously as »n is
increased (for example, by bounding the product ng), the per-
turbative approximation of Algorithm 1 will no longer hold.
Figure 3 shows the effect of increasing g on the performance
of Algorithm 1. The failure point of each experiment occurs
when the error in j is comparable to the error in p/, which we
observed to typically coincide with reaching a characteristic
rate gmax for which Eq. (D1) was no longer satisfied.

Our technique may be modified slightly so that it still per-
forms well even when the requirement of Eq. (D1) is no longer
satisfied, since Z;):l ‘R j may still be invertible even when the
Neumann series for its inverse does not converge. Figure 4
shows the performance of this modified algorithm, and we
highlight the fact that this performance improves steadily
with increasing w. This improvement comes at the cost of a
larger classical computation overhead, but this scenario may
still be preferable over completely characterizing R with an
exponentially large diagnostic experiment.

APPENDIX E: ADDITIONAL NUMERICS

1. Response matrices measured on IBM QPUs

Our numerical experiments in the main text used response
matrices generated with a tensor-structure assumption. In re-
ality, the response matrix does not have a tensor structure in
general, though the tensor structure could be a good approxi-
mation in many cases. We now implement our technique using
response matrices measured experimentally on IBM QPUs
and demonstrate the efficacy of the technique for realistic
readout errors on NISQ devices.

We measured the response matrices on three different 27-
qubit IBM QPUs, namely, “ibm_cairo,” “ibm_hanoi,” and
“ibmg_toronto.” The response matrices were estimated by
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FIG. 4. Our technique can be modified to overcome the limita-
tions shown in Fig. 3 by exactly inverting 7", R ;. By doing so, the
failure threshold g, approaches 0.5, indicating that the technique
will work for arbitrary R constructed according to the model we have
employed.

preparing computational basis states |j; ... j,) using a se-
quence of X gates, i.e., X/'...X;", and then determining
the output distributions via parallel qubit readout. Each of
these measurements requires 2" different circuit executions,
with each execution to be repeated several times to generate
a distribution. To avoid exponential resource overhead, we
estimated R for 12 out of 27 qubits using 10 000 shots per
matrix element. In particular, we picked qubits 1, 2, 3, 5, 8,
11, 14, 16, 19, 22, 25, and 26 for our experiment. Note that all
three QPUs have the same connectivity map.

Figure 5 shows the performance of our technique for re-
covering the all-zeros bit strings using the response matrices
measured on IBM hardware. Similar to the result using a
tensor-structure assumption shown in Fig. 1, the error is ex-
ponentially suppressed in the truncation order w.

m  ibm_cairo *  ibm_hanoi v  ibmq_toronto
(a)
-1 v
10 »
ﬁi 1071 ¥
o * u
o -7 * v
10 n I
*
107°
(b)
4 Y
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o
'S 10 . i
g oo
8 *
107 2 M
*
107°
(c)
A
101
S
Q107 4
| x v
& n
" 107 * = Y
* n
*
-10
107 i 2 3 4

Truncation order w

FIG. 5. Performance of all-zeros readout-error mitigation with
response matrices experimentally determined on IBM QPUs. We
demonstrate the performance using three prior distributions, namely,
(a) Gaussian distribution, (b) truncated Gaussian distribution, and
(c) uniform distribution. The details of the distributions are explained
in the caption of Fig. 1.

2. Sampling error and comparison to “M3”

In this section, we provide additional numerical experi-
ments comparing the performance of our method to existing
methods. We provide preliminary evidence that our technique
for estimating the all-zeros bit string provides comparable
accuracy as the “M3” technique of Ref. [19] for instances
tested on eight qubits. M3 performs readout-error correc-
tion by operating in a subspace corresponding to bit strings
that were sampled in an experiment with finite repetitions.
Thus, M3 corrects an empirical distribution ' € R sam-
pled according to the observed bit-string probability vector p/
and takes as input a response matrix R sampled from cali-
bration circuits on hardware. To introduce similar sampling
error into our technique, we prepared independent qubit bit-
flip probabilities €, n;y ~ Uniform(0, ¢) and then prepared
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FIG. 6. The accuracy of our technique for recovering the all-
zeros bit string is statistically indistinguishable to that of M3 for the
distributions considered in Fig. 1 using n = 8 qubits, withM = N =
109 circuit repetitions used for both the calibration experiment and
for sampling p’ (see main text). The response matrix R has the same
characteristic error rate ¢ as in previous numerics. Error bars denote
standard deviation.

estimates &, := B(N, €;)/N, i := B(N, nx)/N (where B is
the binomial distribution) to simulate a series of independent
calibration experiments using N circuit repetitions for each
of qubits k =1,...,n. We then used a sampled response
matrix,

€k l—gk

I

I
o~
I =
Y

1 - Tk & ) El)

in place of R for all parts of our algorithm. Similarly, we
substituted an empirical estimate 4’ with components h; =
B(M, p})/M for the probability vector over observed bit
strings p’ to simulate sampling a circuit run for M repetitions.
In Fig. 6, we numerically simulate recovering the all-zeros bit
string for the eight-qubit case using our technique and the M3
technique. The simulation shows that the two techniques give
results with a similar accuracy.
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