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We show how to estimate a broad class of multipartite entanglement measures from Bell-basis measurement
data. In addition to lowering the experimental requirements relative to previously known methods of estimating
these measures, our proposed scheme also enables a simpler analysis of the number of measurement repetitions
required to achieve an ε-close approximation of the measures, which we provide for each. We focus our analysis
on the recently introduced concentratable entanglements [Beckey et al., Phys. Rev. Lett. 127, 140501 (2021)]
because many other well-known multipartite entanglement measures are recovered as special cases of this family
of measures. We extend the definition of the concentratable entanglements to mixed states and show how to
construct lower bounds on the mixed state concentratable entanglements that can also be estimated using only
Bell-basis measurement data. Finally, we demonstrate the feasibility of our methods by classically simulating
their implementation on a noisy Rydberg atom quantum computer.
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I. INTRODUCTION

The precise control over quantum systems demonstrated
in the past two decades has enabled rapid progress in the
experimental study of quantum entanglement [1,2]. Entangle-
ment plays an important role in enabling emerging quantum
technologies to outperform their classical counterparts, with
the degree and type of entanglement within the state de-
termining its usefulness for a given task. Consequently the
empirical characterization of entanglement is a problem of
ubiquitous interest in quantum information science. While bi-
partite entanglement is well understood theoretically [1,3] and
is routinely estimated in experimental settings, multipartite
entanglement remains challenging to understand theoretically
and probe experimentally [2]. When these considerations are
coupled with the exponential scaling of the Hilbert space of
multipartite systems, which makes quantum state tomography
intractable at scale [4,5], it is clear that there is a need for more
experimentally efficient methods of multipartite entanglement
classification.

Recently, the authors of Ref. [6] conjectured that the output
probabilities of the so-called parallelized c-SWAP test, shown
in Fig. 1(b), could be used to construct a well-defined mul-
tipartite entanglement measure. The authors of Ref. [7] then
generalized this conjecture and proved that a whole family of
multipartite entanglement measures could be constructed us-
ing the output probabilities of this circuit, depending on which
ancilla qubits are measured. The resultant family of measures
was dubbed the concentratable entanglements (CEs), and it
was shown that many well-known multipartite entanglement
measures could be recovered as special cases of this general
family. Since their introduction, several interesting properties
and applications of the CEs have also been studied [8–10]. We
also note that the n-tangle [11], another well-studied mono-

tone, can be estimated via the parallelized c-SWAP test [7],
and that the parallelized c-SWAP test was recently generalized
to qudit and optical states [12].

From Fig. 1(a), it is clear that the n-qubit c-SWAP test
requires n Toffoli gates as well as 3n qubits (two copies of
the the quantum state of interest and n ancilla qubits). The
most promising platform for implementing the c-SWAP test
is Rydberg atom systems [13,14] due to their native ability to
implement Toffoli gates [15–26]. However, to make the CEs
and related measures more accessible, a method of estimating
them that is experimentally feasible on all hardware platforms
is needed. This work addresses this problem by introduc-
ing a method of estimating many multipartite entanglement
measures from Bell-basis measurement data—an ancilla-free
scheme that requires only one- and two-qubit gates acting on
two copies of the quantum state of interest.

Bell-basis measurements have played a crucial role in
quantum information theory since the advent of protocols like
quantum teleportation and superdense coding [27–29]. More
recently, Bell-basis measurements have been implemented
experimentally to estimate bipartite concurrences [30,31],
nonstabilizerness (i.e., magic) [32], entanglement dynamics
in many-body quantum systems [33–36], and even to demon-
strate quantum advantage in learning from experiments [37].
In particular, the experiment in Ref. [36] shows that the proto-
col we are proposing is implementable on today’s hardware.

In addition to facilitating the CEs estimation in the labora-
tory, we address a limitation of Ref. [7] recently highlighted
in Ref. [8], namely, that CEs were defined only on pure states.
We handle this shortcoming by first defining the CEs for
mixed state inputs and then introducing lower bounds on these
quantities which also depend only on Bell-basis measurement
data, thus making them readily accessible from the same ex-
perimental data.
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(a) (b)

FIG. 1. c-SWAP circuits. (a) Equivalent representations of the
single-qubit controlled-SWAP circuit. (b) The n-qubit parallelized
c-SWAP circuit can be used to probe a pure state |ψ〉’s entanglement
[6,7].

This work is organized as follows. After covering some es-
sential preliminaries, we construct unbiased estimators, which
depend only on Bell-basis measurement data, for all entan-
glement measures computable using the parallelized c-SWAP
test, thus recovering all results in Refs. [6,7]. We then use
results from classical statistics to derive upper bounds on
the sample complexity of the CEs. Concretely, we find how
many measurement repetitions are needed to obtain an ε-close
approximation of these measures with high probability. Next,
we extend the CEs to mixed states and introduce a family
of lower bounds for the mixed state CEs which allow one to
probe the multipartite entanglement of mixed quantum states,
thus generalizing Refs. [7,38–41]. Finally, we demonstrate
the feasibility of our methods by carrying out realistic, noisy
experiments on a simulated Rydberg system. Auxiliary infor-
mation, proofs, and simulation details can be found in the
Appendixes.

II. PRELIMINARIES

A. Multipartite entanglement measures

For general background on quantum entanglement and ex-
perimental efforts to probe it, we refer the reader to Refs. [1,2]
and the references therein. In the present section, we define
the entanglement measures for which we will soon construct
estimators. First and foremost, we define the CEs, which are
a very general family of multipartite entanglement measures
that yield many other well-known entanglement measures as
special cases.

Let |ψ〉 ∈ (C2)⊗n denote a pure state of n-qubits. Further,
denote the set of labels of the qubits as S = {1, 2, . . . , n}.
Throughout, we will let s ⊆ S be any subset of the n qubits
with P (s) the associated power set (i.e., the set of all subsets
of s, which has cardinality 2|s|). With our notations in place,
we can define the CEs.

Definition 1 (Concentratable Entanglements [7]). For any
nonempty set of qubit labels s ∈ P (S ) \ {∅}, the concentrat-
able entanglements are defined as

C|ψ〉(s) = 1 − 1

2|s|
∑

α∈P (s)

tr
[
ρ2

α

]
, (1)

where the ρα’s are reduced states of |ψ〉〈ψ | obtained by trac-
ing out subsystems with labels not in α. For the trivial subset,
we take tr[ρ2

∅] := 1.
We note that the CEs vanish on product state inputs, but

it is not known, in general, what states maximize the CEs.
When s = S , the sum in Definition 1 is simply one minus the
uniform average subsystem purity. This matches the intuition
that highly entangled pure states should have highly mixed
(low-purity) reduced states. In this limit, we also recover the
generalized concurrence, which extends the bipartite concur-
rence introduced in Ref. [42] to multipartite entangled states.
For pure bipartite quantum states, ρAB, the concurrence can be
expressed as

c2(ρAB) =
√

2
(
1 − tr

[
ρ2

A

])
, (2)

where we could have equivalently used ρB because tr[ρ2
A] =

tr[ρ2
B] for pure states (this follows directly from the Schmidt

decomposition [29]). By design, 0 � C2(ρ) � 1 with the
lower bound being saturated by separable product states and
the upper bound being saturated by the Bell states. Several
ways in which one could generalize Wooters’ concurrence to
multipartite systems are explored in Ref. [43]. They focus
on the following form, which we will herein refer to as the
generalized concurrence.

Definition 2 (Generalized Concurrence [43]).

cn(|ψ〉) = 21− n
2

√
(2n − 2) −

∑
α

tr
[
ρ2

α

]
, (3)

where the sum is over all 2n − 2 nontrivial subsets of the n-
qubit state. That is, they omit the empty set and the full set
from the power set.

As we show in Appendix A 1, the generalized concurrence
is recovered from the CEs when s = S via the simple relation
cn(|ψ〉) = 2

√
C|ψ〉(S ). At the opposite extreme, by letting s =

{ j}, one obtains an estimate of 1
2 (1 − tr[ρ2

j ]), which, when
averaged over all j ∈ S , yields the so-called global entangle-
ment defined in Refs. [44,45]. Finally, we will show how to
estimate the n-tangle, a well-studied pure state entanglement
monotone [11], with Bell-basis measurements and see how it
relates to the CEs, so we define it here.

Definition 3 (n-tangle). Let |ψ〉 ∈ (C2)⊗n. The n-tangle is
defined as

τ(n) = |〈ψ |ψ̃〉|2, (4)

where |ψ̃〉 := σ⊗n
2 |ψ∗〉 and the “∗” denotes complex conjuga-

tion.
We note that a more complicated, but also more useful,

expression for the n-tangle in terms of the n-qubit Stokes
parameters is given in Appendix A 2.

As shown in Ref. [7], the CEs (and all of the entanglement
measures mentioned in this section) can be estimated from the
output probabilities of the parallelized c-SWAP text, shown in
Fig. 1(b). The CEs can be computed from the output of this
circuit via

C|ψ〉(s) = 1 −
∑

z∈Z0 (s)

p(z), (5)
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where z ∈ {0, 1}n denotes a length n bitstring, p(z) the prob-
ability of obtaining said bitstring, and Z0(s) the set of all
bitstrings with zeros in the indices of s. As one can see from
Fig. 1(a), the parallelized c-SWAP test requires 3n qubits and
n Toffoli gates, which, on most platforms, must be further
broken down into one- and two-qubit gates [46]. Although
some hardware platforms, like Rydberg atoms, can implement
Toffoli gates natively with high fidelity [26], it would be
preferable to eliminate the three-qubit gates altogether. This is
precisely what we achieve in this work, while simultaneously
reducing the total qubit requirements from 3n to 2n. Before
seeing how this is done, we mention some analytical formulas
for the CEs, introduce some background on Bell-basis mea-
surements, and define our notation for the remainder of the
paper.

B. Analytical CE formulas

Every entanglement measure induces an ordering on the
set of quantum states. That is, once a measure is defined
we can meaningfully say one state is more or less entangled
than another state. By construction, we require entanglement
measures to vanish on separable inputs. However, it is not
always clear what states maximize a given measure. While
the question remains open for the CEs, we do provide some
analytical formulas for the CEs of W, Greenberger-Horne-
Zeilinger (GHZ), and line states, which may provide some
direction for the more general problem. We also note that the
question of what states maximize the CE has recently been
investigated numerically in Ref. [10], and theoretically for
graph states in Ref. [8].

We begin with the simplest case: GHZ states. Recall that
an n-qubit GHZ state is defined as

|GHZn〉 = 1√
2

(|0〉⊗n + |1〉⊗n). (6)

Tracing out one or more qubits yields a reduced state with
purity 1/2. Thus, all terms in the CE (except the empty set
and the full set) yield reduced state purities equal to 1/2. That
is, we can write

C|GHZn〉(S ) = 1 − 1

2n

∑
α∈P (S )

Trρ2
α, (7)

= 1 − 1

2n

(
2 + 1

2
(2n − 2)

)
, (8)

C|GHZn〉(S ) = 1

2
− 1

2n
. (9)

We note that this formula was found numerically in Ref. [6]
and analytically in Ref. [8].

Next, we consider W states, whose entanglement is in-
equivalent to that of GHZ states [47]. Recall they are defined
as the equal superposition of all states with labels that have
Hamming weight 1, that is,

|Wn〉 = 1√
n

(|10 · · · 0〉 + |010 · · · 0〉 + · · · + |0 · · · 01〉).

(10)

FIG. 2. Line state preparation. Circuit diagram used to prepare a
four-qubit line state.

For our purposes, it is instructive to note that W states can be
generated recursively as

|W2〉 = 1√
2

(|10〉 + |01〉), (11)

|Wn〉 =
√

n − 1√
n

|Wn−1〉 ⊗ |0〉 + 1√
n
|0n−1〉 ⊗ |1〉, (12)

where 0n−1 denotes the all-zero bit string of length n − 1. If
we then let A be a subspace of (C2)⊗n with dimension d , and
define log d := j, then, for all 0 � j � n − 1, one can show
that

trAWn = n − j

n
|Wn− j〉〈Wn− j | + j

n
|0n−1〉〈0n−1|. (13)

It follows that

tr[(trAWn)2] = (n − j)2 + j2

n2
. (14)

Having expressed the purity of all reduced density matrices
in terms of the number of qubits and the dimension of the
subspace that has been traced out, we can find a closed form
expression for the W-state CE via

C|Wn〉(S ) = 1 − 1

2n

∑
α∈P (S )

Trρ2
α, (15)

= 1 − 1

2n

⎡
⎣2 +

n−1∑
j=1

(
n

j

)
(n − j)2 + j2

n2

⎤
⎦, (16)

C|Wn〉(S ) = 1

2
− 1

2n
, (17)

where the sum was evaluated and simplified using Mathemat-
ica. To the authors’ knowledge, this is the first proof of the
formula that was deduced numerically in Refs. [6,7].

The GHZ state is often referred to as a maximally entan-
gled state. However, this makes sense only for three-qubit
states. For more than three qubits, there are many examples
of states that are more entangled, according to the CEs and
other well-defined multipartite entanglement measures, than
the GHZ state. For example, line states, which we denote |Ln〉,
are a special case of a broader class of states known as graph
states [8,48] that are more entangled than GHZ and W states.
They don’t admit as simple a formula as W or GHZ states, but,
as we will see, they are asymptotically far more entangled that
W or GHZ states.

Figure 2 shows the circuit used to prepare a four-qubit line
state. The general n-qubit circuit follows the same pattern.
Simply start in |+〉 state and then apply CZ gates between
all nearest neighbors. Note that one does not connect the nth
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qubit to the first (this would be a different type of graph
state called a ring state). One finds the following remarkable
formula for the line state CE

C|Ln〉(S ) = 1 − Fib[n + 2]

2n
, (18)

where Fib[n + 2] denotes the (n + 2)-th term in the Fibonacci
sequence generated recursively via

Fib[1] = 1, (19)

Fib[2] = 1, (20)

Fib[n] = Fib[n − 1] + Fib[n − 2], (21)

for all n � 3. This unexpected formula was found numeri-
cally. However, a proof using some graph theoretic methods
was recently achieved [49].

C. Bell basis and the SWAP operator

Consider a Hilbert space of the form H ⊗ H. Let {| j〉}
be an orthonormal basis of H, so that B = {| j〉| j′〉} is an
orthonormal product basis of H ⊗ H. The single-qubit SWAP
operator F : H ⊗ H → H ⊗ H is defined by its action on the
elements of B:

F | j〉| j′〉 = | j′〉| j〉 ∀ | j〉| j′〉 ∈ B. (22)

Next, recall that the Bell basis contains the following ele-
ments:

|�+〉 = 1√
2

(|0〉|0〉 + |1〉|1〉), (23)

|	+〉 = 1√
2

(|0〉|1〉 + |1〉|0〉), (24)

|�−〉 = 1√
2

(|0〉|0〉 − |1〉|1〉), (25)

|	−〉 = 1√
2

(|0〉|1〉 − |1〉|0〉). (26)

The Bell-basis vectors are the eigenstates of the SWAP
operator

F |�+〉 = |�+〉, F |�−〉 = |�−〉, (27)

F |	+〉 = |	+〉, F |	−〉 = −|	−〉. (28)

Those with a positive eigenvalue are called triplet states. The
remaining state is called the singlet. The eigenspace spanned
by the triplet states is called the symmetric subspace and
the orthogonal complement, spanned by the singlet state, the
antisymmetric subspace. The projectors onto these subspaces
are given as


+ := |�+〉〈�+| + |�−〉〈�−| + |	+〉〈	+|, (29)


− := |	−〉〈	−|. (30)

The SWAP operator can thus be represented as the difference
of these two operators

F = 
+ − 
−. (31)

Combining this with the fact that I ⊗ I = 
+ + 
−, it fol-
lows that the projectors can be expressed as


+ = I ⊗ I + F

2
and 
− = I ⊗ I − F

2
. (32)

To extend to the multiqubit regime, we let the test and copy
Hilbert spaces have a tensor product structure themselves, that
is, let

H =
n⊗

j=1

H j . (33)

Further, denote the computational basis of this n-qubit space
as

B =
{

| j〉 =
n⊗

k=1

| jk〉
}

, (34)

where jk ∈ {0, 1}. Because we have a test and copy state, our
full space will be H ⊗ H with basis {| j〉| j′〉}. The n-qubit
SWAP operator acts on this basis as

F | j〉| j′〉 = | j′〉| j〉. (35)

Note that the n-qubit SWAP operator can be written as the
n-fold tensor product of single-qubit SWAP operators

F =
n⊗

j=1

F j, (36)

where Fj : H j ⊗ H j′ → H j ⊗ H j′ is the single-qubit SWAP
operator acting on the jth qubits of the test and copy system.
When it should be clear by context, we will simply denote
the n-qubit SWAP operator as F . We now state an important
lemma upon which most methods of purity estimation rely.

Lemma 1 (The swap “trick”). For an n-qubit state ρ, the
following equality holds:

tr[Fρ⊗2] = tr[ρ2]. (37)

Although prevalent in the literature, for completeness, we
provide a proof of this lemma in Appendix A 3.

Now, we introduce a convenient notation for Bell-basis
measurements that will be used throughout. Suppose we carry
out M rounds of Bell-basis measurements. For each round m ∈
{1, . . . , M}, this consists of performing a Bell-basis measure-
ment on the kth test and copy qubit for each k ∈ {1, . . . , n}, as
shown pictorially in Fig. 3. Measuring the kth test and copy
qubit in the Bell-basis results in one of the four Bell states as
the postmeasurement state

B(m)
k ∈ {|�+〉〈�+|, |�−〉〈�−|, |	+〉〈	+|, |	−〉〈	−|}. (38)

For our purposes, we consider B(m)
k as a random variable that

takes values in the set of Bell-basis projectors. For each of the
M rounds, we efficiently store the qubit label, k, and the cor-
responding measurement outcome B(m)

k in classical memory,
which one can then postprocess in a number of ways to obtain
many entanglement measures of interest, as we will show.

Lemma 1, together with the fact that the Bell states are
eigenstates of the SWAP operator, imply that second-order
functionals of a quantum state, like the purity γ := tr[ρ2], can
be estimated from Bell-basis measurement data. For instance,
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FIG. 3. Bell-basis estimation method. Experimentally, one first
prepares the test state and a, ideally identical, copy state. We denote
the composite state ρ ⊗ ρ. Then the kth subsystems in the test and
copy states are entangled using native one- and two-qubit gates.
This converts a computational basis measurement to a Bell-basis
measurement. The data from M rounds of this procedure are stored
in classical memory which one can then postprocess in a number of
ways to obtain many entanglement measures of interest.

one can construct an unbiased estimator of the purity of a
single qubit as

E

[
1

M

M∑
m=1

tr[FB(m)]

]
= tr[ρ2], (39)

where the expectation is taken with respect to the empirical
distribution resulting from Bell-basis measurement outcomes.
This method has been utilized by many experimental groups
to estimate quantum purities [33–36]. In fact, from the data in
Refs. [33–36], one could estimate all possible subsystem pu-
rities of n-qubit states by extending the idea in Eq. (39) [50].
To aid in the understanding of our methods, we show how to
estimate subsystem purities from Bell-basis measurement data
in Appendix A 5.

Naively, one might try to estimate Eq. (1) by sampling
subsystems at random, estimating these purities using the
multipartite generalization of Eq. (39), and using these esti-
mates to compute the average subsystem purity on which the
CE directly depends. Unfortunately, proving upper bounds on
the sample complexity of this method is intractable because
(1) the samples would not be independent in general and (2) it
would require the estimation of the average of many already
averaged quantities. Both of these factors render standard con-
centration inequalities inapplicable. In contrast, our unbiased
estimators admit straightforward application of concentration
inequalities from the classical statistics literature. It is this
simpler method, the main result of the present paper, to which
we now turn.

III. MAIN RESULTS

A. Multipartite entanglement from Bell-basis
measurement data

Our main results are concerned with the ancilla-free
simulation of the parallelized c-SWAP test. The following
theorems show how to recover all results of the c-SWAP

test without the need for ancillary qubits or Toffoli gates,
thus making the resulting entanglement measures far more
experimentally accessible.

First, we show the existence of a family of unbiased
estimators for the CEs which depend solely on Bell-basis
measurement outcomes.

Theorem 1. The quantities

Ĉ|ψ〉(s) = 1 − 1

M

M∑
m=1

∏
k∈s

(
1 + tr

[
FkB(m)

k

]
2

)
(40)

are unbiased estimators of the concentratable entanglements.
That is, for all s ⊆ S ,

E[Ĉ|ψ〉(s)] = 1 − 1

2|s|
∑

α∈P (s)

tr
[
ρ2

α

]
, (41)

where the expectation value is with respect to the probability
distribution induced by the Bell-basis measurements.

This theorem says that all of the CEs can be estimated via
the same data resulting from by projective Bell-basis measure-
ments on two copies of a state of interest. Many well-known
entanglement measures can be estimated using this result. At
the opposite extreme, when s = S , one obtains a CE which is
related to the generalized concurrence cn(|ψ〉), as defined in
Refs. [43,51], via the simple formula cn(|ψ〉) = 2

√
C|ψ〉(S ).

This realization implies that the entanglement measure being
explored in Ref. [6] was exactly the generalized concurrence
as defined in Ref. [43]. Between these two extremes, many
other well-defined measures of multipartite entanglement can
be estimated, all from the same measurement data.

We note that the product in the estimator

∏
k∈s

(
1 + tr

[
FkB(m)

k

]
2

)
(42)

is only nonzero if all tr[FkB(m)
k ] = 1 (i.e., if the measurement

round yields all triplet states in the set s). Thus, in a given mea-
surement round, the two relevant outcomes are “all triplet”
or “at least one singlet,” making each measurement round a
Bernoulli trial. This observation gives the following simple
estimator of the CEs:

Ĉ = measurements yielding at least one singlet

total number of measurements
, (43)

Ĉ = 1 −
∑

z∈Z0(s)

p(z), (44)

where Z0(s) is the set of bit strings with zeros on all in-
dices in s. This recovers, and provides clear intuition for,
Proposition 1 in Ref. [7].

There is still more one can learn from Bell-basis measure-
ment data, however. For instance, we can state a very similar
theorem for the n-tangle, another well-studied multipartite
entanglement measure [11].

Theorem 2. The quantity

τ̂(n) = 2n

M

M∑
m=1

n∏
k=1

(
1 − tr

[
FkB(m)

k

]
2

)
(45)
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is an unbiased estimator of the n-tangle, that is,

E[τ̂(n)] = τ(n), (46)

where the expectation value is with respect to the probability
distribution induced by the Bell-basis measurements.

As with the CEs, the proof of this theorem points to a clear
interpretation of the n-tangle. The product in the estimator
is only nonzero if the measurement round yields all singlet
states. Thus, when one is interested in estimating the n-tangle,
the two relevant outcomes are “all singlet” or “at least one
triplet.” This observation gives the following simple estimator
of the n-tangle:

τ̂ = 2n × measurements yielding all singlets

total number of measurement rounds
, (47)

τ̂ = 2n p(1). (48)

We note that this recovers Proposition 5 of Ref. [7].
These two theorems show how to estimate all of the mea-

sures computed using the parallelized c-SWAP test, using
33% fewer qubits and no three-qubit gates. Our methods have
the additional benefit of allowing for upper bounds on the
sample complexity to be easily derived. This is in contrast
to methods based on randomized measurements, which we
will discuss below, that often require more involved sample
complexity analysis.

B. Upper-bounding the sample complexity of CE estimation

In addition to requiring fewer experimental resources, it is
simple to determine how many rounds of Bell-basis measure-
ments are needed to achieve an ε-close approximation of the
estimators we have introduced. We formalize this statement in
the following proposition, the proof of which follows directly
from Hoeffding’s inequality from classical statistics.

Proposition 1. Let ε, δ > 0 and M = 
( log 1/δ

ε2 ). Further,
let θ ∈ {C|ψ〉(s), τ(n)} and let θ̂ denote the corresponding es-
timator for θ . Then we have

|θ̂ − θ | < ε, (49)

with probability at least 1 − δ.
This result, while simple and analytical, does not take into

account the underlying probability distribution, and is thus
not generally expected to be tight. As we show in Fig. 5(b),
using information about the underlying distribution, one finds
numerically that Proposition 1 often leads to overestimates on
the number of measurements needed to obtain ε-close esti-
mates of the quantities of interest. Details of these numerical
methods are given in Appendix A 4 b.

Thus far, we have considered only estimating these mea-
sures given two identical copies of a pure quantum state. We
now generalize the definition of the CEs to mixed state inputs
and discuss the estimation of mixed state CEs from Bell-basis
measurement data.

C. Extending CEs to mixed states

The standard method of extending pure state entangle-
ment measures to mixed states is a so-called convex-roof

extension [52,53]

Cρ (s) = inf
∑

i

piC|ψi〉(s), (50)

where the infimum is over the set of decompositions of the
form ρ = ∑

i pi|ψi〉〈ψi|, with
∑

i pi = 1. This optimization is
generally difficult, so an alternative method is often adopted.
In our case, we construct lower bounds on the mixed state
CEs that depend only on Bell-basis measurement outcomes
and are thus computable from the same measurement data we
have assumed is available throughout this work. This allows
one to bound the mixed state entanglement within the above
framework developed for estimating pure state entanglement.

We will construct the lower bounds on Cρ (s) using the rela-
tionship between CEs and the bipartite concurrences cα (|ψ〉)
[42], as well as a known lower bound for the mixed state bipar-
tite concurrence [40]. Specifically, any CE can be expressed in
terms of bipartite concurrences as

C|ψ〉(s) = 1

2|s|+1

∑
α

c2
α (|ψ〉), (51)

where cα (|ψ〉) := √
2(1 − tr[ρ2

α]). Then, because we can use
the known lower bound for each bipartite concurrence in the
sum, we can construct a lower bound for any CE of interest.
This is a generalization of the method used in Ref. [41] in
which the authors derive a lower bound on the mixed state
multipartite concurrence. Recall that the concurrence of a pure
bipartite quantum state, |ψ〉 ∈ HA ⊗ HB, is given as

c2(|ψ〉) =
√

2
(
1 − tr

[
ρ2

A

])
. (52)

The standard convex-roof extension can then be used make
this measure well defined for mixed state inputs [52,53]

c2(ρ) = inf
∑

i

pic2(|ψi〉), (53)

where ρ = ∑
i pi|ψi〉〈ψi| and

∑
i pi = 1. To avoid having to

do any optimization, the authors of Ref. [40] introduce an
observable lower bound on the bipartite concurrence given as

[c2(ρ)]2 � 2tr[ρ2] − tr
[
ρ2

A

] − tr
[
ρ2

B

]
. (54)

When tr[ρ2] = 1, tr[ρ2
A] = tr[ρ2

B] via the Schmidt decom-
position and we recover exactly the pure state bipartite
concurrence squared 2(1 − tr[ρ2

A]). With this bipartite bound
in mind, we can construct lower bounds on Cρ (s) using
the relationship between CEs and the bipartite concurrences
cα (|ψ〉) := √

2(1 − tr[ρ2
α]) [42]. The CEs can be expressed in

terms of bipartite concurrences as

C|ψ〉(s) = 1

2|s|+1

∑
α

c2
α (|ψ〉). (55)

Then, because we can use the known lower bound for each
bipartite concurrence in the sum, we can construct a lower
bound for any CE of interest. This is a generalization of
the method used in Ref. [41] in which the authors derive a
lower bound on the mixed state multipartite concurrence. For
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FIG. 4. c-SWAP vs Bell-basis method. (a) Pictorial representa-
tion of the geometry Rydberg atoms would be placed in to implement
either the c-SWAP or Bell methods for a two-qubit state example.
(b) Top panel indicates the loss of norm due to imperfect Rydberg
pulses. Bottom panel shows the error that this causes in estimation of
the CE of a GHZ state. In both cases we see the Bell-basis method
outperforms the c-SWAP.

example, the lower bound on Cρ (S ) takes the form

C�
ρ (S ) = 1

2n
+

(
1 − 1

2n

)
tr[ρ2] − 1

2n

∑
α∈P (S )

tr
[
ρ2

α

]
. (56)

Because each term in this expression can be directly estimated
from Bell-basis measurement data, it allows one to quantify
mixed state entanglement in the same framework developed
above for pure state entanglement. We further note that, for
high-purity states that are common in today’s state-of-the-
art experiments, this bound is very close to the pure state
theoretical value, as shown in Fig. 5. This can be seen by
noting that C|ψ〉(S ) − C�

ρ (S ) = (1 − 2−n)(1 − tr[ρ2]), which
is very close to zero for nearly pure states. With these bounds
in place, we turn to demonstrating the viability of our pro-
posed scheme via numerical simulations of a Rydberg atom
implementation of our protocol.

D. Classical simulations of Rydberg atom implementation

In Fig. 4(a) we illustrate the architectures that we pro-
pose for quantifying the CE using the Bell-basis measurement
method (with the c-SWAP test for comparison) in neutral atom
systems. The c-SWAP circuit is implemented by arranging
each group of atomic qubits {Ak, Bk,Ck} in an equilateral
triangle, in such a way that CZ and CCZ gates can be realized
using the Rydberg pulse sequences described in [26]. These
global unitaries are then transformed to CNOT and Toffoli
gates through the application of Hadamard gates to the target
qubit before and after the Rydberg pulses. The Bell-basis mea-
surements are performed by applying Hadamard and CNOT

gates to the relevant pairs of qubits {Ak, Bk} and then mea-
suring in the computational basis. We model the presence of
experimental imperfections by substituting the ideal CZ and
CCZ gates by nonunitary transformations (which we detail
in Appendix C 2). The application of these imperfect gates

FIG. 5. Bell-basis method with realistic Rydberg gates. (a) Bot-
tom panel: CE of GHZ, W and line states, with solid lines indicating
theoretical values and dots representing the results obtained with
noisy Rydberg gates. Top panel: Relative discrepancy between the
theoretical and simulated values of the CE. (b) Number of measure-
ments required as a function of the desired size of the 95% CI on the
precision of the estimation of the CE for a line state with different
numbers of qubits. The inset shows the loss of norm for this state
when the CE is estimated with the Bell-basis method.

on pure states results in phase errors and loss of norm, which
mimics the leakage of population outside of the computational
basis under the application of the Rydberg pulses. Since oc-
currences of leakage can be detected and discarded in the
postprocessing of the experimental data, we renormalize the
state resulting from the application of the nonunitary gates
before computing its CE. We keep track of the loss of norm for
the purpose of estimating the number of repetitions required
to achieve a desired accuracy. For simplicity of notation, we
denote the CE computed over renormalized pure states as
C(S ).

The Bell measurement method offers a substantial practical
advantage with respect to the c-SWAP test for estimating C(S )
due to its reduced requirement on the number of copies and its
significantly lower total gate count (due to the elimination of
three-qubit gates). To illustrate this, in Fig. 4 we compare the
results obtained when measuring with both methods the CE
for an n-qubit GHZ state. In the lower plot of Fig. 4(b) we
show the relative discrepancy εC(S ) between the value of C(S )
obtained with each method and the analytical result [6,7] as a
function of n. We observe that for all numbers of qubits the
Bell measurement method yields more accurate results than
the c-SWAP test due to the reduction in accumulated phase
errors. The upper plot of Fig. 4(b) shows that the loss of norm
is smaller for the Bell measurement method than for the c-
SWAP test, meaning that the former method would require
fewer repetitions to achieve a given level of accuracy than the
latter.

Having established the superiority of the Bell measurement
method in the presence of experimental imperfections, we
turn to investigating its performance for estimating C(S ) for
different classes of highly entangled states. In the lower plot
of Fig. 5(a) we show the theoretical (solid lines) and simulated
experimental (dots) values of C(S ) as a function of the number
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of qubits n for GHZ, W and line states (all of which admit
analytical formulas which are given in the Appendixes). We
observe that values of C(S ) remain clearly distinguishable
between the three states up to n = 15. Furthermore, as il-
lustrated in the upper plot the relative discrepancy between
the theoretical and simulated values remains εC(S ) � 10−3 for
the range of n and states considered. In Fig. 5(b) we show
the size of the 95% confidence interval (CI) in the maximum
likelihood estimation of the C(S ) for a line state of n = 4, 12
qubits computed with the Clopper-Pearson (CP) method as a
function of the total number of measurements M, as well as
the bound provided by Hoeffding’s inequality. The CP method
predicts a lower requirement in the number of measurements
to achieve a given size of the CI because it is tailored to
the binomial probability distribution that governs the statistics
of C(S ) measurements, but Hoeffding’s inequality provides a
useful bound which is easy to compute analytically. The inset
of Fig. 5(b) shows the loss of norm as a function of the number
of qubits. Even for n = 15 the norm of the state remains
|〈	 |	〉|2 ∼ 0.98, meaning that the number of experiment
repetitions would need to be increased only by � 2% to make
up for the leakage outside of the computational basis.

IV. CONCLUSIONS

We have shown how to estimate the CEs and n-tangle from
Bell-basis measurement data. We extended the definition of
the CEs to mixed states and showed how to estimate lower
bounds on the mixed state CE from Bell-basis measurement
data. Our methods simultaneously make these measures more
experimentally accessible, while also simplifying their asso-
ciated theoretical analysis.

In recent years, the randomized measurement toolbox
has received significant attention in the literature [54–61].
Although local randomized measurement protocols are ex-
perimentally simpler than the methods presented here, the
estimators themselves are more difficult to work with and
analytical bounds on their sample complexity are typically
more difficult, or impossible, to attain. While it is possible that
global randomized measurements could require fewer mea-
surement repetitions, it is very unlikely that local randomized
measurements could converge as quickly as the Bell-basis
method presented here.

An interesting direction for future work would be to com-
pare, in terms of both theoretical sample complexity and
performance on real hardware, this Bell-basis method to local
randomized measurements. Moreover, establishing rigorous
lower bounds on the sample complexity of multipartite en-
tanglement measures under various measurement constraints
would allow one to quantify the quality of an estimator
and determine if it was optimal under given measurement
assumptions. Finally, it would be fascinating to determine,
analytically, what states maximize the CEs.

The code used to generate our plots can be made available
upon request.
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APPENDIX A: PRELIMINARIES

1. Multipartite entanglement measures

As stated in the main text, the generalized concurrence is
related to the CE (when s = S) via the simple expression

cn(|ψ〉) = 2
√
C|ψ〉. (A1)

To see this, observe

c2
n(|ψ〉) = (

21− n
2
)2

(
(2n − 2) −

∑
i

tr
[
ρ2

i

])
, (A2)

= 4

2n

(
(2n − 2) −

∑
i

tr
[
ρ2

i

])
, (A3)

= 4 − 8

2n
− 4

2n

∑
i

tr
[
ρ2

i

]
, (A4)

= 4

[
1 − 1

2n

(
2 +

∑
i

tr
[
ρ2

i

])]
, (A5)

= 4

[
1 − 1

2n

(
tr
[
ρ2

∅
] + tr[ρ2] +

∑
i

tr
[
ρ2

i

])]
,

(A6)

= 4

⎛
⎝1 − 1

2n

∑
α∈P (S )

tr
[
ρ2

α

]⎞⎠, (A7)

⇒ cn(|ψ〉) = 2
√
C|ψ〉(S ), (A8)

as desired.

2. n-tangle

It was shown in Ref. [62] that the following entanglement
measure is equivalent to the n-tangle for pure state inputs:

S2
(n) := 1

2n

(
(S0...0)2 −

n∑
k=1

3∑
ik

(
S0...ik ...0

)2

+
n∑

k,l=1

3∑
ik ,il =1

(
S0...ik ...il ...0

)2− · · ·+(−1)n
3∑

i1,...,in

(
Si1...in

)2

)
,

(A9)
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where Si1,...,in = tr[ρσi1 ⊗· · ·⊗σin ] for i1, . . . , in ∈ {0, 1, 2, 3}
are the so-called n-qubit Stokes parameters. We use the fact
that S2

(n) = τ(n) for pure state inputs below. Now that we have
introduced the entanglement measures we are interested in,
we can proceed to some crucial facts regarding the SWAP
operator.

3. Bell basis and the SWAP operator

Although the Bell-basis decomposition of the SWAP oper-
ator given in the main text will be the one that is primarily
used, another useful decomposition is needed for proving
results related to the n-tangle. The SWAP operator can be
written in the Pauli basis as

Fk = 1
2

(
σ0k + σ1k + σ2k + σ3k

)
, (A10)

where σik represents the ith Pauli matrix on both the test and
copy qubits. Explicitly,

σ0k := Ik ⊗ Ik′ , σ1k := Xk ⊗ Xk′ ,

σ2k := Yk ⊗ Yk′ , σ3k := Zk ⊗ Zk′ . (A11)

We will use {I, X,Y, Z} to represent the Pauli matrices unless
σik allows for more compact notation. Now, we prove the
SWAP trick, which underlies all of our main results.

Lemma 2 (The swap “trick”). For an n-qubit state ρ, the
following equality holds:

tr[Fρ⊗2] = tr[ρ2]. (A12)

This is commonly referred to as the swap “trick.”
Proof. Let ρ, σ be two n-qubit quantum states written in

the n-qubit computational basis as

ρ =
∑

i j

ai j |i〉〈 j| and σ =
∑

kl

bkl |k〉〈l |. (A13)

This allows us to write

tr[Fρ ⊗ σ ] = tr

⎡
⎣F ∑

i jkl

ai jbkl |i〉〈 j| ⊗ |k〉〈l |
⎤
⎦, (A14)

= tr

⎡
⎣∑

i jkl

ai jbklF |i〉〈 j| ⊗ |k〉〈l |
⎤
⎦, (A15)

= tr

⎡
⎣∑

i jkl

ai jbkl |k〉〈 j| ⊗ |i〉〈l |
⎤
⎦, (A16)

=
∑
i jkl

ai jbkl tr[|k〉〈 j| ⊗ |i〉〈l |], (A17)

=
∑
i jkl

ai jbkl tr[|k〉〈 j|]︸ ︷︷ ︸
δ j,k

tr[|i〉〈l |]︸ ︷︷ ︸
δi,l

, (A18)

=
∑

i j

ai jb ji, (A19)

= tr[ρσ ]. (A20)

Letting σ = ρ completes the proof. �
Next, we introduce some results from classical statistics

that will be utilized throughout to obtain confidence intervals
for our estimators.

4. Results from classical statistics

a. Hoeffding’s inequality

Hoeffding’s inequality is a concentration inequality that
applies to independent random variables. We will state it with-
out proof as it is a standard result proven in most mathematical
statistics textbooks.

Lemma 3 (Hoeffding’s inequality). Let X1, . . . , XM be in-
dependent random variables such that ai � Xi � bi, and
E[Xi] = μ. Then, for any ε > 0,

Prob

(∣∣∣∣∣ 1

M

M∑
i=1

Xi − μ

∣∣∣∣∣ < ε

)

� 1 − 2 exp

(
− 2M2ε2∑M

i=1(bi − ai )2

)
. (A21)

b. Clopper-Pearson confidence intervals

Clopper-Pearson confidence intervals apply to Bernoulli
random variables (i.e., random variables that take only two
possible values). Consider a series of M Bernoulli trials in
which we measure a binary variable X ∈ {0, 1} such that
P(X = 1) = p, P(X = 0) = 1 − p. If we keep a register of
the outcomes {X1, . . . , XM}, the probability of obtaining the
result X = 1 k times is given by the binomial distribution

P(k) =
(

M

k

)
pk (1 − p)M−k . (A22)

We are interested in asking the reverse question, i.e., given
that we have obtained the result X = 1 k times in M trials,
what is the underlying value of p? According to the maximum
likelihood estimation (MLE) procedure, we can find the most
likely value p̃ by maximizing Eq. (A22) with respect to p
keeping k and M fixed. Doing this, we find

p̃ = k

M
. (A23)

The Clopper-Pearson confidence intervals provide bounds for
how accurate this estimation of the binomial parameter p is.
The upper and lower limits pU , pL are defined to incorporate
all values of p that are included with a probability greater than
a threshold δ, which defines a 100 × (1 − δ)% confidence
interval. For k observations in n trials, these bounds are found
by solving numerically the following equations:

k∑
i=0

(
M

i

)
pU (k)i[1 − pU (k)]M−i = δ/2, (A24)

M∑
i=k

(
M

i

)
pL(k)i[1 − pL(k)]M−i = δ/2. (A25)

These results from classical statistics will be used to deter-
mine how many measurement repetitions are needed to obtain
ε-close estimates of quantities herein. Before proceeding to
the proofs of the main results, we will review some relevant
results from the literature. While not new, these results pro-
vide a gentler introduction to the methods used in our main
results. As such, we include detailed proofs for the reader’s
convenience.
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5. Estimating subsystem purities from Bell-basis measurements

One of the first examples of ancilla-free purity estimation
was carried out in [33]. It was also discussed in a very in-
teresting paper demonstrating the connections between the
Hong-Ou-Mandel effect and the SWAP test [50]. Since then,
other groups have used these methods in cutting-edge ex-
periments [34–36]. For completeness, and to motivate our
extensions, we describe how these methods of ancilla-free
purity estimation work in detail. The punch line of our work
is that much can be learned from postprocessing Bell-basis
measurement data in interesting ways. We begin by showing
how to estimate the purity of a qubit using two copies of the
qubit and Bell-basis measurements. We will adopt the notation
of Ref. [37] herein.

a. Single-qubit purity estimation

Let us consider estimating the purity of a single qubit ρ ∈
C2 using two copies of ρ. That is, let the state to be measured
be ρ ⊗ ρ ∈ H ⊗ H with dim H = 2. Measuring in the Bell
basis will project ρ ⊗ ρ into one of the four Bell states. Each
of the Bell states is an eigenstate of the SWAP operator, F ,
with eigenvalue ±1. The probability that we project into a
state with a +1 eigenvalue is

Prob(+1) = tr[
+ρ ⊗ ρ], (A26)

= tr

[(
I ⊗ I + F

2

)
ρ ⊗ ρ

]
, (A27)

= 1

2
(1 + tr[ρ2]), (A28)

where we have used Lemma 1 and the fact that quantum
states have unit trace. Similarly for the −1 eigenvalue, we find
Prob(−1) = 1

2 (1 − tr[ρ2]). Let the purity be denoted γ :=
tr[ρ2]. Then we can construct an estimator for the purity based
on the sample average of Bell-basis measurement outcomes as

γ̂ = 1

M

M∑
m=1

tr[FB(m)], (A29)

where we have suppressed the subscript on B(m)
k because we

are dealing with a single-qubit state. We say that this estimator
is unbiased if E[γ̂ ] = γ . In the case of a single qubit, we can
show this easily

E[γ̂ ] = E

[
1

M

M∑
m=1

tr[FB(m)]

]
, (A30)

= 1

M

M∑
m=1

E[tr[FB(m)]], (A31)

= E[tr[FB(m)]], (A32)

= (+1) × Prob(+1) + (−1) × Prob(−1), (A33)

= 1

2
(1 + tr[ρ2]) − 1

2
(1 − tr[ρ2]), (A34)

= tr[ρ2], (A35)

E[γ̂ ] = γ . (A36)

Thus, we have an unbiased estimator of the purity of a single
qubit. It takes just a little bit of work to extend this to the
n-qubit case.

b. n-qubit subsystem purity estimation

We now generalize the results above to handle the estima-
tion of tr[ρ2

α] for all α, that is, for reduced states of dimρα ∈
{2, 4, . . . , 2n}. To do this, we let the test and copy Hilbert
spaces have a tensor product structure themselves. Next, recall
that the eigenstates of the single-qubit SWAP operator are the
Bell states, with eigenstates ±1. Thus, because the eigenstates
of the n-qubit SWAP operator are the n-fold tensor products
of Bell states, they must also have eigenvalue ±1. It follows
that

F
n⊗

k=1

B(m)
k = ±1

n⊗
k=1

B(m)
k ⇒ tr

[
F

n⊗
k=1

B(m)
k

]
= ±1. (A37)

This allows us to write

±1 = tr

[
F

n⊗
k=1

B(m)
k

]
, (A38)

= tr

[
n⊗

i=1

Fi

n⊗
k=1

B(m)
k

]
, (A39)

= tr

[
n⊗

k=1

FkB(m)
k

]
, (A40)

±1 =
n∏

k=1

tr
[
FkB(m)

k

]
. (A41)

Letting the product run from 1 to n, one would be able to
construct an estimator of the full purity of an n-qubit state of
interest. However, letting the product only run over a subset
of qubit labels allows one to construct estimators for any
subsystem purity. To see this, first let γα := tr[ρ2

α]. Then,
remembering that α denotes the set of qubit labels we are
interested in, we can construct estimators for these purities
as

γ̂α = 1

M

M∑
m=1

∏
k∈α

tr
[
FkB(m)

k

]
. (A42)

To see that this is an unbiased estimator of subsystem purity,
we consider the expectation value with respect to Bell-basis
measurement outcomes of this quantity

E[γ̂α] = E

[
1

M

M∑
m=1

∏
k∈α

tr
[
FkB(m)

k

]]
, (A43)

= 1

M

M∑
m=1

E

[∏
k∈α

tr
[
FkB(m)

k

]]
, (A44)

= E

[∏
k∈α

tr
[
FkB(m)

k

]]
, (A45)

= (+1) × Prob(+) + (−1) × Prob(−), (A46)

= tr[
+ρα ⊗ ρα] − tr[
−ρα ⊗ ρα], (A47)
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= tr

[
I + F

2
ρα ⊗ ρα

]
− tr

[
I − F

2
ρα ⊗ ρα

]
, (A48)

= tr[Fρα ⊗ ρα], (A49)

E[γ̂α] = tr
[
ρ2

α

]
, (A50)

as desired. Note that here F acts only on the test and copy
qubits labeled by the set α. It then follows from Hoeffding’s
inequality that given 
(log (1/δ)/ε2) measurements, we have

Prob(|γ̂α − γα| < ε) � 1 − 2 exp

(−Nε2

2

)
. (A51)

We note, however, that because subsystem purities can be
as small as 1

2|α| , one must set ε ∼ 1
2|α| . Thus, the number of

measurements required to obtain an ε-close approximation
of subsystem purity scales with the square of the subsystem
dimension, that is, M ∼ 
[log (1/δ) × 4|α|].

With these fundamentals and previously known results in
mind, we are can proceed to the proofs of the main results in
the text.

APPENDIX B: PROOFS OF MAIN RESULTS

1. Unbiased estimation of CE via Bell-basis measurements

We want to construct an estimator, Ĉ|ψ〉(s), that depends
only on the Bell-basis measurement outcomes and whose
expectation value is the concentratable entanglement

E[Ĉ|ψ〉(s)] = 1 − 1

2|s|
∑

α∈P (s)

tr
[
ρ2

α

]
. (B1)

Because the Bell states are eigenstates of the SWAP operator,
we know tr[FkB(m)

k ] = ±1. Thus, the outcome of measuring
the kth test and copy qubit in the Bell basis will be ±1. With
this in mind, we can state the main theorem from the text.

Theorem 3. The quantity

Ĉ|ψ〉(s) = 1 − 1

M

M∑
m=1

∏
k∈s

(
1 + tr

[
FkB(m)

k

]
2

)
(B2)

is an unbiased estimator of the concentratable entanglement,
that is,

E[Ĉ|ψ〉(s)] = 1 − 1

2|s|
∑

α∈P (s)

tr
[
ρ2

α

]
, (B3)

where the expectation value is with respect to the probability
distribution induced by the Bell-basis measurement.

Proof. Because tr[FkB(m)
k ] = ±1, we can write

tr[FkB(m)
k ] = (−1)z(m)

k to convert our two outcomes from
{−1, 1} to {0, 1}. We can then let z(m) = z(m)

1 z(m)
2 · · · z(m)

n , with
z(m)

j ∈ {0, 1}, denote the bit string of length n obtained as the
outcome of the mth measurement of our n pairs of qubits
in the test and copy states. In this notation, our estimator
becomes

E[Ĉ|ψ〉(s)] = 1 − 1

M

M∑
m=1

∏
k∈s

(
1 + (−1)z(m)

k

2

)
. (B4)

We can now show that this is an unbiased estimator. We obtain

E[Ĉ|ψ〉(s)] = E

[
1 − 1

M

M∑
m=1

∏
k∈s

(
1 + (−1)z(m)

k

2

)]
, (B5)

= 1 − 1

M

M∑
m=1

E

[∏
k∈s

(
1 + (−1)z(m)

k

2

)]
, (B6)

= 1 − 1

M

M∑
m=1

∑
z(m)

p(z(m) )
∏
k∈s

(
1 + (−1)z(m)

k

2

)
,

(B7)

= 1 − 1

M

M∑
m=1

∑
z(m)

tr

[∏
k∈s

Ik + (−1)z(m)
k Fk

2
ρ⊗2

]

×
∏
k∈s

(
1 + (−1)z(m)

k

2

)
︸ ︷︷ ︸

δz(m),0

, (B8)

= 1 − 1

M

M∑
m=1

tr

[∏
k∈s

Ik + Fk

2
ρ⊗2

]
, (B9)

= 1 − tr

[∏
k∈s

Ik + Fk

2
ρ⊗2

]
, (B10)

E[Ĉ|ψ〉(s)] = 1 − 1

2|s|
∑

α∈P (s)

tr
[
ρ2

α

]
, (B11)

as desired. �

2. Unbiased estimation of n-tangle via Bell-basis measurements

Theorem 4. The quantity

τ̂(n) = 2n

M

M∑
m=1

n∏
k=1

(
1 − tr

[
FkB(m)

k

]
2

)
(B12)

is an unbiased estimator of the n-tangle, that is,

E[τ̂(n)] = τ(n), (B13)

where the expectation value is over all possible measurement
outcomes.

Proof. As above, let z(m) = z(m)
1 z(m)

2 · · · z(m)
n , with z(m)

j ∈
{0, 1} denoting the bit string of length n obtained as the out-
come of the mth measurement of our n pairs of qubits in the
test and copy states. Because tr[FkB(m)

k ] = ±1, we can write

tr[FkB(m)
k ] = (−1)z(m)

k . Thus, our estimator becomes

τ̂(n) = 2n

M

M∑
m=1

n∏
k=1

(
1 − (−1)z(m)

k

2

)
. (B14)
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We can now show that this is an unbiased estimator of the
n-tangle. We have

E[τ̂(n)] = E

[
2n

M

M∑
m=1

n∏
k=1

(
1 − (−1)z(m)

k

2

)]
, (B15)

= 2n

M

M∑
m=1

E

[
n∏

k=1

(
1 − (−1)z(m)

k

2

)]
, (B16)

= 2n

M

M∑
m=1

∑
z(m)

p(z(m) )
n∏

k=1

(
1 − (−1)z(m)

k

2

)
, (B17)

= 2n

M

M∑
m=1

∑
z(m)

tr

[
n∏

k=1

Ik − (−1)z(m)
k Fk

2
ρ⊗2

]

×
n∏

k=1

(
1 − (−1)z(m)

k

2

)
︸ ︷︷ ︸

δz(m),1

, (B18)

= 2n

M

M∑
m=1

tr

[
n∏

k=1

Ik − Fk

2
ρ⊗2

]
, (B19)

= 2ntr

[
n∏

k=1

σ0k − 1
2

(
σ0k + σ1k + σ2k + σ3k

)
2

ρ⊗2

]
,

(B20)

= 1

2n
tr

[
n∏

k=1

(
σ0k − σ1k − σ2k − σ3k

)
ρ⊗2

]
, (B21)

= 1

2n

(
(S0...0)2 −

n∑
k=1

3∑
ik

(
S0...ik ...0

)2

+
n∑

k,l=1

3∑
ik ,il =1

(
S0...ik ...il ...0

)2 − · · ·

+ (−1)n
3∑

i1,...,in

(
Si1...in

)2

)
, (B22)

= S2
(n), (B23)

E[τ̂(n)] = τ(n), (B24)

where the last three lines utilize the results of Ref. [62] in
which the n-tangle is written in terms of the so-called n-qubit
Stokes parameters defined as Si1,...,in = tr[ρσi1 ⊗ · · · ⊗ σin ] for
i1, . . . , in ∈ {0, 1, 2, 3}. �

3. Number of measurements required for ε-close estimations

a. Analytical method

Proposition 2. Let ε, δ > 0 and M = 
( log 1/δ

ε2 ). Further,
let θ ∈ {C|ψ〉(s), τ(n)} and let θ̂ denote the corresponding es-
timator for θ . Then we have

|θ̂ − θ | < ε, (B25)

with probability at least 1 − δ.

Proof. From Hoeffding’s inequality (Fact 3 above), we can
write

Prob(|θ̂ − θ | < ε) � 1 − 2 exp

(
− 2M2ε2∑M

m=1(1 − 0)2

)
,

(B26)

because our quantities satisfy 0 � θ � 1. Thus, Hoeffding’s
inequality tells us that to achieve an ε-close approximation of
the elements of θ , with probability at least 1 − δ, one would
require at least

δ = 2 exp

(
−2M2ε2∑M
m=1(1 − 0)2

)
, (B27)

δ = 2 exp (−2Mε2), (B28)

⇒ M = log 2/δ

2ε2
(B29)

measurements. The constants are ignored in big-
 notation,
yielding the desired result that

M = 


(
log 1/δ

ε2

)
(B30)

measurements are needed to obtain an ε-close estimate of θ

with high probability. �

b. Numerical method

While the above method, based on Hoeffding’s inequality,
is nice for deriving analytical scaling, it does not take into
account the underlying distribution and is likely not tight
as a result. As discussed in Appendix B 1, the CE can be
estimated by simply computing the probability of obtaining all
triplet states on the systems measured. As such, we can regard
the Bell-basis measurement of all qubit pairs as a Bernoulli
trial in which X = 0 corresponds to measuring all pairs in
a triplet state and X = 1 to measuring at least one pair in
the singlet state. Then according to (43) estimating the CE is
equivalent to performing a MLE of the binomial probability
θ = P(X = 1). Since the number of times k that X = 1 is
obtained in M measurement rounds is a random variable with
probability mass function given by (A22), we can compute
the average upper and lower bounds of the 100 × (1 − δ)%
confidence interval as

〈θU 〉(M ) =
M∑

k=0

P(k)θU (k) =
M∑

k=0

(
M

k

)
θ k (1 − θ )M−kθU (k),

(B31)

〈θL〉(M ) =
M∑

k=0

P(k)θL(k) =
M∑

k=0

(
M

k

)
θ k (1 − θ )M−kθL(k),

(B32)

where each value of θU (k), θL(k) is found by solving
Eqs. (A24) and (A25). Taking the average of the upper and
lower bounds, for each number of measurements M we can
say that

|θ̂ − θ | <
〈θU 〉(M ) − 〈θL〉(M )

2
:= ε (B33)

with probability 1 − δ.
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FIG. 6. Array of trapped neutral atoms. The inset shows the
energy levels and parameters considered in the model.

APPENDIX C: SIMULATION DETAILS

1. Lower bound on mixed-state CEs

Using the estimators for n-qubit purity [Eq. (A42) and
uniform average subsystem purity (by slight modification of
the estimator from Theorem 3), one can estimate the lower
bound from Bell-basis measurement data via

Ĉ�
ρ (S ) = 1

2n
+

(
1 − 1

2n

)
1

M

M∑
m=1

n∏
k=1

tr
[
FkB(m)

k

]

− 1

M

M∑
m=1

n∏
k=1

1 + tr
[
FkB(m)

k

]
2

. (C1)

Similar bounds can be constructed for all s ⊆ S . These
bounds, as well as all of the other measures discussed above,
can all be estimated from the same Bell-basis measurement
data.

2. Realistic quantum gates with Rydberg atoms

In this section we outline the main ideas of Ref. [26], which
we have used to model a realistic measurement of the CE in
a Rydberg system using quantum gates. In Fig. 6 we sketch
the general physical system that we have in mind. Neutral
alkali atoms are trapped with optical tweezers in a lattice of
arbitrary geometry, and the qubits are encoded in long-lived
hyperfine ground states. Entangling operations are facilitated
by coupling of the logical state |1〉 to a highly excited Ryd-
berg state |r〉 via a two-photon excitation scheme through a
far-detuned intermediate state |e〉, which is resolved into its
hyperfine components | fe, m fe〉. The Hamiltonian describing
this excitation process can be written as

H
h̄

=
∑
fe,m fe

1

2

(
�

fe,m fe
1 |1〉〈 fe, m fe

∣∣ + �
fe,m fe
1

∗∣∣ fe, m fe

〉〈1|)
−

∑
fe,m fe

� fe,m fe

∣∣ fe, m fe

〉〈
fe, m fe

∣∣
+

∑
fe,m fe

1

2

(
�r

fe,m fe

∣∣ fe, m fe

〉〈r| + �r
fe,m fe

∗|r〉〈 fe, m fe

∣∣)
− δ|r〉〈r|, (C2)

where �
fe,m fe
1 and �r

fe,m fe
are the Rabi frequencies of the

drives from |1〉 to | fe, m fe〉 and from | fe, m fe〉 to |r〉, � fe,m fe
=

� − E ( fe, m fe ) represent the intermediate-state detunings
composed by the laser detuning � and the hyperfine splittings
E ( fe, m f e), and δ is the total two-photon detuning. The excita-
tion process suffers from losses due to the finite line widths �e

and �r of the states |e〉 and |r〉. We describe these scattering
process by introducing effective non-Hermitian terms in the
Hamiltonian given by

H′ = −ih̄
∑
fe,m fe

[
�e/2

∣∣ fe, m fe

〉〈
fe, m fe

∣∣] + �r/2|r〉〈r|. (C3)

The Rydberg states experience dipole-induced pairwise inter-
action described by the Hamiltonian

Hdd =
∑
j<i

h̄V i j
rr |rir j〉〈rir j |, (C4)

where the strength V i j
rr depends on the separation di j be-

tween the atoms i and j and their orientation with respect
to the quantization axis. Under time evolution with the total
Hamiltonian Htot = H + H′ + Hdd, we seek to apply global
laser pulses to an ensemble of k + 1 atoms which realize a
multiply controlled phase gate CkZ described by the unitary
transformation

UCkZ = 2(⊗k+1|0〉 ⊗k+1 〈0|) − I. (C5)

As described in [26], this is achieved by working in the fully
Rydberg blockaded regime and performing adiabatic rapid
passage from the ground state |1〉 to the manifold of states
with a single Rydberg excitation. For the purposes of mea-
suring the CE, we are interested in realising a CZ gate (one
control atom) and a CCZ gate (two control atoms), which
can be converted respectively into CNOT and Toffoli gates by
application of additional Hadamard gates to the target atoms.
In order to maximize the gate fidelity, the Rydberg interactions
V i j

rr need to be as large as possible; i.e., the atoms involved in
the gate need to be as close as possible, and the pulses should
be designed to minimize the losses due to photon scattering
from |e〉 and |r〉. In a concrete setting with Cs atoms and
realistic parameters, after pulse optimization we obtain the
following effective matrices for the CZ and CCZ gates:

UCZ = |00〉〈00| + 0.9990ei0.9906π (|01〉〈01| + |10〉〈10|)
+ 0.9986ei1.000π |11〉〈11|, (C6)

UCCZ = |000〉〈000| + 0.9981ei0.9845π (|001〉〈001|
+ |010〉〈010| + |100〉〈100|)
+ 0.9973ei0.9934π (|110〉〈110| + |101〉〈101|
+ |011〉〈011|) + 0.9963ei0.9911π |111〉〈111|. (C7)

Note that these matrices are not unitary due to the loss of pop-
ulation caused by the scattering. All the results shown in the
main text have been obtained by simulating the c-SWAP test
and Bell measurement quantum circuits using these effective
gate matrices and assuming perfect single-qubit gates.
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