PHYSICAL REVIEW A 107, 062423 (2023)

Vector dc magnetic-field sensing with a reference microwave field
using perfectly aligned nitrogen-vacancy centers in diamond
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The measurement of vector magnetic fields with high sensitivity and spatial resolution is important for both
fundamental science and engineering applications. In particular, magnetic-field sensing with nitrogen-vacancy
(NV) centers in diamond is a promising approach that can outperform existing methods. Recent studies have
demonstrated vector dc magnetic-field sensing with perfectly aligned NV centers, which showed a higher readout
contrast than NV centers having four equally distributed orientations. However, to estimate the azimuthal angle
of the target magnetic field with respect to the NV axis in these previous approaches, it is necessary to apply
a strong reference dc magnetic field, which can perturb the system to be measured. This is a crucial problem,
especially when attempting to measure vector magnetic fields from materials that are sensitive to applied dc
magnetic fields. Here, we propose a method to measure vector dc magnetic fields using perfectly aligned NV
centers without reference dc magnetic fields. This method can be performed even with a single NV center.
More specifically, we use the direction of linearly polarized microwave fields to induce Rabi oscillation as
a reference and we estimate the azimuthal angle of the target fields from the Rabi frequency. We further
demonstrate the potential of our method to improve sensitivity by using entangled states to overcome the standard
quantum limit. Our method of using a reference microwave field is an alternative technique for sensitive vector

dc magnetic-field sensing.
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I. INTRODUCTION

The detection of dc magnetic fields on the nanoscale plays
an essential role in a wide range of fields, from biology to
condensed-matter physics [1,2]. Substantial effort has been
devoted to the development of devices for measuring small
magnetic fields in a local region [3—6]. The electron spin in
the nitrogen-vacancy (NV) center in diamond is known to be
sensitive to magnetic fields, and it combines the advantages
of noninvasiveness, high sensitivity, and nanoscale resolution
[7-10]. The NV center is a spin-1 system, and the frequencies
of the ground-state manifolds can be shifted by magnetic
fields. Vector magnetic-field sensing with NV centers has been
attracting much attention [11-16]. It has a variety of poten-
tial applications, including the imaging of living cells [17],
mapping of current distribution [18-21], and reconstruction of
vector magnetic fields from ferromagnetic materials [22,23].

The sensing of dc magnetic fields is conventionally per-
formed using Ramsey interferometry or optically detected
magnetic resonance (ODMR) [24,25]. Using different NV
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orientations, the vector components of the magnetic field
along each quantization axis can be used to reconstruct dc
or ac vector fields [11,13]. However, one drawback of these
methods is the reduction of the fluorescence contrast. The
contrast decreases by a factor of 4 compared to that of a single
NV, which degrades the sensitivity. Multifrequency control
of the NV centers has been proposed and demonstrated as a
solution to this problem, but complex microwave pulse se-
quences are required to implement these schemes [26-29]. For
more practical applications, previous studies have devised an
ingenious method of measuring vector magnetic fields using a
single NV center or perfectly aligned NV centers [30-36]. It is
known that the longitudinal and transverse components of the
target vector dc magnetic fields are estimated from the shifts
in frequencies of the transitions between ground-state mani-
folds [9], whereas a reference dc field is used to estimate the
azimuthal angle of the target field with respect to the NV axis
[31,35]. However, the reference dc field can be invasive when
measuring the magnetic properties of ferromagnets and super-
conductors that are sensitive to dc magnetic fields. Therefore,
it is desirable to measure the azimuthal angle without a ref-
erence dc field for the investigation of various phenomena of
magnetic-field-sensitive materials [22,23,37,38].

In this study, we propose a scheme to measure the az-
imuthal angle of the target magnetic field without using a ref-
erence dc field. In our scheme, the azimuthal angle of the tar-
get magnetic field can be estimated from the Rabi frequency
using the direction of linearly polarized microwave fields as a
reference. The transverse component of the dc field changes
the direction of the quantization axis of the NV center.

©2023 American Physical Society
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On the other hand, when we apply the resonant microwave
field, only the component perpendicular to the quantization
axis contributes to the change in the Rabi frequency [39].
Thus, the change in the direction of the quantization axis can
be estimated from the Rabi frequency, and thus, the direction
of the dc magnetic field can be measured. Similar to the
previous methods, our method can be performed with a single
NV center, which improves the spatial resolution. Our scheme
provides a practical approach to achieve full vector dc magne-
tometry without additional reference dc fields using a single
NV center or a perfectly aligned ensemble of NV centers.

In addition, by using perfectly aligned NV centers, we
investigate whether the use of entanglement improves the
sensitivity of our scheme. By using an entangled state with
L spins to measure magnetic fields, the uncertainty of the
estimation decreases by 1/L, which is called the Heisenberg
limit, under ideal conditions, while the uncertainty decreases
by 1/+/L with L separable spins, which is called the standard
quantum limit (SQL) [40,41]. However, because the quantum
state is fragile against decoherence, it is unclear whether the
entangled sensor shows sensitivity better than that of the clas-
sical one. For certain types of noise, the entangled states can
outperform the SQL [42—46]. In our case, the NV centers are
affected by magnetic-field noise. Contrary to the conventional
belief that entanglement provides no advantage over separable
states in standard Ramsey interferometry in the presence of
Markovian dephasing [40], our scheme is one of the cases
where this is not the case. Therefore, we investigate the perfor-
mance of the entanglement sensor in estimating the azimuthal
angle with magnetic noise in our scheme. Furthermore, we
numerically show that our sensing scheme with entanglement
has sensitivity better than that of separable sensors, even under
the effect of noise.

The remainder of this paper is organized as follows. In
Sec. II, we review the conventional vector magnetic-field
sensing scheme with standard Ramsey interference using a
reference dc magnetic field. In Sec. III, we explain our scheme
of vector magnetic-field sensing with Rabi oscillation using a
reference microwave field. In Sec. IV, we discuss the sensitiv-
ity of our scheme and investigate the potential improvement
when using entangled states. Finally, Sec. V concludes the

paper.

II. CONVENTIONAL SCHEME

A. Measurement of longitudinal and transverse components
of target magnetic fields

Here, we review a conventional scheme that measures the
longitudinal and transverse components of target magnetic
fields. The Hamiltonian of the NV center is given as

Hy = DS? + y.B.S, + y.B1 (cos ¢S, +sing,S,), (1)

where D =2m x 2.87 GHz is the zero-field splitting,
y. = 2m x 28 GHz/T is the gyromagnetic ratio, {Sx, S’y, SZ}
are the spin-1 operators, and {B., Bi, ¢s} are the lo-
cal magnetic-field components in cylindrical coordinates.
Throughout this paper, we assume that 7z = 1. Following
Refs. [9,35], we consider the characteristic equation given by

(D — x)’x + 3y2B*[D(1 — cos 20) — 2x] = 0, )

By,

(c) |mgs = 0) (d) 2z

LY quantization
Ims = —1) axis

FIG. 1. Schematic of our vector dc magnetic-field sensing
scheme. In panel (a), we show a configuration of the NV axis, the
target vector magnetic field, and the reference dc magnetic field. In
panel (b), we show a configuration of the NV axis and the reference
microwave field. In panel (c), relations between the quantization
axis and the direction of the microwave fields in a Bloch sphere are
illustrated. In panels (d) and (e), we show the Bloch sphere projected
onto the y and z planes at ¢p,,, = 270° and ¢, = 90°, respectively,
with ¢, = 90°.

where 6 = arctan(B,/B,), B = \/B? + Bi, and x denotes the
eigenenergy of the Hamiltonian. If we express the frequency
of the ground state as xy, the frequencies of the other energy
eigenstates can be expressed as x; = xp + w4 and x_ = xo +
w_. By substituting these expressions into Eq. (2), we obtain
the following equations:

X = 32D — 0 — w-), 3)

1
B = \/3—)/2((1)3 + L()% —wiw_ — DZ), (4)
e

—x3 + 2Dx% + (v2B2? — D?)x,
me:/ 0 o+ (. o )

Dy?B?

Thus, from the transition frequencies wy, which can be
measured by Ramsey interferometry or ODMR, we can deter-
mine the longitudinal and transverse components of the target
magnetic fields.

B. Measurement of the azimuthal angle of the target fields

Next, we review a conventional scheme that measures the
azimuthal angle of the target magnetic field using a dc mag-
netic field as a reference [Fig. 1(a)]. By applying a reference
magnetic field with known amplitude and direction, we can
determine the azimuthal angle of the target magnetic field
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from the change in resonant frequency of the NV centers. The
frequency shift can be measured via Ramsey interferometry.

Our goal here is to determine the azimuthal angle ¢,. When
we apply a reference dc magnetic field perpendicular to the
NV axis, an additional term,

H, = y.B,(cos ¢r§x + sin ¢r§y)7 (6)

is added to the system Hamiltonian, where B, and ¢, are
the amplitude and the azimuthal angle of the reference field,
respectively. This allows us to measure the change in transi-
tion frequency between the ground state |g) ~ |m, = 0) and
another energy eigenstate. By using the perturbation theory
for small y,B /D, such transitions frequencies are approxi-
mately given by [47]

3(v.B)

wi:D:I:yeBz—i—z D

) (N

where B/ = \/Bi + B2+ 2B, B, cos (¢ — ¢,) and By =

\/B% + B2. We consider the subspace spanned by |g) and the

first excited state |e) and define A = D — y,B;. In a rotating
frame defined by U = exp (—iAS.t), the effective Hamilto-
nian of this subspace is given by

@ _ 9o _
Her” = —-(le){el — 18) (gD ®)

where dw = 3(y.B', )2/2D is the frequency shift. We create

a superposition |+) = (|e) + |g))/\/§ by using a 7 /2 pulse,
and a relative phase can be accumulated during the interac-
tion time ¢. Then, we perform a projective measurement on

J

e (A + /A?+2y2B%)

|+) with a probability of P = [1 + cos (dwt)]/2, which can
be constructed using a m /2 pulse and a subsequent optical
readout. Thus, we can estimate ¢, by sweeping ¢, via the
Ramsey scheme.

III. OUR SCHEME

Here, we explain our scheme for measuring the azimuthal
angles of the target fields without reference dc magnetic fields.
In analogy to the conventional method using the dc mag-
netic field as a reference, we apply the reference microwave
field, the amplitude and the direction of which are known
[Fig. 1(b)]. The azimuthal angle of the target magnetic field
can be estimated by measuring the Rabi oscillations caused
by the reference microwave field.

To illustrate our idea, we start with a simple model by
considering a subspace spanned by |m; = 0) and |[m, = —1),
which we call the qubit approximation. The Hamiltonian for
this subspace is

A B
HYP =~ 26, + Y7 (cos .6, +singi8,).  9)

2%

where {6y, 6,, 6.} are the Pauli matrices. The quantization
axis is along the direction (Vi% Cos ¢y, % sin ¢y, —%). Any
state of a two-level system can be represented by a Bloch
sphere [Fig. 1(c)]. By diagonalizing Hélm, we have H(gm) =
w(1/2)(|g(1/2))(g(1/2)| — |e(]/2))(e(]/2)|)/2, where

o1 = [A? 42282, (10)

and

1/2
|g(/)>=Cg

\/EyeBL

e (A — \[A*+2y2B?)

lms = 0) + |my, = —1) |,

) = c,

| :O> + |m; = _1>

\/zyeBJ_

are the eigenstates. Here, ¢, and ¢, denote normalization constants. When the dc field is applied in a direction different from
that of the NV axis, the quantization axis is slightly tilted owing to the perpendicular component of the dc field. Let us consider
the Hamiltonian when we apply the microwave field. The Hamiltonian becomes H 172 = Hél/ 2 + Hr%z), where Hé,l“/,z) is the
driving microwave Hamiltonian expressed as

VeBiw o, VB s
H/2 = ( - 50 + i/z (COS Py + 8N Py G,) | cos w2z, (11)
and we define 60,,, = arctan(B /B,,)- In a rotating frame defined by U = exp (—iHé'/ ?t), the effective Hamiltonian is
H;}fﬂ) _ %(Q|g“/2)>(e“/2)| + Q*|e(1/2)>(g(1/2)|), (12)
where
A .
A =R = cyCe|—VeBry + B—B$W[COS (¢s — Pmw) + iV 1+ 2(yeBL/A) sin (¢ — Pmw)] (13)
L

(

is the Rabi frequency between [g(!/?)) and |e!/?). Here,
we used rotating-wave approximation (RWA). We plot A
of Eq. (13) against ¢ = ¢y — ¢dmw in Fig. 2 (orange dashed

curve). Because XA is given by the absolute value of a
complex number, we can interpret this as the distance from
the origin of the complex plane (Fig. 3). On the complex
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FIG. 2. Rabi frequency as a function of the azimuthal angle ¢ between the target magnetic field of B = 8 mT and the driving microwave
field of B,y = 1 mT. We set the polar angle of the microwave fields as 6,, = 20°. The polar angles of the target field 6 are (a) 10°, (b) 40°,
(c) 70°, (d) 85°, (e) 87°, and (f) 89°. We use the numerical (blue solid curve), qubit-approximation (orange dashed curve), and perturbation
(green dotted curve) values, given by Egs. (16), (13), and (18), respectively.

plane, A is the distance between the origin and a point on an
ellipse having a width, height, and center of cgchBIflw /B1,

cgce(ABj]W/Bl) 1+ 2(y.BL/A)?, (CeCeVeBiry» 0),

and

Re

FIG. 3. Plot of (g|y.Bmy - Sle) in Eq. (16) on the complex plane.
Each ellipse is obtained by sweeping the azimuthal angle ¢ between
the target magnetic field and the driving microwave field. The param-
eters are the same as those used in Fig. 2. In panel (a), we numerically
plot (glyj?mW - §le) without approximations. In panel (b), we use the
qubit approximation. In panel (c), we use the perturbation theory
described in Eq. (17).

respectively [Fig. 3(b)]. Because 2(y.B, / AP « 1,the ellipse
is close to a circle. If B:, is sufficiently large, the change
in A also becomes large, resulting in better sensitivity. This
results from the fact that, in the Bloch-sphere description, the
Rabi frequency is proportional to the microwave component
perpendicular to the quantization axis.

We illustrate this point in Fig. 1. This shows the case when
the azimuthal angles of the quantization axis are equal to [see
Fig. 1(d)] or equal but opposite in sign to [see Fig. 1(e)] that
of the applied-microwave-field direction. As can be observed
from geometrical interpretation, when the azimuthal angles of
the quantization axis and the microwave field are equal (equal
but opposite in sign), the component of the microwave perpen-
dicular to the quantization axis is minimized (maximized).

Let us consider a more general model: The spin-1 Hamil-
tonian. We define |g) and |e) as the ground state and the first
excited state of the Hamiltonian Hy. When a resonant mi-
crowave is applied, the Hamiltonian becomes H = Hy + Hpy,
where Hy is the driving microwave Hamiltonian,

H,w = yeﬁmw .S cos w_t,
2 L Lo
Biw = (Bl Biny €OS Gmuws By SIN @y ).

In a rotating frame defined by U = exp (—iHyt), the effective
Hamiltonian is

(14)

HE™ = L(Qlg) (el + Q*le)(g)). (15)
where
A= 12| = [{g|VeBmw - Sle)| (16)

is the Rabi frequency between |g) and |e). Here, we have used
the RWA. We cannot obtain a simple analytical form of the
eigenstates of Hy. Instead, we perform numerical simulations
to calculate the Rabi frequency in Fig. 2 (blue solid curve) and
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Fig. 3(a). As can be observed in Fig. 2, when 6 approaches
90°, the difference between the results with numerical sim-
ulations and those with qubit approximations becomes more
pronounced because the eigenstates become superpositions of
all three states.

To understand this point, we use perturbation theory to
calculate the Rabi frequency under the assumption that D
and B, are much larger than B.. In this case, the eigen-
states of the Hamiltonian are expressed as |g) =~ |m, =
0) — €|B), |d) = |D), and |b) =~ |B) + €|mg; = 0), where € =
veBL/D, |B) = (Im; = +1) + [m; = —1))/~/2, and |D) =
(jmg = 4+1) — |my = —1))/+/2. We call |B) (D)) a bright
(dark) state. This representation is particularly useful when we
apply a magnetic field orthogonal to the NV axis or electric
(strain) fields [48-51]. The first-order corrections to |g) and
|d) are

1g1) = coald), |dV) = cuglg) + canlb),

€y,.B B
S = -, (T
D"'_eyeBJ_

GBJ_
which allow us to obtain the Rabi frequency between |g') =
cg(|d) + [dD)) and |d') = ca(lg) + 1gM)),

(d' | Huw|g)| = cgcar| — €VeByy, + VeBimy[Can €08 (s — Pimw)
+ i 8in (@5 — Pmw)]l, (18)

where ¢y and ¢y are normalization constants. Here as well,
we have used the RWA. We also plot |{d’|Hyuw|¢')| of Eq. (18)
against ¢ = ¢ — ¢dnmw in Fig. 2 (green dotted curve). As in
the case of the qubit system approximation, we can interpret
this as a distance on the complex plane (Fig. 3). In this case,
the width, height, and center of the ellipse are cy cdrcdbyeBrlnw,
cyCaveBiy,, and (—cgca€y.Biy,, 0), respectively. Because
€, cgp K 1, the ellipse has a long, narrow shape [Fig. 3(c)].
Thus, A is maximized when the point on the ellipse is lo-
cated at either the top or the bottom of the ellipse, that is,
¢s — Ppmw = 90° and 270°.

The Rabi oscillation can be probed by measuring the popu-
lation of |g) with the probability P = [1 4 cos (At)]/2. Thus,
we can estimate ¢, by sweeping ¢, via the measurement of
Rabi frequencies.

Ced = —Cdg =

IV. SENSITIVITY
A. Separable states

In this section, we calculate the uncertainty of estimation
of our scheme and make a comparison with the conventional
scheme. Although our scheme has the qualitative advantage of
not using the reference dc field, we show that, in some cases,
the sensitivity of our scheme is comparable to or better than
that of the conventional scheme.

If we have an approximate value of the azimuthal angle ¢;,
we can rewrite it as ¢; = ¢, + ¢', where ¢, is the approximate
value and ¢’ is a small difference from the true value. The
Rabi frequency is then given by A = A, + A’, where A, is
the approximate value and A’ is a small difference from the
true value. We can adjust the interaction time as

2n— D
T=—",

. (19)

and we obtain P >~ (1 + A't)/2, where we assume 't < 1.
By repeating this experiment many times, we can obtain the
probability from the experimental results; thus, the value of ¢,
and X can be estimated.

The uncertainty of the estimation is given by

JPA—P)
[4EIWN

where N is the number of repetitions of the experiment and
¢ = ¢y — dmw denotes the azimuthal angle to be estimated.
We assume that the interaction time t is much longer than the
state preparation time and the measurement readout time. In
this case, we have N >~ T /t, where T is a given time for the
sensing. We can calculate the uncertainty as

1
|9 IVTT

Now, we consider the magnetic-field sensing under the effect
of decoherence. The dominant noise is due to small fluc-
tuations in the magnetic field due to nitrogen impurities or
environmental nuclear spins, which lead to fluctuations in the
energy splitting [52]. With D > y,B, the noise from B is
suppressed by a large D and becomes negligible as compared
to B,, as expressed in Eq. (7). Thus, the effect of decoherence
can be described by the standard Lindblad-type master equa-
tion:

S¢p = (20)

8¢ ~ 2D

dp(t)
dt

where I' is the decay rate. In this case, the probability
of projecting the state onto |g) can be calculated as P =
Tr[|g)(glp(t)]. We numerically calculate the probability P
with the initial state p(0) = |g)(g|, and we observe a linear
dependence of the probability on a small A" for B, between
0.1 and 10 mT). The probability P is, thus, expressed as

= —i[Her, p(t)] — T3, [S., p()]], (22)

P11+ rd), (23)

where the factor ¢,  represents the signal decay, and we can
numerically calculate this factor. By substituting Eq. (23) into
Eq. (20), we obtain the uncertainty of the estimation:

1
CT!F|Z—;;|4/T/T'

We can calculate the uncertainty for the conventional
scheme in a way similar to that for our scheme, and we ob-
tain §¢ ~ 1/crr| ‘25—(;” [«/T /T (see a derivation in Appendix A).
Thus, to compare the performance of our method with that of
the conventional method, we need to calculate ¢, r, c;.r, |Z—; [,
iy
dg I
First, we performed numerical simulations to calculate | j—;|

S¢p ~ (24)

and |

and |%§“ |, as shown in Fig. 4. When the reference field is par-
allel to the target field, both A and dw reach a local maximum
or minimum, and the uncertainty §¢ tends to infinity at these
points. As can be observed in Figs. 4(a) and 4(b), when By
is comparable to B,, |3—g| is of the same order of magnitude

dbo

as|d¢

|. Let us consider a case with a small amplitude of the
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FIG. 4. (a) The derivative of the Rabi frequency |%| with respect
to the amplitude of the microwave field By, and the azimuthal angle
¢ = ¢y — dmyw. (b) The derivative of the resonant frequency |‘if—“’|
with respect to the amplitude of the reference dc field B, and the
azimuthal angle ¢ = ¢, — ¢,. Here, the polar angle of the target field
6 is 40°, while B =8 mT and (a) 0, = 20°. (¢) The derivative
of the Rabi frequency |%|, with respect to the amplitude and the
polar angle of the target field B. (d) The derivative of the resonant
frequency |%’|, with respect to the amplitude and the polar angle
of the target field B. Here, we use the azimuthal angle ¢ to maxi-
mize the derivative, while (¢) B,y = 1.0 mT, (d) B, = 1.0 mT, and
(€) Omw = 20°.

target field. In this case, |fl—g| and |‘%’| decrease for a smaller
B, as shown in Figs. 4(c) and 4(d).

To consider the effect of the factors ¢, r and c; 1, we next
obtain §¢ by directly calculating Eq. (20) using the probability
P obtained by numerically solving Eq. (22) [53]. Figure 5
shows the dependence of 6¢ on ¢ and B, respectively, cor-
responding to |Z—g| and |‘%"| shown in Fig. 4.

In addition, we take into account the fluorescence contrast
and calculate the sensitivity for a wide range of the target mag-
netic field’s amplitude in Fig. 6. In such cases, the uncertainty
of the estimation is calculated as [8]

8¢’ = 8¢/C(B), (25)

where C(B) is the fluorescence contrast that depends on the
total applied dc magnetic field. The contrast C(B) depends
on the amplitude and the polar angle of the applied dc field
and can be calculated using the seven-level classical rate
equations [14]. Increasing the amplitude of the magnetic field
reduces the value of §¢, but also reduces the contrast C(B).
There are trade-off relationships between them, and we obtain
8®min, the minimum values of uncertainty, as shown in Fig. 6.
Let us define the detectable range as the difference between
the two magnetic fields at which §¢ becomes half of S¢yy.
We calculate the the detectable range as 27 mT (28 mT),
23 mT (24 mT), and 20 mT (38 mT) for & = 10°,6 = 40°, and
6 = 80°, respectively, by using our (conventional) method.
For simplicity, we use the same I" for the conventional
Ramsey scheme and our Rabi scheme in Figs. 5 and 6. How-
ever, in actual experiments, the coherence time of the Rabi

g R

L i . i, :
50 75 100 125 150 17 : 0.2 0.4 0.6 0.8 1.0
¢ (deg) B(mT)

25

FIG. 5. (a) Uncertainty of the conventional scheme (blue lower
curve) and our scheme (red upper curve) as a function of the az-
imuthal angles ¢ = ¢; — ¢, (blue lower curve) and ¢ = ¢y — Pnw
(red upper curve) for & = 10° (solid curve), & = 40° (dashed curve),
and 6 = 80° (dotted curve). We calculate the uncertainty using
Eq. (20) for 7 = (2n — 1) /2A, and plot the minimum (optimal)
value. Here, B =8 mT, B,y = 1 mT, B, =1 mT, 6, = 20°, and
I' = 1.0 MHz. (b) Uncertainty of the conventional scheme (blue
lower curve) and our scheme (red upper curve) as a function of
the amplitude of the target field B for 6 = 10° (solid curve), 6 =
40° (dashed curve), and 6 = 80° (dotted curve). We calculate the
uncertainty using Eq. (20) for t = (2n — 1) /2A, and plot the mini-
mum (optimal) value. Here, we use the azimuthal angle ¢ = ¢, — ¢,
(¢ = ¢y — pmw) to minimize the uncertainty of the conventional
(our) scheme and fix B, = 2mT, By, =2mT, 6,, = 10° (solid
curve), 6y, = 20° (dashed curve), 6, = 20° (dotted curve), and
I' = 1.0 MHz.

oscillation Tgrup; is usually longer than that of the Ramsey
measurements Tramsey [47]. The coherence time is determined
by the power spectral density of the noise S(w) [54-58].
Here, we consider an electron spin bath as a source of
environmental noise, which can be modeled by the Ornstein-
Uhlenbeck process [54]. The correlation function is given

(a)
80
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60

g
§50 @
< 40 =

‘\g,

30

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
(c) (d)
0.30 - 010
— 9=10°
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@0207 o gea0e I 0.08
. =80 /1 oo

0.04 1,

0.02}
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FIG. 6. Uncertainty of our scheme [panels (a) and (c)] and the
conventional scheme [panels (b) and (d)] considering the effect of
the fluorescence contrast C(B) as a function of the amplitude and the
polar angle of the target field [Eq. (25)]. Here, we have calculated
the uncertainty 8¢ as in Fig. 5 and the fluorescence contrast as in
Ref. [14], where we use the contrasts C(B) [panesl (a) and (c)] and
C(B +B,) [panels (b) and (d)]. We use the same parameters as those
in Fig. 5.
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by [dwS(w)e ™ dt = b*e~I"/™, where b is the coupling
strength of the bath to the spin, and 7, is the correlation time.
The ratio between the coherence time of our method and
that of the conventional method is given by Trabi/TRamsey =
S(0)/4S(1) [54-58]. In Appendix A, we adopt this ratio and
compare the performance of our method with that of the
conventional method.

B. Entangled states

Here, we investigate whether a quantum strategy with en-
tanglement outperforms the classical strategy. It is known that
entanglement provides no advantage over separable states in
standard Ramsey interferometry in the presence of Markovian
dephasing [40]. However, Chaves et al. showed that entangled
states could improve the sensitivity when the transversal noise
is dominant, where the direction of the noise is orthogonal to
that of the system Hamiltonian [59,60]. Because our scheme
converts the information of the target dc field into the am-
plitude of the driving microwave, the NV center is mainly
affected by transverse noise, which makes our scheme one of
the cases where entanglement provides sensitivity improve-
ment.

The effective Hamiltonian of the total system in this sce-
nario is given by

L
1
Her = Z 5 (821g)jlel + Q*le); (gD, (26)

j=1

where L is the number of NV centers. By the same calculation
of the master equation as in the case of separable states, we
obtain the uncertainty of the estimation:

1
cortL| % |VTTT '

where we choose the Greenberger-Horne-Zeilinger (GHZ)
state |y) = %(H—)@L +|—)®) as an initial state and the

5 ~ 27)

parity operator defined by P, = ®§:] (1g)j{gl — le)j(e]) as the
observable, as proposed in Ref. [60] (see a detailed derivation
in Appendix B).

Figure 7 plots the ratio between the uncertainty of the sepa-
rable sensor and that of the entanglement sensor, up to L = 6,
when 0 is not zero. We use the same parameters as those
used in Fig. 2. It should be stated that we cannot define §¢
for 6 = 0. Instead, we calculate §A for 6 = O up to L = 10 in
Fig. 7, based on an analytical solution introduced in Ref. [60],
which we explain below.

It is worth mentioning that our results are a generalization
of previous results. For the case of & = 0°, our model corre-
sponds to that used in Ref. [60], and the uncertainty scales
as 8w = O©(L™>/°) in this case for a large limit of L. On the
other hand, when 6 is not zero, the noise operator S‘Z is not
completely transverse to the system Hamiltonian, deviating
from the model used in Ref. [60]. In this case, our numerical
simulation shows that the improvement due to entanglement
decreases as 6 increases. To understand this point, we use per-
turbation theory to solve the master equation in the interaction
picture. When the effective Hamiltonian given by Eq. (26)
can be analytically diagonalized, we can calculate the time

8 T T T T T
Il 1_00M ]
% y
— X 5
5 =
= 099 x |
z X =
i~
~0.98¢ ]
) X
L X X
-
< 0.97} 1
= o =89
= 0 = 85°
S 1 X 1
< 0.96 -
% X 0=0°
s L ‘ ‘ ‘ ‘ ‘ ‘ ‘ X
R N A A A T
L

FIG. 7. Ratio between the uncertainty of the separable sensor
and that of the entanglement sensor as a function of L. When 6 is
not zero, we numerically calculate the uncertainty using Eq. (21)
for T = (2n — 1) /2LA, and select the minimum value. For 6 = 0,
we plot the uncertainty based on an analytical solution introduced in
Ref. [60]. Here, we fix B=8 mT, B, = 1 mT, and I" = 1.0 MHz.

evolution of p(¢) up to the first order as
L t
o= 0 -1 Y [ 0. 370 aO]]. 28)
j=170

where 8Y(r) = eifent §4) =Mt with T't < 1. Using this ex-
pression, we can calculate the expectation value of P =
eiHcfffpze*iHcfff.

The analytical formula for 6 = 0° is given up to the third
order by

Tr[Pipoi(1)] = 1 — 1L°2%° + LLGL — 2)T'A° + 0(™),
(29)

which shows a cubic decay against time. It is shown that the
entanglement strategy outperforms the classical strategy in
scaling for such a cubic decay [60]. On the other hand, for
6 = 90°, we obtain

Tr[Pp(1)] = 1 — LTt + O(t), (30)

which shows a linear decay. It is known that an entanglement
sensor does not have any advantage over separable sensors
when the system exhibits a linear decay with time [40].
For 0° < 6 < 90°, we cannot obtain an analytical form of
Tr[Pipi(1)], because we cannot analytically diagonalize the
effective Hamiltonian. However, we can guess that the sensi-
tivity of the entanglement sensor should be between the two,
which is consistent with our numerical results.

Many theoretical and experimental studies have been
carried out for the entanglement-enhanced sensing
[40,42,43,61,62]. Dolde et al created an entanglement
between two NV centers [63], and Haruyama et al.
demonstrated the fabrication of strongly coupled three
NV centers [64]. Also, there are theoretical proposals to
generate an entanglement between many NV centers [65,66].
Although an experimental demonstration of an entanglement
sensor with NV centers has not been reported yet, we foresee
that entanglement will play an essential role in quantum
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sensing and that the use of an entanglement between multiple
NV centers will be feasible in the future. As such, our results
will provide practical applications in entanglement sensing.

V. CONCLUSION

In conclusion, we have proposed a scheme for vector dc
magnetic-field sensing that uses microwave fields as a refer-
ence to determine the azimuthal angle of the target magnetic
field. We have shown that the direction of the dc magnetic
field can be measured from the Rabi frequency because the
component of the resonant microwave field perpendicular to
the quantization axis contributes to driving the Rabi oscilla-
tion. In addition, we investigated the potential of our method
to improve the sensitivity by using entangled states and found
that our sensing scheme with entanglement has sensitivity
better than that of separable sensors, even under the effect
of noise for most of the parameters. Our results pave the
way for investigating various phenomena of materials that are
sensitive to static magnetic fields.
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APPENDIX A: DETAILED CALCULATION
AND DISCUSSION ON SENSITIVITY

1. Derivation of the uncertainty of the estimation
of the conventional scheme

The uncertainty of the estimation of the conventional
scheme can be obtained in a way similar to that of our scheme
shown in the main text. Assuming we have an approximate
value of the azimuthal angle ¢,, we can rewrite it as ¢, =
¢, + ¢', where ¢, is the approximate value and ¢’ is a small
difference from the true value. The frequency shift §w is then
given by w = dw, + o', where Sw, is the approximate value
and d«’ is a small difference from the true value. We can
adjust the interaction time as

_ @n—Dm
T 28w,

and we obtain P >~ (1 + Sw'1)/2, where we assume Sw't <K
1. By using Eq. (20), we can calculate the uncertainty as

1
|d8w|\/_

The effect of decoherence can be described by the standard
Lindblad-type master equation, Eq. (22). For the conventional
case, the probability of projecting the state onto |+) can be
calculated as P = Tr[|+)(+]|p(¢)]. We numerically calculate

; (A)

(A2)

the probability P with the initial state p(0) = |4)(+|, and we
observe a linear dependence of the probability on a small §e’
for By between 0.1 and 10 mT. The probability P is, thus,
expressed as

P~ %(1 + ciréw’), (A3)

where c¢;  denotes a factor calculated using numerical simu-
lations. By substituting Eq. (A3) into Eq. (20), we obtain the
uncertainty of the estimation:

1

§¢p =~
Tr|d§a) /T/_L.

(A4)

2. Effect of the coherence time on sensitivity

Here, we calculate the uncertainty of our scheme using
a decay rate obtained from the ratio between the coher-
ence time of our method and that of the conventional
method. To compare the performance, we assume I'ramsey =
1.0 MHz, as in the main text, and use relation I'ramgey /I'Rabi =
Travi/ Tramsey = S(0)/4S(A), which can be obtained by the
standard technique of open quantum systems [6,54]. The
power spectral density (PSD) of the noise is calculated as

20%(1)

) (AS5)

where b is the coupling strength of the bath to the spin,
and 7. is the correlation time. As the frequency becomes
smaller, the PSD tends to be larger, which makes the co-
herence time of the Ramsey scheme shorter. In contrast, the
sensitivity of our scheme is mainly affected by the PSD
whose frequency is near the Rabi frequency, thereby avoiding
the effect of strong low-frequency noise. This provides the
intuitive understanding of the ratio of the coherence time
Trabi/Tramsey = S(0)/4S(1). We numerically solve Eq. (22)
with I'rapi = 1.0 x 45(1)/S(0) MHz and calculate the uncer-
tainty of the estimation by using Eq. (20). We adopted a value
of 7, = 23 us, as estimated in Ref. [54]. Figure 8 shows the
dependence of 6¢ on ¢ and B, respectively. For any ¢ and B,
more than a fivefold improvement is obtained compared to the
conventional scheme when we compare the results in Fig. 8
with those in Fig. 5.

APPENDIX B: DERIVATION OF THE UNCERTAINTY
OF THE ESTIMATION USING ENTANGLED STATES

Let us consider an ensemble of L NV centers aligned along
only one axis. In our study, we assume that the effect of the
dipole-dipole interaction between the probe spins is negligible
during the Rabi oscillation. This is valid, especially when the
main noise source is the magnetic noise induced by nitrogen
impurities and/or carbon nuclear spins in the environment
[67,68].

The Hamiltonian of the total system is, thus, given by

L
H =Y H{ +H)

mw?

HY = D(S(-’A))2 + ¥eB:SY + yeB. (cos ¢S + sin ¢, 8,

H(J) = ¥,Bmw - SY cos w_t. (B1)
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FIG. 8. (a) Uncertainty of our scheme as a function of the az-
imuthal angle ¢ = ¢y — ¢y for 6 = 10° (solid curve), 6 = 40°
(dashed curve), and 6 = 80° (dotted curve). We calculate the uncer-
tainty using Eq. (20) for t = (2n — 1)t /24, and plot the minimum
(optimal) value. Here, B =8 mT, B, =1 mT, 0,, = 20°, and
rabi = 1.0 x 45(1)/S(0) MHz. (b) Uncertainty of our scheme as
a function of the amplitude of the target field B for & = 10° (solid
curve), 0 = 40° (dashed curve), and 6 = 80° (dotted curve). We
calculate the uncertainty using Eq. (20) for r = (2n — 1) /2X, and
plot the minimum (optimal) value. Here, we use the azimuthal angle
¢ = ¢y — dmyw to minimize the uncertainty and fix By =2 mT,
Omw = 10° (solid curve), 6., = 20° (dashed curve), 6,,,, = 20° (dot-
ted curve), and gy = 1.0 x 45(1)/S(0) MHz.

We define |g); and |e); as the ground state and the first-
excited state of the Hamiltonian H(gj), respectively. In a
rotating frame defined by U = exp (—i Z,L'=1 Hé-i 1), the ef-
fective Hamiltonian is

Loa
Hey = ; 7 (g)j el + e e (B2)
As an initial state, we choose the GHZ state
1

V2
where |+) = (Ig) +1€))/v2 and |-) = (Ig) — le))/V/2.

As the observable, we choose the parity operator

lv) (|4)®F 4 |—)8h), (B3)

defined by

L
B = RQ)1g)(8l — le) eD). (B4)
j=1

as proposed in Ref. [60]. First, let us consider the noiseless
case. The expectation value of the measurement is given by
P = cos (LAt). Assuming that we know the approximate value
of the azimuthal angle ¢;, we obtain P >~ LA’t by adjusting
the interaction time ¢, where A’ is a small difference between
the approximate and true values. The uncertainty is defined as

sp= YL F i BS
¢ - mv ( )
d¢
and we obtain 8¢ ~ ﬁ for a small X', where we use
aé T

133 = [. Thus, we obtain 8¢ = ®(L™"), and this scaling is
called the Heisenberg limit.

Second, we investigate how the decoherence affects the
performance of the entanglement sensor. To account for
the decoherence, we adopt the Lindblad-type master equa-
tion given by

dp(t)
dt

L

= —i[Her, p(t)] = Y _T[8P. [, p(t)]]. (B6)

j=1

We numerically obtain the expectation value P = Tr[ﬁzp(t)]
with the initial state p(0) = |{)(¥/|. We observe a linear
dependence of the expectation value on a small A" for B}
between 0.1 and 10 mT with t = (2n — 1) /2LA,. Thus, the
expectation value P can be described by

P>~ Cr,F,LL)"/y (B7)

where c; r ; denotes a factor calculated using the numerical
simulations. By substituting Eq. (B7) into Eq. (B5), we obtain
the uncertainty of the estimation:

1

Sp~ ———
¢ cf,r,LL|j—;|./_T/r

(B8)
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