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Particle-number threshold for non-Abelian geometric phases
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When a quantum state traverses a path, while being under the influence of a gauge potential, it acquires a
geometric phase that is often more than just a scalar quantity. The variety of unitary transformations that can be
realized by this form of parallel transport depends crucially on the number of particles involved in the evolution.
Here, we introduce a particle-number threshold (PNT) that assesses a system’s capabilities to perform purely
geometric manipulations of quantum states. This threshold gives the minimal number of particles necessary to
fully exploit a system’s potential to generate non-Abelian geometric phases. Therefore, the PNT might be useful
for evaluating the resource demands of a holonomic quantum computer. We benchmark our findings on bosonic

systems relevant to linear and nonlinear quantum optics.

DOLI: 10.1103/PhysRevA.107.062217

I. INTRODUCTION

The evolution of a quantum state, in the presence of
some potential, is completely determined by Schrodinger’s
equation, which incorporates aspects such as the system’s
spectrum, or the overall evolution time. If the system un-
dergoes slow (adiabatic) changes, the evolving state remains
unaffected by these dynamical contributions (i.e., the dynam-
ical phase factors out). Instead, its wave function acquires a
phase factor that depends only on the geometry of the path
the quantum state has traversed. This was first noticed by
Berry [1], who pointed out that, unlike dynamical phases,
a geometric phase cannot be removed by a rescaling of the
energy (gauge transformation). A famous example of this is
the Aharonov-Bohm effect [2], in which the wave function
of an electron traveling around a solenoidal magnetic field
picks up a phase proportional to the magnetic flux through the
surface enclosed by the trajectory of the electron. Pancharat-
nam studied the phenomenon in the context of classical optics
[3], where it manifests itself in states of polarization. It was
pointed out by Simon [4] that this purely geometric signature
of a quantum evolution has to be attributed to parallel trans-
port of the state vector along a path in a (projective) Hilbert

space.
If a quantum system supports a d-fold degenerate sub-
space %) with eigenstates [y,) (a =1,...,d), an initially

prepared wave packet generically evolves into a superposition
of the |,) when undergoing adiabatic changes, that is without
population transfer to states of different energy [5]. Wilczek
and Zee [6] associated such degeneracy of the spectrum with
the possibility of emerging non-Abelian (i.e., noncommuting)
gauge potentials. In this case, the state after a time period 7
not only acquires a (scalar) geometric phase but also differs
from the initial one by a unitary d x d matrix.
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If the Hamiltonian of the system is expressed through a
set of physically accessible parameters {lcu}j‘f:1 that change
cyclically, i.e., k,(0) = «,(T), the time evolution is associ-
ated with a closed path y in the M-dimensional parameter
space .# . The time evolution then takes the form of a quantum
holonomy (non-Abelian geometric phase) [6]

Usty) = Pexp( § 4). M

Y

where A = th/lzl A,dk, is the adiabatic connection (non-
Abelian gauge potential). Depending on the physical platform,
{K,l}ff:] might include external driving fields, subsystem cou-
plings, or hopping probabilities between different states. Due
to the generally noncommuting nature of the connection, i.e.,
[A,,A,] # 0, the integration in Eq. (1) has to be performed
with respect to the path ordering P. The matrix-valued com-
ponents of A can be directly calculated from the eigenstates of
the system, i.e.,

(Aap = (Yol 0 [Vra)

By traversing different loops in .# one can potentially access
a variety of different unitaries Us(y). The set of all such
transformations spans the holonomy group Hol(A). It is a
subset of the unitary group U(d). In addition to their frequent
occurrence in lattice-gauge theory [7] and loop-quantum grav-
ity [8], holonomy groups turn out to be a crucial ingredient for
geometric [9,10] and topological [11] quantum computation,
in which they constitute the fundamental gate set from which
quantum algorithms are to be implemented.

The question of how many different unitaries can be har-
nessed by driving loops through ./ is therefore closely related
to computational universality [12], which holds if Hol(A) =
U(d). This requires not only a d-fold-degenerate subspace
but a large parameter space as well [9]. More recently, it was
observed that the number of particles prepared in the subspace
%) might drastically alter the form of the holonomy Uy, (y)
[13—15]. This is because the corresponding eigenstates |v,)

3, = 0/0K,. )
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FIG. 1. Graph representation of (bilinear) Hamiltonians, in
which particle number exchange between the modes (vertices) is
modeled by a connecting edge. (a) Schematic representation of
three planarly arranged bosonic modes experiencing complex next-
neighbor coupling «;. (b) Term scheme of the bosonic tripod
structure in which the mode ¢ exclusively couples to the outer modes
n = =%, 0viak,. (c) A four-mode fully connected graph, where each
side can experience a different coupling «,,. (d) Triangular graph of
modes with coupling k,, u = =+, 0.
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can differ in their particle number. In this work, quantum
holonomies are studied in relation to the number of particles
involved in the evolution. In the following, this issue is moti-
vated through an illustrative example.

A. A scheme of bosonic modes

Consider a chain of three bosonic modes [Fig. 1(a)]. The
outer modes a experience complex next-neighbor couplings
ky+ to the central mode a.. The Hamiltonian of the system
reads

~

H =« a.a +x aa" +He. (3)

Here, &}; and d; denote the bosonic creation and annihilation
operators, respectively, and H.c. stands for the Hermitian
conjugate. The Hamiltonian (3) is the bosonic counterpart
of an atomic three-level system in the A configuration [16].
Such systems are of practical interest because they describe
linear-optical multiport systems [17] and can be designed, for
instance, in terms of integrated photonic waveguides [18,19].

Suppose a single photon is injected into one of the
outer modes of the optical setup, with couplings x4 (t)
varying slowly compared to the minimal energy gap
VIkg)? + 1k_|*> > 0 (level crossing neglected). In the adi-
abatic limit, the photon remains in the zero-eigenvalue
eigenstate (also known as the dark state)

|D) =sinf |1,) — cosfe™ [1_),

where tan 6 = |k_|/|ky|, ¢ = arg(ky) — arg(k_), and |14) =
aly 10), with |0) denoting the three-mode vacuum. Here, the
connection A, = icos?0 is Abelian (while Ay = 0). After
traversing a closed path y in the (8, ¢) plane, the output state
|W(T)) = ) |W(0)) picks up a geometric phase

() = / / Sin(20)dydd, )
9

which depends on the area 2 enclosed by the loop y.

Interestingly, injecting a second (indistinguishable) photon
into the setup leads to the two dark states

1) = sin +) — sin 0 cos fe" +1-
IDy) = sin®0|24) — +/2sin6 cos0e® [1,.1_)
+ cos?0e?¥ |2_),

1 .
—2(sin29 12_) + cos? Be 2 |2,) — [2¢))

7

+2sin@cosfe ¥ 1,1 ).

|Ds) =

Consequently, A, is now a matrix-valued quantity. Naively,
one might expect that this enables the generation of non-
Abelian holonomies. However, a direct evaluation of Eq. (1)
leads to

2i(y)
e 0 :| )

Ualy) = [ 0 2w

It is immediately clear from Eq. (5) that the transformations
Ua(y) and Us(y'), induced by two arbitrary loops y and y’
in ., always commute. Hence, even though degeneracy of
the system would allow for the generation of non-Abelian
transformations, the actual holonomy group is still Abelian.
This phenomenon remains present when subjecting even more
photons to the system [20]; that is, while degeneracy scales up,
the resulting holonomies are always commuting.

The phenomenon that a system’s degeneracy increases
under the exposure to multiple photons is by no means a
property unique to the Hamiltonian (3). Adding an additional
mode to the A scheme leads to a tripod structure [Fig. 1(b)]
that allows for any U(2) transformation between its single-
photon dark states [21-23]. Considering two photons, the dark
subspace becomes four-dimensional. However, as noticed in
Refs. [14,24], not all elements of the group U(4) can be
designed in that way (one of the eigenstates decouples). Only
recently were these two-particle dynamics verified experimen-
tally [15].

B. Aim of the article

This simple introductory example hints at a more general
question. What is the number of particles N injected into a
given setup in order to generate the most versatile set of quan-
tum holonomies? After reviewing properties of the holonomy
group in Sec. II, we address this issue by introducing the
particle-number threshold (PNT) in Sec. III. The PNT of a
quantum system gives the minimal number of particles nec-
essary to fully exploit the system’s potential for designing
non-Abelian holonomies. We discuss the basic properties of
PNTs and present a number of different examples relevant to
linear and nonlinear quantum optics. Finally, Sec. IV is re-
served for a summary of the article as well as some concluding
remarks.

II. CURVATURE AND UNIVERSALITY

If the composition of loops in .# allows for the generation
of any unitary on the /th eigenspace .7/ of a Hamiltonian H,
the connection A; is said to be irreducible, and the holonomy
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group
Hol(A;) = {Ua, () [ ¥ (0) = y(T)}

coincides with U(d;). If the eigenspace additionally possesses
a multipartite structure (d; = 2¥), then 7% may be viewed as
a k-qubit quantum code [25,26] in which universal manipu-
lation of quantum information is possible in terms of only
holonomic gates Uy, (y).

A convenient measure of how close the group Hol(4;)
comes to span the entire unitary group is given in terms of
the local curvature F; (the non-Abelian field-strength tensor).
It describes changes in the eigenstates in % under variation
of the parameters «,. Its antisymmetric components (F; ,, =
—F,,,,) are calculated from [27]

Fl,;w == 8,U,Al,l) - 8\}Al,u + [Al,;uAl,v]- (6)

According to a statement from differential geometry, the
number of (linear-independent) components {F; ,,},, gives a
lower bound to the dimension of Hol(A4;). Here, dimension
refers to the degrees of freedom that completely specify an
element in a matrix group. For example, a unitary in U(d}) is
completely determined by specifying d? real numbers. Hence,
we write dim U(d;) = d}. This implies that, if there are d}
linear-independent matrices f; ,,,, it is possible to realize any
element of the unitary group in terms of Eq. (1) [28,29], i.e.,
Hol(A;) = U(d)).

A more accurate bound on the dimension of Hol(A;) can
be obtained by including higher-order covariant derivatives

VI,UFI,;LU» VI,SVI,JFI,;MM VI,GVI,EVI,JFI,;MM e (7)
Here, the covariant derivative operator
Vl,a = 8(7 + [Al,aa ]

generally is different for each eigenspace, thus depending on
the index /. The number of linearly independent matrices in
Egs. (6) and (7) equals the dimension of Hol(A;) [30,31].

Clearly, if the components A; , are Abelian, then V;, =
d5, and the span of the matrices {F} ,,,, 95 Ff v, - - - Yuvo... 1S
one-dimensional. It follows that Hol(A;) is an Abelian sub-
group of U(d)). Note that even though the above statements
do not provide an explicit recipe for designing specific trans-
formations, their existential nature makes them suitable for
estimating the general potency of a quantum system to gener-
ate holonomies. The dimension of the holonomy group acts as
a natural measure of this potency.

Four-mode fully connected graph

In order to illustrate the rather abstract techniques in-
troduced in the previous section, we give an example of a
four-mode fully connected graph, as shown in Fig. 1(c). Fully
connected graphs constitute the most general type of graphs.
Hence, their Hamiltonians are not expected to possess degen-
erate eigenvalues when arbitrary configurations k = (k,, )fle
are considered. Nevertheless, one can always construct spe-
cific configurations that lead to degenerate subspaces. This is
done as follows.

Let Hy be a time-independent Hamiltonian with some fixed
degeneracy structure. Consider the isospectral Hamiltonian

H (k) = V(o) Hy V' (i), (8)

parameterized over points k¥ = (0, ¢) in .#. For the four-
mode system, let Hy = i} + 71, — fi4 (with 7, = &Z&k), and

VO, 9) = Vi2 (01, 01)Va3(62, 92)V34(63, 93) 9)

is our unitary of choice. Here, ka+1(9k, @) creates mixing
between modes k and k + 1. More specifically, we define
ka+1fl}£‘7kz+l = cos eri“’k&,i + sin Gk&ZH,

Vikr1a) Vi, = cosbee™#aj  —sinfa;,  (10)
which describes a general SU(2) transformation. The trans-
formation (9) is not the most general unitary but is chosen
such that the Hamiltonian (8) is still bilinear in the creation
and annihilation operators. Thus, it can be represented by the
graph in Fig. 1(c).

If a single particle is subjected to the system, the Hamil-
tonian has a 4 x 4 matrix representation H |# . Here, %
denotes the first Fock layer, which contains the single-particle
states |1;) = &i |0). In this Fock layer the system has only a
single dark state,

|D) = €'% cos 05(sin 6, sin 6, |1;) + e cos ) sin 6, |1,)
+e7 cos B, |13)) — sin b | 14) . (11)
A straightforward calculation of the corresponding connection

[see Eq. (2)] reveals (we omit the index [ = O for notational
ease)

Ay = —i cos? 0; sin? 6, cos® 65,
Ay =—i cos’ 6, cos’ 03,

— 2
Ay, = icos” 03,

and Ag, = Ay, = Ap, = 0. The curvature is readily calculated
from Eq. (6). Its nonvanishing components are

Fy0, = —2isin 6 cos 0; sin” 6, cos” 63,

Fy9, =2i cos? 6, sin 6, cos 6, cos’ 03,

Fy6, = —2i cos® 0; sin® 6, sin 65 cos 6,
F,0, = —2isin 6, cos 6, cos® 63,
Fop, = —2i cos® 0, sin 03 cos 03,

Fy6, = 2isin 03 cos 03.

It follows that Abelian holonomies (i.e., Berry phases) can
be designed by adiabatically traversing loops in ./, i.e.,
Hol(A) = U(1).

Next, consider the second Fock layer .%, spanned by the
two-particle states

121), [1112), [1113), [1114), [22),
|1213) ) |1214> ) |23> ) |1314> ) |24> .

The matrix H| 7, supports a threefold-degenerate dark sub-
space with states |Dy) for k = 1,2,3 (the explicit form is
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given in Appendix A). The connection on this subspace is

i 10 0 0
A |02i0 _==]0 1 PUCIRZ))
PO 2 g e
0 0
A,, =icos 26, cos’ 65 -1 0,
0 1
2 0 0
Ay, = icos’6310 —1 0],
0 0 1
0 0 0
Ag, =cos6,| 0 0 — i1
0 eie—en) 0

and Ag, = Ag, = 0. Calculating the curvature (6) and its
first-order covariant derivative gives rise to (only linearly in-
dependent components are shown)

—i 0 0
F¢191|KU= 0 é _ﬁf ’
L0 "5 2
i 0 0
Ff/’1<92|l€o= 0 % ﬁ ’
0 5z
[0 0 0
F¢291|KU= 0 0 i},
_0 i 0
[0 0 0
Vo Foo,le, = 0 iA ﬁi >
0 -
[0 0 o0
V91F<P291|K0= 0 —i 0f, (12)
0 0 i

evaluated at point kg, with ¢ = 0 and 6; = 7 /4. The ma-
trices in Eq. (12) are the (infinitesimal) generators [32] of a
five-dimensional Lie group. This constitutes a lower bound
on the dimension of Hol(A). Nevertheless, the analysis illus-
trates that the two-particle case enables the generation of more
intriguing holonomies than the single-particle case. More
precisely, the two-particle dark states led to a non-Abelian
holonomy group Hol(A), which is a proper subgroup of U(3).

The key observation is that increasing the number of parti-
cles significantly improved the computational capacity (from
Abelian to non-Abelian holonomies) to generate unitaries on
the dark subspace. Intuitively, it is clear that the dimension of
Hol(A) cannot increase continually when the particle number
becomes larger, as this would result in arbitrarily high compu-
tational power while having only limited physical resources in
. This leads us to an interesting question: How far can one
increase the dimension of the holonomy group by subjecting
a larger number of particles to a system?

This question will be addressed in the following section by
means of a particle-number threshold, which constitutes a
formal answer to the issue.

III. PARTICLE-NUMBER THRESHOLD

The previously presented benchmark system revealed the
dependence of a system’s holonomy group on the particle
number N. First, this is due to the fact that the spectral proper-
ties (in particular degeneracy) of a quantum system vary when
the corresponding Hamiltonian A is limited to act on different
Fock layers

ﬁN:{MIanZ,-w)

Xk:nkzN}.

Second, we notice that even if the degeneracy increases, this
does not necessarily mean that it is possible to generate a more
useful (i.e., higher-dimensional) subgroup of unitaries. There-
fore, it is a natural question to ask, What is the particle number
N at which one of the holonomy groups {Hol(4;)}; reaches
its maximal dimension and is therefore the most suitable for
designing a versatile set of unitaries? We refer to the number
of particles necessary for this endeavor as the particle-number
threshold M.

Definition 1. Let H be the Hamiltonian of a quantum
system in second quantization that evolves adiabatically in
time. The particle-number threshold N, denotes the minimum
number of particles necessary to initialize any state in the
eigenspace .77 whose holonomy group Hol(A; ) has the high-
est dimension, i.e.,

dim Hol(A;/) > dim Hol(A))

for all [ labeling the other eigenspaces .7 of H.

In contrast to previous examples, where the focus was on
the dark subspace, finding the PNT N, of a system demands
an analysis of the holonomy groups of each eigenspace .77 in
order to compute dim Hol(A;) for all /.

Intuitively speaking, the highest-dimensional holonomy
group Hol(A,) is the one most useful for manipulating quan-
tum states by geometric means. In order to harness these
transformations, we must be able to prepare quantum informa-
tion in the corresponding eigenspace 7¢7. As |Y) in 77 (kg)
contain at most N; particles, i.e., (¥|a|¥) < N, one has to
be able to prepare this particle number to fully harness the
holonomy group’s potential. In the language of holonomic
quantum computation [9,10] the PNT of a quantum system A
gives the number of particles to be prepared in order to come
as close as possible to the desirable notion of universality.

A. Properties of PNTs

The PNT N, of a (bosonic) quantum system H is, in gen-
eral, hard to calculate, as it demands a calculation of the
connection A; for each eigenspace (there could be infinitely
many). Nevertheless, some general remarks can still be made.
Consider a quantum system that consists of a collection of
noninteracting subsystems, i.e., H = . H,. Suppose that the
PNT N[(“) for each subsystem H, is known and that Hol(AEf'))
denotes its holonomy group with maximal dimension. The
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composite system H then has PNT N, = > Nt(a). This be-
comes evident when noting that the highest-dimensional
holonomy group

Hol(4,) = (X) Hol (A}") (13)

a

is just the tensor product of the holonomy groups Hol(AEf')) of
each individual subsystem. The holonomy group (13) of the
composite system acts on the subspace with energy [, sl(,a ),
where 8;,“) denotes the eigenenergy of the subspace on which
the group Hol(A|") acts.

Next, consider a Hamiltonian with isospectral parametriza-
tion, that is,

H (k) = V() Ho V' (i), (14)

with Ay being a Hamiltonian with fixed degeneracy structure
{d;}; and eigenstates {|v ,)}; . Suppose there is a sufficiently
large parameter space .# such that V(k) is the most general
unitary operator. Adiabatic evolution in the /th eigenspace is
then governed by the most general connection

A = Wipl VI8,V (W14 - (15)

In the above, we made use of the fact that V(k) |Y1.4) are
the eigenstates of (14). By construction, one has Hol(4;) =
U(d;). For such a general parametrization, it is, indeed, the
eigenspace with the largest degeneracy d; > d; that is the one
most desirable for the generation of non-Abelian holonomies.
Hence, N, is the number of particles necessary to populate any
state in the most degenerate eigenspace 577 .

B. PNT of the Kerr-medium Hamiltonian

What happens when ¥ is not an arbitrary unitary and is
limited to some smaller set of physically accessible opera-
tions? For concreteness, consider the two-mode Hamiltonian
associated with a nonlinear Kerr medium

Hy =iy () — 1) + iy — 1),

Here, the unitary 17(01, B, &, ¢)is aproduct of single- and two-
mode displacement,

Dy(e) = exp(ady — @),
R(B) = exp(Batr — B*&nds), (16)
as well as single- and two-mode squeezing,
$k(§) = exple (@] — &),
M(Z) = expl£a}a] — {*aanl, (17)

respectively [33]. By driving coherent displacement («, )
and squeezing parameters (&, ¢) through a closed loop in
# = C*, holonomies on the eigenspaces of H are obtained.
Reference [34] showed that this enables arbitrary U(4) trans-
formations over the zero-eigenvalue eigenspace 7%). This
was done by explicitly constructing loops that implement
the square root of a SWAP gate together with a holonomic
single-qubit rotation. In Ref. [30] the author came to the
same conclusion but via an analysis of the curvature and its
covariant derivatives. Note that the subspace %) [at the base
point (o, B, &, ¢) = 0] is spanned by the number states |0,0,),

[1:0,), 10113), and |11;); that is, two photons are necessary
to initialize any state in the subspace.

In order to determine the PNT of the Kerr-medium
Hamiltonian, one has to check whether the higher-energy
eigenspaces offer any computational advantage; that is, do
we find a holonomy group Hol(4;) > U(4)? Let us make
the first step of this analysis explicit. Given a maximum of
three photons, each of the states |01, 25), |11, 22), |21, 12),
and |21, 0,), spanning the eigenspace 7 with energy &; =
2, can be initialized. Starting from the connection (15) for
V=K (BYM(0)Di(a)S /(£), the curvature (6) and its covariant
derivatives can be calculated (see Appendix B). We find 16
linearly independent matrices; thus, the connection on this
subspace 1is irreducible, i.e., Hol(A;) = U(4). We conclude
that the holonomy group Hol(A ) does not offer any advantage
over Hol(Ap) but demands the preparation of an additional
photon. In order to evaluate the PNT of the system, the
analysis has to be continued for higher-energy eigenspaces
4 (with [ > 2), which demands the preparation of a higher
photon number N.

An extended study (up to N = 50) of the curvature F;
shows that, even though further increasing the particle number
(N > 3) populates subspaces with increased degeneracy (up
to d; = 10 for some eigenspaces), their holonomy groups do
not offer a computational advantage. By that we mean

dim Hol(A;) < dim Hol(Ay),

verified for all eigenspaces .7/ with index [ < 352 (see
Table I). We did so by explicitly calculating the components
F, v of the curvature and their covariant derivatives up to
order 3 (these are too large to display here). The computed
dimension of the groups {Hol(A;)}; did not increase further
after the first-order derivatives, thus giving us high confidence
that the dimension was determined accurately.

There is an intuitive explanation for the fact that
eigenspaces involving higher particle numbers (N > 6) lead
to less useful holonomy groups. The Gaussian operations (16)
and (17) contribute to the evolution only via the connection
A;. The derivative 9, in Eq. (15) that acts on the operators
(16) and (17) leads to creation and annihilation operators
of (at most) quadratic order. Hence, Fock states with larger
differences in their photon numbers cannot be transformed
into each other by a quantum holonomy, even when they lie in
the same subspace.

In summary, the subspace 7 (containing at most two-
particle states) should be preferred when the system is utilized
in a holonomic quantum computation. Therefore, the PNT
of the two-mode Kerr Hamiltonian is N, = 2. Moreover, it
was shown that restricting the parametrization of the Hamil-
tonian (14) to unitaries ¥ that can be implemented by
Gaussian operations (16) and (17) led to most of the system’s
eigenspaces having reducible connections A, i.e., Hol(4;) C
U(d;). Hence, degeneracy became a quantity of secondary in-
terest. In Table I the spectral properties of the two-mode Kerr
Hamiltonian H are listed together with their capacity to gen-
erate holonomies on the eigenspaces 7 (for/ =0, ..., 352).
Note that subspaces with degeneracy d; < 4 are not listed in
in Table I, as it is already clear that their holonomy groups
cannot exceed the dimension of Hol(4p) = U(4).
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TABLE 1. Holonomy groups of the two-mode nonlinear Kerr
medium parameterized by the Gaussian operations (16) and (17).
The degeneracy d, of the [th eigenspace (with energy &;) is shown.
N denotes the number of particles necessary to fully occupy the cor-
responding eigenspace. The number of linear-independent curvature
components F; ,, as well as the dimension of the holonomy group
Hol(A,) are also given. Covariant derivatives were calculated up to
the order of 3.

1 & d; <N dim{F; ,,},»v  dimHol(4;)
0 0 4 2 14 16
1 2 4 3 14 16
5 12 5 6 9 9
16 42 6 10 9 9
26 72 6 13 12 12
37 110 6 15 9 9
45 132 6 17 9 9
54 162 6 19 6 6
60 182 6 20 9 9
70 212 6 21 3 3
78 240 6 21 9 9
87 272 6 24 9 9
99 312 5 26 3 3
108 342 6 27 9 9
113 362 6 27 3 3
130 420 5 30 9 9
131 422 6 30 3 3
141 462 8 31 9 9
157 512 6 33 6 6
168 552 10 34 9 9
199 662 6 36 3 3
208 702 6 38 9 9
215 722 6 39 6 6
222 756 6 38 9 9
225 762 6 40 3 3
238 812 10 41 9 9
266 912 6 42 3 3
274 942 8 44 3 3
285 992 6 45 9 9
306 1062 8 47 3 3
320 1112 6 48 3 3
323 1122 6 48 9 9
346 1202 8 50 3 3
349 1212 6 49 3 3
352 1232 8 50 3 3

C. PNTs of coupled harmonic oscillators

While the exact calculation of a PNT can be a daunt-
ing task, given a collection of coupled harmonic oscillators,
certain specializations arise that can simplify calculations
drastically. In Fig. 1 such systems were represented as graphs.
The calculation of PNTs for such systems would be relevant,
for instance, to the geometric manipulation of multiphoton
states in linear optics [14] as well as linear optical quantum
computation by holonomic means [20].

Population transfer between different Fock layers .%y does
not occur in these systems, as the total number of particles
stays conserved throughout an evolution. From a mathemat-
ical viewpoint, this implies that the system’s Hamiltonian

reveals a block-matrix structure, i.e.,

H:@m%.

NeN

In addition, a spectral decomposition H = > & I1; always
exists, with [T, denoting the projector onto the eigenspace
4. It follows that the eigenspaces themselves admit a similar
decomposition, that is,

1, = P Mz, (18)

N()

where the summation is carried out over those particle num-
bers N (/) at which the corresponding energy &; occurs.

As an example, the Hamiltonian (3) of the A scheme
[Fig. 1(a)] does not possess single-particle eigenstates with
energy 2¢/|k |2 + |k_|?. In other words, the eigenvalue does
not lie in the spectrum of A |#,, but it is an eigenvalue of
the matrix H|z, for N > 2. In this case, the sum in Eq. (18)
corresponds to an infinite series starting with N(/) = 2, 3, ....

If, additionally, the evolution is assumed to be adiabatic,
population transfer occurs within each eigenspace separately.
Hence, the decomposition (18) is inherited by the time-
evolution operator (quantum holonomy)

Un, () = P Us )l 700, (19)

N()

Remarkably, the connection will always be reducible for such
a system because it is not possible to generate transformations
between different Fock layers. The best that one can hope
for is to find is a highly degenerate N-particle block in the
eigenspace 777 such that the holonomy Uy, (v )|z, realizes any
unitary transformation on the subspace .7¢7| #, . This is nothing
but a geometric incarnation of the well-known fact that net-
works of coupled oscillators (by themselves) do not allow for
universal quantum computation [35] and must be supported
by additional resources, such as measurement-induced non-
linearities [36,37].

Note that even though the quantum holonomy (19) can
have an infinite-dimensional matrix representation, it might
still be commuting, that is, Ua, (y)Us, (y') = Ua,(y")Uas, (y)
for any two loops y and y’ in .#. For the purpose of illus-
tration, consider the Hamiltonian (3) of the A scheme [see
Fig. 1(a)], which gives rise to an infinite-dimensional dark
subspace. For a single photon, the matrix H |z, has only one
dark state. Given two or three photons in the setup, H | 7, and
H| 7, both have two dark states. Subjecting four photons to
the system leads to a Hamiltonian matrix H | 7, with three dark
states. Even though degeneracy further increases, the quantum
holonomy

UA@'?]

UA0 = UAo |92

will remain Abelian because the N-particle block

Upy (V)| 7, = diag(e™?0), ... e ND))

is itself a diagonal matrix [see Eq. (5) for N = 2]. Here,
¢(y) is the geometric phase defined in Eq. (4). The above
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analysis illustrates that increasing the particle number in the
photonic A scheme does not increase the holonomy group’s
dimension; that is, it stays Abelian. Similar arguments hold for
the other eigenspaces of the system, and thus, a single photon
is sufficient to generate any phase in U(1). Hence, the PNT is
N =1

Three-mode fully connected graph

Consider a setup containing three oscillator modes a and
ay. Coupling between the modes is described by the param-
eters k+ and ko, respectively. The system corresponds to the
three-mode fully connected graph shown in Fig. 1(d).

For simplicity, its Hamiltonian is considered to be in the
configuration

H(@8, 9) = V0, 9)H)V' (8, 9), (20)
with Hy = /i, — ii_. In the above equation,

V0, 9) = Vio(Os, 01 )Wo_(6-, 9_),

with the operator ka+1 defined in Eq. (10). The 3 x 3 matrix
H |z, possesses single-particle eigenstates

IB,) = cosf e |1,) —sin6_|1p),
|D) = cosO_e"(cosO e % |1,) — sinOy |1g))
—sin6_|1_),
|B_) = cosf_e - |1_)
— sinO_(cos Oye ¥+ |1o) — sin b, 1)),

with eigenenergies e+ = &1 and ¢y = 0. The connection for
each eigenvalue is readily calculated via Eq. (2), leading to the
nonvanishing components

ALy, = icos® 6y, App. = icos® By,

A_, = —isin’ 0, cos’ 6, A_, = —icos?0_.

When given more than just a single particle, the Hamil-
tonian (20) gives rise to degenerate subspaces; for example,
considering two particles in the system, the 6 x 6 matrix
H| 7, possesses two dark states. However, in the following it
will be shown that the resulting holonomies are still Abelian
for arbitrary particle numbers N. It is a well-known fact for
coupled-mode systems that knowing the single-particle evolu-
tion is equivalent to knowing the evolution of the modes day (¢)
in the Heisenberg picture [33], viz.,

al(T) = T el 4+51(0), ay(T) = efAO&S(O)'

Subsequently, the evolution of any N-particle state can be

given explicitly. It follows that the state can attain only a Berry
phase as well. The initial N-particle state

1 + N N

W(0)) = ———— (@b )y @@ y- |0

[W(0)) —m!no!n_!( 4+ (@) @)™ 10)

(N = n4 + no + n_) adiabatically evolves into
(W(T)) = eI Ao Fhog T4 |n,) ® ng) ® ),

accumulating a (scalar) geometric phase.
We thus conclude that, independent of the provided par-
ticle number N, the holonomy group can be only Abelian.

Hence, the PNT of the system is N, = 1, as moving beyond
the single-particle case did not lead to more versatile groups
of holonomies, just higher-dimensional representations of the
group U(1). The above argument is the special case of a
more general bosonic-operator framework which we devised
in Ref. [20]. This formalism enables a photon-number-
independent description of holonomies and thus might be
useful for the calculation of PNTs in coupled-mode systems.

D. PNTs of fermionic systems

So far, all considered quantum systems were bosonic in
nature. Nevertheless, the definition of a PNT is applicable to
any quantum system given in the second quantization (see
Sec. III). Fermionic modes are associated with creation and
annihilation operators satisfying canonical anticommutation
relations. Because of this, the most prominent difference
from the bosonic setups studied previously is that fermions
have to obey the Pauli principle, i.e., two fermions cannot
occupy the same mode simultaneously. This drastically re-
duces the number of possible states in a system, and in
particular, the corresponding Hilbert space (Fock space) is
finite-dimensional. Hence, the calculation of the PNT of a
fermionic system becomes much more manageable in com-
parison to bosonic systems.

PNTs can also be calculated for systems comprising both
bosonic and fermionic modes. As an elementary example,
consider the Jaynes-Cummings Hamiltonian describing the
interaction between an incident light field and a single atomic
energy level at resonance. Within the rotating-wave approxi-
mation, the Hamiltonian reads [33]

Hic =waA6T6™ + o +r@é” +ash),

with wa being the resonance frequency of the atom, w. being
the frequency of the incident light field, and « describing the
strength of the light-matter interaction. The atomic ladder op-
erators 6~ and 67 = (6 ) shift an electron from the ground
to the excited state and vice versa. The system possesses
a nondegenerate spectrum {e,+},cn With the corresponding
eigenstates

|nT) =sin@ |g, n+ 1) +cosb |e, n),
[n") =cosf|g,n+ 1) —sinf |e, n),

where tan(20) = 2k+/n + 1/(w. — wa) and n is the photon
number. This form of the eigenstates highlights that the un-
derlying parameter space does not possess any curvature, i.e.,
F,x po = 0 for all photon numbers n € N. Hence, the system
is not suitable for the generation of quantum holonomies, and
this is reflected in the PNT, i.e., N; = 0.

IV. DISCUSSION

In this article we studied quantum holonomies in relation
to the particle number in a system. It was shown that increas-
ing the number of particles can lead to a higher-dimensional
holonomy group, thus improving the capabilities of the sys-
tem to generate useful unitaries. We introduced the PNT of
a quantum system, which denotes the minimal number of
particles necessary to fully exploit the system’s capacity for
generating a versatile set of quantum holonomies. In addition
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to some general statements that could be made about PNTs,
we illustrated the theory in terms of benchmark examples
relevant to linear and nonlinear quantum optics. We saw that
for systems of coupled oscillators only the N;-particle block
of an eigenspace contributes to its holonomy group relevantly
because the particle number N; subjected to the system does
not change throughout the propagation. This result appears to
be relevant to linear optical quantum computation by adiabatic
means. We argued that the results presented are applicable to
both bosonic and fermionic systems of interest. Our general
investigation hints at the utility of the concept in assessing
the capabilities of different quantum systems to perform holo-
nomic quantum computations in terms of holonomies. PNTs
might also be relevant to the simulation of gauge groups in
terms of adiabatic parameter variations.

Currently, there is a lack of analytical tools to compute
PNTs. While this is a straightforward task for fermionic sys-
tems, it becomes a challenging issue for bosonic systems,
where there is no bound on the particle number. Estimations

J

of the PNT up to some finite particle number might be suf-
ficient for most practical purposes, but general strategies for
calculating PNTs can be relevant for a deeper understanding
of many-particle physics in an adiabatic setting.
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APPENDIX A: TWO-PARTICLE DARK STATES OF THE
FOUR-MODE FULLY CONNECTED GRAPH

In this Appendix, we give the two-particle dark states of the
Hamiltonian matrix H|z, of the four-mode fully connected
graph shown in Fig. 1(c). The isospectral Hamiltonian of the
system is given in Eq. (8). The three dark states of the system
read

| ) . ) ) ) .
|D1) = E(e“"3 sin 0; sin 6, cos 63a, + &3¢ cos ) sin 6, cos 93&; + €979 cos 6, cos 034y — sin 93&1 )2 10),

|D,) = (sin 6 sin 6, sin 65a, + ¢~'*' cos 6; sin 6, sin 93&; + e ' cos 6, sin 036% + e "% cos 03&1)

x ("' cos b4 — sin6,a})|0),

ID3) = (sin ) sin 6, sin B3] + ¢~ cos 6 sin 6, sin 033 + e~ cos B, sin 634} + e~ cos 63a))

x (€' sin 6) cos 62! + €279 cos 6; cos 6>4}) |0) ,

where the parameter angles (6, ¢ ) are defined in Eq. (10).

APPENDIX B: CURVATURE ON THE SUBSPACE 7 OF THE KERR-MEDIUM HAMILTONIAN

Given the isospectral family H = VHy V' of the Kerr-medium Hamiltonian

Hy = iy — 1) 4 fa(fy — 1),

non-Abelian holonomies are generated over the eigenspace .77 (with energy ¢; = 2) due to a mixing of the eigenstates

V104, 2,),

where

V11, 2,),

V21, 1), V21,00,

V(r, 0) = K (r4e™ )M (13D 1 (r1")8; (126

is a product of the single- and two-mode operations in Egs. (16) and (17).
Calculating the connection A; on this subspace via Eq. (15) reveals nonvanishing components

0 -1 0 O 0 0 0 0
1 0 0 O 0 0 0 —2e
Al,rll(O,;') = 0 0o 0 ol Al,r4|(0,£) = 0 0 0 0 s
K 0 0 O 0 2% 0 0
[ 4irys;|ss| 0 0 0
Aol _ 0 20145182 | 0 2i¢* cos(2ry)
LA 105 = 0 0 —4irysi|sa| 0 ’
0 2i¢ cos(2ry) 0 —2ir481]|82]
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where s; = cos(|¢]), 52 = ¢ sin(|¢]), and ¢ = r4e™®. Above, we evaluated the connection at a point with r; = r, = r; = 0 and
6; = 6, = 63 = 0. The corresponding curvature (6) [evaluated at (0, ¢ )] can be computed as

[0 -2 0 0 00 0 O 0 0 0 0
2 0 0 0 0 0 0 O 0 0 0 4
Firnloo = o 0 0 ol Fi il = 00 0 -1 Fi ol = o 0 o0 ol
_0 0 0 O 0 0 1 0 0O -4 0 O
[0 0 0 2ei0s 0 0 0 —2iz* cos(2ry)
0 0 0 0 0 0 0 0
Finnloo =1 0 0 et | Frnedos = 0 0 0 it cos(2ry)
_—2e"94 0 —eits 0 —2i¢ cos(Qry) 0 iZ*cos(2ry) 0
[4i[rs cos(2rs) + 511211 0 0 0
F | . 0 —2i[3r4 cos(2ry) — s1|82|] 0 —4i|s,|2e~ 10
Lrafa1(0.6) = 0 0 —2i[rs cos(2rs) + 51521 0
i 0 —4i|s, %€ 0 2i[3r4 cos(2rs) — s1]s2|]
Its first-order covariant derivatives are found to be
0 —2i 0 0 0 0 0]
—2i 0 0 0 0 0 —De~s
V01Fl,r1r2|(0,§) = 0 0 0 ol Vr4F1,l‘1r3|(0,C) = 0 2€i94 0 ol
i 0 0 0 0 0 0 0 O_
[0 0 0 —deis 0 0 0 0]
0 0 0 0 0 0 0 —4i
Vr4Fl,r1rz|(0,{) = 0 0 0 0 > VrzFl,rzrz |(0,§) =10 0 0 0
(40 0 0 0 —4 0 0 |
[0 0 0 0 0 0 0 0
10 0 2i* cos(2ry) 0 |0 —1I6isin(6s) O 0
VaFinnloo =1 2it cos(2ry) 0 2irsi|sa| | VeFinsloo =g 0 0 0 ’
0 0 2iras1 |82 0 0 0 0 16isin(6s)
[2i 0 0 o0 4i sin(6s) 0 0 0
{0 6 0 0 . 0 12i sin(0y4) 0 0
ViFinaloo =109 o 4 of Vefieleo=1"g 0 20isin@) 0
(0 0 0 4 0 0 0 20i sin(64)
The second-order derivatives [evaluated at (0, ¢)] read
0 0 De it 0
0 0 0 0
VaVeFinnlon =\ _oht 0 2isin,) 0 ’
i 0 0 0 —2isin(6,)
0 0 —2i¢* cos(2ry) 0
0 0 0 0
VaVaFinnloo = —2it cos(2ry) 0 2irycos(bs)cos(2rs) 0
i 0 0 0 —2ir4 cos(64) cos(2ry)

The evaluation at point (0, ¢) suffices to show that these are 16 linearly independent matrices. It follows that the corresponding
holonomy group Hol(A) is isomorphic to a 16-dimensional Lie group. More specifically, we have Hol(4,) = U(4); that is, the

connection is irreducible.
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