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Indefinite causal order is a key feature involved in the study of quantum higher-order transformations.
Recently, intense research has been focused on possible advantages related to the lack of definite causal order
of quantum processes. Quite often the quantum switch is claimed to provide advantages in information-theoretic
and thermodynamic tasks. We address here the question of whether indefinite causal order is a resource for
quantum thermodynamics. Inspired by previous results in the literature, we show that indefinite causal order

is not necessary for the reported increase in free energy and ergotropy. More specifically, we show that a
simple causally ordered process, which replaces the system’s state with a new one before the final measurement,
outperforms the quantum switch in all thermodynamic tasks considered so far. We further show that a similar
advantage can also be achieved without completely discarding system if we allow for non-Markovian interactions
between the system and an environment. We extend the analysis to more extreme examples of indefinite causal
order, showing that they do not provide an advantage either. Finally, we discuss a possible way to study the
advantages that may arise from indefinite causal order in a general scenario.
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I. INTRODUCTION

Classical and quantum physics are causal in the sense
that the relative temporal order between two given (causally
connected) events is always defined [1]. However, there ex-
ist scenarios in which we can locally ascribe an indefinite
causal order to quantum events. References [2,3] introduce
indefinite causal order from the perspective of operational
probability theories, while a model based on the structure of
the Hilbert space is considered in Refs. [4—6]. Many theoreti-
cal and experimental developments followed these pioneering
studies. Among these achievements, we can cite applications
to thermodynamics [7-11], the quantum nature of gravity
[12—14], relativistic quantum information [15,16], founda-
tions of quantum mechanics [17-21], communication theory
[22-24], quantum computation [25,26], quantum metrology
[27,28], and other information-theoretic tasks [29-31], just to
mention a few recent ones. Recent experiments along these
lines were also reported [32—-36] (see also Ref. [37]).

A quantum process is said to have indefinite causal order if
it cannot be written as a probabilistic mixture of processes
with a fixed causal order, the so-called causally separable
processes [5,38,39]. An interesting class of higher-order quan-
tum operations violating this condition is the set of processes
with quantum control of causal order [40], which includes
the remarkable example of the quantum switch [4]. This class
consists of processes where the order in which events occur is
controlled by a quantum system, and it has been shown to be
a valuable resource for various information-processing tasks
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[4,29,31,35,36,41-43]. A resource theory approach for quan-
tum control of causal orders was developed in Refs. [44,45].

The quantum switch was also employed in the context of
quantum thermodynamics [7-10]. In Ref. [7], the quantum
switch applied to two measurement channels was considered
in the study of a thermal device (such as a heat engine, for
instance). The authors of Ref. [8] claimed that the lack of
causal order is responsible for an advantage in a refrigeration
cycle over the ordered sequential use of quantum channels.
In Ref. [9], it has been considered that the thermalization
process given by two distinct channels taking place in indef-
inite causal order provided by a quantum switch can enhance
work extraction when compared with the sequential version.
In Ref. [10], the ergotropy was employed as a figure of merit
in order to provide similar results to [9]. It is interesting to
note that these results are based on the same fundamental task,
i.e., the implementation of quantum control of causal order. It
is important to mention that although the authors in Ref. [9]
explicitly claim that the causal nonseparability of the process
is responsible for the thermodynamic advantages found in
their study, the same is not the case in Ref. [10].

The results in Refs. [9,10] follow a similar methodology
to that in Refs. [41,46,47], which show that the quantum
switch can increase the communication capacity of noisy
quantum channels. However, it has been demonstrated that
simpler circuit models with definite causal order can pro-
vide an even larger communication enhancement than the
quantum switch, casting doubt on whether indefinite causal
order offers any advantage for these particular tasks [48,49].
It is therefore reasonable to also ask to what extent indefinite
causal order is responsible for the reported thermodynamic
advantages.

©2023 American Physical Society
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In this work, we consider the role of processes with indef-
inite causal order in quantum thermodynamics. We address
the question of whether indefinite causal order implies any
advantage for quantum thermodynamic tasks. Taking two
figures of merit, in the same settings as in Refs. [9,10]—
namely free energy and ergotropy—we show that indefinite
causal order is not a fundamental resource for the tasks con-
sidered here, in a similar vein as Refs. [48,49]. Moreover,
we show that non-Markovian quantum processes—that is,
causally ordered processes with environment-mediated tem-
poral correlations—imply thermodynamic advantages similar
to or beyond the quantum switch devices.

It is important to observe here that, instead of ruling out
the possibility that the lack of causal order can be identified
as a thermodynamic resource, our results indicate that a novel
approach must be considered in order to identify such a con-
tribution in a general scenario. We briefly discuss this issue at
the end of the paper.

The paper is organized as follows. In Sec. II we review the
process matrix formalism used throughout the text in order
to represent the higher-order quantum operations. The main
results of the paper are presented in Sec. III, while a general
discussion along with our final comments are left to Sec. IV.

II. QUANTUM PROCESSES

To each quantum system A is associated a Hilbert space.
We denote a quantum system and its Hilbert space with the
same symbol. A composite quantum system is denoted as AB,
for instance. The space of linear transformations from an input
Hilbert space A; to an output Hilbert space Ay is denoted as
L(A;, Ap). In the case in which the input and the output are
equal, we make use of the notation L(A) := L(A, A). The state
of a quantum system A is a positive-semidefinite operator p €
L(A) with unit trace [50].

We denote the collection of linear maps from L(A;) to
L(Ap) with T(A;,Ap). A quantum channel is a completely
positive and trace-preserving linear map A € T (A;, Ap) [50].

There are several equivalent formulations of the process
formalism. For our purposes, it is convenient to focus on the
supermap formulation, first introduced in Ref. [51]. The word
supermap refers to the fact that it is a transformation of maps
into maps. A supermap denoted with W is n-partite if it is a
linear transformation of a collection of linear maps (A;)"_, to
a linear map B. The input and output spaces of 3 are called
the global past and future of the supermap, respectively.

For instance, consider the case of bipartite supermaps,
which take as input a pair of channels A4; € T(A;]), A(Ol)) and
A, eT (A;z), Ag) ), and transform them into an output channel
B € T (P, F) with global past and future systems denoted by P
and F, respectively. Processes are said to have the same form
whenever they belong to the same class,

L(T (A", AD)) x T(AP, AS)), T(P, F)),

or any isomorphic space; the symbol “x” stands for the Carte-
sian product of sets. This definition extends trivially to general
multipartite processes.

Consider a collection of bipartite quantum channels

Aj L(AYAY)) — L(AYAY)), (1)

(A, B) w C
® - I
A%%
A® B X C
] i
w
JA® 8 e

FIG. 1. Illustration of the Choi representation of a processes. To
each bilinear supermap W, there is a unique linear supermap w
such that W(A, B) = W(.A ® B). This property follows from the
universal property of the tensor product [54]. Furthermore, those su-
permaps can be considered equivalent ones. The proof of existence of
the linear map W mapping the tensor product of the Choi operators
of the input channels A and B into the Choi operator of the output
channel C can be found in Ref. [52]. The process matrix is defined as
W =TIy [5,38].

with j € {1,...,n}, where I and O label input and output
systems, respectively. A supermap acts trivially on the ancil-
lary systems A;j), Ag) if it has the foom W QR I, ® --- L,
with I; being the identity supermap acting on the space of
linear maps L(A\") — L(A%)). Importantly, we say that W is
a valid quantum process whenever W®I; ® - - - ® I,, maps
any collection of quantum channels 4; as defined in Eq. (1)—
with input and output systems of arbitrary dimensions—to an
output quantum channel. We refer the reader to Refs. [51,52]
for a discussion on monopartite processes, and we consider
here only the cases of bipartite and tripartite ones. The exten-
sion of the results presented here to the multipartite case is
straightforward.

By means of the Choi representation of channels [50,53], it
is possible to represent a process W in terms of an operator W
called the process matrix of W [5,51]. Here, the Choi operator
of a linear map A is denoted as J 4. Thus, if C = W(A, B)
(mapping A and B into C), then it follows that

Jo = Trag[Whe(J4 ® Js @ 1)), (2)

where A = A;Ap (with equivalent definition for B), Typ is the
partial transposition of subsystems A and B, while 1 represents
the identity operator acting on C. Figure 1 shows a diagram
illustrating such a representation of quantum processes. For
a linear operator to represent the process matrix of a valid
quantum process, it must satisfy specific conditions, which are
explicitly stated in Ref. [38].

A. Relevant processes

In this work, we will compare the performance of differ-
ent processes for two thermodynamic tasks: free energy and
ergotropy extraction. Our processes of interest are defined
in what follows. The particular examples considered in this
manuscript have been chosen in order to be compared with
the previous results reported in Refs. [9,10].
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FIG. 2. Probabilistic mixture of channel compositions. The com-
positions of channels A — B and B — A are diagrammatically
represented in panels (a) and (b), respectively. Probabilistic mixtures
of different orders of concatenation of channels are represented in
panel (c).

1. Channel composition and probabilistic mixtures

Let us consider a simple bipartite process, which is given
by a composition of two channels. There are two processes of
this form, namely

Wuipg(A B)y=BoA 3)
and
Wi a(A,B)=AoB. 4

In the first case, Ao is a copy of By, while in the second one,
By is a copy of A;. See Fig. 2 for a pictorial representation.

Additionally, if all the involved spaces are copies of each
other, we can define a probabilistic mixture of such a pro-
cesses as

W=gW,_ g+ (1 —q)Ws_4, )

with0 < g < 1.
Labeling the global input and output systems by C; and Cop,
respectively, we can define the vector

|A— B) = 1)) ® 1)) ® 1)), (6)

where |1)) = Y. |i) ® |i) is the pure Choi representation of
the identity operator for an orthonormal basis {|i)} [38]. The
right-hand side of Eq. (6) is ordered as PA;AoB;BoF.

Defining |B — A) similar to Eq. (6), but ordered as
PB;BpAjAoF , we can construct the process matrices associ-
ated with W,_, g and Wp_, 4 as

Wasp=1A — B){A — B| (7N
and
Wp_a = |B — A)(B — A, ®)

respectively. A process is called pure if it is represented by a
rank-1 process matrix W = |w)(w]; in that case, |w) is called
a process vector [38].

P Ar Ao Br Bo F
M A No B N3
(b A A B B
1 O 1 O
A
A e e s
— M Na Nz —
E1 E2

FIG. 3. Causally ordered processes. Markov processes are di-
agrammatically represented in top panel (a), while non-Markov
processes—allowing for quantum memory—are represented in bot-
tom panel (b).

The process matrix associated with the process defined in
Eq. (5) is given by

W =gWap+ (1 — q@)Wp_a. )

Using Eq. (9) along with Eq. (2), we can construct a matrix
representation of the process defined in Eq. (5).

2. Non-Markovian processes

A Markov process is defined by the composition of quan-
tum channels similar to Eq. (3), but allowing for arbitrary
transformations on the input and output systems of the quan-
tum channels A and B.

Let N} : L(P) — L(A;), N> : L(Ap) — L(By), and Nj :
L(Bp) — L(F) be quantum channels. A Markov process is
a supermap of the form

W(A, B)=Ns0BoN,0AoN,. (10)

We note that the composition process is recovered whenever
N1, N>, and N; are identity channels. See the top panel of
Fig. 3 in comparison with the top panel of Fig. 2.

On the other hand, a process is non-Markovian if it cannot
be written in the form (10), which implies the presence of non-
trivial system-environment correlations through a sequence of
quantum operations [55-64]; see the bottom panel of Fig. 3.
We refer the reader to Refs. [65,66] for review articles, and
to Refs. [67—69] for applications in quantum stochastic ther-
modynamics. In general, a bipartite non-Markov quantum
process is of the form

Wi s(A, B)=N30(BRI?)o N0 (ARTH)o N,
1D
for appropriate fixed bipartite quantum channels A, N>, and
Nj;. The operation ZF is the identity channel acting on the
environment E. Note that whenever E; and E, are trivial one-
dimensional systems, we recover Markov processes.

In Eq. (11), the quantum operation .4 precedes the opera-
tion B. Nevertheless, we can define a non-Markovian process
such that the opposite situation happens, denoted as B < A.
A quantum process is called causally separable if it can be
written as a probabilistic mixture of (possibly non-Markovian)
processes with definite, albeit possibly different, causal orders
[5]. That is,

Weep = qWa<p + (1 — ¢)Wp=a, (12)
with 0 < ¢ < 1.
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3. Bipartite quantum switch

A less trivial example of a process is the quantum control
of causal order. The bipartite quantum switch was introduced
in Ref. [29] in order to address the problem of quantum
computation in processes with indefinite causal order.

The quantum switch has a bipartite global past and future
denoted as P = §;Q; and F = SpQyp, respectively. The ancilla
Qi) is a qubit system responsible for controlling the two
possible orderings, being therefore called the control system.
On the other hand, the system Sy is called the target system.
The input (output) target system S; o) is a copy of the systems
A[(O) and B[(O).

This is a pure process with an associated process matrix de-
noted as W gwitcch = |Wa-switch) {W2-switch |, and a process vector
given by two orthogonal terms

|Wa-switch) = |wo) + |wy). (13)

The vector defined as |wy) = |JA — B)|0, 0) is ordered as
SIAIAOBIBOSOQIQOs while |w1) = |B — A>|1, 1) is ordered
according to S;B;BpA1A0S0 Q100

The quantum switch defines a quantum control of the or-
ders A — B and B — A. For instance, preparing the control
system Q; in the state |0) results in the process

Waswiten[ A, Bl(p ® [0)(0]) = Wa_.5[A, Bl(p) ® |0)(0],
(14)
while preparing it in the state |1) gives us

Woswiten[A, Bl(p @ [1)(1]) = W4 A, Bl(p) ® [1)(1].
(15)
Now, if the control system is started in the superposition
[+) = (]0) + |1))/ V2, we have a nontrivial quantum control
of the orders A — B and B — A. We refer the reader to
Ref. [38,41,70] for a detailed discussion of this phenomenon.

4. Tripartite quantum switch

When considering the sequential action of three channels
A, B, and C, there are six possible orderings, and moreover,
we can also define a quantum control of the orders of three
quantum operations. This quantum process is called tripar-
tite quantum switch, and the interested reader is referred to
Refs. [40,71] for more details.

Here, we consider a quantum control between the orders
A — B — Cand C — B — A, which is given by the process
vector

|w3.switch) = 5[4 — B — C) ® |0)

+1C = B = A)®[1)]. (16)

The vectors |[A— B — C)® |0) and |[C — B — A) ® |1)
are defined as |1)) ® |1)) ® |1)) ® |0) and [1)) ® |1)) ®
|1)) ® |1), with systems ordered as S;ABCSoQIQo and
SiCBAS0Q;Qo, respectively. The systems S; ) and Qy (o) are
target and control systems, respectively. Thus, the process rep-
resented by Wa_switch = |W3-switch) {W3-switen| 18 tripartite, with
global bipartite past and future P = S;Q; and F = SpQo,
respectively.

5. A tripartite process with indefinite causal order

We consider the tripartite process Wpygan, defined in
Ref. [72]. Each channel’s input (output) system A;y, Bio),
Ci(0) 1s a qubit. The global past and future spaces, P and F,
consist of three qubits each, and therefore it can be written
as a triple of qubits P = PDPAPB) and F = FOFAF®),
This process has been shown to violate causal inequalities
[73], which implies indefinite causal order. It is interesting
to observe here that the opposite is not true, since indefinite
causal order does not necessarily imply a violation of a causal
inequality. This is akin to a violation of a Bell inequality,
which certainly implies entanglement, but the existence of
entanglement is not enough for a state to violate a Bell in-
equality. It is defined by the process matrix

WLugano = |wLugan0) (wLugano|» (17)

with the associated process vector

IwLugano>= Z |r®_‘j/\k,s@_‘k/\i,t®—'i/\j>

i,j.k,r,s,t

Q |5, 1) @i, j, k) ® i, j, k) (18)

being ordered as A;B;C;PFAoBoCp. The summations run
over {0, 1}, while & represents addition modulo-2. The logical
NOT and AND operations are represented by — and A, respec-
tively.

Some information related to previous results concerning
the process defined in Eq. (18) is in order before we move to
the next section. The higher-order quantum operation Wi ygano
was first defined in Ref. [73], and shown there to be a valuable
instance of a process violating causal inequalities. The super-
channel version presented here appeared in Ref. [72], where it
has been shown to be an example of a process violating causal
inequalities, and still preserving unitary quantum operations.
This process corresponds to a purely classical process with
no causal order that can be interpreted as a closed timelike
curve [74,75]. It has been called the “Lugano process” in the
literature; see Ref. [14], for instance.

III. QUANTUM PROCESSES AND THERMODYNAMIC
TASKS

We are now ready to present the main results of this study.
This section is organized as follows. In Sec. IIIA we re-
view the scenario in which indefinite causal order has been
claimed to provide an advantage for quantum thermodynam-
ics in Refs. [9,10]. In Sec. III B we present a criticism on the
comparison of processes previously presented in the litera-
ture. Section III C contains our main results. In particular, we
show that there is a causally ordered non-Markovian quantum
process with similar performance to the quantum switch with
respect to the thermodynamic tasks addressed in Refs. [9,10].
Moreover, we show the existence of a quantum process with
indefinite causal order for which no thermodynamic advan-
tage can be extracted under the specified range of parameters
considered in our protocol.
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A. Previous work

We consider quantum processes acting on quantum chan-
nels whose input and output are qubit systems. The operations
examined here are the generalized amplitude damping (GAD)
channel R, ; [76,77], depending upon 0 < p <1 and 0 <
A < 1, and the phase flip (PF) channel 7,, parametrized by
0 < g < 1[77]. The GAD channel has Kraus decomposition
[9]

Ry = /p(10)(0] + ~T—A[1)(1]), (19)
Ry = /1= p(W/T = 2|0)(0] + [1)(1]), (20)
Ry = \/pAl0)(1], Q1)

Ry = /(1 = p)Al1)(0]. (22)

The GAD for A =1 is denoted here as R, := R, ;. The PF
channel is represented by Kraus operators [9]

Ty = \/q1, (23)

L =1-qo, 24)

where o, = [0)(0] — |1)(1| is the Pauli operator in the z-
direction.

The quantum operations R, () = Z?:l Ri(-)R] and
T,() = Z,'z=1 Ti(-)TiT are among the most studied noise mod-
els in the theory of open quantum systems [78]. Importantly,
the composition of R, and 7, in any order results in a ther-
malization process for input systems, resulting in a diagonal
quantum state in the energy eigenbasis as the output. Let the
initial system S; be in a diagonal state with respect to the
energy eigenbasis, that is, p = r|0)(0] + (1 — r)|1)(1| with
0 < r < 1. Thus, any of the channel compositions R, o 7,
and 7, o R, results in an output system Sy in the thermal state
[91,

P _SPCBH) 03)

Trexp(=pH)]

with inverse temperature B = log,[p/(1 — p)] and Hamilto-
nian H = |1)(1]. That is because 7, preserves the diagonal
states, while /%, transforms diagonal states into 7. This defines
a thermal state and a reference inverse temperature 8. Note
that this is the same setting considered in Refs. [9,10], so we
can properly compare our results.

To study quantum processes from the quantum thermody-
namics perspective, we consider two figures of merit: free
energy, as considered in Ref. [9], and ergotropy, studied in
Ref. [10].

The authors of Refs. [9,10] showed that plugging the chan-
nels R, and 7, into the quantum switch, thus implementing
a quantum control of the order in which they act, results in
a thermodynamic advantage with respect to all probabilistic
mixtures of the channel compositions for the particular range
of parameters considered in their study. That is, the quan-
tum switch implies an increase in free energy or ergotropy
when compared to the simple compositions of channels, or
any probabilistic mixtures of the compositions, for the set-
ting of parameters considered. Moreover, it has been claimed
that—for the specific range of parameters under analysis—the

A4 15 g
St Ao
Q1 Q

FIG. 4. Causally ordered process with arbitrary thermodynamic
advantage. Any two channels A and B (with appropriate dimen-
sions of input and output spaces) are mapped to the replacement
channel C(X) = Tr[X]o . This can be modeled as a SWAP operation—
represented in the dashed box—between the system and an
environment prepared in state o. As the state ¢ can have arbitrary
free energy (or any desired properties), this causally ordered process
offers an arbitrary “advantage” as opposed to the simple sequential
application of .4 and B on an input system.

indefinite causal order represented by the quantum switch
operation results in a thermodynamic advantage [9,10]. Here,
we argue that indefinite causal order on its own does not result
in thermodynamic advantages for quantum processes when
considering a comparison of superchannels of the same form.

B. Comparison of processes

The quantum switch is defined in Refs. [9,10] with extra
resources when compared to the composition of channels,
namely the ancillary system responsible for the coherent con-
trol of orders in which the quantum operations are applied to
the target system. Therefore, it is not entirely fair to compare
the switch to the sequential application of operations, without
the involvement of any additional system.

In fact, if we do not impose any restriction apart from
definite causal order, one can always trivially increase the free
energy (or the ergotropy) of a quantum system. As a simple
example, let o be a quantum state with the desired property
(free energy or ergotropy). We can define a causally ordered
quantum process such that any input (A, B) is mapped to the
replacement channel C(X) = Tr[X]o. This can be realized
physically by exchanging the target system with that of an
uncorrelated ancilla prepared in state o; see Fig. 4. Thus,
independently of the action of the channels .A and 15, and of
the system’s global past state, we can have arbitrary thermo-
dynamic advantages defined by the fixed quantum state o.

This example might not be fully satisfactory, as the chan-
nels A, B play no role in determining the final state, and
the thermodynamic performance can be fully attributed to an
independent system. This is quite different from the setup in
Refs. [9,10], where the advantage is obtained after measuring
an ancillary system and projecting the target on a particular
state. In such protocols, ignoring the outcome of the mea-
surement on the ancilla washes away the result. To provide a
fair comparison between schemes with and without indefinite
causal order, which have access to the same resources, we will
restrict ourselves to the class of protocols depicted in Fig. 5,
of which the setups in Refs. [9,10] are particular cases.

In detail, such protocols start with a system S; and an
ancilla Q; that are initially in a product state, p ® |¢){¢|,
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FIG. 5. Bipartite processes. We consider only bipartite processes
with bipartite global past and future. The global past state is uncorre-
lated, and the ancillary system is started in a pure state. A projective
measurement is performed on the global future ancillary system. The
free energy of the target system is averaged over the results of the
measurement of the ancillary system.

where the ancilla’s state |¢) is assumed to be pure. System
and ancilla are then fed into the global past of a bipartite (or,
as a generalization, tripartite) quantum process.

After the action of the process on the channels, the
global state of the output system SpQp may be entangled—
depending upon the particular process. Then, a local projec-
tive measurement in a particular orthonormal basis {|zo), |z1)}
is performed on the ancillary system. The measurement is
defined by the operators M; = 1 ® Z;, with Z; = |z;){z;| and
Jj =0, 1. Measuring the outcome j € {0, 1} with probability
(with similar definition for tripartite processes)

pj = TrIM;W[A, Bl(p ® |¢){¢|)]

results in the conditional postmeasurement state

1 .
o =—M;WI[A, Bl(p ® lo){p)M . (26)
pj /

The relevant figures of merit are the average output free
energy and ergotropy defined as

T(W):= )Y piT(), 27)

j=0,1

where T generically denotes free energy F' or ergotropy E of
a quantum system. In general, the quantity defined in Eq. (27)
is a function of the initial state of S;, input quantum channels
(A, B), and measurement operators {My, M1}.

C. Non-Markovian processes as a thermodynamic resource

As we have seen, it is easy to reproduce an advantage in a
thermodynamic process (increasing free energy or ergotropy)
when an additional system, beyond the original one of interest,
is available. The simplest example is the process shown in
Fig. 4. Regardless of the state in which we start, and regardless
of the actions of the channels, the output target state is always
o, which can have arbitrary thermodynamic properties.

We consider here a less trivial example, for which the
external system interacts with the one of interest in a nontrivial
way, and such that a final measurement on the external system
and classical communication with the target is necessary to
obtain an increase of free energy. This is closer in spirit to how
the bipartite quantum switch was used to extract free energy
and ergotropy in Refs. [9,10].

5 A Ao B;  Bo| So
U U U
Q/ Eq E; Qo
(b)
5 A Ag B, Bo| C;  Col So
U U U U
Q/ Eq Er E; Qo

FIG. 6. Non-Markov processes defined through Ising model in-
teractions. The bipartite and tripartite processes defined in Egs. (28)
and (29) are represented in top and bottom panels, respectively. Here,
we consider the ancillary system Q; in the pure quantum state |+),
and we perform a projective measurement on Q.

Let our quantum system of interest S; interact with an
ancillary qubit system Q; through the Ising Hamiltonian

HIsing =-0,00,—(1Q®o0;,+0,®1),

where o, = |0)(1| 4+ |1)(0] is a Pauli matrix.
That defines a bipartite unitary quantum channel

= U i
U(p) = UIsmngISings
with Ugsing = exp(—iHising). We set the Planck constant 7 and
time displacement equal to unit in the evolution operation
UIsing~
Let us define the bipartite non-Markovian process

W2 (R, T)=Uo(TRIL)olUo(RRTL)olU, (28)

Ising
where the identity map acts on the ancillary system. The top
panel of Fig. 6 shows a diagram for this process.
Analogously, we define the tripartite non-Markovian pro-
cess (see the bottom panel in Fig. 6)

WO (R R.T)=Uo(T®T)olUo (RRT)
x oUo(R®I)oU. (29)

For the case of bipartite processes we compare the follow-
ing examples.

(i) Composition of channels. We consider the consecutive
application of the channels R, and 7,,.

(i1) Bipartite quantum switch Wy gyich. We consider
(Rp, T;) as input channels. The control system is initially
prepared in the state |+), thus providing maximal control of
the causal orders.

(iii) Bipartite non-Markovian process Wfi;g. We consider
the input channels (R, 7,). The ancillary qubit is prepared in
the state |+).

Considering tripartite processes, we compare the following
examples.

(i) Composition of channels. We consider the consecutive
application of two GAD and one PF channel.

(i1) Tripartite quantum switch W3 gyich. We consider the
input channels (R,, R,, 7;). The orders considered are A <
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FIG. 7. Free energy for different quantum processes. The global
past state is the diagonal state p = r|0){(0| + (1 — r)|1)(1]. The an-
cillary global past state is ¢ = |+) (4|, with |£) = (|0) & |l>)/\/§.
The local projective measurement on the ancillary global future state
is defined by the basis {|+), |—)}. The channel parameters considered
hereare A =1, p=¢q =0.8.

B < C and C < B < A. The control system is initially pre-
pared in the state |+).

(iii) Tripartite pure quantum process Wyygano. We consider
the input channels (R, R, 7,). The second ancillary system
is defined with input in the quantum state |0) (|+)) for free
energy (ergotropy) calculations and then the output system is
discarded, thus implementing a tripartite quantum superchan-
nel with bipartite global past and future.

(iv) Tripartite non-Markovian process WSI)H . We consider
the input channels (R,, R,, 7;). The ancillary system is
started in the quantum state |+).

1. Free energy

We consider here the free energy of a qubit system S after
the action of different quantum processes. We take a system
with initial and final Hamiltonian H = |1)(1|. With respect to
a thermal reservoir at inverse temperature 8, we define the free
energy of the quantum system S in the state p as [79,80]

Fy(p) = Tr[Hp] — B~ In(2)S(p),

where S(p) := —Tr[p log, p] is the von Neumann entropy of
a quantum state.

Let us start by considering bipartite quantum processes.
Figure 7 shows that we can use the nontrivial interaction
between Sp and Qo in order to increase the output free energy.
As reported in Ref. [9], the quantum switch results in an
associated average free energy which is higher than the one
obtained in the case of the channel composition for any value
r > 0. This allows work extraction from the output system
So, which is not possible with the channel composition solely.

Nevertheless, this result is not exclusive for processes with
indefinite causal order. The non-Markovian process defined in
Eq. (28) has similar behavior. In fact, it results in higher av-
erage free energy when compared with the bipartite quantum
switch for any value of r. Furthermore, this example shows
that indefinite causal order is not a necessary condition of the
thermodynamic advantages considered here.

Now, let us consider the case of tripartite processes with bi-
partite global past and future. Similar conclusions with respect
to the case of bipartite processes can be made. That is, the
tripartite causally ordered non-Markovian process in Eq. (29)
implies a greater average output free energy when compared
with the tripartite quantum switch defined in Eq. (16).

Now, we examine the existence of a tripartite process with
indefinite causal order, but with no thermodynamic advantage.
We can use the process defined in Eq. (17) in order to build
a tripartite process with bipartite global past and future. That
can be achieved by feeding the overall channel Wy (A, B, C)
with an input state |0)(0| of the system CI(S) and tracing out

the resulting output system Cg). In the following discussion,
we also denote this process with the symbol Wy,,. Figure 7
shows that for the parameters considered, p = g = 0.8, the
process Wy does not imply a thermodynamic advantage
when compared with the composition of channels. Thus, in-
definite causal order is solely not a sufficient condition of the
advantage addressed here.

2. Ergotropy

In contrast to free energy, representing the maximum work
that can be extracted from the system while it is in contact
with a thermal bath (i.e., at a constant temperature), ergotropy
refers to work extraction from a system under cyclic unitaries.
In principle, certain unitaries can be used for maximum work
extraction which transform the initial state of the system into
a thermal state, called completely passive, from which no
work can be extracted. Therefore, this quantity —ergotropy—
provides a bound on the extractable work from a system using
cyclic unitaries. The formal definition, for an initial state p, is
[81]

E(p) = max Tr[H (p — UpUM)]. (30)

Here, the cyclic unitary process can be achieved by a
time-dependent Hamiltonian A which drives the system under
the restriction H(¢t) = H(0), where ¢ is the driving period.
During the driving period, H(s) = H(0) + V (s), where V (s)
can be identified as the driving Hamiltonian for 0 < s < ¢.
While calculating the ergotropy of a system, by definition,
requires a maximization over all possible unitaries, here we
have considered a single qubit system for which the ergotropy
can be analytically computed from its state p.

In general, the formalism of work extraction using cyclic
unitary processes can also be extended to quantum channels
where the system is governed by an open quantum dynam-
ics during the driving period. Here, we consider the initial
and final states of a qubit, which undergoes transformation
through the quantum channels based on quantum processes,
as discussed in the previous section. The ergotropy vested in
the initial and final states of the qubit can be compared, and
the changes, if any, can be calculated.
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Another important concept that we have used extensively
henceforth is that of daemonic ergotropy [82]. This is the
ergotropy obtained upon the projective measurement of the
ancilla (A) such that the postmeasurement outcome gives
some information about the target system (S). The gain due
to access to this information, by virtue of correlation between
ancilla and the target, is called daemonic gain on account of
its similarity to the Maxwell’s demon, where thermodynamic
work is enhanced by access to extra information about the
state of the system. To define the daemonic ergotropy, the
probabilities associated with the measurement on the ancilla
are required, which are given by

Do = Tr{ma psa}, 3D

where o labels the measurement outcome obtained through
projective measurement operator 1, on the joint state of sys-
tem and ancilla, given as pg4. Upon the postselection of the
measurement outcome of the ancilla, the state of the target
qubit (of which the ergotropy is measured) is given by

1
Psia = P Tra{m psal. (32)

o

The average daemonic ergotropy can be computed as
Ep =) paE(p§)- (33)

It is important to note that the states ps4 and psj4 that we
consider here are the joint output states and the conditional
state of the target, respectively, which are obtained after the
application of channels based on quantum processes. The
postselection of the ancilla, therefore, ensures that an appro-
priate evolution is selected for the target qubit, which results in
a certain ergotropy. Since the task is to maximize the energetic
content of the (postselected) state [see Eq. (30)], it trans-
lates to finding the appropriate orthogonal basis {m,} of the
measurement on the ancilla, which maximizes the daemonic
ergotropy in Eq. (33).

Here, the generalized measurement bases (orthogonal)
considered for the ancillas in different cases are

M) = /pl0) + €/1 — p|1),
IM>) = —€®/1 — pl0) + /pl1). (34)

This measurement basis is used for the control qubit in the
case of the switch (bipartite/tripartite) and the ancilla in
the process Wy, and the (bipartite/tripartite) non-Markovian
processes. The probabilities obtained after the measurement
in this basis are used as weights for the ergotropy of the target
(which is calculated analytically from the reduced state of
the target system, after the measurement of the control), as
outlined above in Eq. (33).

Additionally, we also allow an added flexibility on the ini-
tial (input) state of the ancilla/control. This is achieved with
pa = c0s (x/2)|0)(0] + € sin (x/2)|1)(1|, where x € [0, 7],
and x € [0, 27 ]. Therefore, in all the cases that we consider,
the optimization is also performed over the input state of
the ancilla, i.e., the parameters x and y, in addition to the
measurement basis in Eq. (34).

Effectively, the task reduces to the optimization over
the parameters p, x, x, and ¢ for maximum daemonic

ergotropy in Eq. (33). We perform this optimization using
the basin-hopping routine in SCIPY, with sequential least-
squares programming (SLSQP) as the core algorithm. As a
benchmark, we consider the bipartite quantum switch setup
which has been considered previously in Ref. [10], and we
find that this algorithm is capable of recovering the optimized
parameters found analytically therein.

In the previous literature [10], the bipartite quantum switch
configuration with GAD and PF has been shown to provide
an advantage in ergotropy over the composition of channels,
with a particular choice of measurement basis of the ancilla
(control). There, it was established that the maximum dae-
monic ergotropy is found when the control is prepared in the
|+) basis and subsequently measured in the orthogonal basis
{|+),|—)} on the output side. Consequently, the daemonic
ergotropy is EL = pyE(ps+)) + p-E(ps-)), wherein the
ergotropies E(pg|+)) can be calculated analytically from the
postselected states pg|+). In the aforementioned work, the
input target states were /7|0) + +/1 — r|1) while the channel
parameters were p = 1/3, ¢ =0, and A = 1/2. The gain in
ergotropy, compared over population imbalance of the input
state—36 0 = p2» — p11, Where pas, p11 are the diagonal en-
tries of p—had been attributed to the coherent control over
the order of applications of the maps. Here we expand the
paradigm of process-induced ergotropic gains to include the
Lugano process and also a non-Markovian processes. We
choose the same channel parameters as well as the parametric
initial state of the target, and also base our results on the
population imbalance in the initial state 6 p.

In Fig. 8, we show that for the non-Markovian processes,
the maximized daemonic ergotropy over ancilla preparation
and measurement could be more than the bi- and tripar-
tite switch, det process, and the separable configuration of
the channels’ composition. Though the optimized parameters
defining the ancilla preparation/measurement bases in all the
cases are interesting in their own right, we have skipped their
discussion to focus only on the ergotropic gains. We also show
in Fig. 8 that for the tripartite process Wy ygano (With the same
channel parameters and input target state), the ergotropy may
or may not be more than that in the composition process. We
note that the process Wrygano can violate causal inequalities
[73], so it has an even stronger form of indefinite causal order
than the quantum switch (which cannot). However, even such
a powerful resource does not relate directly to advantages
on the thermodynamic settings considered here. Through the
trends obtained in various cases, these results void the possi-
bility of establishing a simple connection between the nature
of quantum processes and the daemonic gain in ergotropy,
possible through preparation and measurement of ancillas in
an optimal scenario.

IV. CONCLUSIONS

We considered the role of indefinite causal order in the
context of quantum thermodynamics. The results presented in
Refs. [9,10] claimed that indefinite causal order of the switch
provides an advantage in the output free energy and ergotropy,
respectively, when compared with the composition processes
for a fixed strategy with the appropriate range of parame-
ters. We claim here that, under the reasonable comparison of
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FIG. 8. Maximum ergotropy obtained after optimizing over
preparation and measurement of ancilla, as a function of population
imbalance §p. The input state of the target considered in all the
cases is [\/7|0) + /T — r|1)]. The channel parameters considered
are p=1/3, ¢g =0, . = 1/2. Since there are two ancillas in the
Lugano process, one of them is discarded at the output while the
other is optimized over in measurement basis. This is done for a
fair comparison between all of the cases, where only one ancilla is
considered uniformly in all the other setups.

processes of the same form, and with the assistance of the
same type of resources, indefinite causal order offers no clear
advantage for the above-mentioned tasks.

Specifically, we studied the free energy and ergotropy
generated by the action of higher-order transformations on
channels of interest (GAD and PF), and we compared pro-
cesses with definite and indefinite causal order having access
to comparable resources—namely, an additional ancillary sys-
tem. Allowing for measurements on the ancillary systems, we
found that the causally ordered processes generally perform
similarly or better than those with indefinite causal order. A
reasonable interpretation is that the advantages are due to
the nontrivial interaction between system and ancilla, rather
than to indefinite causal order, as the latter does not nec-
essarily imply higher output free energy and ergotropy. We
have considered here examples of bipartite and tripartite pro-
cesses supporting this claim. Although indefinite causal order
is shown not to be an advantage for quantum thermodynamics
in the tasks considered here, we do not discard this possibility
for other protocols. Finding protocols for which an advantage
is associated with indefinite causal order is left for future
studies. Indeed, studies conducted in this direction have been
successful for quantum information problems [83,84].

We can further develop such a reasoning. To talk about
thermodynamic advantages arising from indefinite causal or-

der, we must first define a measure of such a property. One
could, for example, attempt to link thermodynamic advan-
tages with some measure of indefinite causal order (such as
the generalized robustness introduced in Ref. [38]). Let us
consider a situation in which, under a certain set X of condi-
tions, the free energy (or some other thermodynamic property)
is less than a given value T as long as we have definite order.
In this case, if we have the considered property larger than
Ty, and the set X is satisfied, then we can conclude that there
was indefinite causal order. In other words, T(W) > T =
f(W) > 0 for some real-valued function f on the space of bi-
partite processes with bipartite global past and future, quanti-
fying the extent to which the process is not causally separable.

Our examples show that this is not the case for the tasks
considered here. Any reasonable causal nonseparability mea-
sure f would necessarily satisfy f(Wgyicen) > f(W) for any
causally ordered process W. Strict inequality must hold since
the quantum switch is not causally ordered. Thus the condition
given above is not satisfied in the examples considered in our
work, as can be seen in Figs. 7 and 8.

A distinct perspective rests on the evaluation of the ther-
modynamic cost for implementing quantum processes, which
remains an open problem. In fact, results in this direction have
been presented in recent literature for situations not precisely
equivalent to the one considered in this paper. For instance, the
authors in Refs. [85,86] defined the thermodynamic capacity
of quantum channels as the work cost for implementing quan-
tum channels in the asymptotic regime. The former stands as
an extension for quantum channels of previous results valid
for quantum states [80]. The approach taken into account there
is that of resource theories, and furthermore, it stands as a
promising avenue for defining the work cost of implementing
higher-order operations as well. A different and promising
approach has been conducted in Ref. [87], where the imple-
mentation of the quantum switch was associated with energy
costs. Nevertheless, this consideration is left as an open prob-
lem. Therefore, novel studies must be performed in order to
address such a problem.
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