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Magnonic frequency combs, a direct analog of optical frequency combs in the field of spin waves, have
recently received considerable attentions due to their potential applications in high-precision magnonic fre-
quency metrology. However, due to the weak nonlinear interaction of magnons, it is difficult to generate a
wide-bandwidth magnonic frequency comb under a low power drive. Here, we present an efficient mechanism
for the generation of a wide-bandwidth magnonic frequency comb via a two-tone microwave driving in a
magnomechanical system. Numerical simulations show that the magnetostrictive effect can be greatly enhanced
by the beat frequency signal from the two-tone microwave driving field, and a robust magnonic frequency comb
can be observed at low power. Furthermore, abundant nonperturbative features appear in the magnonic spectrum,
implying that the magnons as bosons may also be similar to photons in atom-molecular systems. Our scheme thus
provides a pathway for the generation of a flat magnonic frequency comb under a low-power driving condition
that may be beneficial for precision metrology based on magnonic platforms as well as the understanding of
nonlinear magnomechanic dynamics.
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I. INTRODUCTION

The magnetostrictive effect describing the phenomenon
that magnetic materials will stretch or shorten in the mag-
netization direction in response to an external magnetic field
was first discovered in the 19th century by Joule [1] and has
since been the subject of extensive research that has made
great progress in sensor technology [2,3]. Among all mag-
netic material systems, the cavity magnomechanical system
based on the magnetic insulator yttrium iron garnet (YIG)
sphere stands out owing to its excellent material and geo-
metrical properties [4], which provides a powerful platform
for coherent coupling between magnons and phonons [5–10].
Many intriguing phenomena have been reported in cavity
magnomechanics, ranging from magnomechanically induced
transparency or absorption [5], magnon-photon-phonon en-
tanglement [11–13], and magnon squeezing [14,15] to the
magnetostrictive-force-induced slow-light effect [16–18] and
the mechanical bistability in a Kerr-modified cavity mag-
nomechanical system [6]. Moreover, the magnetostrictive
effect is essentially a nonlinear interaction that will cause
the nonlinear oscillation of the magnons excited in the YIG
sphere [7,19] and then produce the Stokes and anti-Stokes
frequency sidebands similar to those in atomic-molecular
systems [20–22].

Magnonic frequency combs, a kind of frequency spectrum
with discrete and equally spaced spectral lines generated in the
microwave (gigahertz) frequency range, attracted particular
attention in spintronics in the context of understanding the
nonlinear interaction based on magnonic [23–28]. Microwave
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frequency comb generation due to a χ (3) nonlinearity in sap-
phire introduced by a dilute concentration of paramagnetic
Fe3+ spins has been reported [29,30]. More recently, sev-
eral methods to generate magnonic frequency combs have
been proposed. For example, magnonic frequency combs
generated in a ferromagnetic thin film based on nonlin-
ear magnon-skyrmion interaction were theoretically studied
[23]. Also, spin-wave frequency combs through the nonlinear
four-magnon scattering in a microstructured waveguide were
experimentally demonstrated [24]. Moreover, magnonic fre-
quency combs via the resonantly enhanced magnetostrictive
effect were theoretically proposed [25] and the optomagnonic
frequency combs based on Brillouin light scattering were also
envisaged [26], as well as other relevant studies [31–35].
In addition, similar to the way the optical frequency comb
revolutionized the precision timing and high-resolution spec-
troscopy [36,37], the extension of the frequency comb concept
to the field of spin waves is expected to bring new inno-
vations to the high-precision magnonic frequency metrology
and spectroscopy, which, in particular, brings an important
application prospect for the precise measurement of com-
plex magnonic spatiotemporal dynamics [7]. However, due
to the restrictions of engineering and material technology,
the nonlinear magnonic interaction realized in experiments
is still very weak, and it is difficult to generate a wide-
bandwidth magnonic frequency comb, particularly under a
low power condition, which limits their practical applications
to a large extent. Therefore, how to generate a wide-bandwidth
magnonic frequency comb at low power driving is still a
pivotal and challenging problem.

To this aim, we propose an efficient mechanism for the
generation of a wide-bandwidth magnonic frequency comb
via a two-tone microwave driving in a magnomechanical
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FIG. 1. Schematic illustration of a magnomechanical system, in
which the YIG sphere is directly driven via a local microwave an-
tenna to excite the magnon mode. A uniform magnetic field (H )
is applied along the z direction to saturate the magnetization. The
dynamic magnetization of the magnon causes the deformation of the
YIG sphere, which gives rise to the magnomechanical interaction
between the magnon mode and the vibrational mode and gmb is the
coupling strength.

system. We find that the use of a two-tone microwave driv-
ing to generate magnonic frequency combs, compared to the
previous scheme [23,24], has its inherent advantages in, for
instance, low power conditions, flat frequency comb teeth,
and abundant nonperturbation features. In physics, a beat fre-
quency signal from the two-tone microwave driving field can
extremely enhance the nonlinear magnetostrictive interaction
between the mechanical mode and the Kittel mode of the
YIG sphere, inducing the generation of a robust magnonic
frequency comb even at low power driving. Furthermore,
abundant nonperturbation signals are found in the magnonic
spectrum, which is similar to the high-order harmonic gen-
eration in atom-molecular systems [20–22], suggesting that
magnons as bosons may also exhibit phenomena that are
similar to those in atomic-molecular systems. In addition to
providing an effective way to enhance the magnetostrictive
effect, our results provide an alternative for the development
of the magnonic frequency comb in the field of spin waves and
may find potential applications in precision metrology based
on spintronic platforms [36–39].

II. PHYSICAL MODEL AND THEORY

The physical model we consider is a magnomechanical
system, as is schematically shown in Fig. 1, in which a highly
polished ferromagnetic insulator YIG sphere is directly driven
via a local microwave antenna. A uniform bias magnetic
field with the strength H is introduced along the z direc-
tion and a uniform magnon mode (Kittel mode) of the YIG
sphere will be excited. The frequency of the Kittel mode is
determined by the external bias magnetic field, i.e., ωm =
�H , where �/2π = 28 GHz/T is the gyromagnetic ratio [4].
The Hamiltonian of the Kittel mode, in quantum mechanical

language, can be described in the form Hm = h̄ωmm̂†m̂ via
the Holstein-Primakoff transformations [40], where h̄ is the
reduced Planck’s constant, m̂ =

√
Vm

2h̄�Ms
(Mx − iMy) is the bo-

son annihilation operator of the Kittel mode, with Vm the YIG
sphere volume, Ms the saturation magnetization, and Mx,y,z

the magnetization components. Experiment has shown that
the varying magnetization induced by the magnon excitation
will cause the deformation of the geometric shape of the
YIG sphere, introducing mechanical degrees of freedom in
the YIG crystal [5]. In turn, the deformation of the YIG
sphere also affects the magnetization. As a consequence, the
deformation mode in the YIG sphere could be used as the
mechanical mode that couples to the magnon mode through
magnetostrictive forces [5–7]. The magnetostrictive interac-
tion between the magnon mode and the mechanical mode can
be described by a radiation pressure-like Hamiltonian [41],
i.e., Hint = h̄gmbm̂†m̂(b̂† + b̂), where b̂(b̂†) is the boson anni-
hilation (creation) operator of the mechanical mode and gmb

the single magnon-phonon coupling strength. For a 250-µm-
diameter YIG sphere, the magnon-phonon coupling strength
can be achieved gmb = 2π × 9.88 mHz in experiment [5]. It
should be point out that the magnon-phonon coupling strength
is proportional to 1/D2 with D being the YIG sphere diameter,
which indicates that smaller YIG spheres are favorable for
stronger magnon-phonon coupling. However, due to the lim-
itation of material technology, the volume of the YIG sphere
is difficult to further reduce, and thus it is particularly impor-
tant to find another way to enhance the nonlinear interaction
between magnons and phonons [42].

In the present work, we assume that the Kittel mode
in the YIG sphere is excited by a two-tone microwave
driving field, one of which has the Rabi frequency �0 =√

5Nspin�B0/4 and the other has the Rabi frequency �d =√
5Nspin�Bd/4 with B0(d ) the driving magnetic field, ω0(d )

the driving frequency, and Nspin the total number of the
spins in the YIG sphere. The microwave driving power can

be calculated via P0(d ) = B2
0(d )

2μ0
Ac, where u0 is vacuum mag-

netic permeability, A = π (D/2)2 is the cross-sectional area,
and c is the speed of an electromagnetic wave propagating
through the vacuum [11]. To simplify the description, we
refer to the two-tone microwave driving field, respectively,
as the microwave pumping and probe fields although the
power of the microwave probe field may exceed the power
of the pumping field. Under the low-lying excitations, i.e., the
excited magnon number is much smaller than the total spin
number 〈m†m〉/2Nspin � 1, the time-dependent Hamiltonian
of the two-tone microwave driving field can be described
as Hd = ih̄�0(m̂†e−iω0t + m̂eiω0t ) + ih̄�d (m̂†e−iωd t + m̂eiωd t )
[11], where ω0 and ωd are the driving frequencies of the
microwave pumping and probe fields, respectively. To make
the pumping term time independent, a frame rotating at the
frequency ω0 of the pumping field is adopted, i.e., a uni-
tary transformation U(t ) = exp(−iω0m̂†m̂t ) is applied. The
Hamiltonian of the system, therefore, can be written as

H = U(t )HU†(t ) − ih̄U(t )
∂U†(t )

∂t
= h̄�mm̂†m̂ + h̄ωbb̂†b̂ + h̄gmbm̂†m̂(b̂† + b̂)

+ ih̄�0(m̂ + m̂†) + ih̄�d (m̂ei�d t + m̂†e−i�d t ), (1)
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where ωb is the intrinsic frequency of the mechanical mode.
�m = ωm − ω0 is the detuning from the microwave pumping
field and the magnon mode, and �d = ωd − ω0 is the beat
frequency between the microwave pumping and probe fields.
Based on the Hamiltonian and introducing the dissipation with
the Markov approximation [43], the evolution of the magnon
and phonon modes can be described by the Heisenberg-
Langevin equations, i.e., ˙̂o = i/h̄[H, ô](ô = b̂, m̂), and then
we can obtain the following equations:

ṁ = (i�m − κm)m − igmb(b + b∗)m + �0 + �d e−i�d t ,

ḃ = (−iωb − κb)b − igmbm∗m, (2)

where κm and κb are, respectively, the damping rates of the
magnon and phonon modes. In the semiclassical approxi-
mation, the operators of the magnon and phonon modes are
reduced to their expectation values, viz. m(t ) ≡ m̂(t ) and
b(t ) ≡ b̂(t ), and the thermal noise terms are dropped safely
in the present work. Equations (2) show that the magnon
and phonon modes from the same YIG sphere influence each
other via the magnetostrictive interaction and the temporal
evolution of the magnon and phonon modes in the case of
the two-tone microwave driving can be obtained by solving
the nonlinear Eqs. (2) under various initial values of m and
b. In the present work, the initial condition is chosen as
m|t=0 = 0, b|t=0 = 0 for convenience, and Eqs. (2) are solved
numerically by using the Runge-Kutta method. Further, the
frequency spectrum of the magnonic dynamics can be ob-
tained by completing the fast Fourier transform of the time
series [26].

III. RESULTS AND DISCUSSION

Figure 2(a) shows a high dependence of the magnonic
spectrum on the microwave pumping power P0 in the case
of a two-tone microwave driving. We can see clearly that the
number of comb lines increases as the microwave pumping
power increases. Importantly, under the current experimental
parameters [5], the magnonic frequency comb can be gener-
ated even under weak microwave driving, which provides an
effective pathway to realize low-power magnonic frequency
combs. To be specific, when the power of the microwave
pumping field is chosen as P0 = 0.05 mW, (Pd is fixed at
5.86 µW, corresponding to the driving magnetic field Bd =
0.1 × 10−5 T), as shown in Fig. 2(c), visibly, several comb
teeth appear in the magnonic spectrum. Furthermore, when
the microwave pumping power is increased to P0 = 0.5 mW,
as is shown in Fig. 2(b), a robust magnonic frequency comb
can be obtained. In our scheme, the beat frequency between
the microwave pumping field and the probe field resonates
with the mechanical mode of the YIG sphere, viz. �d = ωb.
In this case, the process of the magnonic frequency comb
generation can be understood as the frequency downconver-
sion and upconversion (i.e., Stokes and anti-Stokes) processes.
More specifically, the frequency ω of the nth comb tooth can
be written as ω = ω0 ± nω f , where ω0 is the pumping fre-
quency and ω f = ωb the repetition frequency. Here, it should
be pointed out that, in the case of low power driving, it is
impossible to generate a magnonic frequency comb by using

FIG. 2. The contour plot of the magnonic spectrum varies with
the pumping power P0 in the case of (a) two-tone microwave driving
(Pd is fixed at 5.86 µW, corresponding to the driving magnetic field
Bd = 0.1 × 10−5 T) and (d) monochromatic microwave driving (Pd

= 0). The color indicates the amplitude of the frequency combs.
(b),(c) The magnonic spectra under the different pumping powers
P0 = 0.5 mW and P0 = 0.05 mW, respectively. (e) Number of the
comb lines as a function of the microwave pumping power P0 in the
case of two-tone microwave driving (red dots) and monochromatic
microwave driving (blue stars). The simulation parameters are cho-
sen from the recent experiment [5] ωb/2π = 11.42 MHz, κm/2π =
0.56 MHz, κb/2π = 150 Hz, gmb/2π = 9.88 mHz, �m = ωb.

a monochromatic microwave driving field (i.e., Pd = 0) under
the same parameter conditions [as shown in Fig. 2(d)], as
reported in Ref. [25].

Physically, these are two different mechanisms for the
generation of magnonic frequency combs in the magnome-
chanical system. For a magnomechanical system driven by a
monochromatic microwave field, the effective beat frequency
is achieved by the interaction between the microwave driving
and the excited magnon mode, and then magnonic frequency
combs are generated by the phonon laser action induced by the
resonantly enhanced magnetostrictive effect [25], whereas,
the phonon excitation requires a higher threshold power. Nu-
merical calculations show that, under the recent experimental
parameters, magnonic frequency combs can emerge only
when the driving magnetic field exceeds about B0 = 0.75 ×
10−5 T (corresponding to the driving power P0 = 0.33 mW)
[25], which greatly limits their application at low power.
To break this bottleneck, a scheme for magnonic frequency
combs’ generation by using a two-tone microwave driving is
proposed, i.e., a microwave probe field is applied. Under the
circumstances, by adjusting the beat frequency between the
microwave pumping field and the probe field to make it di-
rectly resonant with the mechanical mode of the YIG sphere,
the magnetostrictive effect will be extremely enhanced, thus
greatly reducing the driving field power required to induce the
generation of magnonic frequency combs. For comparison,
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FIG. 3. The wide-bandwidth magnonic spectrum under the mi-
crowave pumping power P0 = 7.5 mW (corresponding to the driving
magnetic field Bd = 3.5 × 10−5 T) and Bd = 10B0. The other param-
eters are the same as those in Fig. 2.

the number of comb lines as a function of the microwave
pumping power P0 under two different driving conditions is
shown in Fig. 2(e). Obviously, a robust frequency comb can
be obtained with a low-power drive in the case of two-tone
microwave driving (red dots), which is significantly better
than the case where the magnonic frequency comb is seeded
by a monochromatic driving field (blue stars) or other methods
[23,24].

To obtain a wide-bandwidth magnonic frequency comb,
the pumping power is further increased to P0 = 7.5 mW,
as shown in Fig. 3. Of note, the magnonic spectrum has
been shifted wholly by a microwave pumping frequency ω0

because the coupling Eqs. (2) were discussed in a frame ro-
tating at frequency ω0. A typical frequency comb structure
similar to that in the field of optics is obtained in the spin
waves’ domain, in which the magnonic frequency comb has
equal frequency intervals. Furthermore, the total comb width
is greatly enlarged and the number of comb lines expands
to about ∼60. In addition, there is a plateau region in the
magnonic spectrum where all the comb teeth have nearly
the same intensity (as shown by the horizontal red dotted line)
and end up with a sharp cutoff. Meanwhile, we can observe
a wealth of nonlinear characteristics in the comb spectrum,
especially the typical nonperturbation signal [22,44], for ex-
ample, the amplitude of the tenth-order comb tooth (pink
arrow) is larger than the ninth-order comb tooth (green arrow).
In essence, the magnonic frequency combs discussed here
are induced by nonlinear magnetostrictive effects, which are
quite different from the high-order harmonics generation in
intense driven atomic-molecular systems [20–22]. Neverthe-
less, some of the important nonlinear phenomena appearing
in atomic-molecular systems can also be observed in the
magnomechanical system as a result of the magnetostrictive
effect, such as frequency conversion and nonperturbed fea-
tures, suggesting that magnons as bosons may also behave like
photons.

In what follows, we discuss the influence of temperature
on the generation of magnonic frequency combs. Without
loss of generality, we assume that the system is coupled to
a high-temperature thermal bath and that both the phonon
and magnonic modes of the system are driven by the thermal
noise [25]. Here, the thermal noises are processed as Gaussian
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FIG. 4. (a),(b) Time evolution of the magnon number |m|2 and
phonon number |b|2 under the pumping power P0 = 7.5 mW. (c) The
magnonic spectra under different temperatures (0 K and 300 K). The
other parameters are the same as those in Fig. 2.

random numbers with average values mth ≈ kBT/h̄ωm for the
magnonic mode and nth ≈ (eh̄ωb/kBT − 1)−1 ≈ kBT/h̄ωb for
the phonon mode, respectively, with kB the Boltzmann con-
stant and T the ambient temperature [43]. In this case, the
magnonic spectrum can be obtained by numerically solving
the coupled Eqs. (2) with the addition of thermal noise by us-
ing the same method; the result is shown in Fig. 4(c). Visibly,
the magnonic spectrum at room temperature (T = 300 K) is
not very different from that at zero temperature (T = 0 K),
indicating that the influence of thermal noise on the generation
of magnonic frequency combs is negligible. The reason is
that the steady-state magnon and phonon numbers are free
from the thermal bath. To be specific, the average number
of thermal magnons at room temperature can be estimated to
be about mth ∼ 103. However, as shown in Fig. 4(a), under
the strong two-tone microwave driving, the time evolution
of the magnon number |m|2 undergoes a transient process
at the beginning and finally stabilizes at about 0.7 × 1016,
which is extremely large compared to the mean number of
thermal magnons. In addition, thermal phonons have very
little effect on the evolution of the phonon motion. As shown
in Fig. 4(b), the time evolution of the phonon number |b|2
undergoes a dramatic growth and finally stabilizes at about
7.02 × 1019, which is much larger than the mean number
of thermal phonons at room temperature (nth ∼ 106). There-
fore, the generation of magnonic frequency combs via the
two-tone microwave driving proposed here is robust against
thermal noise. It should be pointed out that the magnetoelastic
coefficient is a temperature-dependent constant, that is, the
magnon-phonon coupling strength is influenced by the am-
bient temperature, thus affecting the generation of magnonic
frequency combs [45], which will be treated elsewhere.

The magnetostrictive interaction between magnonic and
vibrational modes dynamically modify the properties of
the mechanical oscillator, such as the vibrational frequency
shift (magnonic spring effect) and an additional damping
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FIG. 5. Schematic diagram of a cavity magnomechanical system
for the experimental detection of the produced magnonic frequency
combs. A weak microwave probe field enters the microwave cavity
through the input port and the other port is used for detection.

rate, which is known as dynamical backaction [7]. The
magnetostriction-induced damping rate reads γmag = β|m|2,

where β = g2
mbγm

4 { 1
(�m+ωb)2+γ 2

m
− 1

(�m−ωb)2+γ 2
m
} can be both

negative and positive, depending on the detuning between
the microwave pumping field and the magnon mode. In the
blue-detuned regime, the total damping rate of the mechanical
oscillator �b = κb + γmag (κb is the intrinsic vibrational damp-
ing rate) can be negative, which results in the amplification
of the vibrational motions, also referred to as the phonon
laser action. Under this mechanism, the generation of robust
magonic frequency combs can be observed [25]. In addition,
it was shown that, in the case of a YIG sphere, phonons
inevitably couple to other higher-order magnetostatic modes
(Walker modes) in addition to the Kittel mode [45–47]. In this
case, the magnomechanical damping rate should be modified,
phenomenologically, we have [47]

γmag = β|m|2 + α|m|2. (3)

Here α/2π ∼ pHz is the correction factor for the magnome-
chanical damping rate, resulting from the phonons coupled to
other Walker modes. At a rough estimate, α is an order of
magnitude from β for the present parameters, i.e., α/2π ∼
β/2π ∼ pHz, showing that the coupling between the other
Walker modes and the mechanical mode is as effective as the
Kittel mode. Therefore, from this perspective, the coupling of
mechanical mode with other Walker modes will also affect
the generation of magnonic frequency combs, which will be
an interesting topic and a full-fledged study in this direction
requires further analysis.

Finally, it is necessary to discuss the experimental de-
tection of the produced magnonic frequency combs. In the
experiment, the magnomechanical system was placed in a
three-dimensional microwave cavity (as shown in Fig. 5).
Due to the coupling between the magnon and the microwave
photon, the spectral information of the magnon can be readout
through the photons, as the authors of Refs. [5,6] suggested.
More specifically, in the cavity magnomechanical system,
the magnon-photon coupling is considered, and their inter-
action Hamiltonian under the rotating-wave approximation
can be written as Ham = h̄gam(am† + a†m) [5], where a de-
picts the cavity photon mode and gam is the magnon-photon
coupling strength. In this case, the dynamics of the system

satisfy

ṁ = (i�m − κm)m − igama − igmb(b + b∗)m

+ �0 + �d e−i�d t ,

ḃ = (−iωb − κb)b − igmbm∗m,

ȧ = (−iωa − κa)a − igamm − i�pe−iωpt , (4)

where ωa is the frequency of the microwave photon mode with
damping rate κa. �p is the amplitude of the input microwave
probe field whose frequency is ωp. For a weak microwave
probe field, that is, �p is small enough to ensure that gama �
gmb(b + b∗)m, therefore, Eq. (4) can be decoupled into two
sets of equations: one is the same as Eq. (2) that describes the
generation of magnonic frequency combs and the another

ȧ = (−iωa − κa)a − igamm − i�pe−iωpt (5)

describes the microwave probe photons scattered by the
magnons. Due to the linearity of magnon-photon coupling,
there is almost no influence on the generation of magnonic fre-
quency combs. Furthermore, it can be seen from Eq. (5) that
the magnon can be regarded as the source of the microwave
cavity photon, hence, the spectral information of the magnon
can be readout indirectly by connecting a vector network
analyzer in the probe port [5,6].

IV. CONCLUSION

In summary, a mechanism for the generation of a wide-
bandwidth magnonic frequency comb by using a two-tone
microwave driving in a magnomechanical system was the-
oretically investigated. The underlying mechanism can be
understood in terms of the beat frequency from the two-
tone microwave driving field greatly enhancing the nonlinear
magnetostrictive interaction, inducing a robust magnonic fre-
quency comb even at low power driving. The numerical
simulation results showed that the total combwidth of the
magnonic frequency comb can be extended to about 60 orders.
In addition, a typical complete comb structure (plateau and
cutoff) was observed and the nonperturbation characteristics
appearing in the magnonic spectrum were discussed in de-
tail. More beneficially, the magnonic frequency comb present
here is robust against the thermal noise at room temperature.
Beyond their fundamental scientific significance, our scheme
offers an idea for realizing a robust magnonic frequency comb
in the spin waves’ domain and may find potential applications
in high-precision frequency metrology based on magnonic
devices.
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