PHYSICAL REVIEW A 107, 053703 (2023)

Quantum Langevin theory for two coupled phase-conjugated electromagnetic waves
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We provide a general macroscopic phenomenological formula of quantum Langevin equations for two coupled
phase-conjugated electromagnetic fields with linear loss (gain) and complex nonlinear coupling coefficient. The
macroscopic phenomenological formula is obtained from the coupling matrix to preserve the field commutation
relations and correlations, which does not require knowing the microscopic details of light-matter interaction
and internal atomic structures. To validate this phenomenological formula, we take spontaneous four-wave
mixing in a double-A four-level atomic system as an example to numerically confirm that our macroscopic
phenomenological result is consistent with that obtained from the microscopic Heisenberg-Langevin theory. We
find that a complex-valued nonlinear coupling coefficient can lead to noises even without linear gain or loss.
Finally, we apply the quantum Langevin equations to study the effects of linear gain and loss, complex phase
mismatching, as well as complex nonlinear coupling coefficient in entangled photon pair (biphoton) generation,

particularly to their temporal quantum correlations.

DOI: 10.1103/PhysRevA.107.053703

I. INTRODUCTION

Quantum Langevin equations is a common approach to
studying an open quantum system involving loss or gain,
where the stochastic coupling between the system and its
environment is molded as a set of Langevin noise operators
[1-5]. For example, in the parametric down-conversion (PDC)
process, a pump laser beam passes through a x® nonlinear
crystal and is down-converted into a pair of phase-conjugated
electromagnetic (EM) waves. In the simplest case with the
perfect phase-matching condition and an undepleted pump
beam, without linear loss or gain, the two phase-conjugated
single-mode fields are governed by the following coupled
equations [6]:
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=m0 =0 I o
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where a,, and &,Tn (m =1, 2) are the field annihilation and
creation operators, M is the 2 x 2 coupling matrix, and « is
the (real) nonlinear coupling coefficient. Here we consider
only the forward-wave case with both fields propagating along
the same 4z direction. If losses are presented during the
propagation of the two fields, the coupling matrix is
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and their coupled equations become [3,7]

a0 | ai —o ik T| & V21 fi 3)
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where «,, > 0 are the loss (absorption) coefficients, and
fun are the associated Langevin noise operators satisfying
(@, 2), 1 (@', 2)] = 8md(@ — &)8(z — 2). If there is lin-
ear gain instead of loss, for example, in channel 1,i.e.,a; < O,
Eq. (3) can be modified by taking v/2a1 fi — ~/—2a1f, . One
can show that these Langevin noise operators are necessary
to preserve the commutation relations during propagation, i.e.
[@n(@, 2), a}(@, 2)] = [an(@, 0), &} (@', 0)] = Smd(® — o).

Equation (3) has been widely applied for PDC processes
where the nonlinear coupling coefficient « is real [3,7-9].
However, in a more general case of coupled phase-conjugated
fields, such as four-wave mixing (FWM) near atomic reso-
nances [10-12], the nonlinear coupling coefficient x can take
a complex value involving complicated atomic transitions.
In this case, Eq. (3) is not valid and its solution does not
preserve commutation relations of the fields. What are the
general quantum Langevin coupled equations accounting for
the complex nonlinear coupling coefficient?

To answer the question, the common approach is to de-
rive quantum Langevin equations by solving the light-matter
coupled Heisenberg equations, which requires knowing mi-
croscopic details of light-matter interaction such as atomic
populations and transitions [11-13]. The complexity of this
approach increases dramatically as more atomic transitions
are involved and it is extremely difficult for experimental-
ists to follow, particularly in some situations where it is
impossible to obtain full microscopic details. Then our

©2023 American Physical Society
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FIG. 1. Schematics of two coupled phase-conjugated electro-
magnetic waves: (a) forward-wave configuration, and (b) backward-
wave configuration. k is the nonlinear coupling coefficient between
the two modes.

reduced question becomes: Is it possible to obtain self-
consistent quantum Langevin coupled equations from the gen-
eral expression of the coupling matrix? We call this the macro-
scopic phenomenological approach. We wish to investigate
Langevin noises induced by a complex nonlinear coupling
coefficient «.

In this article we provide a general macroscopic phe-
nomenological formula of quantum Langevin equations for
two coupled phase-conjugated fields with linear loss (gain)
and complex nonlinear coupling coefficient, in both forward-
and backward-wave configurations. The macroscopic phe-
nomenological formula is obtained from the coupling matrix
by preserving commutation relations and correlations of the
fields, which does not require knowing the microscopic de-
tails of light-matter interaction and internal atomic structures.
We aim to make it readable and accessible for experimental
researchers in the quantum optics community.

This article is structured as follows. In Sec. II, to ful-
fill the requirement of preserving commutation relations, we
formulate the general macroscopic phenomenological quan-
tum Langevin coupled equations and their solutions from
the coupling matrix, taking into account linear loss (gain)
and complex nonlinear coupling coefficient, in both forward-
and backward-wave configurations. In Sec. III, taking spon-
taneous four-wave mixing (SFWM) in a double-A four-level
atomic system as an example, we derive the coupled Langevin
equations from microscopic light-atom Heisenberg interaction
for this special case. We numerically confirm that the macro-
scopic phenomenological solution in Sec. II agrees well with
the microscopic approach. In Sec. IV, we apply the quan-
tum Langevin theory to study effects of linear gain and loss,
complex phase mismatching, and complex nonlinear coupling
coefficient in entangled photon pair (biphoton) generation,
particularly to their temporal quantum correlations. We con-
clude in Sec. V.

II. QUANTUM LANGEVIN EQUATIONS

Here we consider the two coupled single-mode phase-
conjugated fields in either forward-wave or backward-wave
configuration, as illustrated in Fig. 1. In the forward-wave
configuration [Fig. 1(a)], both fields propagate along the +z
direction through a nonlinear medium with a length L. In the
backward-wave configuration [Fig. 1(b)], the two fields prop-
agate in opposing directions. The field annihilation operators

an(t, 7) can be expressed as

1 i@
a(t,z) = \/T / dwa (v, Z)e’(?z_‘“t),
T
“)
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&Z(L Z) = E / da)&z(w’ Z)el(i?z_wr)7

where + represents that field 2 propagates along the 4z or
—z direction, for the forward-wave or backward-wave config-
uration, respectively. The filed operators satisfy the following
commutation relations:

[an(t, 2), 4} (t', 2)] = bt — 1),
(5)

[am(w, 2), & (@, 2)] = Spb(w — ).

In the forward-wave configuration, both fields are input at
z=20, or @;(0) and a,(0) are the “initial” boundary condi-
tions. The general coupling matrix is [14]

. Ak .
—a + 15 K
Mg = 2 , 6
A ©
where a,, = —i%" x,, with x,, being linear susceptibility, and

Ak (real) is the phase mismatching in vacuum. In general, o,
is complex valued, whose real part Re{«,,} > O represents loss
(or gain for Re{w,,} < 0) and imaginary part represents phase
velocity dispersion. The nonlinear coupling coefficient k¥ can
also be complex valued. In the backward-wave configuration,
the general coupling matrix becomes [12,15]

—a + 4k iK
Mg = 2 7
B |: ix aé‘—i%"}’ ™

and the “initial” boundary conditions are a;(0) and a(L):
field 1 is input at z = 0 and field 2 is input at z = L.
One can show that, under the unitary gauge transformation

/2 0 a U a a,e"?
) ] o e 012 &; - &; - &;e_”ﬂ '
)

the corresponding coupling matrices become

o | i ixce"?
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As physics is preserved and unchanged under the above gauge
transformation, we take & = 0 throughout this article for con-
venience and simplification.

In the presence of linear loss or gain, i.e., Re{on} #
0, or complex nonlinear coupling coefficient, « # «*, the
two-mode coupled equations must include Langevin noise
operators to preserve the commutation relations of the field
operators in Eq. (5). The noise operators should only be
related to Re{a,} and Im{x}. As « is real, the coupled equa-
tions in forward-wave configuration should be reduced to the
known Eq. (3). For both forward- and backward-wave con-
figurations in the same nonlinear material, the noise origin
is the same except field 2 propagates along the £z direction
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for different configurations. With these guidelines, we provide
quantum Langevin equations for the two phase-conjugated
fields from their coupling matrix in the following subsections.

A. Forward-wave configuration

In the forward-wave configuration as shown in Fig. 1(a),
we find that its quantum Langevin coupled equations can be
expressed in the following general form:

o fa| _ a h /i
EnEl g o

with the “initial” condition at z = 0:
[am(w, 0), &' (@', 0)] = 8ud(w — ). (12)

The Langevin noise operators satisfy

[fn(@, 2), f1(@, )] = 8md(0 — )8z =2)  (13)
and have the following correlations:

(fi(@. D) fa(@,2)) =0,

(fm(@, DT (@', ) = 8pud(@ — 0)d(z = 2), (14)

(@, D fu@, ) = (@, 2/ (@, 2) =0.

The Langevin noise matrix is given by

N =/ —(Mf + Mg*) = Ngr + iNg, (15)

where Npg and Npp are the real and imaginary parts of the
matrix Ng (i.e., Ng,, = NErjn + INFg), respectively. As
indicated in Eq. (14), in this work we make the physical
assumption that the noises fluctuate about a mean value of
zero, i.e., the noise sources are in their ground states, such
that their mean occupation numbers are zero.

We obtain the solution of Eq. (11) at the output surface
z = L as the following:

a| g la© /L e @
— F + F Z N .
[az(L)} ‘ [&5(0)} 0 © A

@
+N o dz. 16
FI|:f2(Z):|) ) (1o
Defining
L _[A B
o=t 7] a7
MrL—z) — |A12)  Bi(2)
¢ —[Cl(z) Dl(z)]’ (18)

we rewrite Eq. (16) as

a(L) _[A B] a1(0)
alw)| [€ DJaj0)

i A
Ai1(z) Bi(z) fl(z)
+f [cl(n D1(Z)](NFR[fA;(z)}
i@
N ~ dz. 19
* FI|:f2(Z):|) ¢ (1%

We numerically confirm that the solution preserves the com-
mutation relations

[an(@, L), a}(e', L)] = [an(@, 0), 4;(e', 0)]
= §pnd(w — ). (20)
Now we examine some special cases.
Case 1. We first consider the coupling matrix Mg in Eq. (6)
where the nonlinear coupling coefficient « is real and both
modes have losses (Re{w,,} > 0). This works for most PDC

processes [3,7]. Under such a condition, we have the follow-
ing diagonalized noise matrix:

2Re{a} 0 21
0 JV2Re{aa} | @D

and the coupled Langevin equations

0 &1 M &1 \/ZRe{al},\l 29
ol =M & | veRe@r [ P

which is the well-known result in literature [3,7].
Case 2. k is real, mode 1 has linear loss (Re{o;} = o >
0), and mode 2 has linear gain (Re{az} = —g < 0). The noise

matrix becomes
V2 0
N = .
0 iv2g

We have the following coupled Langevin equations:

d | a V2af
—| . |=M . 24
0 [&J H ! [w—gf] e

Case 3. The two modes are perfectly phase-matched
without linear gain or loss: Ak =0, o) = ay =0, but the
nonlinear coupling coefficient is complex-valued x = 1 + i¢.
In this case, the coupled matrix is

_| 0 —¢ +in
MF_[g_h7 0 ] (25)

The noise matrix becomes
1 1 . 1 1

where ©(¢) is the Heaviside step function, ®(¢) = 1if ¢ > 0,
and ©(¢) = 0if ¢ < 0. The Langevin coupled equations are

ola]  |a 1 1A
2l e,

)
rocovT }]B} }
2

Equation (27) shows that a complex-valued nonlinear cou-
pling coefficient also leads to Langevin noises even when
there is no linear gain or loss. This is revealed by this article
for the first time.

Case 4. As k is real and there is no linear loss or gain («; =
ay = 0), the coupled equations can be written as

9 |a &k _lla la
i— =" S =A0] e
0z | ay K 5 || @ a,

NFZNFR=|:

(23)

27
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The effective Hamiltonian # has anti-parity-time (APT) sym-
metry, which has been demonstrated in FWM in cold atoms
[14,16].

B. Backward-wave configuration

In the back-wave configuration as shown in Fig. 1(b), the
quantum Langevin coupled equations can be expressed in the
following general form:

d | a a fi fi
—| .+ | =Ms| ;| + Nar ml, +Ngt| "} |- (29)
0z a, a, 5 f

Different from the forward-wave configuration, the “bound-

ary” condition is

a1 (@, 0), ] (', 0)] = [a2(w, L), &)(, L)] = 8(0 — o).
(30)

The Langevin noise operators satisfy the same commutation
relations and correlations in Eqs. (13) and (14). The Langevin
noise matrix is given by

I 0 —Mgi;
Ng =
B [0 - i|\/|: Mg»;

= Npr + iNg;,

_MB12:|*

—Mg12 —Mgi;
] + |: Mg22

Mg2 Mg»;

€2y

where Npr and Npj are the real and imaginary parts of the
matrix Ng, respectively. One can show that the noise matrix

J

ap (L) B A B[ a(0) 1 -B L
a(0) ‘[c D] al(L) +[0 —D]fo

where
_  BC
A:A— -,
D
B
B: 5,
_ 37
C
C: -_=,
D
1
D= —.
D

We numerically confirm that Eq. (36) preserves the commuta-
tion relations

[a1(w, L), &l (o, L)] = [&1(w, 0), &} (', 0)],

v R (38)
[@2(w, 0), ay(«', 0)] = [@2(w, L), ay(', L)].

Similarly to the forward-wave configuration, we examine
the following four special cases.

Case 1. We assume the nonlinear coupling coefficient « is
real and both modes have losses (Re{«,,} > 0). Under such a
condition, we have the following diagonalized noise matrix:

Ne - [JizRe{a]} 0 }

N 0 —/2Re{az]) (39)

A1(Z)
Ci(2)

defined in Eq. (31) has the same origin as that in the forward-
wave configuration in the same nonlinear material:

Np = [(1) _OJNF. (32)

We note that the choice of noise matrix is not unique. For
example, transformation f; — —f, or/and f, — —f, does
not affect computing any physical observable. We elaborate
on this more in Appendix A.

We obtain the solution of Eq. (29) at z = L as the follow-
ing:

a)] a0 /L Mo (L) fi@
— B _l’_ B Z N
L;m] ‘ [&2@)} 0 ¢ G

@
N | 7! dz. 33
- BI|:f2(Z)i|> ¢ (33)
‘We define
Ml = [é g}, (34)
My _ [A1@)  Bi(@)
¢ = [a(z) D](z)]' 35)

Different from the forward-wave case, in the backward-wave
configuration, the mode 1 input is at z = 0 and the mode 2
input is at z = L. With known @,(0) and a,(L), we rearrange
Eq. (33) and obtain solutions for @, (L) and a,(0):

Bi(2) /@ H@

0 N Ngi| ") dz, 36

Dl(z)}( ‘“{f}*(z)}+ BI|:f2(z):|) ’ o
[

and the coupled Langevin equations

3 [ a V2Re{ai} i
—| .+ | =Ms| [+ ~ |- (40)

0z | a, a, —/2Re{as} f,
Case 2. k is real, mode 1 has linear loss (Re{o;} = o >
0), and mode 2 has linear gain (Re{a} = —g < 0). The noise

matrix becomes
V2 0
Ne= |V T (41)
0 —i/2g

We have the following coupled Langevin equations:

d|ar| I V2o fy
N

Case 3. The two modes are perfectly phase matched
without linear gain and loss: Ak =0, o) = oy = 0, but the
nonlinear coupling coefficient is complex-valued x = 1 + i¢.
In this case, the coupled matrix is

_ 0 = +in
MB_[—§+in 0 } (43)
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The noise matrix becomes
Np = @(c)ﬁ[{ _11] + i@(—w—c[i _11}. (44)

The Langevin coupled equations are

d | a _ aj 1 1 f]
il el ool A

LA
+O(=5)~¢ [1 J at (45)
- A
Equation (45) shows that in the backward-wave configuration,
a complex-valued nonlinear coupling coefficient also leads to
Langevin noises even though there is no linear gain or loss.
Case 4. As «k is real and there are equal losses in
both modes («; = o, = o > 0) with perfect phase matching
(Ak = 0), the coupled equations can be written as

d|a —1 — a | a
i—| " :[ o .K] =AlT @6
0z | a, —K i [|a a,

Interestingly, the effective Hamiltonian A here follows parity-
time (PT) symmetry [17,18].

III. MICROSCOPIC ORIGIN OF LANGEVIN NOISES:
SFWM

One could validate the above phenomenological approach
of quantum Langevin coupled equations by confirming the
microscopic origin of the Langevin noises. However, for two
systems with the same quantum Langevin equations, their
microscopic structures may be quite different. Therefore, it
is impossible to sort all microscopic systems. In this section,
we focus on SFWM in a double-A four-level atomic system
[10-12,19,20] with electromagnetically induced transparency
(EIT) [21,22], and show that the phenomenological approach
in the above section agrees with the numerical results from the
microscopic quantum theory of light-atom interaction.

We start from a single-atom picture, considering an EM
wave couples the atomic transition |j) and |k). The in-
duced single-atom polarization pj o pjx6jk, where wj; is
the electric dipole moment matrix element, 6 = |j) (k| is a
single-atom transition operator from state |k) to |j). In the
Heisenberg-Langevin picture, the single-atom transition op-
erator can be expressed as

A ~(0) § : A
O'jk = Ujk + /g;va/ii)’ (47)
iy

where 6;,?) = (Gjx) is the zeroth-order steady-state solution.

The single atom noise operator between atomic transition
|[v) — |w) is represented by flgﬂ’)), which satisfies the following
correlations:

(£ @) f0) @) = (F3 (@) fi7) ()
= D,uv,v’u,’a(w - w,)v
(A @) f0 (@) = (£ (@) f5) (@)

= Dvu,u’v/a(w - w/),

(48)

where Dy, ;v and D, ,»» are diffusion coefficients.

In a continuous medium with atomic number density n,
the noises from different atoms are uncorrelated. We have the
spatially averaged atomic operator

0 jk

1 N
~(0) (o)
6., + — E N s
i e 2Pt “9)

where A is the single-mode cross-section area, and the

spatially averaged atomic noise operators f_ﬁ) satisfy the fol-
lowing modified correlations:

Ea)

(fi2 (@, Df,5 (@, ) = ([ (@, D), )
= Db — )8z — 2),
(i @ 0@ D) = (D@ 2f 7@ )

= Dypvd(@ — 0)8(z —7),

50)

where the diffusion coefficients are the same as those from the
single-atom picture.
The electric field and polarization are described as

E(t,2)=HED (1, + E7@, )],

R ) R (51)
P(r,2) =3[P (1. 2) + PO, 2)l.

where £ P and £, P are positive and negative
frequency parts. We take the following Fourier transform:

L 1 L o
E(Jr)(t7 )= — / doE (o, Z)ez(:l:;szt)’
2
d (52)

p(+)(t, )= da)ﬁ(a), Z)ei(i‘fz—wl)’

1
2w /
where E(w,z), P(w, z) are complex amplitudes in the fre-
quency domain. The Maxwell equation under slowly varying
envelope approximation (SVEA) can be written as

IE (w, A
+ 9E(,2) = iamP(a), 2), (53)
0z 2

where + represents for propagation direction along +z, and
free space impedance n = 1/(cgp) = 377 Ohm, with ¢ being
the speed of light in vacuum, and &( the vacuum permittivity.
With quantized electric field

Ew2)=| Z‘Za(w, 2) (54)

P(w, 2) = 2npji6 j(w, 2), (55)

and

we obtain the Langevin equation for the EM field in the atomic
medium

da(w,z) . N
* ———— =inAguo jr(®,2)
9z (56)

= lnAgjk6](,?)(W, Z) + F(wv Z)’

o [
ik = Kk 3 ceonA’

where
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FIG. 2. Spontaneous four-wave mixing (SFWM) in a double-A
four-level cold atomic medium. (a) Backward-wave geometry of
SFWM optical configuration. Driven by counterpropagating pump
(Ep) and coupling (E.) beams, phase-matched backward Stokes ()
and anti-Stokes (a,,) are spontaneously generated from a laser-
cooled atomic medium. (b) Atomic energy-level diagram. The pump
(w,) laser is detuned with A, from transition |1) — [4), and the
coupling (w,) laser is on-resonant with transition |2) — |3). Stokes
(wy) photons are spontaneously generated from transition [4) — |2),
and anti-Stokes (w,;) photons from transition [3) — |1). @ = w,; —
wy3 is the anti-Stokes photon frequency detuning from transition
1) — |3).

F(o,2) = ivnAgi Y Bunf7 (@, 2)
J7AY

. nw ik Q(o)
= itk 2o MZ Bulid @2 (57)

Here gjx = g; ; is single-photon-atom coupling strength.
Now we turn to the backward-wave SFWM in a double-
A four-level atomic system as illustrated in Fig. 2. In the
presence of a counterpropagating pump (E,, w,) and cou-
pling (E., w.) laser beams, phase-matched Stokes (w;) and
anti-Stokes (w,s) are spontaneously generated and propagate
through the medium in opposing directions. In the rotat-

J

ing reference frame, the interaction Hamiltonian for a single
atom is

V = — 1(g314us631 + 8134.,613) — (84285642 + 248 624)
— 5H(Q63 + Qi623) — 3(Qp6ar + Li61a)
— hA 64 — hwo 633 — hww 62a, (58)

where Q. = usE./h is coupling Rabi frequency. The cou-
pling laser is on-resonant with transition |2) — [3). Q, =
wa1E, /R is the pump Rabi frequency. The pump laser is far
detuned from the transition [1) — [4) with A, = w, — w14
so that the atomic population mainly occupies the ground
state |1). We take this ground-state approximation through this
section. With continuous-wave pump and coupling driving
fields, the energy conservation leads t0 wgs + w; = W + wp.
Here w = w,; — w3 is the anti-Stokes frequency detuning
and thus the Stokes frequency detuning is w; — w0 = —.
The atomic evolution is governed by the following
Heisenberg-Langevin equation [11]:
0
at
where yji = yi; (nonzero only as j # k) are dephasing rates,
and rfk (nonzero only as j = k) are the population transfer re-
sulting from spontaneous emission decay. The full equation of

motion can be found in Appendix B. The diffusion coefficients
D, jx can be obtained through the Einstein relation

A

[N A A Ao
Gjr = E[V’ Gl — vixbj + r’}‘k + j(,(), (59

Djrjxw = 3 (6jk6jn)

— (Apbi) — (GiAjw), (60)

where Aj = %@k - fA.(,‘:). For
by Eq. (59), we have [11,12]

the SFWM governed

Di2t Dizps Dt Doz
Dppi Dpps Dizt Dazsa
D132t Dizps Dz Dizu
Dyt Dzps Dazzi Duza
2y12(611) + ['31(633) + T41(644)  y12(614) 0 0
_ v12(641) 0 0 0 61)
0 0 [3(611) + I'31(633) + T41(6aa)  T'3{614) |
0 0 ['3(641) ["3(644)
Dy Doiaz Doz Duas
Dy2 Dauar Doz Do
Dsiin Dz Diriz Daas
Dig12 Dasaz Dz Duass
2y12(622) + I'32(633) + T'42(644) 0 Y12(623) 0
_ 0 L4(622) + T'32(633) + I'42(644) 0 ['4(623) (62)
Y12(632) 0 0 0
0 [4(632) 0 ['4(633)

053703-6



QUANTUM LANGEVIN THEORY FOR TWO COUPLED ...

PHYSICAL REVIEW A 107, 053703 (2023)

Solving Eq. (59) under the ground-state approxima-
tion (611) = 1 with weak pump excitation A, > {2, I'4},
we get the single-atom steady-state solutions (with puv =
12, 13,42, 43)

~ ~(0) £
013 =03 + Z ﬂfﬁ)f;ii)a
Y

(63)
642 —042 +Zﬂuv (0),
where
0 Mo +iyn)
O3 =~ 831das
T(w)
+ §2:42) i
. . 8244,
T(@) (A, +iva)°
6O _ (w +iyi13) |Qp|2 1 g24&T
4 T(@w) (Ap—iyu)(A,+ivia)  *
Q;Qj 64)
+ —g aas,
T(@) (A, —iva)”
a _ 129
12 T(w)’
o _ 4@ +iyn)
BT T@)
o iQ.Q,
BT T(@)(Ay—iya)
as _ 1292p(@m +iy1)
BT T (@) (A, - iys)
g — 2(w +iyiz) 2,
12 T(@) (Ap—iym)
g%
T(@)(Ap — iya)
Bl = i
2T (A, —iya)
: i
By = — . —, (65)

2(Ap — iy24)(Ap — iy34)

where T(w) = |2 |* — 4(w + iyi3)(@ + iyi2). We then ob-
tain the ensemble spatially averaged atomic operators for
generating anti-Stokes and Stokes fields from Eq. (49),

_(a )

fzﬁ

Y

& (0) —(0')
0= Z B v -

For simplicity, we define a,5(w, 7) = aus(was0 + @, 7) and
ay(w, z) = a;(wso — @, z). Following the procedures in
Egs. (56) and (57),

5‘1326‘

(66)

Qn»

bgs(w,z) . 2
3—Z = inAg;30 13(w, 2),
(67)
dal(w,z) . -
— = inAgypop(w, 2),

we get coupled equations for the counterpropagating anti-
Stokes (propagating along +z) and Stokes (propagating along
—z) fields in the backward-wave configuration,

Ti|’

0 &as —ys + l%k l.KaX &as
8_z|:?1Ii| _|: iKs o —z%" al + _
(68)

where

o 5

F lg13 / [,3 (U) :3 (fT) ‘342 ig) ,3 (0)]’
Fs = —ignvn [lglzf(a) + ﬂ13f(0) + :342f({7) + ﬂ43f(”)]»

(69)
and
.Wqs
Ogs = _IEX(JAW
Wy
oy = _lz_ Xs»
Kas = wasws (3)E E.,
«/w Was (3
Ky = XEREL,
_ 4”|/M3| (o +iy12)
XLIS - 80h T(w_) E)
= nlual’ (@ —iyis) Q)
* eoh  THw) A2+yd
4O = n 33 o1 1
“ goh’ T(@) (Ap+iyia)
npizp3poaps 1
xS = (70)

eoli> T*(w) (A, +iyig)

The expressions for B, and B, are listed in Eqgs. (65).
Ak = (w45 — wyg)/Cc — (l?c + Ep) - Z is the phase mismatching
in vacuum. Here the complex «,, represents the EIT loss
and phase dispersion. o is the Raman gain and dispersion
along the —z propagation direction. One can show that the
nonlinear coupling coefficients can be expressed as k,; = ke’

and k; = ke~ where
= N WasWs ML 324 QPQC 1 (71)
2c goh AP +iyis T(ZD')’

and 6 is the phase of Q,Q./(A, +iyi4). As a result, ik,
and «, fulfill the gauge transformation discussed in Sec. II.
Therefore, to be consistent with the treatment in Sec. II, we
rewrite Eq. (68) to

0 [4a] _ \pu ] Fig a2
azlai |~ Plal —F|
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FIG. 3. Comparison of commutation relations between the macroscopic (Macro, blue solid lines) and microscopic (Micro, red dashed
lines) approaches in the group delay regime: (a) [a4s(L), & (L)], (b) [a4(L), & (L)] — 8( — @), (¢) [a,(0), &l (0)], and (d) [a,(0), &} (0)] —
8(w — @w’). The results with no Langevin noise operators (NLN) are shown as black dotted lines in (a) and (c).

where
—ozas—i—iA—k iK
Mg = 2
B . * . Ak |
IK O[S - ZT
A 2 _6 2
Fus = Fue 6/ ,

Ef = Fie?, (73)

Similarly, we rewrite the SFWM quantum Langevin equa-
tions in the forward-wave configuration in Appendix C.

We now turn to compare Eq. (72) with Eq. (29) from the
phenomenological approach in Sec. II, where we take mode
1 as anti-Stokes and mode 2 as Stokes in the backward-wave
configuration. From Eq. (29), we have

A ~

Fys = Ngriyfi + N1 fy + N + Neriofy

R " R (19
= —Ngr21fi — Nei21f| — Nerazf2 — NBR22f2I'

Therefore, we obtain F,, and Fj from two different ap-
proaches: Eq. (69) from the microscopic photon-atom inter-
action, and Eq. (74) from the macroscopic phenomenological
approAach. Although we remark that the atomic noise opera-
tors f_ﬁ) are different from the field noise operators fins the
correlations of £, and F, uniquely determine the system per-
formance. While we find it difficult to analytically prove the
two approaches are equivalent, we could numerically compute
and compare the commutation relations and correlations of

Qgs, @, a5, and &} .
We consider here the backward-wave SFWM
in laser-cooled %Rb atoms with relevant atomic

energy levels being |1) =580, F =2), [2)=
152810, F =3), 3)=15%Pip,F=3), and [|4) =
|5 2P3/2, F =3). The decay and dephasing rates
for corresponding energy levels are TI'3=1Iy=
21w X 6MHZ, F31 = §F3, F32 = §F3, F41 = %F4, F42 =

T4, ¥13 = ¥23 = Y14 = You = 27 x 3MHz, and y1p = 27 x
0.03MHz. With vacuum inputs in both Stokes
(z=L) and anti-Stokes (z=0) modes, we have
(aus(@, 0)a} (@, 0)) = (ay(w, L)al (@', L)) = 8(w — @)
and (&! (=, 0)au (', 0)) = (al(w, L)as(w’, L)) = 0. There
is also no correlation between Stokes and anti-Stokes fields at
their inputs.

We numerically compute SFWM in two different regimes
to confirm the consistency between the macroscopic and mi-
croscopic theories: (i) The first is the group delay regime,
where the SFWM spectrum bandwidth is determined by
the EIT slow-light induced phase mismatching [10]. The
working parameters are €2, =27 x 1.2MHz, Q. =27 x
12MHz, and A, = 27 x 500 MHz. The cold atomic medium
with length L = 2.cm has density n = 5.1 x 10'® m™3, cor-
responding to an atomic optical depth OD = 80 on the
anti-Stokes resonance transition. (ii) The second is the Rabi
oscillation regime, where biphoton correlation reveals single-
atom dynamics [10]. The working parameters are 2, = 2w x
1.2MHz, Q, =27 x 24MHz, and A, = w, — w4 = 27 X
500 MHz. The cold atomic medium with length L = 0.2cm
has density n = 6.4 x 10'* m~3, corresponding to OD = 0.1.
In both cases, we take Ak = 127 rad/m.

The numerical results in the group delay regime are plot-
ted in Figs. 3-5. The commutation relations [d,(L), &ZS(L)]
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FIG. 4. Four real correlations of Stokes and anti-Stokes fields in the group delay regime: (a) (&(U(L)&L(L)), (d) (@l (L)au(L)), (c)
(a,(0)a’ (0)), and (d) (&j (0)as(0)). The macroscopic (Macro) and microscopic (Micro) approaches are shown as blue solid and red dashed

lines, respectively.

and [a4(0), &I(O)] are shown in Fig. 3. Macroscopic and mi-
croscopic approaches agree well with each other [Figs. 3(a)
and 3(c)], with negligible relative small difference <1.0 x
1076 [Figs. 3(b) and 3(d)]. As expected, the macro-
scopic phenomenological results give perfect flat lines at

)2 LoD] - BO0)8 000 — | which is the starting
point of Sec. II. The microscopic results of field commuta-
tions are consistent with the macroscopic approach, but with
<1.0 x 107° deviation at some spectra points. As we under-
stand, these small spectra discrepancies may be caused by
the ground-state and zeroth-order approximations we take for
solving the microscopic Heisenberg-Langevin equations (59).
If the Langevin noise operators are not taken into account,
as shown in the black dotted curves in Figs. 3(a) and 3(c),
the anti-Stokes commutation relation is not preserved and
displays the EIT transmission spectrum, while the Stokes
commutation relation still approximately holds due to the
negligible gain or loss in the Stokes channel under the ground-
state approximation.

Figure 4 displays four real-valued correlations of Stokes
and anti-Stokes fields: (a) (&GS(L)&ZS(L)), (b) (&Z‘Y(L)&M(L)),
(¢) (a,(0)a}(0)), and (d) (a!(0)as(0)). Figure 5 shows the
twelve (six pairs) complex-valued correlations of Stokes
and anti-Stokes fields: (a) (G.s(L)a.(L)) = (&ZS(L)&IS(L))*,

(b)  (au(L)ag(0)) = (al(0)af (L)*, () (au(L)aj(0)) =
(as(Oaf (L), () (a,(L)as0) = @ (0)au(L)*, (o)
(a5(0)ags (L)) = (@l (L)af(0)*, and () (a,(0)a,(0)) =

(&I (0)&1 (0))*. The macroscopic solutions agree well with
those obtained from the microscopic approach.

The numerical results in the Rabi oscillation regime are
plotted in Figs. 6-8. The macroscopic phenomenological
results also agree remarkably well with those from the mi-
croscopic theory.

In the microscopic Langevin-Heisenberg theory, the Stokes
and anti-Stokes Langevin noise operators in Eq. (69) are
expressed as a linear summation of atomic noise operators
whose correlations are defined in Eq. (48). On the other side,
in the macroscopic phenomenological approach [Eq. (74)],
they are obtained from the noise matrix in Eq. (31) [or
Eq. (15) for the forward-wave configuration] and two-mode
field noise operators whose correlations follow Eq. (14). Al-
though Eq. (69) (with atomic transition noise operators) and
Eq. (74) (with two-mode optical field noise operators) appear
different, their numerical results of correlations show a re-
markable agreement with each other in Figs. 3—8. We attribute
this to the fact that in both microscopic and macroscopic
theories the two fields share the same coupling matrix, and
both satisfy the bosonic commutation relations. Under these
constraints, their physical observable and outputs should be
uniquely determined, though the choice of noise matrix in
the macroscopic phenomenological formula is not unique, for
example, as elaborated on in Appendix A. It is extremely
challenging to directly drive the noisematrix in Egs. (15)
and (31) from the microscopic Heisenberg-Langevin theory,
because (1) the microscopic Heisenberg-Langevin theory has
a huge computational complexity (see Sec. III), (2) for two
systems with the same coupling matrix, their microscopic
structures may be quite different, and (3) the choice of noise
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FIG. 5. Twelve complex correlations of Stokes and anti-Stokes fields in the group delay regime: (a) (@,s(L)a.s(L)) = (&IS(L)&IS(L))*,
(b) (8as(L)as(0)) = (a](0)aj (L))*, () (aas(L)ai(0)) = (a,(0)aj (L)*, (d) (@} (L)a,(0)) = (af(0)aqs(L))*, (e) (a,(0)au (L)) = (af (L)af(0))*,
and (f) (a,(0)a,(0)) = (a!(0)a!(0))*. The macroscopic (Macro) and microscopic (Micro) approaches are shown as blue solid and red dashed

lines, respectively.

matrix in the macroscopic phenomenological formula is not
unique. For these reasons, we take numerical confirmation for
the correlations which are relevant to the physical observables.
However, we do confirm that when the nonlinear coupling
coefficient is real, Egs. (15) and (31) are indeed reduced to
the known results in literature (See Cases 1 and 2 in Secs. IT A
and I B).

We note that although the noise field correlations from
Eqgs. (69) and (74) agree well with each other, there are
small numerical differences at some spectral points as
shown in Figs. 3-8. These neglectable discrepancies are not
from fundamental physics, but rather from the approxima-
tions taken during derivation. For instance, the ground-state
approximation and lowest-order perturbation are used in de-
riving the microscope noises and the coupling matrix. As a

result, in the microscopic Heisenberg-Langevin theory, al-
though the underlying microscopic quantum mechanics
ensures the preservation of commutation relations, the com-
putation numerical results may be slightly away from the
exact values due to these approximations. In the macroscopic
phenomenological treatment, we “force” the commutation re-
lations to hold. As a result, some adjustment is added to the
Langevin noise operators to compensate the approximation-
induced error in the coupling matrix. These resulted differ-
ences are small and neglectable as long as the coupling matrix
describes closely its true system, as shown in Figs. 3-8.

In this work, it is assumed that the noise sources are in
their ground states such that their mean occupation numbers
are zero, as indicated in Eq. (14). If this condition is not
met, our macroscopic phenomenological quantum Langevin
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FIG. 8. Twelve complex correlations of Stokes and anti-Stokes fields in the damped Rabi oscillation regime: (a) (@,s(L)a.s(L)) =

(@ (Laj L), () (aw(L)as(0)) = (@l (0l (L))", (o)

(@as(L)aj(0)) = (a,(0)aj,(L))*, (d)

(@}, (L)ay(0)) = (@{(0au (L))", (e)

(a5(0)as (L)) = (&) (L)al(0))*, and (f) (a,(0)as(0)) = (af(0)al(0))*. The macroscopic (Macro) and microscopic (Micro) approaches

are shown as blue solid and red dashed lines, respectively.

equations may not be applicable and require adjustment. We
find that the complex nonlinear coupling coefficient arises
from near-resonance interaction between light and atomic
transitions. Although in this work we focus on SFWM in
a double-A atomic system, we anticipate the same physics
applies to other multiple-wave mixing processes, such as two-
level [23], three-level [24—26], and diamond-shape four-level
systems [27,28].

IV. BIPHOTON GENERATION

We now turn to apply the quantum Langevin theory
to study time-frequency entangled photon pair (biphoton)

generation through the spontaneous four-wave mixing
process, especially in a variety of situations involving gain,
loss, and/or complex nonlinear coupling coefficient. We
consider continuous-wave pumping whose time-translation
symmetry leads to frequency anticorrelation w; 4 w, =
constant between the paired photons. In the spontaneous
four-wave mixing process, both input states are vacuum:
(@) (@, 0 (@', 0)) = (@}(@, 0)ax(w’, 0)) = 0, (& (@', 0)
&T(w, 0)) = (i (@', 0)a,(w,0)) = 8(w — ') for the
forward-wave configuration, and (&I(w, 0)a(w’, 0)) =
(@ (@, (@', L)) =0, (@(@,0)a) (@', 0)) = (@@, L)
a,(w’', L)) = 8(w — w') for the backward-wave configura-
tion. From Eq. (4), with w; = w9 + @ and w; = wyy — @,
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we have
eiwlo(%—f)

&I(LZI):W

iwno(£2 1)

~ i o _j Ak
dway (@, z1)e e 24,

e

ant, ) = W

~ i 2 _ _ ik
dway(w, ) ™ ET e T,

(75)

where + represents the forward-wave (4) or backward-wave
(—) configuration, and z =7z, and z =z, are the output
positions of channels 1 and 2, respectively. For the forward-
wave configuration, z; = zp = L. For the backward-wave
configuration, z; =L and z; = 0. The phase mismatch-
ing in vacuum Ak = (wgs = wy)/c — (/_6;- + l?,,) -7 (wae0 £
ws0)/c — (l_cl. + Izp) - Z is nearly a constant. The vacuum time
delay z;/c constants are usually very small in usual experi-
mental conditions, so from now on we ignore these constants
for simplification and rewrite the above equations to (other-
wise one just needs to make a time translation t — ¢ — z;/c)

—iwipt .
at,z1) = dwa(w,z1)e ™",
V2
7 (76)
—lwyot .
It 20) = Nor dwiy(w,z)e'™".
T

The photon rate in channel m can be computed from

Ry = (@) (t, 2)am(t, 7n))

1 o o
= / / dodw'e ™ ™ @ (@, 20)am(@T , 7))

27 JJ
(77

Here we are particularly interested in the two-photon Glauber
correlation in the time domain, which can be computed from
the following two different orders:

2 At at . R
G;;(Iz, 1) = (a,(t1, 21)ay(t2, 22)ax(t2, 22)a1 (21, 21))
= & (t2, 22)ar (11, 21))

+ @b (62, z2)ar (t1, 20)))* + RiRa, (78)

G(l%%(tl’ 1) = (@)(t2, 22)4] (11, z0)a1 (11, 21)aa(t2, 22))
= (a1 (11, 21)aa(t2, 2))
+ @b (62, 2)ar (t, )P+ RiRy, (79)

where we have applied the Gaussian moment theorem [29,30]
to decompose the fourth-order field correlations to the sum of
the products of second-order field correlations (see Supple-
mental Material [31] for the detailed verification). The first
term in Egs. (78) and (79) can be expressed as |W; (2, m)?
and |lIll,2(t],t2)|2, where

Wy 112, 1) = (Ga(t2, 22)a (11, 21))

= e I eTI0N Y ((t — 1), (80)

W a(t1, ) = (a1 (t1, z1)ax(t2, 22))

= e ey (1 — 1) (81)

are the two-photon wave functions with the relative parts
Vou1(th — 1)

L |
= ) // dlD'dw"(&Z(w",Zz)&](w,Z])>e—lw(t,—;2)’
T
(82)

Y2t — 1)

1 .
=5 // dwdw’(a1(w, 1) (@, 22))e” 1),
54
(83)
One can show that the second term in Egs. (78) and (79)
is zero if the nonlinear coupling coefficient is real-valued,
and it is usually very small as compared to other terms. The
third term in Egs. (78) and (79) is the accidental coincidence

counts. The two-photon wave function and Glauber correla-
tion satisfy the following exchange symmetry:

Vo1t — ) = Yo 1(th — ) = Y121 — 1),
Wi (t2, 1) = Wa,1(t2, 1) = Wi 2(01, 12), (84)
G5 (12, 1) = GE|(t2. 1) = G¥) (11, o).

The normalized two-photon correlation is defined as

G(zzl)(fz, 1)
RiR,

(2)

P 1) = (85)

As the system has time-translation symmetry with
continuous-wave pumping, ngl)(tz, H) = G(Zzl) (t1 — 1)
depends only on the relative time #; — ;.

A. Loss and gain

To simplify and unify the descriptions for accounting
for both forward- and backward-wave cases, we define
“input—output” fields: &l,in = a,(0), flzyin = a,(0), &l,oul =
ai(L), and ay o = ap(L) for the forward-wave case; a; j, =
a1(0), azin = az(L), a1 ou = a1(L), and a3 o = a2(0) for the
backward-wave case. In this subsection, we aim to investigate
the roles of loss and gain in biphoton generation, consider-
ing linear loss in mode 1 (Re{e;} = o > 0) and linear gain
(Re{az} = —g < 0) in mode 2. We also assume « is real, or
its contribution to Langevin noises is much smaller than the
linear gain and loss, i.e., Im{k} < {«, g}. In this case, for
forward- and backward-wave configurations, the noise matrix

is reduced to
V2 0
Ngp = |:

o i/m| (86)

Hence, the output fields in Egs. (19) and (36) can be rewritten
as

ai,out [A Bi| at,in L|:X11 X12] fi@)
At = At +/ A dZ»
a3 o C Dl|ay;, o X1 Xn]| f2(2)

(

87)

053703-13



YUE JIANG, YEFENG MEI, AND SHENGWANG DU

PHYSICAL REVIEW A 107, 053703 (2023)

where X,,, are combined coefficients. We further rewrite
Eq. (87) as

L
a1,0u = Ay in + Bfl;in + / [X11/1(2) + X12£2(2)],
0

L
aum=@ﬂm+wmm+/f&wﬁo+ﬁwﬁm.
0
(88)

As shown in Eq. (84), there are two different orders [(: axa; :)
or (: d1a, :)] to compute the two-photon wave function and
Glauber correlation. Although these two orders are equivalent,
the numerical computation complexity may be significantly
different. Computing the biphoton wave function in Eq. (83)
in the order (: @;a, :) involves nonzero noise field correlations
(fuf5y, while in the order (: @&, :) [Eq. (82)] these noise field
correlations disappear because of ( f,; fin) = 0. These field cor-
relations in the frequency domain can be expressed as

{t2on (@ Na1on(@)) = 8( — @)[BD"], (39)
(&lout(w)&Zout(wJ))
L
= 8(w - w’)[AC* +f dZ(X11X2*1 ~|—X12X2*2)i| (90)
0

Therefore, we obtain the biphoton wave function following
the order (: a»a; :)

Yo () = // dm’dlD’/(azﬁout(w’)al’om(w-))efiwr

= /deD*e*"m, 1)
where T = #; — t,. If following the order (: @4, :), we have

Yia(r) = /:/ dw—dw/(al,out(w_)az,out(w/))e‘_iwr

L
=/dw|:AC*+/ dZ(X]]Xz*l —|—X12X2*2):|eiwr.
0
92)

One can show that the second term in Egs. (78) and (79) is
zero in this loss-gain configuration. The single-channel pho-
ton rates can be obtained as

1
&z—ﬁwm,
2

1 L
&=51/hﬁ+/dm&#+mﬁ%m.
v 0

It is interesting to remark that, in the loss-gain config-
uration, the biphoton field correlation following the order
(: Ggainioss ;) does not involve noise field correlations as
shown in Eqgs. (89) and (91), which dramatically reduces the
computation complexity. On the other side, taking the order
(: G1ossQgain :) must include noise field correlations as shown
in Egs. (90) and (92). This may be understood in the heralded
photon picture [32]: When a photon in a lossy channel is
detected (annihilated) by a detector, we can always ensure
there is its partner (or paired) photon in another channel; On
the other side, when a photon is detected in a gain channel
which produces multiple photons, we cannot always ensure

93)

(@ x10°

m— Macro
= = = Micro
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FIG. 9. Two-photon Glauber correlation in time domain in the
group delay regime: (a) G (7) and (b) G2 (v). The simulation
conditions are the same as those in Figs. 3-5. NLN: no Langevin

noise included.

it has a partner photon in another channel. The exchange
symmetry can only be preserved by taking into account the
Langevin noises.

In the SFWM described in Sec. 111, the anti-Stokes photons
experience finite EIT loss due to the ground state dephasing
(y12 # 0), and the Stokes photons propagate with negligi-
ble but small Raman gain. Figure 9 displays the two-photon
Glauber correlation in the group delay regime with the same
parameters as those in Figs. 3-5. As shown in Fig. 9(a)
and 9(b), both macroscopic and microscopic approaches with
Langevin noises give consistent results. As expected, the com-
putation of Gg?a)s(t) (following the order (: a,a,, :)) without
Langevin noise operators (black dotted line: NLN) agrees
with the exact results obtained from both macroscopic (blue
solid line) and microscopic (red dashed line) approaches,
shown in Fig. 9(a). On the contrary, the computation of
G (1) (following the order (: dud; :)) without Langevin
noise operators deviates significantly from the exact results,
as shown in Fig. 9(b).

B. Complex phase mismatching

Different from the Heisenberg picture where the evolution
of field operators is governed by their Langevin coupled equa-
tions, Ref. [10] provides a perturbation theory to describe the
biphoton state in the interaction picture. The solution from
the Heisenberg-Langevin theory may contain correlations of
more than two photons, while the perturbation theory focuses
only on the two-photon state by ignoring higher-order terms.
These two treatments are expected to give the same results in
the limit of small parameter gain. Although the perturbation
theory in the interaction picture provides a much clear physics
picture of the two-photon state, treating loss and gain requires
a proper justification. In the perturbation theory, linear loss
and gain are included in the complex phase mismatching
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Al;(zzr) [10]. For the SFWM described in Sec. III, Ref. [10]
derives the biphoton relative wave function with perturbation
theory as

iL

V(r) = —fdwx(w)cb(w)e*fm, (94)
27

where the longitudinal detuning function is

AKLY
cD(w) = SinC<T>e’(kas+ks)L_ (95)

There is a statement in Ref. [10]: “It is found that to be
consistent with the Heisenberg—Langevin theory in the low-
gain limit, the argument in & should be replaced by Ak =
(EM + l;;‘ — l_éC — I;,,) - 2, where 12;* is the conjugate of I;X.” For
the SFWM in the double-A four-level atomic system, there
is small Raman gain in the Stokes channel. What happens
if there is loss in the Stokes channel? Should we take l;;*
or k, in the complex phase mismatching Ak(z)? Although
Ref. [10] takes lz;* for Stokes photons with gain, it is not clear
whether it still holds for the case with loss. In this subsection,
we not only provide a justification for the above statement in
Ref. [10] from the quantum Langevin theory by taking small
parametric gain approximation, but also extend the complex
phase mismatching to the case with loss in the Stokes channel.

We take the same backward-wave configuration in
Ref. [10]. We assume anti-Stokes photons in mode 1 are
lossless with EIT and there is gain (or loss) in Stokes mode
2. The small parametric gain fulfills |« | < {«, g}

In the backward-wave configuration, using Egs. (7), (34),
and (37), we obtain analytical expressions of A, B, C, and
D as

/qz — Q2o (i—a3)L/2

A= gsinh(5/q? — 4k2) + /q* — 4i2cosh(5/q? — 4i2)’
B 2ik
g+ g% — 4i2coth(5 /g% — 4k?)’
C= —2ik
g+ q* — 42coth(5 /> — 4?)’
b VG — di2ela =L/

B gsinh(5/q% — 4i2) + /q* — 4i2cosh (5 /q* — 4x2)’

(96)

where ¢ = o) + 3 — iAk. In the small parametric gain ap-
proximation, we have

g* — 4>~ q
=a +af — iAk = —i(Aky — Ako* + Ak)
o7
and
oy — oy = —i(Ak; + Aky"), (93)

where Ak, = “2’—c Xm 1S the wave-number difference from that
in vacuum. Hence, we simplify A, B, C, and D to

. iAkL
A = expliAk;Llexp — |

. Aky — AKX + Ak)L
B = ik Lsinc ( 2 )
2
i(Aky — AkY + Ak)L
X exp )
2
99)
o (Aky — AKS + Ak)L
C = —ikLsinc
2
i(Aky — AKY + Ak)L
X exp )
2
. iAkKL
D = exp[—iAkjL]exp .

We first look at the case with gain in the Stokes (mode 2).
As discussed in Sec. IV A, we take the order (: a»a; :)

V() = / / 4 4" o0 (@ Yo o (@)}~

(100)
= f dwBD*e ™7,
where
Ak; — AKE + Ak)L
BD* :iKLSiI’lC|:( ! 22 + ) ]
i(Ak; — AkE + 2Aky)L
xexp|:l( ! 22+ 2) ] (101)

Comparing Egs. (100) and (101) with Egs. (94) and
(95), particularly for the argument in the sinc func-
tion, we have Ak= Ak — Aki+Ak=k —k —k +
k, = ko5 — ki — k. + kj,, which is consistent with the state-
ment in Ref. [10].

We now look at the case with loss in the Stokes (mode 2).
We take the order (: d;a, :) and have

1//12(.[) = /f dw-dw/(a].out(w_)&Z.OUt(w,))eiiWT

= f dwAC*e ™7, (102)
where
Ak* — Aky + AK)L
AC*:i;c*Lsinc[( ‘ 22+ ) ]
i(2Aky — Ak* + Aky)L
exp|:l( ! - +Ak) } (103)

Comparing Eqgs. (102) and (103) with Egs. (94) and
(95), we have Ak = Akf— Aky+ Ak =k —ky — k. +
k, = ka5 — kg — ke + k,, which is different from the case with
gain. Here we have taken k; 2 ki for lossless mode 1.
Although our discussion is based on the backward-wave
configuration, the conclusion can be extended to the forward-
wave configuration, which is derived in detail in Appendix D.
Therefore, in the case with gain in the Stokes mode 2, the
complex phase mismatching is Ak = (ks + l?;‘ —k — 75,,) - Z.

053703-15



YUE JIANG, YEFENG MEI, AND SHENGWANG DU

PHYSICAL REVIEW A 107, 053703 (2023)

In the case with loss in the Stokes mode 2, the complex phase
mismatching becomes Ak = (kus + ks — ke — k) - 2.

C. Complex nonlinear coupling coefficient and Rabi oscillation

As illustrated in Fig. 2, we can understand the SFWM
process in the following picture. After a Stokes and anti-
Stokes photon pair is born from a single atom following
the atomic transitions [Fig. 2(b)], the paired photons then
propagate through the medium [Fig. 2(a)]. As the photon
pair can be generated at any atom inside the medium, the
overall two-photon wave function (or probability amplitude)
is a superposition of all possible such generation-propagation
two-photon Feynman paths. Following this picture, when the
propagation effect can be ignored, the biphoton state reveals
the single-atom dynamics, which is connected to the nonlinear
coupling coefficient. In the following, we consider SFWM in
the limit of small optical depth (OD) where the linear prop-
agation effect is small and show how the complex spectrum
of nonlinear coupling coefficient reveals single-atom Rabi
oscillation.

We rewrite the nonlinear coupling coefficient in Eq. (71) as

1 1
K(w) = J[ — — - ]
(ZD— _Qe/2+ly6) (w +Qe/2+lye)
(104)
where
as“v’s 3 Q Q(‘
J= _ / @Das@sTL13 24 P : . (105)
8ceghQ2, Ap+iyis

Here Q, = \/ [€2:12 — (y13 — y12)? is the effective coupling
Rabi frequency, and y, = (Y12 + y13)/2 is the effective de-
phasing rate. Obviously, the nonlinear coupling coefficient
k(z) has a complex spectrum, with two resonances sepa-
rated by the effective coupling Rabi frequency €2.. In the
ground-state approximation with major atomic population in
state |1), the undepleted pump laser beam is far detuned from
the transition |1) — |4) and its excitation is weak such that
we can take x; >~ 0. On the other side, from Eq. (70) we have
the complex linear susceptibility for anti-Stokes photons

nlpsl? (@ +iy12)
eoh (@ — Q./2 +iy.) (@ +Qe/2+iye)'
(106)

Xas() =

Although the anti-Stokes photon absorption at & = 0 is sup-
pressed by the EIT effect, there are two absorption resonances
appearing at @ = +£2,/2 which coincide with the two res-
onances of nonlinear coupling coefficient in Eq. (104). We
take the pump laser with weak intensity (o< |2 p|2) and large
detuning (A,) such that Re{o (o = £82./2)}> Im{x (= =
+Q,/2)}, which are usually satisfied in the ground state
condition. As the propagation effect is small and the phase
matching is not important, the paired photons are mostly
generated from the two resonances (o = ££2,/2) of the non-
linear coupling coefficient.

In the forward-wave configuration, with the coupling
matrix

_ j Ak ]
My = [ Yas 15 _3’;_4 (107)

—lK 5

and short medium length L satisfying |[MgL| < 1, we have
approximately

[fc‘ g} — ML= 4 MpL

_[1—auL+i8 L kL
- —ikL 11—

]. (108)

As discussed in Sec. IV A, the biphoton field correlation
following the order (: a,a,s :) does not need to count the
Langevin noise operators:

(as(w', L)ayus(w, L)) = BD*§(w — @)
. Ak

= ucL(l + 17L>8(U)' — o)

= ik(w)L§(w — @),

(109)

where we have neglected higher-order terms O(L?). From
Eq. (82), we have the relative biphoton wave function

Vo) = L / dok(@)e ™, (110)
2

which is the Fourier transform of the nonlinear coupling coef-
ficient with T = ¢#,; — t,. Substituting Eq. (104) into Eq. (110),
we obtain

Vyas(T) = LIV [eT/2 — ¢ 2T/21Q (1)

Q.7

5 )@(r), (111)

= —2iLJe 7" sin (

where ©(1) is the Heaviside function. Equation (111) shows
a damped Rabi oscillation, resulting from the beating between
biphotons generated from the two resonances at o = £, /2.
The Heaviside function shows that the anti-Stokes photon is
always generated after its paired Stokes photon following the
time order of atomic transitions |1) — |4) — |2) — |3) —
[1) in an SFWM cycle, shown in Fig. 2(b).

In the backward-wave configuration, the coupling matrix
becomes

—orgs + 18k iK
Mg = ) ) 112
B [ ik —i%"] (112)
With [MgL| <« 1 we have
[g g}zeMBL§ﬂ+MBL
_[1—auL+i% L kL
- [ ik L 1—i8L (13
and
A B 1 — gl + 2L ixL
= w2 aky | (114)
C D ikL 1 +i5-L

053703-16



QUANTUM LANGEVIN THEORY FOR TWO COUPLED ...

PHYSICAL REVIEW A 107, 053703 (2023)

(a) %105

61 m— Macro
| = = =Micro

—
(2}
-~

— ]

s-as

N

\V]

‘wSﬂw (T) |2 [842}

o

7 [s]

FIG. 10. Two-photon Glauber correlation in time domain
in the damped Rabi oscillation regime: (a) G2, () and (b) G2 (7).
The simulation conditions are the same as those in Figs. 6-8. (c) The
analytic solution for the biphoton waveform |v,_.(7)|>. NLN: no

Langevin noise included.

where we have neglect higher-order terms O(L?). Similarly,
we have

(as(@', 0)a(w, L)) = ik(w)L8(w — '),  (115)

which is the same as Eq. (109) of the forward-wave configura-
tion. Therefore, we obtain Rabi oscillations in both forward-
and backward-wave configurations. Equation (111) is identi-
cal to the result derived from the perturbation theory in the
interaction picture [10].

Figure 10 displays the two-photon Glauber correlation in
the damped Rabi oscillation regime with the same parame-
ters as those in Figs. 6-8. As illustrated in Figs. 10(a) and
10(b), both macroscopic and microscopic approaches with
Langevin noises give consistent results. As expected, the com-
putation of Gg[)ls(‘l,') (following the order (: a,a,, :)) without
Langevin noise operators (dot points) agrees with the exact
results obtained from both microscopic (red dashed line) and
macroscopic (blue solid line) approaches, shown in Fig. 10(a).
On the contrary, the computation of G, () (following the or-
der (: a.a; :)) without Langevin noise operators (dot points:
NLN) deviates significantly from the exact results and violates
the causality, as shown in Fig. 10(b). Figure 10(c) shows the
results from the analytic solution in Eq. (111), which agree
well with the exact results in Figs. 10(a) and 10(b).

It is interesting to examine a system without gain and loss
whose Langevin noises are purely contributed by the complex

nonlinear coupling coefficient. In this case, the above approxi-
mation and conclusion do not hold. Let us now consider case 3
with the forward-wave configuration in Sec. Il A, where o} =
ay = Ak =0 and k = n+i¢. As shown in Sec. Il A, the
noise matrix is different as ¢ is positive or negative. We first
consider ¢ > 0, where the Langevin coupled equations (27)
become

dfal [0 il o[y
sl =L ST A o

Under the condition |[MpL| < 1, we solve Eq. (116) to the first
order of L and have

L
ai(L) = a,(0) + ikLa(0) + /E/ dz(fi + ),
0
. (117)
ay(L) = ay(0) + ik*Lal (0) + JE/O dz(—f{ + f).

The two-photon field correlations are

(@1(L)ax(L)) = (a(L)ay (L)) = %(K + k)L (w — ).

(118)
As ¢ < 0, the Langevin coupled equations (27) become

9 [ _ 0 ik ][ — 1 1 f‘lT
a_z[aﬂ_[—m 0}[&§]+\/7[—1 1][}3} (119)

Under the condition |[MgL| < 1, we solve Eq. (119) to the first
order of L and have

L
ay(L) = a,(0) + i Lal(0) + v/ —¢ f dz(f] + f),
0

L
ay(L) = y(0) + i*Laj (0) + /—¢ / dz(—fi + f3).
0
(120)
The two-photon field correlations are

(@ (L)ar (L)) = (@ (L)a (L)) = 5 (k + k")LS(w — o),

(121)

i
2

which is the same as Eq. (118). The biphoton relative wave
function is

L 1 .
Yai(1) = Yy (—0) = ;—n/dw§<k+k*)e—lwf. (122)

One can prove that under the same limit [MgL| < 1, the
backward-wave configuration gives the same two-photon field
correlation [Eqgs. (118) and (121)] and temporal wave function
[Eq. (122)]. Equation (122) suggests the biphoton temporal
wave function has time reversal symmetry when there is no
linear gain and loss.

V. CONCLUSION

In summary, we provide a macroscopic phenomeno-
logical formula of quantum Langevin equations for two
coupled phase-conjugated fields with linear loss (gain) and
complex nonlinear coupling coefficient, in both forward-
and backward-wave configurations. The macroscopic phe-
nomenological formula, obtained from the coupling matrix
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and the requirement of preserving commutation relations of
field operators during propagation, does not require knowing
microscopic details of light-matter interaction and internal
atomic structures. To validate this phenomenological formula,
we take SFWM in a double-A four-level atomic system as
an example to numerically confirm that our macroscopic phe-
nomenological result is consistent with that obtained from
microscopic Heisenberg-Langevin theory. As compared to the
complicated microscopic theory which varies from system to
system, the macroscopic coupled equations are much more
friendly to experimentalists. We apply the quantum Langevin
equations to study the effects of gain and/or loss as well as
complex nonlinear coupling coefficient in biphoton genera-
tion, particularly to the temporal quantum correlations. We
show that the computation complexity can be dramatically
reduced by taking a proper order of field operators based on
loss and gain. Making a comparison between the quantum

J

Langevin theory (in the Heisenberg picture) and the per-
turbation theory (in the interaction picture [10]), we extend
the expression of complex phase mismatching to account for
loss and gain. At last, we reveal Rabi oscillation in SFWM
biphoton temporal correlation when the propagation effect is
small. Although in this article we focus on biphoton gener-
ation from the spontaneous parametric process, the quantum
Langevin coupled equations can also be used to study two-
mode squeezing, parametric oscillation, and other quantum
light state generation.
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APPENDIX A: NOISE MATRIX IN BACKWARD-WAVE CONFIGURATION

In the macroscopic quantum Langevin equations, the requirement of preserving commutation relations allows multiple
choices of the noise matrix. For example, fj — —f; or/and f, — —f, do not affect any computation results of physical
observables involving pairs of Langevin noise operators. As an example, here we provide several equivalent noise matrices

for backward-wave configuration:

Nt = 1 0 —Mgi1  —Msn2 n ~Mg;;  —Mgpn ]
BI= 10 -1 Mg2; Mg2 Mg>; Mg2
1 0
Z[o —1]NF’
1 0
NBzENBl[O _1]
_ /|=Msu  Msn i ~Mg;1 Mg
—Mgy1  Mg» —Mgz1 Mg |’

-1 0
NBSENB1|:O 1],

-1
Npy = NB]|: 0

0
_1] = —Ng;.

(AL)

We take the first choice Ng; in the main text [see Eq. (31) in Sec. II B] so that it is consistent with the microscopic treatment in

Sec. II1.

APPENDIX B: HEISENBERG-LANGEVIN EQUATIONS OF SFWM

The full Heisenberg equation of motion can be written as

A

where
61 612
A 6 6

G| oz

031 032

6y On

0 0

@ . 0 w
813l $27/2
* Ak
Qp/2 8244

S=i0S-8O0)+G + F,

(BD)
613 Gia
623 64 (B2)
633 634 |’
63 Oy
gSIaas Qp/z
Q:/2  gmpa
o R (B3)
0 A,
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['31633 + T'41644 —Y12612 —Y13613  —Y14014
G= —y12621 32633 + T42644  —123623  —124024 (B4)
—Y130631 —¥23632 —I'3633  —y3634 |’
— Y1464 —Y24642 —yub643  —T464
Fo) Fo) F(o) F(o)
11 12 13 14
L AT BB AY
F=1%0 po) por  po) (BS)
31 32 33 34
7o) 7o) 7o) 7o)
41 %) 43 44

Iy = Iy + Do i the total spontaneous decay rate of excited state |m), where m = 3 or 4, and I',,,; is the decay rate from state
|m) to |j). For the two hyperfine ground states, there are I'j = I'; = 0. For cold atoms with only spontaneous emission decay,
the dephasing rates y;x (j # k) between states |k) and |j) are y13 = y23 = I'3/2, Y14 = v24 =T4/2, y3a = (I3 +T4)/2. y12 is

the dephasing rate between two hyperfine ground states |1) and |2).

APPENDIX C: MICROSCOPIC SFWM QUANTUM
LANGEVIN EQUATIONS IN FORWARD-WAVE
CONFIGURATION

Although Sec. III focuses on numerical confirmation of
backward-wave SFWM, we remark that it may be helpful
for general readers to write the SFWM quantum Langevin
equations in the forward-wave configuration as well.

In the forward-wave configuration with both Stokes and
anti-Stokes fields propagating along the +z direction, the cou-
pled Langevin equations become

3 | Gas A Fog
—| .| =M . Cl
82[64] [T } ’ M “
where
_ i Ak i
My = |: Olas“"l 3 *uc 'Ak:|’ (€2)
—IK —OlS — lT

with Ak = (wus + wy)/c — (EC + I;p) - 2. The noise operators
F,s and Ij"f, defined in Eq. (69), originate from microscopic
atom-light interaction. To compare Eq. (C1) with Eq. (11)
from the phenomenological approach in Sec. II, we take mode
1 as anti-Stokes and mode 2 as Stokes in the forward-wave
configuration. From Eq. (11), we can also obtain F, and F;
from the noise matrix:

s = Ner11 f1 + NmelT + Nerofa + NFRlzsz,

L. . R (C3)
El = Nrot fi + Nenarfy + Neio fo + Niroo f-

APPENDIX D: COMPLEX PHASE MISMATCHING
IN FORWARD-WAVE CONFIGURATION

In the forward-wave configuration, similar to the
backward-wave configuration in Sec. IVB, we assume
anti-Stokes photons in mode 1 are lossless with EIT and
there is gain (or loss) in Stokes mode 2. The small parametric
gain fulfills |«| < {«, g}. Using Eqgs. (6) and (17), we obtain
analytical expressions of A, B, C, and D as

V@ + 4ic2cosh(5/q* + 4x?) — gsinh(5y/q> + 4?)
/qz I di2elartas)L/2 ’

A=

(
B 2iksinh(%/q? + 4x?)
\/me(ma;)L/z ’
—2iksinh(%/q* + 4k?)
[q? + di2elrtes)L/2 ’
V@ + 4ic2cosh(5/q% + 4x?) + gsinh(5/¢> + 4c?)
/qz ¥ di2elatanL/2 ’

(D1)

D =

where ¢ = o) — a — iAk. In the small parametric gain ap-
proximation, we have

G — 4l ~q
=) — o) — iAk = —i(Aky + AKS + Ak)
(D2)
and
o) + oy = —i(Ak — Ak}), (D3)

Oy

where Ak, = 32 x,, is the wave-number difference from that
in vacuum. Hence, we simplify A, B, C, and D to

. iAKL
A = expliAk;L]exp ,

*
B = iKLsinc[(Akl + Ak + Ak)L:|
2
|:i(Ak1 — Ak;‘)Li|
X exp| —mm—— |,
2
A Ak + Ak)L
C = —i/cLsinc|:( kit Ak + AK) :|
2
|:i(Ak1 — Ak’zk)Li|
X exp — |

—i

D= exp[—iAk;L]exp[ (D4)

AkL
> .
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We first look at the case with gain in the Stokes (mode 2).
As discussed in Sec. IV A, we take the order (: aa, :)

You (1) = // dwdw’' (g, o (@) ou())e ™"

(D5)
= /deD*e”'m,
where
BD* = i/cLsinc[(Akl * A;(; * Ak)L}
y exp[i(Akl — AKS —;2Ak2 + Ak)L]. (D6)
Comparing Egs. (D5) and (D6) with Eqgs. (94) and

(95), particularly for the argument in the sinc func-
tion, we have Ak = Ak + Ak + Ak=k +k —k —
kp = kqs + ki — k. — kp, which is consistent with the state-
ment in Ref. [10].

We now look at the case with loss in the Stokes (mode 2).
We take the order (: a;a, :) and have

Ya(t) = [/ dw—dw/<al,out(w)aZ,out(wJ))e—iwr

(D7)
=/deC*e‘iwr,
where
AkT + Ak Ak)L
AC*:i/c*Lsinc[( i 22+ ) i|
i(2Ak; — AkY + Ak, + Ak)L
exp|:l( ! 1+ Ak + AK) } (DS)
2

Comparing Egs. (D7) and (D8) with Egs. (94) and

(95), we have Ak = Akf+ Aky+ Ak =k +k — k. +
ky = ka5 + ks — k. — k,, which is different from the case with
gain. Here we have taken k; = k{ for lossless mode 1. There-
fore, in the case with loss in the Stokes mode 2, the complex
phase mismatching becomes Ak = (l;as + I% — I};. — I;,,) - Z.
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