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The non-Hermitian skin effect (NHSE), which involves an extensive number of bulk modes collapsing to open
boundaries as skin modes, unveils a variety of unprecedented topological physics. However, achieving this effect
in photonic waveguides has been challenging due to the difficulty of establishing the required non-Hermitian
asymmetric couplings. Here, we investigate NHSE in photonic waveguide arrays via Floquet engineering. By
periodically driving the waveguides along the propagation direction, we create an artificial gauge field (AGF)
that interacts with on-site dissipation, yielding non-Hermitian asymmetric coupling and eventually giving rise to
NHSE. The localization direction of NHSE is tunable by AGFs and can be detected from light propagation. In
particular, we explore the interplay between NHSE and dynamical localization, whereby NHSE is suppressed
by dynamical localization due to the collapse of quasienergies. Our proposed method can be extended to explore
the non-Bloch Su-Schrieffer—-Heeger model, with potential implications for steering light transport with the aid

of NHSE.
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I. INTRODUCTION

Topology has emerged as a new degree of freedom for
manipulating the behavior of light, and has been adopted for
designing advanced photonic devices that are robust against
fabrication imperfections and disorders [1-8]. Recently, non-
Hermitian photonic systems involving gain and loss have
attracted increasing research attention due to their poten-
tial to reveal unprecedented topological physics stemming
from complex eigenvalues and nonorthogonal eigenmodes
[9]. Gain and loss can be introduced in photonic experiments
via various means, such as optical or electric pumping, lossy
material, or radiation loss. Various photonic platforms, such as
waveguides [10-15], ring resonators [16,17], photonic crys-
tals [7], metamaterials [18], and synthetic dimensions [19-22]
have been used to test non-Hermitian topological physics,
leading to new functionalities for photonic devices such as
topological mode conversion [23-25], reconfigurable topolog-
ical paths [26], and topological lasers [27-29].

Non-Hermitian Hamiltonians exhibit unique point-gap
topology resulting from the nontrivial spectral winding num-
ber of eigenvalues [30-36]. If the eigenvalues in the complex
plane under periodic boundary condition (PBC) enclose any
nonzero areas, the non-Hermitian skin effect (NHSE) occurs
under the open boundary condition (OBC), with an extensive
number of bulk modes accumulated at system boundaries
as skin modes [37]. A typical example of NHSE is the
Hatano-Nelson model, featuring a lattice with asymmetric
coupling, which leads to the unidirectional amplification
of wave functions and the accumulation of bulk modes at
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boundaries [38,39]. The skin modes dramatically modify the
conventional bulk-boundary correspondence for topological
boundary modes [40]. Subsequently, biorthogonal polariza-
tion [41] and non-Bloch band theory [42] have been developed
to solve this problem. NHSE also gives rise to intriguing
phenomena not reveled in Hermitian systems, such as size-
dependent phase transition [43,44], hybrid skin-topological
modes [45,46], anomalous single-mode lasing [47], and ab-
normal wave dynamics [48,49]. Since NHSE has a great
impact on controlling wave packets and their dynamics, it has
been theoretically and experimentally demonstrated in optical
fiber loops [50], ring resonators [51-58], photonic crystals
[59-61], exciton polaritons [62,63], electric circuits [64], ac-
tive particles [65], quantum walks [66,67], cold atoms [68,69],
and mechanical lattices [70,71]. However, NHSE has not been
well explored in photonic waveguide arrays mainly because
the coupling coefficients between adjacent waveguides are
generally Hermitian and symmetric, making it challenging to
introduce the required non-Hermitian asymmetric couplings.

In this work, we theoretically propose NHSE in dissi-
pative photonic waveguide arrays via Floquet engineering.
The Floquet modulation is applied by periodically driving
the propagation constants of each waveguide to arouse arti-
ficial gauge fields (AGFs) in each plaquette. The interaction
of AGFs and on-site dissipation results in non-Hermitian
and asymmetric coupling coefficients. Subsequently, the
method is adopted to construct both Hatano-Nelson and Su-
Schrieffer—Heeger (SSH) models with NHSE. We show that
the localization of skin modes is tunable by AGFs, which can
be directly observed through wave propagations. In addition,
the Floquet waveguides experience another kind of localiza-
tion known as dynamical localization, where the diffraction
of light is suppressed due to the coherent destruction of tun-
neling at specific amplitude-to-frequency ratios [72,73]. At
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FIG. 1. Geometry and effective tight-binding lattice of pro-
posed photonic Floquet waveguide arrays. (a) Schematic of the
waveguide arrays. (b) The effective tight-binding lattice under
rapid oscillating approximation. (c) The effective coupling versus
amplitude-to-frequency ratio I' = A/w with A and @ denoting mod-
ulation amplitude and spatial modulation frequency, respectively. (d)
The flux of AGFs as a function of modulation phase 6 fort = 1 and
o = 30. (e) The effective lattice after adiabatically eliminating sites
b and ¢, which is a Hatano-Nelson lattice.

these specific points, the localization caused by dynamical
localization dominates over NHSE. Our proposed approach
offers a photonic platform for investigating NHSE and the
interplay between different localization mechanisms.

II. NON-HERMITIAN ASYMMETRIC COUPLING VIA
FLOQUET ENGINEERING

Figure 1(a) schematically shows the diagram of the pro-
posed Floquet waveguide array, which is arranged in a
rhombic lattice with each unit cell composed of three waveg-
uides. The array is periodically driven along the propagation
direction and bent along the x axis to create a linear gra-
dient potential. The driving protocol is to arouse nonzero
Aharonov-Bohm gauge fields in each plaquette, as previously
demonstrated [74,75]. We assume weak coupling between
adjacent waveguides and only consider nearest-neighbor cou-
pling. The evolution of light is governed by the following
equation,

a

—i dz” =1(by + by—1 + ¢u + cu—1) + Va(2)ayn,

i = 1+ @ri0) + Wby + S5, M
Cn

—1

E = t(an + apy1) + Xu(2)Cy + 8cCs

where a,, b,, and ¢, denote the amplitudes of waves at the
respective waveguides in the nth cell; ¢ stands for the original
coupling coefficient; V,(z), W, (z), and X,,(z) signify the pe-
riodic driving of propagation constants along the z direction;
dp and §. are the additional offset of waveguides b and c. To
clearly reveal AGFs produced by modulation, one can perform
a gauge transformation:

Zz
a, = A, exp —if Vn(z/)dzl],
0

r t
b, = B, exp —i/ Wn(z’)dz/i|,
L Jo

B t
¢n = Cyexp —i/ Xn(z/)dz’:|. )
L 0
Substituting Eq. (2) into Eq. (1), we arrive at
A, . . . .
—idd— =t(e"'B, + e'%B,_1 + €%C, + €%C,_),
z
.dB, > P
-1 =1(e YA, + e l(pzAnJrl) + 8pBn,
dz
dcC, . .
i = (€T A AL +8.C 3)
z

with phase terms given by

Zz
Y1 :/ Va —Wn]dZ/,
0
Z
P2 = / V. — Wn—l]dzla
0
@3 = / [Vn(z/) - Xn(Z/)]dZ/
0

s = / V@) = Xoor (2)1d2 @)
0

The proposal aims to realize arbitrary fluxes of AGFs in
each plaquette, which requires strategically setting suitable
values for V,, W,, and X,,. To accomplish this, we slightly
perturb the propagation constants of waveguides b and ¢
along propagation direction z with a sinusoidal modulation,
and introduce a linear gradient of propagation constant into
each waveguide along the x direction. Specifically, we have
normalized propagation distance,

Va(z) = Bo — 2no,
W, (z) = Bo— 2n+ 1)o + Acos(wz + 0), 5)
X,.(z) = Bo— 2n+ 1)o — Acos(wz — 6),

with By denoting the basic propagation constants of each
waveguide. The gradient o along the x direction is assumed
to be large (o > t), and it is introduced by circularly bend-
ing waveguides along the x axis. It is related to the bending
radius R as o = nga/(4mw RA), where ng, a, and X are the aver-
age refractive index of the substrate, waveguide-to-waveguide
separation, and incident wavelength [74]. The terms A, w,
and 6 denote the amplitude, frequency, and initial phase of
sinusoidal modulation, respectively, with the waveguides in
the upper and lower rows undergoing opposite modulation
phases. When under a resonant condition (o0 = Mw, M € Z),
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the coupling process between adjacent waveguides is restored.
In the high-frequency limit (w > ¢), the equivalent coupling
coefficients in Eq. (3) can be calculated using their cycle-
averaged terms with the lowest-order approximation [75]. The
resulting coupled mode equation is given as

dA, . : : :
i = cerr(¢?' By + €7B,_y + ¢ 'C, + e PCy),
z
.dB, —io —ig
—ld_z = cefi(e” """ Ay + € ?Apg1) + 8By,
dc, ; ;
i = (@ Ay P A +8.C, ©)
with

ceff = tJy ('), ¢ = —M6 + I'sin0,
¢y =M(w +0)+ I'sind. (7)

The coefficient J,, signifies the Mth-order Bessel function
of the first kind and I' = A/w is the amplitude-to-frequency
ratio. The effective lattice is schematically illustrated in
Fig. 1(b) with coupling c.¢ and an AGF with flux ¢ = 2(¢; —
¢2) = —4M0 per plaquette. The effective coupling is a Bessel
function of normalized modulation amplitude and the AGF is
linearly dependent of phase 6, as depicted in Figs. 1(c) and
1(d), respectively. The Hermitian part of the method to arouse
AGF was theoretically proposed before and more details about
the derivation can be found in [75].

The interaction between AGF and on-site dissipation yields
non-Hermitian asymmetric coupling, which arises from in-
terference from different coupling channels with different
losses [34]. More specifically, light coupling from site A,
to A,4+; can occur through two paths via site B, or C,. We
set the on-site offset of waveguides b and ¢ as &, = 8§ + iy
and 8, = —§ + iy, where the real part is opposite and the
imaginary part is the same. The imaginary part represents
the propagation loss of light waves. To gain further insight
into its impact, we express the offset in the form §, = coe?,
8.= — coe”"" with §;=arctan(y /8). When the offset greatly
exceeds the coupling (|8p], |8.| > cetr), the sites B and C can
be adiabatically eliminated. In this case, Eq. (6) reduces to

dA,
-1 dz = AA, + tAn1 + 1 An-1, 3
with
c2 . . .
fy = = (=ee M 4e™),
Co
2 )
c o . dic
ty = _Lff(_efl(ﬁefﬁ[_'_elgl)’ A = —=ff ¢in 0, (9)
Co Co

where #;, and t,; denote the forward and backward couplings
between A, and A,y; and A is the on-site detuning. The
diagram of the effective lattice after adiabatic elimination is
shown in Fig. 1(e), which is a version of the Hatano-Nelson
model. The coupling includes two components, which can be
regarded as the summation of two interference paths via sites
B and C. The effective couplings are generally asymmetric as
the difference of their squared absolute value reads as

4 4
r” = It = = =5 sin(26)) sin 6. (10)
0
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FIG. 2. NHSE in Hatano-Nelson waveguide lattice (a), (b) are
the spectra of quasienergy and distribution of eigenmodes for ¢ = 0,
respectively. (c¢), (d) are the same as (a), (b) but for ¢ = 0.4. (e), ()
are for ¢ = —0.4. Other parameters are ' = 1.37, t = 1, v = 30,
8, =5+0.5i,and §. = —5 + 0.5i.

The difference is not vanished as if the phase lag 6, #
m /2 and the flux of AGFs ¢ # mm. However, in the absence
of on-site dissipation, we have 6; = 0 and thus the coupling
is Hermitian as #, =t};. The presence of loss and AGFs
yields non-Hermitian asymmetric coupling with |#;,| £ |t,].
Therefore, one can expect NHSE would be realized in the
proposed waveguide arrays. Experimentally, the proposal may
be implemented based on the femtosecond writing technique.
AGFs in waveguide arrays were reported in [74]. Our proposal
requires two additional conditions, including the detuning of
propagation constants and the loss in the waveguides. The
detuning of propagation constants can be controlled by trans-
lation speeds of the writing process while the loss can be
introduced by scattering centers generated by a pause of the
longitudinal motion during the writing process [76].

III. NON-HERMITIAN SKIN EFFECT

The Floquet waveguide array can be mapped to a ver-
sion of the Hatano-Nelson model with asymmetric coupling.
As an example, we plot the quasienergy spectra of Floquet
waveguides under PBC (blue lines) and OBC (red dots) as
flux ¢ = 0.4 in Fig. 2(a). Other parameters are set as t =
1, '=137, =30, 6 =5, and y = 0.5 with the corre-
sponding effective coupling coefficient and on-site loss being
ty = 0.053 4+ 0.0514, #;, = 0.064—0.063i, and A = 0.0228i,
respectively. By applying Floquet theory, the exact spectrum
of quasienergy ¢ is numerically calculated by diagonalizing
the Floquet Hamiltonian [75],

VA
He = (i/Z)InU(Z), U(Z) =exp [—if H(z’)dz’], (11)
0

where Z = 27 /w is the driving period. For convenience, the
quasienergy is limited in the range —w/2 < ¢ < w/2.
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FIG. 3. Numerically calculated evolution of light to reflect NHSE for different flux. (a) The system is without skin effect as flux ¢ = 0. (b)
Left skin effect as ¢ = 0.4. (c) Right skin effect as ¢ = —0.4. In all cases, light is initially injected from a single site (site number N = 19).

Other parameters are the same as those used in Fig. 2.

As shown in Fig. 2(a), the periodic spectrum forms a closed
loop on the complex plane, different from that of OBC that
collapses into an arc residing within the loop. According to
the bulk-boundary correspondence of spectral winding, NHSE
takes place under OBC as long as the periodic spectrum en-
closes the nonzero area [37]. The spectral winding number is
intrinsic to non-Hermitian systems given by [39]

w =/ ﬁBkarg[H(/’c)—Eb], (12)
_x 27
where E}, is any base point. The winding number characterizes
the number of times that the complex eigenenergies encircle
E,. If the spectra under PBC enclose a finite area, E;, could be
chosen at the interior inside the loop, giving rise to a nonzero
winding number and NHSE. The distributions of eigenmodes
under OBC are illustrated Fig. 2(b), where all the modes are
accumulated at the left boundary and exponentially decrease
with the distance away from the boundary, clearly revealing
NHSE. The skin modes undergo the strongest localization
when the absolute value of 7,; and #;, reaches the maximal
difference. According to Eq. (10), it happens when the flux
and phase leg of loss are ¢ = /2 and 6, = 7 /2, respectively.

In particular, the localization of skin modes can be flexibly
controlled because the forward and backward couplings are
related to AGFs. Figure 2(c) plots the spectra for OBC and
PBC with vanished flux, with both forming open arcs on
the complex plane. The spectrum under PBC has no interior,
resulting in a winding number of w = 0, indicating that the
system does not support NHSE. As illustrated in Fig. 2(d), the
eigenmodes are distributed throughout the array. Furthermore,
changing the sign of flux reverses the localization direction of
skin modes. As indicated in Fig. 2(e), we plot the spectra for
OBC and PBC as ¢ = —0.4, which is similar to Fig. 2(a) with
¢ = 0.4. However, all skin modes are concentrated at the right
side of the array, as described in Fig. 2(f).

NHSE and its localization direction can be directly ob-
served from wave propagation, making it a useful signature
for experimental observation. In Fig. 3, we launch light from
a single waveguide a with site number n = 10. To clearly
characterize the dynamical evolution of light, the waves are

normalized at each propagation distance z. In Fig. 3(a), there
is no NHSE as ¢ = 0 and the injected light broadens during
the propagation. As ¢ = 0.4, as shown in Fig. 3(b), skin
modes tend to be localized at the left boundary. One can see
the waves travel to the left side while they are suppressed
on the right. After propagating a certain distance, light is
concentrated at the left boundary, and the reflection from the
boundary is suppressed. On the other hand, the direction of
skin effect is reversed as ¢ = —0.4. Light tends to propagate
to the right side and accumulates at the right boundary, as
shown in Fig. 3(c).

In addition to the localization stemming from NHSE, the
driving waveguide arrays also experience another kind of lo-
calization known as dynamical localization [72]. Dynamical
localization refers to the suppression of the broadening of
wave packets arising from coherent destruction of tunneling
when the charged particle interacts with ac electric fields. Si-
nusoidal harmonic modulation of propagation constants along
the propagation direction mimics the ac field for photons,
giving rising to a photonic analogy of dynamical localization
at a specific amplitude-to-frequency ratio and cancellation of
diffraction. More specifically, in the proposed model, the dy-
namical localization occurs when the amplitude-to-frequency
ratio ' takes the zero points of the Bessel function such
that the effective coupling cer = tJy(I') = 0. As depicted in
Fig. 1(c), the second root for vanished coupling is 'y ~ 3.83
with M = 1. Our interest is to investigate NHSE at this point
to highlight the interaction between skin modes and dynam-
ical localization. In Fig. 4(a), we plot spectra under PBC on
the complex plane for different amplitude-to-frequency ratios
I". The periodic spectra generally form closed loops. As I
increases, the variation of the loop area resembles the varia-
tion of the Bessel function of first order. At the zero of the J;
function with I'y & 3.83, the spectrum coalesces into a single
point with vanished area. In the momentum space, the system
should have a flat band; that is, both the real and imaginary
parts of band structure e(k) are dispersionless and irrespective
of momentum k. As discussed above, NHSE emerges only
if the loop encloses a finite area. Therefore, NHSE will be
completely suppressed at this point. Moreover, the amount of
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FIG. 4. The interplay of NHSE and dynamical localization. (a) The spectra under PBC for different amplitude-to-frequency ratios I'.
(b)—(d) are the evolution of light waves from single-site injection as I' = 1.8, 3.8, and 5.0, respectively. Other parameters are the same as those

used in Fig. 3(b).

loop area reflects the strength of NHSE. We could expect the
strongest NHSE to appear at I' & 1.84, where the function J;
reaches its maximum.

To confirm our analysis, we numerically calculate the
propagation of light waves as we launch light from a single
waveguide for three different ratios with I' = 3. 8, 1.8, and
5.0, as shown in Figs. 4(b)—4(d), respectively. The flux is
fixed at ¢ = 0.4, and other parameters are set as t = 1, w =
30,6 = 5,andy = 0.5. One can see that light travels to the
left boundary and then is bounded to the boundary for further
propagation in both Figs. 4(b) and 4(d), clearly exhibiting
NHSE. In contrast, in Fig. 4(c), light is concentrated in the
vicinity of the injected waveguide without broadening or trav-
eling to the left, revealing dynamical localization in this case.
The results indicate that at this point, dynamical localization
dominates, leading to significant suppression of NHSE.

IV. NON-BLOCH SSH MODEL

The Floquet engineering can be adopted to construct
other topological chains. As an example, we investigate
the non-Bloch SSH model where the intracell coupling is
non-Hermitian and asymmetric. The sectional drawing of pro-
posed waveguides is shown in Fig. 5(a), which is composed
of five waveguides in each cell labeled by a—e. The intrinsic
intra- and intercouplings between adjacent waveguides are t;

and #,, respectively. The auxiliary waveguides b and ¢ are
periodically derived to create asymmetric intracell coupling
between waveguides a and d. The intercell coupling between
waveguides a and d is symmetric because there is only a sin-
gle coupling channel via auxiliary waveguide e. The Floquet
modulation of propagation constants in respective waveguides
a—e is given by

Vi = Po — 4no,

W, = Bo — [4n+ 1]o + Acos(wz + 0) + &,

X, = Bo—[4n+ 1]Jo — Acos(wz — 0) + 6.,

Y, = Bo — [4n + 2]o,

Z, = Bo — [4n + 3]o + A cos(wz) + 6. 13)

The resulting effective intracell coupling f.g; = £,y (")
with AGFs ¢ = 4M6, and the effective intercell coupling
tetry = thJy(I'). Assuming the additional on-site detuning
of propagation constants & .. greatly exceeds the coupling
strength, we can adiabatically eliminate sites b, ¢, and e. Then
a non-Bloch SSH model is achieved, as schematically shown
in the lower panel of Fig. 5(a), where the forward and back-
ward intracell couplings are labeled by #,; and #;, and intercell
1S 2.

The SSH chain is well known to sustain topological edge
modes that appear at a topologically nontrivial phase. The
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FIG. 5. The proposal of non-Bloch SSH lattice based on Floquet waveguide arrays. (a) Schematic of tight-binding lattice of SSH model.
The upper and lower panels are the original lattice and the effective lattice after adiabatic elimination, respectively. (b) Non-Bloch topological
invariants for SSH model. The inset depicts the GBZ. (c), (d) are the spectra and mode profiles in the topologically trivial phase with #, = 0.4.
(e), (f) stand for the topologically nontrivial phase with #, = 1.2. Other parameters are I' = 1.37,#, = 1, © = 30, §, =5+ 0.5, §, = =5+

0.5i,and §, = 5.

emergence of these modes is guaranteed by the bulk-boundary
correspondence with the topological invariant determined by
the bulk modes. For the standard SSH model, the phase
transition occurs when the intra- and intercell couplings are
equal. However, the bulk-boundary correspondence breaks
down when the bulk modes develop into skin modes, resulting
in the derivation of the phase transition. To deal with this situa-
tion, the non-Bloch topological band theory should be applied
based on the generalized Brillouin zone (GBZ). GBZ is a more
general case by replacing Bloch phase factor exp(ik) with a
complex value «. The GBZ is determined by the characteristic
equation

det[Hssu(a) — el] =0, (14)

which has two roots «j,, satisfying o, = |t,||#;r]. The
boundary condition requires that they must have the same
absolute value || = |az|, yielding o = (1, /1) €% and
o = (1, /t,l)l/ 2 ¢~ Their trajectory on the complex planes
forms the GBZ, which is a circle with radius |#,|/|t], as
plotted in the inset of Fig. 5(b). GBZ can be also used to

indicate NHSE, which is consistent with the spectral winding
number. As GBZ is within (outside of) the unit circle, the skin
modes are accumulated at the left (right) boundary. Further-
more, the non-Bloch topological invariant for edge modes is
reconstructed in the GBZ with
W=L/qﬂm (15)
27 Cy

where ¢ is the off-diagonal element of the Q matrix,

O(a) = liig () (i ()] — lug(e)) (ur(a)| = ( 0 g)

g
(16)
with [ug(er)) and (u ()| denoting the right and left eigen-
vectors, and |ug()) = o |ug(@)), |uy(a)) = o;|lur(a)). The
non-Bloch winding number is plotted in Fig. 5(b), where the
phase transition takes place at #,, = sqrt(|t,]|#;,]).
We further numerically calculate the quasienergy spectra
and eigenmodes in topologically trivial (z,, < sqrt(|]|#,])
and nontrivial (f,, > sqrt(|t,;]|#;-|) phases. The results are pre-
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sented in Figs. 5(c)-5(f). In the trivial case, the spectra under
PBC form two separate loops, with the spectra under OBC
contained within them [Fig. 5(c)]. No edge modes exist in this
case. The distribution of eigenmodes is shown in Fig. 5(d),
where skin modes are localized at the left boundary. In the
nontrivial phase, the periodic spectrum still forms two closed
loops [Fig. 5(e)]. However, the quasienergies under OBC have
two additional points outside the loop, corresponding to two
topological edge modes. The distributions of eigenmodes are
plotted in Fig. 5(f), with the edge modes indicated by red
lines, one at the left and the other at the right. At the same
time, all skin modes are concentrated at the left boundary.
The topological modes may be pushed into the bulk at some
critical parameters as they experience topological localization
and skin effect at the same time. When the strengths of two
different effects are balanced, the topological modes become
extended throughout the whole structure [70,77].

V. CONCLUSIONS

In conclusion, we have proposed non-Hermitian Hatano-
Nelson and SSH models in photonic waveguides based on
Floquet modulation. which is achieved by periodically driving
the waveguides along the propagation direction. The Flo-
quet engineering introduces AGFs into waveguides, and their
interaction with on-site dissipation successfully arouses non-
Hermitian asymmetric coupling. As a result, the quasienergy

spectra form closed loops on the complex plane and ex-
hibit nontrivial spectral winding, which is accompanied with
NHSE under OBC. Furthermore, the asymmetric coupling
is tunable by AGFs, and hence the localization direction of
skin modes can be controlled via Floquet engineering. We
show NHSE is directly viewed from light propagation as
the reflection of waves is suppressed at the boundary of the
array. In particular, Floquet driving also mimics ac electric
fields and leads to dynamical localization. When dynamical
localization takes place, NHSE is suppressed as a result of
the collapse of quasienergies. On the other hand, the SSH
model simultaneously supports skin modes and topological
edge modes, exhibiting non-Bloch bulk-boundary correspon-
dence. The study provides a route toward investigating NHSE
on a photonic platform, which can also be extended to explore
other non-Hermitian topological behaviors such as high-order
skin effect, hybrid skin-topological modes, and topological
extended modes.
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