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Multichannel hyperspherical model for Efimov physics with van der Waals interactions
controlled by a Feshbach resonance
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Here we present a four-channel model that incorporates a magnetically tunable Feshbach resonance in a system
of three atoms that interact via pairwise van der Waals interactions. Our method is designed to model recent
experiments where the tunability of the scattering length has been used to study three-body Efimov states, which
appear in the limit of a diverging two-body scattering length. Using this model, we calculate three-body adiabatic
and effective potential curves and study how the strength (or width) of the Feshbach resonance affects the three-
body effective hyperradial potential that is connected to the Efimov effect. We find that the position of the
repulsive barrier, which has been used to explain the so-called van der Waals universality in broad resonances,
is slightly shifted as the narrow-resonance limit is approached and that this shift is correlated to the appearance
of two avoided crossings in the adiabatic energy landscape. More importantly, the attractive well is markedly
shifted upward in energy and is extremely shallow for the narrowest resonance. We argue that this behavior is
connected to the breakdown of van der Waals universality for weak (narrow) resonances.
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I. INTRODUCTION

Near-resonant two-body forces are famously known to give
rise to a series of energy levels in the quantum three-body
spectrum. Exactly on resonance, an infinite number of these
levels appear obeying a discrete geometric scaling law. These
energy levels are called Efimov states [1] and they have a
number of interesting universal properties. The term Efimov
physics [2] refers to a range of universal phenomena that arise
in few-body systems displaying this effect.

Despite many efforts, the experimental confirmation of Efi-
mov’s result proved challenging. The reason is that the ideal
Efimov scenario requires that the parameter which character-
izes the resonant two-body interaction, the s-wave scattering
length a, is much larger in magnitude than the pairwise inter-
action range.

In experimental settings, this condition is rarely perfectly
fulfilled. An exception is ultracold atomic clouds where the
scattering length can be controlled by means of a magneti-
cally tunable Feshbach resonance [3]. A Feshbach resonance
occurs when two colliding atoms weakly couple to a quasi-
bound molecular state (which in the absence of this coupling
would be strictly bound). For example, a pair of atoms with
two different spin configurations may couple through hyper-
fine interactions. If the two molecular states have different
magnetic moments, an applied magnetic field will shift their
relative energies through the Zeeman effect. The position of
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the closed-channel bound state can thus be controlled by tun-
ing the strength of the magnetic field.

In the ultracold regime, collisions occur in the zero-energy
limit. At some magnetic-field value B0 the quasibound energy
level of the closed-channel molecule will coincide with the
threshold energy of the open channel. This results in resonant
coupling in the limit of zero-energy scattering, and hence
the s-wave scattering length a(B) diverges. In the vicinity
of this magnetic field, the magnetic-field dependence of the
scattering length is given by [4]

a(B) = abg

(
1 − �B

B − B0

)
, (1)

where abg is the off-resonant background scattering length
and �B is the width of the resonance. The theory behind
Feshbach resonances and their classification will be discussed
further in Sec. II. For the moment, suffice it to say that they
are classified as either strong (entrance-channel dominated) or
weak (closed-channel dominated), depending on their width
and the parameters of the two-body interaction potential.

Using this technique, the appearance of near-threshold
Efimov states in a cloud of ultracold cesium atoms was de-
tected through an enhanced rate of three-body recombination
at a certain strength of the magnetic field [5]. Since then
Feshbach tuning of the scattering length has been used to
search for Efimov states in a number of alkali-metal sys-
tems, and such states have been reported both in systems of
three identical bosons 7Li [6,7], 39K [8–10], and 85Rb [11];
in mixed boson or boson-fermion systems 41K-87Rb [12,13],
40K-87Rb [14], 7Li-87Rb [15], and 6Li-133Cs [16,17]; and
in a system of three distinguishable fermions 6Li [18–21]
(using a mixture of different hyperfine states). Notably, the
Efimov effect has also been found in the helium trimer, a
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system without Feshbach resonances of the type discussed
above [22].

While Efimov’s theory predicts a universal scaling be-
tween the parameters of successive Efimov states, the absolute
scales of these remain nonuniversal, i.e., set by the details of
the atom-atom interaction and generally different for differ-
ent atoms. However, as experimental observations of Efimov
states accumulated, an unexpected additional universality was
revealed. For strong resonances, the Efimov states appeared
at magnetic fields where a ≈ −9rvdW, with rvdW the van
der Waals length [23]. This phenomenon is called van der
Waals universality and its origin has been explained by the
suppression of the pair correlations at short distances, which
manifests itself in the form of a repulsive barrier at a specific
position in three-body effective potentials [24–27].

The theoretical analysis in [24–26], like many theoretical
works on Efimov physics, uses a single-channel model based
on a model potential. Here a van der Waals potential tuned
so that a → ±∞ was used. Thus the physics of the Feshbach
resonance is only included through the single parameter a(B)
taken at B = B0. Therefore, the model per definition cannot
investigate any effects depending on the strength or width �B
of the resonance, which depends on the size of the coupling
between the initial open channel and the molecular closed
channel, or any other effects related to the multichannel nature
of the resonant collision physics.

Only a small number of theoretical works explicitly allow-
ing for the multichannel nature of Feshbach resonances have
been published: Some qualitative aspects have been investi-
gated using methods based on the coordinate-space Faddeev
equations with zero-range interactions [28–31] or using meth-
ods based on creation and annihilation operators [32–34].
In contrast, quantitative agreement with experiments using
133Cs [35] and 39K [10] have been obtained by solving the
Schrödinger equation in the adiabatic hyperspherical approx-
imation using a Lennard-Jones potential with experimentally
determined parameters. Recent work has addressed physics
similar to that in the present paper, but using a rather
different approach based on the momentum-space Faddeev
equations and using a separable interaction [36,37].

With a model that can describe closed-channel-dominated
resonances, it is possible to examine how the width of
the resonance affects the three-body spectrum and its uni-
versal properties. More specifically, it makes it possible
to numerically investigate the limit of the van der Waals
universality [24,38]. In experiments, the van der Waals uni-
versality appears in the broad- and intermediate-resonance
regimes [39,40]. However, for narrow resonances there are
indications that this universality breaks down [40].

When generalized to three atoms, a two-channel model
for binary interactions requires four channels, since there are
three different ways to pair the atoms in the closed channel.
In this paper we present a method for solving the problem of
three identical bosons interacting via pairwise van der Waals
interactions using a four-channel model that incorporates a
magnetically tunable Feshbach resonance. An advantage of
this model is that it makes it possible to study various aspects
of Efimov physics beyond the single-channel approximation
and probe the closed-channel-dominated narrow-resonance
regime.

Most experimentally studied Efimov states have utilized
Feshbach resonances with intermediate to strong coupling,
undoubtedly because weakly coupled resonances usually re-
quire extremely precise magnetic-field control, which presents
experimental challenges especially if B0 is large. For our
numerical results, we have used parameters from narrow res-
onances in 23Na. The choice was motivated by the fact that
these resonances represent clean examples of weak to ex-
tremely weak resonances and are very well understood from
theory [41]. We expect that the qualitative features found here
will carry over to similar resonances in other systems.

In this work we examine the numerical three-body hyper-
radial potential curves obtained using our four-channel model
and compare them to single-channel calculations. We find
several features depending on the resonance strength. Our
prime finding is the appearance of additional avoided level
crossings in the adiabatic potential energy landscape as the
width of the resonance is decreased. We discuss how these
avoided crossings affect the diabatic Efimov potential and
analyze the subsequent effects on features related to van der
Waals universality.

This paper is organized as follows. In Sec. II we provide
an overview of the theory of two-body scattering involving
a Feshbach resonance and outline the two-channel model
used in our hyperspherical four-state model. In Sec. III we
present how this two-channel model is incorporated into the
three-body scattering problem and give a detailed description
of the symmetrization procedures required for implementing
boundary conditions in the four-state model. In Sec. IV we
present our results and discuss how beyond-single-channel
effects affect different universality aspects in the three-body
hyperradial potential curves. In Sec. V we present a summary
of this study.

II. TWO-BODY SCATTERING WITH A FESHBACH
RESONANCE

The description of a three-body scattering process in the
presence of a Feshbach resonance requires a small set of
parameters obtained from the equivalent two-body scattering
calculations. For our three-body model we consider the scat-
tering of three bosonic sodium atoms and use the two-body
model described in [41] to extract the necessary parameters.
Here we briefly describe the two-body scattering picture by
closely following the theory presented in [41–44].

A. Coupled-channel scattering

Magnetically tunable resonances may appear in atoms
where a nonzero nuclear spin �i couples to a nonzero elec-
tronic angular momentum �j to form a total (atomic) angular
momentum �f = �i + �j. Examples are given by the elements in
group I of the Periodic Table, with ground-state terms 2S1/2.
These atoms all have vanishing orbital angular momentum,
giving �j = �s. The energy of the 2S1/2 level is thus split into
two hyperfine levels with the corresponding quantum numbers
f = i − 1

2 and i + 1
2 . The difference in energy of these two

levels is the hyperfine splitting Ehf . In the presence of an
external magnetic field, the Zeeman interaction couples the
spin of the electron and the nucleus to the magnetic field,
which results in a splitting of the hyperfine levels into its
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Zeeman levels, according to their projections m f h̄ of �f along
the magnetic-field axis.

We consider the scattering of two 2S1/2 Na atoms with
nuclear spin i = 3

2 , resulting in the possible hyperfine levels
f = 1 and 2, with Zeeman levels (in ascending energy order)
m f =1 = 1, 0,−1 and m f =2 = −2,−1, 0, 1, 2. These states
are labeled |a〉, |b〉, . . . , |h〉. The spin projection ms onto the
magnetic field equals − 1

2 for the four lowest Zeeman levels
and 1

2 for the four highest levels (see Fig. 1 in [41]).
In an ultracold collision, the hyperfine and Zeeman ener-

gies are high compared to the kinetic energy of the atoms,
and in a sufficiently strong magnetic field, the Zeeman inter-
action dominates. The scattering channels are then classified
according to the asymptotic Zeeman levels of each atom,
that is, αβ = { f1m f1 f2m f2}, where the curly brackets indicate
bosonic symmetry. When all channels are closed, the total
energy of the system E will be associated with a strictly bound
molecule. However, if the state couples to at least one open
channel, E will be associated with a discrete state in a closed
channel embedded in the scattering continuum, or in other
words a resonance.

Furthermore, the restriction to ultracold collisions means
that we need only consider s-wave scattering, i.e., to a good
approximation the relative angular momentum between two
colliding atoms can be ignored. Thus the magnetic quantum
number is the sum of the contributions from the two atoms
MF = m f1 + m f2 . Owing to the invariance under rotations
around the magnetic-field axis (taken to be along the z axis),
MF is conserved during a collision. As the atoms approach
each other they will reach a point where the electrons un-
couple from the nuclei and recouple to each other, forming
a molecular electronic spin �S = �s1 + �s2, resulting in either
a molecular singlet (S = MS = 0) or a triplet (S = 1, MS =
0,±1). The hyperfine interaction weakly couples states with
different electronic spins, but the same total spin MF .

While MS is not strictly conserved, the magnetic moment
of a molecular channel is approximately given by μ � μBMS .
This makes it possible to use B as a knob to control the
energy separation between the asymptotic initial state and a
closed-channel state through their difference δμ in magnetic
moments. At the point of recoupling the intrinsic couplings
mix the channels, making it possible for the atom pair to
transition from the initial channel to a closed channel, where
the atoms become temporarily bound. We assume that atoms
are trapped in their lowest Zeeman state, which means aa is
the entrance channel. This state has MF = 2 and can couple
to four additional combinations of atomic states that result
in molecular states (|{αβ}〉) with the same value of MF (see
Table I). As long as the kinetic energy is less than the Zeeman
splitting, only the aa channel is open asymptotically and it
couples to the four asymptotically closed channels at shorter
r. The collision problem can then be described by the coupled-
channel method [4,45,46], in which the total scattering state is
expanded into a sum of individual channel states

� =
∑
αβ

ψαβ (�r) |{αβ}〉 , (2)

where |{αβ}〉 = |α〉 ⊗ |β〉 asymptotically (i.e., as r → ∞).
The expansion (2) is substituted into the Schrödinger equa-

TABLE I. Quantum numbers for the different s-wave scattering
channels that have MF = 2, along with a labeling convention. The
channels are listed in order of increasing internal energy Eαβ .

f1mf1 ms1 f2mf2 ms2 αβ MS

1 1 − 1
2 1 1 − 1

2 aa −1

1 1 − 1
2 2 1 + 1

2 ag 0

1 0 − 1
2 2 2 + 1

2 bh 0

2 0 + 1
2 2 2 + 1

2 f h 1

2 1 + 1
2 2 1 + 1

2 gg 1

tion, where the dynamics of the system is described by an
effective Hamiltonian consisting of H0 with eigenstates |αβ〉
and an interaction part V that couples the channels. This
results in a set of five coupled differential equations. With
the Born-Oppenheimer potentials for the S = 0 and 1 states,
the coupled equations can be solved numerically and from the
calculated wave functions the position and widths of occurring
Feshbach resonances can be predicted [41]. As shown in [41],
the multichannel problem containing Feshbach resonances at
well-separated magnetic-field strengths can be reduced to an
effective two-channel problem.

B. Two-channel model

The two-channel model consists of an open channel and
a single closed channel containing a molecular state, which
couple to produce a resonance. In the center-of-mass reference
frame, the coupled two-channel Hamiltonian is given by

Ĥ2b =
(

− h̄2

2μ2b

d2

dr2 + vbg(r) W (r)

W (r) − h̄2

2μ2b

d2

dr2 + vc(r; B)

)
, (3)

where μ2b is the reduced mass of two 23Na atoms. The open-
channel potential vbg serves as a reference, or background, and
it is chosen to resemble the interactions of the scattering atoms
in the aa channel. This channel has mainly triplet character
with MS = −1. The potential should have a repulsive barrier
at short distances and a characteristic van der Waals tail at
long distances. The important properties of the open-channel
model potential are that its scattering length abg and the posi-
tion of the last bound vibrational level agree with the values of
the exact potential. We use the Lennard-Jones 6-10 potential
with parameters for the triplet 23Na dimer [47,48]

vbg(r) = C10

r10
− C6

r6
, (4)

with C10 adjusted to support a single s-wave bound state
with an s-wave scattering length of 63a0, where a0 is the
Bohr radius. The real sodium dimer does of course support
many more bound states, but this simplified potential captures
the essentials of the near-threshold s-wave scattering proper-
ties [47]. The parameter settings and the potential properties
are shown in Table II.

The van der Waals length and energy, which character-
ize the range and scale of the potential, are defined via C6
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TABLE II. LJ(6,10) parameters for the two-channel model. Here
EvdW ≈ 1.181 52 × 10−8 hartree.

abg(a0) C6 (a.u.) C10 (a.u.) rvdW(a0) E−1/EvdW

63 1556 1.62005 × 109 45 2.6

as

rvdW = 1

2

(
2μ2bC6

h̄2

)1/4

, (5)

EvdW = h̄2

2μ2br2
vdW

(6)

and the mean scattering length [49], which sets the typical
scale of the scattering length, is given by

ā =
√

2

(
2μ2bC6

h̄2

)1/4 �
(

3
4

)
�
(

1
4

) ≈ 0.956rvdW. (7)

When expressed in van der Waals units, the potential (4)
becomes

vbg(r) = −16

r6

(
1 − C

r4

)
, (8)

where the only nonuniversal constant C = C10/C6r4
vdW deter-

mines abg.
The uncoupled open-channel wave function φE is defined

as the energy-normalized regular solution to the Schrödinger
equation (

− h̄2

2μ2b

d2

dr2
+ vbg(r)

)
φE (r) = EφE (r), (9)

where E is the relative scattering energy. The asymptotic form
of φE is given by

φE (r)
r→∞−−−→

√
2μ2b

π h̄2k
sin(kr + δbg), (10)

where k = √
2μ2bE/h̄ and δbg is the background scattering

phase shift. The background scattering length is given by

abg = lim
k→0

− tan δbg

k
. (11)

For all magnetic-field strengths B, zero energy is defined as
the asymptotic energy of the open channel.

For the closed channel it was shown in [41] that the res-
onance is primarily caused by couplings to the channels f h
and gg, which, like aa, are both of triplet character, but with
the important difference that MS = 1 (see Table I). Thus the
closed-channel potential differs from vbg only by a magnetic-
field-dependent energy shift

vc(r; B) = vbg(r) + Ec(B), (12)

where we define the energy separation of the two channels as

Ec(B) = E−1 + δμ(B − Bc). (13)

Here E−1 is the binding energy of the only bound state of the
background potential and δμ is the difference in the magnetic
moment between the separated atoms and the closed-channel

state. If the molecular states were of pure MS = ±1 character
one would have δμ = gs�MsμB = 4μB, but due to mixing
between different states, this is not exactly true. From [41] we
adopt the value δμ = 3.8μB in the vicinity of the resonances.

The bare resonant state φc is defined as the unit normalized
solution (i.e., |〈φc|φc〉|2 = 1) to(

− h̄2

2μ2b

d2

dr2
+ vc(r; B) + E−1

)
φc(r) = Ec(B)φc(r). (14)

If there were no coupling between the channels, this state
would be resonant with the open channel in the limit of zero
collision energy when the magnetic field is tuned to Bc.

The coupling between the channels occurs when the atoms
are close, so the coupling term W (r) should be a short-range
function; otherwise, the exact form does not matter. We have
used

W (r) = βe−0.2r/a0 . (15)

This coupling mixes states in the closed channel φc with states
in the open channel φE , i.e., they become dressed. The dressed
states are thus eigenstates to the Schrödinger equation

(Ĥ2b − EÎ )

(
φE (r)
φc(r)

)
= 0, (16)

where Î is the identity matrix. The coupling gives rise to a
Feshbach resonance (i.e., a dressed resonant state) with an
energy-dependent decay width [41,42] given by

�(E ) = 2π |〈φc|W |φE 〉|2. (17)

Due to the coupling, the magnetic field B0 where the res-
onance occurs (i.e., the zero-energy crossing of the resonant
state) is shifted somewhat from the resonant position of the
bare resonant state Bc. The two physical parameters of a
Feshbach resonance are thus the resonance position B0 and
its measured width �B, which are connected to the magnetic-
field-strength-dependent scattering length (1).

The shift in the position of the resonance as it is dressed
can be estimated [50,51] using multichannel quantum-defect
theory

B0 − Bc = �B
rbg(1 − rbg)

1 + (1 − rbg)2
, (18)

with rbg = abg/ā. The resonance width �B is the difference
between the magnetic field at resonance B0 and the magnetic
field where a = 0. It is connected to the decay width (17)
through [41,42]

�B = lim
k→0

�(E )

2kabgδμ
. (19)

As a starting point we use the physical parameters B0 and
�B of the two Feshbach resonances in 23Na (see Table III)
to extract the model parameter β from Eq. (19) and Bc from
Eq. (18). Since Eq. (18) only provides an estimation of the
shift [52], we start by assuming the value of Bc and then search
for the exact position B∗

0 of the resonance through an explicit
calculation of the phase shift δ(E ) in the dressed open chan-
nel, by solving Eq. (16) using the R-matrix method outlined
in [42] with no boundary conditions at the R-matrix boundary
ra. The absolute value of the resulting B-dependent scattering
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TABLE III. The top two rows show the physical properties of two Feshbach resonances found in ultracold scattering experiments with
23Na atoms [44] and the parameters used to model these resonances in the three-body calculations. The difference in magnetic moment is
δμ/μB, where μB is the Bohr magneton. The bottom rows show the input used for generating Feshbach resonances with varying sres.

Physical properties Model parameters

B0 (mT) �B (mT) sres r∗/rvdW Bc (mT) β × 106 (a.u.) B∗
0 (mT)

90.7 0.1 0.09 10.4 90.75620 49.6228 90.71084
85.3 2.5 ×10−4 0.0002 4170 85.30014 2.48114 85.30003
85.3 1.0905 ×10−3 0.001 956 85.30061 5.18196 85.30012
85.3 5.4525 ×10−3 0.005 191 85.30306 11.5872 85.30059
90.7 8.7240 ×10−3 0.008 119 90.70490 14.6568 90.70089
90.7 1.0905 1 0.956 91.31291 163.868 90.83035

length for the broader of the two resonances is shown in Fig. 1.
Here the resonance position is slightly shifted from the input
parameter value B0 = 90.7 mT to B∗

0 = 90.710 84 mT but the
width is almost identical. In Table III we list the fine-tuned
magnetic fields B∗

0 giving zero-energy resonances.

C. Resonance strength

Feshbach resonances can be divided into two main types
by introducing a dimensionless strength parameter sres [44].
The resonance strength is defined by

sres = rbgδμ�B

Ē
, (20)

where Ē = h̄2/2μ2bā2. Using sres, the intrinsic length
r∗ [44,53] of the resonance can be defined as

r∗ = ā

sres
. (21)

Strong resonances are those with sres > 1. The intrinsic
length for these resonances is much smaller than the inter-
action length of the background potential, which for van der
Waals interactions is given by rvdW. The strong resonances
are also called open-channel-dominated resonances because

0.001

0.01

0.1

1

10

100

1000

10000

90.65 90.7 90.75 90.8 90.85 90.9

|a(
B

)|/
r v

d
W

B (mT)

FIG. 1. Magnitude of the scattering length |a(B)|/rvdW plotted as
a function of B (mT) in the vicinity of the sres = 0.09 resonance.
The resonance position is slightly shifted from the input parameter
B0 = 90.7 mT to B∗

0 = 90.710 84 mT.

the atoms are more likely to reside in the entrance channel.
This means that the spin of the dressed bound state (i.e., the
Feshbach molecule) has more of the character of the open
entrance channel over a large fraction of �B [44]. The strong
resonances are often also broad in the sense that the resonance
width �B is large.

Weak resonances are those with sres � 1. Here r∗ is large
compared to the background interaction length. These res-
onances are closed-channel dominated and they are usually
narrow with regard to �B.

III. THREE-BODY SCATTERING WITH A FESHBACH
RESONANCE

We outline here the theory of a four-channel model for
the three-body scattering problem with a Feshbach resonance
background. In all discussions below we assume that the to-
tal orbital angular momentum of the three-particle system is
J = 0, as is appropriate for Efimov states.

A. Hyperspherical adiabatic representation

We start by considering the one-channel problem for
three particles in the absence of a Feshbach resonance. The
Schrödinger equation then takes the form⎛⎝− h̄2

2

3∑
i=1

m−1
i ��xi +

3∑
i< j

v(ri j )

⎞⎠�(�x1, �x2, �x3)

= E�(�x1, �x2, �x3), (22)

where mi are the particle masses, �xi is the position vector of
particle i, v(ri j ) is a two-body interaction potential, and ri j =
|�x j − �xi| is the distance between the particles i and j.

We separate the center-of-mass motion from the internal
motion of the particles by introducing mass-scaled Jacobi
coordinates and then transform these internal systems to
hyperspherical coordinates. With M the total mass and the
three-body reduced mass μ and a normalizing constant dk

defined as1

μ2 = mimjmk

M
, d2

k = mk (mi + mj )

μM
, (23)

1For identical particles of mass m, μ = m/
√

3 and dk = √
2/31/4.
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the mass scaled Jacobi coordinates and the center-of-mass
coordinate are defined by

�rk = d−1
k (�x j − �xi ),

�Rk = dk[�xk − (�x j + �xi )/2],

�Xc.m. = 1

M

3∑
i=1

mi�xi. (24)

Here the indices i, j, k are cyclic permutations of (1,2,3).
Since the two-body interactions v(ri j ) are independent

of �Xc.m., this transformation leads to a decoupling of the
relative motion from the center-of-mass motion so that
�(�rk, �Rk, �Xc.m.) = ψ̃ (�rk, �Rk )ϕ( �Xc.m.). The center of mass can
thus be separated out. We continue with solving for the inter-
nal motion of the particles.

The two Jacobi vectors are combined into a single position
vector, whose components define a point in R6. The hyper-
spherical coordinates are the polar coordinates of this point,
consisting of one hyperradius ρ and five hyperangles . Three
of these angles are external coordinates, which we choose to
be the Euler angles α, β, and γ . They describe the orientation
of the plane defined by the three particles, while the remaining
two hyperangles θ and ϕk describe the triangular shape of
the system and the particle permutation at the vertices [54].
Finally, the hyperradius describes the size of the system and
is defined as ρ =

√
r2

k + R2
k = 3−1/4

√
r2

i j + r2
jk + r2

ki .
The rescaling ψ̃n(ρ,) = ρ5/2ψn(ρ,) removes first-

order derivatives with respect to ρ from the hyperradial kinetic
energy operator. The Schrödinger equation for the internal
motion is then⎡⎣− h̄2

2μ

∂2

∂ρ2
+ h̄2

2μρ2

(
�̂2 + 15

4

)
+

3∑
i< j

v(ri j )

⎤⎦ψn(ρ,)

= Enψn(ρ,), (25)

where En is the energy eigenvalue and �̂ is the grand angular
momentum operator. The dependence on the hyperangles is
included in �̂, whose form depends on the definition of the
hyperangles.

For the internal hyperangles we use the mapping procedure
described by Johnson [55] to define a modified set of the
coordinates originally introduced by Smith and Whitten [56].
The two Jacobi vectors lie in the x̂ŷ plane, with the smaller
moment of inertia along the x̂ axis and the larger along the ŷ
axis. The ẑ axis normal to this plane is positive in the direction
of �A = (�rk × �Rk )/2 and ẑ = �A/A. The Cartesian components
of the position vector are defined as

(�rk )x = ρ cos(π/4 − θ/2) cos(ϕk/2),

(�rk )y = ρ sin(π/4 − θ/2) sin(ϕk/2),

(�rk )z = 0,

( �Rk )x = −ρ cos(π/4 − θ/2) sin(ϕk/2),

( �Rk )y = ρ sin(π/4 − θ/2) cos(ϕk/2),

( �Rk )z = 0, (26)

where θ ∈ [0, π/2] and ϕk ∈ [0, 4π ]. After requiring the
wave function to be single valued and imposing bosonic sym-
metry for identical particles, the range of ϕk is reduced to
[0, π/3]. For identical particles, kinematic rotations within
the set of coordinates (k, i, j) correspond to ϕ j = ϕi + 4π/3.
Below we choose k = 3 and suppress the indices on the hy-
perangular coordinate ϕk in Eq. (26). Thus {�r1, �R1} is obtained
by ϕ → ϕ + 4π/3 and {�r2, �R2} by ϕ → ϕ + 8π/3. The dis-
tances between the particles are then

r12 = dkρ√
2

[1 + sin θ cos ϕ]1/2,

r23 = dkρ√
2

[1 + sin θ cos(ϕ − 2π/3)]1/2,

r31 = dkρ√
2

[1 + sin θ cos(ϕ + 2π/3)]1/2. (27)

We now introduce the adiabatic representation by expand-
ing the solutions ψn(ρ,) into a complete set of orthonormal
channel functions �ν (ρ; ), with the radial wave functions
Fνn(ρ) as expansion coefficients. The channel functions are
solutions to the adiabatic equation⎡⎣ h̄2

2μρ2

(
�̂2 + 15

4

)
+

3∑
i< j

v(ri j )

⎤⎦�ν (ρ; )

= Uν (ρ)�ν (ρ; ), (28)

where the eigenvalues Uν (ρ), here referred to as adiabatic
potential curves, are obtained by solving Eq. (28) at a number
of different hyperradii. Inserting the solution

ψn(ρ,) =
∞∑

ν=0

Fνn(ρ)�ν (ρ; ) (29)

into Eq. (25), projecting out �μ(ρ; ), and integrating over
the angles results in an infinite set of coupled ordinary differ-
ential equations(

− h̄2

2μ

∂2

∂ρ2
+ Uμ(ρ) − h̄2

2μ
Qμμ(ρ)

)
Fnμ(ρ)

− h̄2

2μ

⎛⎝∑
ν �=μ

2Pμν (ρ)
∂

∂ρ
+ Qμν (ρ)

⎞⎠Fnν (ρ) = EnFnμ(ρ),

where Pμν (ρ) and Qμν (ρ) are coupling matrix elements de-
fined as

Pμν (ρ) =
∫

d�∗
μ(ρ; )

∂

∂ρ
�ν (ρ; ),

Qμν (ρ) =
∫

d�∗
μ(ρ; )

∂2

∂ρ2
�ν (ρ; ),

P2
μν (ρ) = −

∫
d

∂

∂ρ
�∗

μ(ρ; )
∂

∂ρ
�ν (ρ; ). (30)

The coupling matrix P̄ is antisymmetric and therefore Pνν =
0. The coupling matrices in Eq. (30) are related through

Q̄ = dP̄

dρ
+ P̄2, (31)

where the diagonal elements are Qνν = P2
νν .
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The nonadiabatic coupling terms can be determined
through numerical differentiation. However, this method is
quite cumbersome. A more efficient method to calculate Pμν

uses the Hellmann-Feynman theorem [57,58]. Through an
ingenious argument devised by Wang [59], this method can
be extended to also calculate P2

μν .
The adiabatic potentials Uν contain most of the three-body

physics and they can be viewed as three-body equivalents to
the Born-Oppenheimer potentials in the two-body problem.
The two-body recombination channels are associated with Uν

asymptotically approaching the energy of a two-body bound
state, whereas for three-body continuum channels

Uν (ρ)
ρ→∞−−−→ h̄2 n(n + 4) + 15/4

2μρ2
, (32)

where n = 0, 4, 6, . . . are eigenvalues of the asymptotically
noninteracting problem, whose solutions can be expressed in
terms of Gegenbauer polynomials [60].

We follow the common convention and define the three-
body effective potential curves as

Wν (ρ) = Uν (ρ) − h̄2

2μ
Qνν (ρ). (33)

In the asymptotic region ρ � |a| the nonadiabatic couplings
Qνν vanish and Wν → Uν .

At resonance a → ±∞, one of the three-body effective
potentials becomes attractive and takes the form

Wν (ρ) = −h̄2 |s0|2 + 1/4

2μρ2
, (34)

where s0 ≈ ±1.006 25i. It is this attractive three-body poten-
tial that is responsible for the Efimov effect.

The bosonic symmetry is imposed through boundary con-
ditions [61,62]. From Eq. (27) we find that the operation ϕ →
−ϕ corresponds to {r12 → r12, r23 ↔ r31}, while ϕ − π/3 →
−(ϕ − π/3) corresponds to {r31 → r31, r12 ↔ r23}. (These
symmetries will be discussed in more detail below.) Bosonic
identical-particle symmetry ensures that the wave function
is unchanged under these operations. As a consequence, the
derivatives at the reflection points have to vanish, that is, we
solve Eq. (28) using the boundary conditions

∂

∂ϕ
�ν (ρ; θ, 0) = ∂

∂ϕ
�ν (ρ; θ, π/3) = 0. (35)

The boundary conditions in θ are derived from the require-
ment that the solutions smoothly connect to the solutions for
a vanishing potential (i.e., the hyperangular harmonics). In
this limit, corresponding to the ρ → ∞ limit of the adiabatic
states, the hyperangular equation (28) becomes separable,

−
(

4

sin 2θ

∂

∂θ
sin 2θ

∂

∂θ
+ 4

sin2 θ

∂2

∂ϕ2

)
�ν (θ, ϕ)

= λν�ν (θ, ϕ). (36)

where λν (ρ)
ρ→∞−−−→ n(n + 4). The solutions to Eq. (36)

with the ϕ-boundary conditions above have the form
�ν (θ, ϕ) = gl,m(θ ) cos mϕ [where m = 0, 3, 6, . . . and

n = 2(l + m)] and(
− 1

sin 2θ

∂

∂θ
sin 2θ

∂

∂θ
+ m2

sin2 θ

)
gl,m(θ ) = λl,m

4
gl,m(θ ).

(37)

Regular solutions to this equation go as θm as θ → 0 and
approach a constant value as θ → π/2. Thus the boundary
conditions in θ can be written as

∂

∂θ
�ν (ρ; 0, ϕ) = ∂

∂θ
�ν (ρ; π/2, ϕ) = 0. (38)

B. Three-body physics in a four-state model

We continue by considering the adiabatic part of the
problem for three identical bosons, interacting via pairwise
interactions in the presence of a Feshbach resonance. To
model the Feshbach resonance, we use the two-channel model
described in Sec. II B. Each of the three atoms can then be in
either one of two spin states: the open channel |o〉 or the closed
molecular channel |c〉. Therefore, for three atoms there are in
principle eight possible states. However, the atoms always get
transferred from the open to the closed state in pairs, which
means there has to be an even number of atoms in the closed
state. So, for a three-body state, either all particles are in the
open channel, or two particles are in the closed channel and
one is in the open channel. The latter can be arranged in three
different ways and the four three-body states are thus |ooo〉,
|coc〉, |occ〉, and |cco〉. Since we are including spin states we
must now consider the symmetry requirements for the wave
function to determine its boundary conditions. It is therefore
necessary to take a short detour into the theory of permutation
of particles.

1. Permutation of particles

For a system of identical bosons, the total state must be
invariant under an arbitrary permutation of particles. A system
of N particles has N! permutations. The set of N! permutation
operators associated with this system forms the symmetric
group SN .

Any permutation can be expressed as a product of trans-
positions2 and all transpositions are Hermitian and unitary.
The transposition operator (i j) exchanges the two particles
in positions i and j. Since any transposition is unitary and any
permutation is a product of transpositions, all permutations
are also unitary. Not all permutations are Hermitian because
the Hermitian conjugate of a product of operators changes the
order of the operators and the transpositions do not necessarily
commute. However, the Hermitian conjugate of a permutation
is always its own inverse, as required by unitarity. Moreover,
the decomposition of a permutation into a product of trans-
positions is not always unique. It will however always take
either an even or an odd number of transpositions to write a
specific permutation. A permutation is thus said to be even if
built by an even number of transpositions or odd if built by an
odd number of transpositions. Within SN , the number of even
permutations equals the number of odd permutations.

2A transposition is a permutation that exchanges two particles.
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It is possible to find states which are eigenstates of all
elements in the permutation group. However, since the opera-
tors do not in general commute, this set cannot be complete,
meaning that a general state cannot be expanded in this basis.
Those that can are the states fulfilling bosonic or fermionic
symmetry. The N-particle permutation operators are written
P̂α = P̂α(1),α(2),..., where α is some permutation of the numbers
[1, 2, . . . , N]. The action of the permutation operator on an
N-particle state is

P̂α |a〉(1) ⊗ |b〉(2) ⊗ |c〉(3) ⊗ · · ·
× ⊗ |a〉[α(1)] ⊗ |b〉[α(2)] ⊗ |c〉[α(3)] . . . , (39)

that is, P̂α takes the properties of particle 1 and gives them to
particle α(1) and so on. A completely symmetric state |�S〉 is
invariant under the action of all elements in the permutation
group

P̂α |�S〉 = |�S〉 ∀α. (40)

These states are thus eigenstates to all operators in the group
with unit eigenvalue. So in the total Hilbert space of N par-
ticles, we can thus identify a subspace of symmetric states.
It is possible to construct projectors onto such a symmetric
subspace. With the permutation operators, we can build totally
symmetric states using the symmetrizer

Ŝ = 1

N!

∑
α

P̂α, (41)

where Ŝ = Ŝ† and Ŝ2 = Ŝ. Bosonic symmetry implies that our
states satisfy

Ŝ |�〉 = |�〉 . (42)

2. Permutation of three-body states

We now consider permutations of three-particle states.
There are six elements in the symmetric group S3: the identity,
two cyclic permutations, and three transpositions. A three-
particle state is represented by

|a〉(1) ⊗ |b〉(2) ⊗ |c〉(3) ≡ |abc〉 , (43)

where the position in the ket refers to the particle number, i.e.,
particle 1 has properties a, particle 2 has properties b, and so
on. Permutations of the particles in this state are performed
by the permutation operator P̂i jk , which assigns the proper-
ties held by particle 1 to particle i, 2 → j, and 3 → k. For
example,

P̂312 |abc〉 = |bca〉 . (44)

The permutation operators, their decomposition into products
of transpositions, and their actions on kets and wave functions
are listed in Table IV. Henceforth, the operators Ĉn (n = 0–5),
defined in Table IV are used for the different permutations.
Since these operators form a group, they all have inverses.
The identity and the transpositions are their own inverses, i.e.,
for i = 0, . . . , 3, Ĉ−1

i = Ĉi. For the cyclic permutations the in-
verses are Ĉ−1

4 = Ĉ5 and Ĉ−1
5 = Ĉ4. The Hermitian conjugates

follow the same pattern, ensuring unitarity.
The Hermitian conjugates act on bra vectors from the right.

Thus, for wave functions ψ (�x1, �x2, �x3) = 〈�x1�x2�x3|abc〉 the

TABLE IV. Elements of S3 and their respective action on kets
and wave functions. Note that the two cyclic permutations Ĉ4 and Ĉ5

are each others’ Hermitian conjugates, i.e., Ĉ†
4 = Ĉ5 and Ĉ†

5 = Ĉ4.

Action on

Operator Decomposition |abc〉 ψ (�x1, �x2, �x3)

Ĉ0 ≡ P̂123 1 |abc〉 ψ (�x1, �x2, �x3)
Ĉ1 ≡ P̂213 (12) |bac〉 ψ (�x2, �x1, �x3)
Ĉ2 ≡ P̂132 (23) |acb〉 ψ (�x1, �x3, �x2)
Ĉ3 ≡ P̂321 (13) |cba〉 ψ (�x3, �x2, �x1)
Ĉ4 ≡ P̂312 (23)(12)a |bca〉 ψ (�x3, �x1, �x2)
Ĉ5 ≡ P̂231 (12)(23)b |cab〉 ψ (�x2, �x3, �x1)

aThis decomposition is not unique. The other possible two-product
decompositions are (13)(23) and (12)(13).
b(23)(13) and (13)(12) are equivalent descriptions.

action of the cyclic permutation Ĉ4 is

Ĉ4ψ (�x1, �x2, �x3) = 〈�x1�x2�x3|Ĉ4|abc〉
= 〈�x1�x2�x3|Ĉ†

5 |abc〉
= ψ (�x3, �x1, �x2). (45)

Thus, it is important to recognize that while the operators Ĉi

act on the states, the operators Ĉ†
i act on the coordinates and

that for i = 4, 5 these are not the same.

3. Symmetry transformations of Smith-Whitten coordinates

For modeling the three-particle system it is advantageous
to use the Smith-Whitten coordinates presented in Eq. (26)
since symmetry operations only affect the hyperangle ϕ. We
will now discuss how inversions and permutations are carried
out using these coordinates.

We have already in Sec. III A mentioned how transfor-
mations between different sets of Jacobi coordinates are
performed. Here we select the coordinate system k = 3 and
investigate the effects of particle permutations.

Inversion symmetries, i.e., ı̂{�ri, �Ri} → {−�ri,− �Ri}, can be
obtained in two ways, either by a transformation of the hyper-
angle ϕ → ϕ + 2π or by a rotation of the coordinate system
by an angle π about the body-fixed ẑ axis, i.e., the axis per-
pendicular to the plane defined by the three particles. Note
that the inversion operator acts on coordinates and therefore
leaves kets unchanged.

Rotations are obtained through changes of the Euler angles
(α, β, γ ) and lead to new body-fixed coordinate systems [63].
The rotations of interest here are D̂x(π ), D̂y(π ), and D̂z(π ).
They result in an inversion of the two axes that are not the
axis of rotation, for example, D̂x(π ){x̂, ŷ, ẑ} = {x̂,−ŷ,−ẑ}.

A transposition of two identical particles is equivalent to
an inversion of the Jacobi coordinate joining the two parti-
cles, i.e., {�ri, �Ri} → {−�ri, �Ri}. All permutations in S3 can be
obtained by transformations of ϕ combined with rotations
of the entire system. However, the latter does not have a
practical effect on our calculations since the wave function
only depends on distances between bosons.

There is no unique set of combinations of ϕ transforma-
tions and rotations corresponding to each permutation in S3;
however, there is only one choice that results in ϕ ∈ [0, 4π ].
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TABLE V. Permutation operators Ĉ†
n with their corresponding

transformation of the interparticle coordinates.

Operator ϕ D̂ �r3 �r1 �r2

Ĉ†
0 ϕ �r3 �r1 �r2

ı̂ 2π + ϕ −�r3 −�r1 −�r2

Ĉ†
1 4π − ϕ D̂y(π )† −�r3 −�r2 −�r1

(ı̂Ĉ1)† 2π − ϕ D̂y(π )† �r3 �r2 �r1

Ĉ†
2

10π

3 − ϕ D̂x (π )† −�r2 −�r1 −�r3

(ı̂Ĉ2)† 4π

3 − ϕ D̂x (π )† �r2 �r1 �r3

Ĉ†
3

8π

3 − ϕ D̂y(π )† −�r1 −�r3 −�r2

(ı̂Ĉ3)† 2π

3 − ϕ D̂y(π )† �r1 �r3 �r2

Ĉ†
4 ϕ + 2π

3 D̂z(π )† �r1 �r2 �r3

(ı̂Ĉ4)† ϕ + 8π

3 D̂z(π )† −�r1 −�r2 −�r3

Ĉ†
5 ϕ + 4π

3 �r2 �r3 �r1

(ı̂Ĉ5)† ϕ + 10π

3 −�r2 −�r3 −�r1

The actions of the Hermitian conjugates of these permutations
on the coordinates are listed in Table V. As an example, the
effect of Ĉ†

4 can be illustrated as

(46)

Note here that the transposition (i j) exchanges the particles
in position (i j). Thus Ĉ†

4 transforms the Jacobi coordinates
between each pair of particles according to {�r3, �r1, �r2} →
{�r1, �r2, �r3} and

〈ϕ| Ĉ†
4 = 〈ϕ| (12)†(23)†

= 〈4π − ϕ| D̂y(π )†(23)†

= 〈4π − (10π/3 − ϕ)| D̂y(π )†D̂x(π )†

= 〈2π/3 + ϕ| D̂z(π )†.

The transformation ϕ → ϕ + 2π/3 alone results in the cor-
rect transformation of the distances (27). However, this
transformation in ϕ needs to be combined with the rotation
D̂z(π ) of the coordinate system to result in the correct trans-
formation of the Jacobi vectors (26).

4. Symmetrization of three-body states

By working with symmetrized states, we can restrict the
domain of ϕ. This is hugely advantageous in numerical com-
putations. Using the labeling of the atoms given in Eq. (27)
and restricting the range of ϕ to [0, π/3], we effectively select
the configuration where r31 � r23 � r12 (see Fig. 2).3 Clearly,

3Restricting the range to ϕ ∈ [2π, 7π/3] selects the same pairs but
with all the coordinates inverted.

0 2π

3
4π

3
2π 8π

3
10π

3
4π

r12
r23
r31

FIG. 2. Interatomic distances defined in Eq. (27) plotted as func-
tions of ϕ for θ = π/2.

this state is not symmetric. Applying the symmetrization op-
erator Ŝ† to this state will not give a continuous coverage in ϕ,
as is evident from the transformations in Table V. However,
applying the combination Ŝ(1 + ı̂) to |ϕ〉 defined on [0, π/3]
will result in a symmetrized state defined on the domain ϕ̃ ∈
[0, 4π ], as is illustrated in Fig. 3. The resulting state will thus
be symmetrized not only with respect to particle permutations,
but also parity.

Solving the Schrödinger equation on ϕ ∈ [0, π/3] will re-
sult in a state

|ψ〉 = |φ〉 ⊗ |ξ 〉 , (47)

which consists of a spatial part |φ〉 and a spin part |ξ 〉. The
symmetrization operator then takes the form Ŝ = Ŝφ ⊗ Ŝξ .
Because the inversion operator acts only on the spatial part,
the action of Ŝ(1 + ı̂) on Eq. (47) is

〈ϕ| Ŝ(1 + ı̂ ) |ψ〉 = 〈ϕ| Ŝφ (1 + ı̂ ) |φ〉 ⊗ Ŝξ |ξ 〉

= 1

N!

5∑
i=0

[〈ϕ| Ĉn(1 + ı̂ ) |φ〉 ⊗ Ĉn |ξ 〉].

(48)

We define the closed-channel spatial parts by 〈ϕ|31〉 =
φ31(ϕ), etc., and write the unsymmetrized state |ψ〉 as

〈ϕ|ψ〉 = φo(ϕ) |ooo〉 + φ31(ϕ) |coc〉
+φ23(ϕ) |occ〉 + φ12(ϕ) |cco〉 . (49)

Here φo is completely symmetric, but φ31 �= φ23 and φ23 �=
φ12, since we have selected the configuration where the pair
{3, 1} is most likely to form a molecule.

0

2π

3

4π

3 2π

8π

3

10π

3 4π

Ĉ†
0 D̂†

3 Ĉ†
5 D̂†

2 Ĉ†
4 D̂†

1 D̂†
0 Ĉ†

3 D̂†
5 Ĉ†

2 D̂†
4 Ĉ†

1

FIG. 3. Illustration of the ϕ̃ domain covered by applying Ŝ(1 +
ı̂ ): ϕ ∈ [0, π/3]. The operators D̂†

n = (ı̂Ĉn)†.
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From this solution on ϕ ∈ [0, π/3], we can construct a general solution on ϕ̃ ∈ [0, 4π ] using the pieces obtained by acting
with Ŝ(1 + ı̂ ). A symmetric wave function is thus obtained by

〈ϕ̃|ψS〉 = 〈ϕ| Ŝφ (1 + ı̂) |φ〉 ⊗ Ŝξ |ξ 〉 = 〈ϕ|Ŝφ (1 + ı̂)|φo〉 ⊗ Ŝξ |ooo〉 + 〈ϕ|Ŝφ (1 + ı̂)|31〉 ⊗ Ŝξ |coc〉 + 〈ϕ|Ŝφ (1 + ı̂)|23〉 ⊗ Ŝξ |occ〉
+ 〈ϕ|Ŝφ (1 + ı̂ )|12〉 ⊗ Ŝξ |cco〉 . (50)

For the spin parts in this equation, the nonconjugated operators are used. However, when working on the spatial parts we apply
the transformation to ϕ, so here the corresponding conjugates are used.

We start by letting the operators act on each spin ket. For the three different closed channel parts, we then get

〈ϕ|Ŝφ (1 + ı̂ )|31〉 ⊗ Ŝξ |coc〉 = 1

N!
[〈ϕ|(Ĉ0 + Ĉ3)(1 + ı̂ )|31〉 ⊗ |coc〉

+ 〈ϕ|(Ĉ1 + Ĉ4)(1 + ı̂ )|31〉 ⊗ |occ〉 + 〈ϕ|(Ĉ2 + Ĉ5)(1 + ı̂ )|31〉 ⊗ |cco〉], (51)

〈ϕ|Ŝφ (1 + ı̂)[|23〉 ⊗ Ŝξ |occ〉] = 1

N!
[〈ϕ|(Ĉ0 + Ĉ2)(1 + ı̂)|23〉 ⊗ |occ〉

+ 〈ϕ|(Ĉ3 + Ĉ4)(1 + ı̂)|23〉 ⊗ |cco〉 + 〈ϕ|(Ĉ1 + Ĉ5)(1 + ı̂)|23〉 ⊗ |coc〉], (52)

and

〈ϕ|Ŝφ (1 + ı̂ )[|12〉 ⊗ Ŝξ |cco〉] = 1

N!
[〈ϕ|(Ĉ0 + Ĉ1)(1 + ı̂ )|12〉 ⊗ |cco〉

+ 〈ϕ|(Ĉ3 + Ĉ5)(1 + ı̂)|12〉 ⊗ |occ〉 + 〈ϕ|(Ĉ2 + Ĉ4)(1 + ı̂)|12〉 ⊗ |coc〉]. (53)

Combining the different closed channels and rewriting in terms of the conjugates gives

〈ϕ̃|ψS〉 = 1

N!
{〈ϕ|φo〉 ⊗ |ooo〉 + [〈ϕ|(Ĉ†

2 + Ĉ†
5 )(1 + ı̂†)|12〉 + 〈ϕ|(Ĉ†

1 + Ĉ†
4 )(1 + ı̂†)|23〉 + 〈ϕ|(Ĉ†

0 + Ĉ†
3 )(1 + ı̂†)|31〉] ⊗ |coc〉

+ [〈ϕ|(Ĉ†
3 + Ĉ†

4 )(1 + ı̂†)|12〉 + 〈ϕ|(Ĉ†
0 + Ĉ†

2 )(1 + ı̂†)|23〉 + 〈ϕ|(Ĉ†
1 + Ĉ†

5 )(1 + ı̂†)|31〉] ⊗ |occ〉
+ [〈ϕ|(Ĉ†

0 + Ĉ†
1 )(1 + ı̂†)|12〉 + 〈ϕ|(Ĉ†

3 + Ĉ†
5 )(1 + ı̂†)|23〉 + 〈ϕ|(Ĉ†

2 + Ĉ†
4 )(1 + ı̂†)|31〉] ⊗ |cco〉}, (54)

which results in

〈ϕ̃|ψS〉 = 1

N!

{
〈ϕ|φo〉 ⊗ |ooo〉 +

[(〈
10π

3
− ϕ

∣∣∣∣+ 〈4π

3
− ϕ

∣∣∣∣+ 〈ϕ + 4π

3

∣∣∣∣+ 〈ϕ + 10π

3

∣∣∣∣) |12〉

+
(

〈4π − ϕ| + 〈2π − ϕ| +
〈
ϕ + 2π

3

∣∣∣∣+ 〈ϕ + 8π

3

∣∣∣∣) |23〉

+
(

〈ϕ| + 〈ϕ + 2π | +
〈

8π

3
− ϕ

∣∣∣∣+ 〈2π

3
− ϕ

∣∣∣∣) |31〉
]

⊗ |coc〉

+
[(〈

8π

3
− ϕ

∣∣∣∣+ 〈2π

3
− ϕ

∣∣∣∣+ 〈ϕ + 2π

3

∣∣∣∣+ 〈ϕ + 8π

3

∣∣∣∣) |12〉 +
(

〈ϕ| + 〈ϕ + 2π | +
〈

10π

3
− ϕ

∣∣∣∣+ 〈4π

3
− ϕ

∣∣∣∣) |23〉

+
(

〈4π − ϕ| + 〈2π − ϕ| +
〈
ϕ + 4π

3

∣∣∣∣+ 〈ϕ + 10π

3

∣∣∣∣) |31〉
]

⊗ |occ〉

+
[

(〈ϕ| + 〈ϕ + 2π | + 〈4π − ϕ| + 〈2π − ϕ|) |12〉 +
(〈

8π

3
− ϕ

∣∣∣∣+ 〈2π

3
− ϕ

∣∣∣∣+ 〈ϕ + 10π

3

∣∣∣∣+ 〈ϕ + 4π

3

∣∣∣∣) |23〉

+
(〈

10π

3
− ϕ

∣∣∣∣+ 〈4π

3
− ϕ

∣∣∣∣+ 〈ϕ + 2π

3

∣∣∣∣+ 〈ϕ + 8π

3

∣∣∣∣) |31〉
]

⊗ |cco〉
}
. (55)

A graphical representation of the closed-channel part of
Eq. (55) is shown in Fig. 4. As mentioned previously, the
magnitudes of the amplitudes are in the order φ31 � φ23 �
φ12. Here the blue dotted box encloses the region where
ϕ = ϕ̃ ∈ [0, π

3 ] and the closed-channel part of the wave func-
tion is then φ31 |coc〉 + φ23 |occ〉 + φ12 |cco〉. The red dashed
box in Fig. 4(a) illustrates how the functions evolve as

φ31 → φ23 → φ12 as ϕ̃ grows from π/3 to 4π/3. This be-
havior can also be traced in Fig. 2, where the shortest atomic
distance corresponds to the spin channel with the largest am-
plitude, i.e., φ31. By examining the distances in Fig. 2 over
the range [π

3 , 4π
3 ], we can infer that channel |coc〉 will have

the amplitude φ31 as ϕ̃ ∈ [π
3 , 2π

3 ] and |cco〉 will have the
amplitude φ31 as ϕ̃ ∈ [ 2π

3 , 4π
3 ]. We use the graph of the |coc〉
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FIG. 4. Illustration of the closed-channel part of Eq. (55) for (a) |coc〉, (b) |occ〉, and (c) |cco〉. The blue dotted box encloses the region
where ϕ = ϕ̃ ∈ [0, π

3 ], with the closed-channel part of the wave function then being φ31 |coc〉 + φ23 |occ〉 + φ12 |cco〉. The red dashed box in
(a) illustrates how the functions evolve as ϕ̃ goes from π/3 → 4π/3.

channel in Fig. 4(a) and write the spatial part as the piecewise
defined function

�C (ϕ̃) ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ31(ϕ̃) if ϕ̃ ∈ [0, π
3

]
,

φ31
(

2π
3 − ϕ̃

)
if ϕ̃ ∈ [π

3 , 2π
3

]
,

φ23
(
ϕ̃ − 2π

3

)
if ϕ̃ ∈ [ 2π

3 , π
]
,

φ12
(

4π
3 − ϕ̃

)
if ϕ̃ ∈ [π, 4π

3

]
,

φ12
(
ϕ̃ − 4π

3

)
if ϕ̃ ∈ [ 4π

3 , 5π
3

]
,

φ23(2π − ϕ̃) if ϕ̃ ∈ [ 5π
3 , 2π

]
,

(56)

where the sequence of channel functions is repeated for ϕ̃ ∈
[2π, 4π ]. In this way, the spatial part is expressed in terms
of our original channel functions φ12(ϕ), φ23(ϕ), and φ31(ϕ),
which were defined on ϕ ∈ [0, π

3 ]. Using �C , the closed-
channel terms can be expressed more compactly using shifted
versions of Fig. 4(a):

�C (ϕ̃) |coc〉 + �C

(
ϕ̃ + 4π

3

)
|occ〉 + �C

(
ϕ̃ + 2π

3

)
|cco〉 .

(57)
Finally, to determine the appropriate boundary conditions, we
can look at the |coc〉 channel over the range ϕ̃ ∈ [π

3 , 4π
3 ],

since this is the first π -long interval that contains all our
subfunctions φ31, φ23, and φ12.

For φo the boundary conditions are the same as in
the one-channel problem [see Eq. (35)]. However, for the

closed-channel subfunctions, the situation is different. At the
endpoints of ϕ̃ ∈ [π

3 , 4π
3 ] we should have �′

C (ϕ̃) = 0 and �C

should be smooth at ϕ̃ = 2π
3 and ϕ̃ = π . This equates to the

boundary conditions

at ϕ = 0 :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ′

o(0) = 0,

φ′
12(0) = 0,

φ31(0) = φ23(0),
φ′

31(0) = φ′
23(0),

(58)

at ϕ = π

3
:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ′

o

(
π
3

) = 0,

φ′
31

(
π
3

) = 0,

φ23
(

π
3

) = φ12
(

π
3

)
,

φ′
23

(
π
3

) = φ′
12

(
π
3

)
.

(59)

C. Four-state Hamiltonian and numerical implementations

When we include the three channels containing atoms in
the closed channel, the dimension of our Hamiltonian matrix
grows by a factor of 4. Thus, the four-state adiabatic Hamilto-
nian is then given by

Ĥad =

⎛⎜⎜⎝
Ĥbg W31 W23 W12

W31 Ĥc31 0 0
W23 0 Ĥc23 0
W12 0 0 Ĥc12

⎞⎟⎟⎠. (60)
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Here the open-channel Hamiltonian Ĥbg is the adiabatic
Hamiltonian in Eq. (28) with pairwise interaction terms v =
vbg and the closed-channel Hamiltonian is

Ĥci j = h̄2

2μρ2

(
�̂2 + 15

4

)
+ vc(ri j ; B), (61)

where vc(ri j ; B) is the closed-channel potential for the pair
i j. The function Wi j couples the closed i j channel to the
open channel. Note that we only include pairwise interac-
tions between the atoms, which is usually deemed sufficient
for capturing the essentials of Efimov physics. A fully real-
istic representation of the three-atom system would require
not only a far more elaborate potential than the model (4),
but also the inclusion of nonadditive short-range three-body
forces [64]. Since our model potential does not have the true
short-range form anyway, there is no reason to include this
additional complexity. This also applies to the interaction
between a pair of atoms bound in a closed channel and the
third atom in the open channel. Any realistic representation of
this atom-molecule interaction would not resemble the sum of
two potentials of the form (4).

In Eq. (60) the rows and columns correspond to the
channels |ooo〉, |coc〉, |occ〉, and |cco〉, and similarly, its eigen-
functions take the form⎛⎜⎜⎝

φo(θ, ϕ) |ooo〉
φ31(θ, ϕ) |coc〉
φ23(θ, ϕ) |occ〉
φ12(θ, ϕ) |cco〉

⎞⎟⎟⎠. (62)

In our numerical implementation, we expand all channel
functions φα in the same set of basis functions. The implemen-
tation of the boundary conditions becomes particularly simple
using a basis of B splines Bi,k . Thus, the channel functions φα

are expanded as

φα (θ, ϕ) =
Nϕ∑
i=1

Nθ∑
j=1

cα
i jBi,k (ϕ)Bj,k (θ ), (63)

where α = o, 31, 23, or 12. The B splines have the useful
properties

B1,k (0) = 1, Bi>1,k (0) = 0,

BNϕ,k (π/3) = 1, Bi<Nϕ,k (π/3) = 0,

B′
1,k (0) = −B′

2,k (0),

B′
Nϕ,k (π/3) = −B′

Nϕ−1,k (π/3).

The boundary conditions in Eqs. (58) and (59) can then be
enforced by setting (for all j)

co
1, j = co

2, j, c12
1, j = c12

2, j,

c31
1, j = c23

1, j, c31
2, j = c23

2, j,

c12
Nϕ, j = c23

Nϕ, j, c12
Nϕ−1, j = c23

Nϕ−1, j,

co
Nϕ, j = co

Nϕ−1, j, c31
Nϕ, j = c31

Nϕ−1, j .

Thus the boundary conditions reduce the sum over basis func-
tions in ϕ from Nϕ terms to Nϕ − 2 terms, while building the
boundary conditions into the basis functions. The price to pay

is that when the Hamiltonian in Eq. (60) is expressed in this
reduced basis it will not have a simple block-diagonal form
anymore. As an example, the basis function with coefficient
c31

1, j will overlap not only with functions that are multiplied by
coefficients c31

i>1, j but also with functions having coefficients
of type c23

i, j .

IV. RESULTS AND DISCUSSION

The main topic in this section regards features discovered
in the three-body adiabatic potentials that affect the position of
the repulsive wall in the effective potential responsible for the
Efimov effect. The appearance of this wall at a seemingly uni-
versal position ρ ≈ 2rvdW in single-channel models utilizing
a range of different two-body interactions [24–26] has been
used to explain the experimentally observed universality of the
position of the appearance of the first Efimov resonance from
the three-body continuum. The universality of the scattering
length where the Efimov resonance couples to the three-
body continuum (a−) was first thought to be exclusive for
open-channel-dominated resonances with sres > 1. However,
experiments have shown that the universality persists in an
intermediate-resonance regime where sres � 0.1 [39]. An even
weaker resonance, a heteronuclear resonance in 7Li-133Cs
with sres = 0.05, has shown a clear deviation from this univer-
sality, with a scattering length for a zero-energy Efimov state
larger than predicted by van der Waals universality, suggesting
a trend of increasing a− with decreasing sres [40]. While
calculations of a− are outside the scope of this paper, it is still
interesting to examine the form of the Efimov potential, since
the onset of the repulsive wall and the depth of the potential
well correlate with this parameter.

To place our work in the context of previous theoretical dis-
coveries, we begin with a short review of how this universality
manifests in single-channel models and discuss its physical
underpinnings. We then present our findings within the multi-
channel model and show how tuning the Feshbach resonance
to the closed-channel-dominated regime affects couplings of
the adiabatic potentials, which subsequently leads to changes
in the effective potentials causing the Efimov effect. We show
that our discoveries are in line with the experimentally found
trend as well as with recent theoretical predictions based on
numerical findings with a different kind of two-channel Fesh-
bach model [37].

A. Prelude

The appearance of a universally positioned repulsive wall
in the hyperradial three-body potentials, obtained using a
single-channel model based on two-body interactions with
attractive van der Waals tails, was discovered by Wang
et al. [24]. They argued that the experimentally observed
universality of a−, i.e., the unexpected universality of the
three-body parameter, is caused by this universal repulsion
in the three-body effective potential. The repulsion, located
in the intermediate hyperradial region at ρ ≈ 2rvdW, prevents
three-body states from probing the short-range region, i.e.,
ρ < rvdW, where species-specific interactions would other-
wise occur. This effectively makes any three-body observable
insensitive to the details of the two-body interaction. The
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FIG. 5. Efimovian effective potentials obtained from a single-
channel calculation using a two-body Lennard-Jones 6-10 model
with n = 1, 2, and 4 s-wave states and a = ±∞.

fact that the repulsion occurs at a specific distance points to
a possible cause for the universality of the three-body pa-
rameter for atomic collisions governed by the van der Waals
force.

The universal three-body repulsion can be explained by
an effect appearing at the two-body level, where there is a
suppression of the probability of finding any pair of atoms at
separations shorter than the characteristic length of the van
der Waals attraction, i.e., at separations shorter than rvdW.
The collective pair suppression at atomic separations close to
rvdW forces the state into an equilateral triangular shape as ρ

is decreased past a certain point. The mechanism by which
this two-body suppression-driven deformation gives rise to a
sudden nonadiabatic increase in kinetic energy was investi-
gated in [25,26]. At the onset of deformation, the nonadiabatic
diagonal term in Eq. (33) becomes large. This results in a
repulsive wall in the effective three-body potential and, if the
pair suppression is strong and universal with respect to rvdW,
it will appear at a more or less fixed hyperradius when scaled
by rvdW.

In Fig. 5 we show the three-body effective potentials Wd

obtained from a single-channel model using the Lennard-
Jones potential given in Eq. (4) and C10 tuned to contain
n = 1, 2, or 4 s-wave bound states and a = ±∞. The po-
tentials have been diabatized through an avoided crossing as
in [24]. It should be noted that the potentials obtained here,
using only a few s-wave bound states, are very similar to the
ones in [24,26] with regard to the position of the zero-energy
crossing (i.e., the repulsive wall or barrier), the energy of the
minimum, and the long-range attractive tail. An analysis of
the pair amplitude suppression inside the relevant two-body
potential well yields practically the same result for n = 1
and 8 s-wave bound states and confirms a strong two-body
suppression for r < rvdW with the potential containing only
one bound state. We therefore conclude that at the two-body
level, the pair suppression with one s-wave bound state is
sufficient to (at least to a good approximation) retrieve the
single-channel universal Efimov potential with van der Waals
universality.

B. Four-state model results

The results presented here concern the three-body adia-
batic potentials Uν and the effective potentials Wν obtained by
diagonalizing the adiabatic four-state Hamiltonian in a basis
of B splines (typically 90 in both θ and ϕ, thus giving a
26 896 × 26 896 Hamiltonian) at different hyperradii. We use
a notational convention in which the sign of ν indicates the
asymptotic configuration of the three atoms. A negative sign
corresponds to an atom-dimer channel and a positive sign to a
three-body continuum channel, and ν = 0 is the channel that
converges to the universal Efimov attraction (34).

The effective potentials Wν represent an improved approx-
imation compared to the adiabatic potentials Uν . For many
adiabatic states the difference is relatively small, but close
to threshold the two levels of approximation show qualita-
tively different features. Indeed, the van der Waals universality
appears only in W0. Still, it should be emphasized that the
hyperangular wave function �ν (ρ; ) is the same in both
approximations, namely, the eigenfunction of the hyperan-
gular Hamiltonian (28), the difference being that while Uν

is the corresponding eigenvalue, the effective potential Wν is
the expectation value of the full Hamiltonian, including the
hyperradial kinetic energy. Thus, properties associated with
the hyperangular configuration as well as those connected to
the four Feshbach channels remain unchanged. As we will
see below, adding the correction term makes the energy land-
scape very complex. Therefore, we have found it useful to
first discuss the features associated with the adiabatic states
before moving on to the consequences this has for the effective
potentials.

The Feshbach model was built to resemble two of the res-
onances found in 23Na, occurring at about 90.7 and 85.3 mT.
The physical properties of these and the parameters used in
the two-body model have been well characterized in [41] and
are listed in the top two rows of Table III. The broader one
of the resonances is of intermediate strength with sres = 0.09,
while the narrow one is weak with sres = 0.0002. We refer to
these as the intermediate and the narrow resonance.

1. Three-body adiabatic potentials

In Fig. 6 the 20 lowest-lying three-body adiabatic poten-
tial curves Uν for the intermediate (pale green) and narrow
(deep purple) resonances are shown. For both potentials, the
magnetic field was set to B∗

0, i.e., a → ±∞. At first glance the
curves look similar. The lowest-lying potential curves U−1 can
be seen to converge to the energy of the corresponding dressed
dimer, which is −2.8EvdW for the intermediate and −2.6EvdW

for the narrow resonance (indicated by the dash-dotted hori-
zontal lines in the close-up in the inset). The lowest adiabatic
potentials for the two resonances differ from each other more
markedly in the region ρ ∼ rvdW. Here the potentials obtained
with a narrow-resonance background have three very sharp
avoided crossings, whereas for the intermediate resonance the
avoided crossings, except the one at approximately 2rrvdW, are
much softer.

To examine the Efimovian long-range features of the po-
tentials it is more practical to rewrite the potentials as

λν (ρ) = 2μ

h̄2 ρ2Uν (ρ) + 1

4
. (64)
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FIG. 6. The 20 lowest three-body adiabatic potential curves Uν

for the intermediate (sres = 0.09) and the narrow (sres = 0.0002)
resonance. In the inset the corresponding dressed-state two-body
energies are shown as dash-dotted lines.

For resonant two-body interactions (a = ±∞), the channel
that causes the Efimov effect can then be recognized as the one
that converges to −s2

0 ≈ −1.0125 in the so-called scale-free
region ρ � rc (for finite a, the region where |a| � ρ � rc).
Here rc is the characteristic length of the two-body inter-
action, which for open-channel-dominated resonances with
intrinsic length r∗ < rvdW [see Eq. (21)] is given by rvdW and
for closed-channel-dominated resonances with r∗ � rvdW is
given by r∗. In Fig. 7 we show the potentials λν (ν = −1 to
1) for the intermediate and narrow resonance with resonant
interactions, together with the corresponding curves for ef-
fectively noninteracting atoms (a = 0) (dash-dotted curves).
Our calculations extend to ρ = 4000rvdW; beyond this limit
we were not able to obtain converged results. For resonant
two-body interactions, the potential λ0 for the intermediate
resonance is clearly converging to the universal Efimov poten-
tial −s2

0 as ρ > 300rvdW. The intrinsic length of this resonance
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FIG. 7. Three-body potentials λν (ν = −1 to 1) versus ρ/rvdW

for the broad and narrow resonances with a = ±∞ (lines) and a = 0
(dash-dotted curves).
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FIG. 8. Three-body potentials λν (ν = −1 to 1) for resonances
with sres ranging from 1 to 0.0002. Here λ0 can be seen to converge
to −s2

0 ≈ −1.0125 (the black dashed line) in the scale-free region for
each resonance. The vertical dash-dotted lines indicate the value of
r∗ for the resonance drawn with the same color. The horizontal line
indicates λ0 = −2.8, which is the approximate value for λ0(r∗) for
all the narrow resonances.

is r∗ ≈ 10rvdW, so the Efimovian features of this potential
appear for hyperradii that are about one order of magnitude
larger than r∗. Since r∗ ≈ 4000rvdW for the narrow resonance,
the scale-free region has not been reached and the potentials
should therefore not exhibit the Efimovian long-range form.
Our findings are thus in line with the predictions made by
Petrov in [53].

The behavior of λ0 for a = 0 at large ρ is, for sufficiently
large separations, equivalent to that of three noninteracting
atoms. The asymptotic form of a three-body continuum chan-
nel is λν → n(n + 4) + 4 [see Eqs. (64) and (32)]. Since
λ0 is converging to 4 in the long-range region, this channel
corresponds to the lowest three-body continuum channel with
the Gegenbauer eigenvalue n = 0. Remarkably, for the narrow
resonance with vanishing scattering length, the atoms interact
all the way out to ρ ≈ 100rvdW.

To clearly illustrate that the universal long-range behavior
in the resonant regime is governed by r∗ in the narrow-
resonance limit, we have plotted in Fig. 8 the potentials λν for
five different resonances with sres ranging from 1 to 0.0002,
with a = ±∞. The additional resonances are obtained from
the same potentials by simply varying the coupling strength
(see Table III). The vertical lines indicate r∗ for the inter-
mediate and narrow resonances and the color matches the
corresponding potential curves. For the broad and intermedi-
ate resonances, i.e., sres = 1–0.09, λ0 can be seen to converge
to the universal constant −s2

0 as the scale-free region for
each potential is approached. For the three very narrow res-
onances (sres = 0.005–0.0002) the tails of λ0 have a similar
convergence tendency with respect to r∗ as they can be seen
to have reached approximately the same height at r∗, with
approximately −2.8 (black dash-dotted horizontal line) for all
three curves. The shape of the tail region is clearly different
for sres = 1 (r∗ ≈ rvdW) and the curve for the intermediate
resonance looks more like the ones in the narrow-resonance
regime.
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FIG. 9. Three-body adiabatic potential curves Uν for a → ±∞ calculated using (a) a single-channel model with one J = 0 two-body level
(ν = −2 to 1) and (b)–(h) the two-channel model with different resonance strengths sres (ν = −1 to 1).

2. Avoided crossings and resonance strength

Prompted by the difference in sharpness of the avoided
level crossings, we now examine in more detail how the
resonance strength affects the energy gaps between the non-
crossing curves Uν . In Fig. 9 we show the three lowest
adiabatic potential curves obtained with values of sres ranging
from 1 to 0.0002 [Figs. 9(b)–9(h)]. For comparison, we also
include single-channel three-body adiabatic potential curves
(ν = −2 to 1) with one bound s-wave in Fig. 9(a). Before
discussing the resonance background effects on the adiabatic
potential curves, we comment on two features that all the
potential energy landscapes have in common. The first fea-
ture is a peak reminiscent of that of a centrifugal barrier
(this is a broad avoided crossing with a higher-lying chan-
nel) and the second is a sharp avoided crossing (marked P1)
of the channel associated with the Efimov effect ν = 0 and

the lowest three-body scattering channel ν = 1. The avoided
crossing P1 appears near ρ = 1.9rvdW in the single-channel
energy landscape and close to ρ = 2.4rvdW in the two-channel
energy landscape for sres = 1 [Fig. 9(b)]. The position of P1

can be seen to slightly depend on the resonance strength as
it is shifted to smaller ρ as sres decreases [ρ = 2.1rvdW for
sres = 0.0002 in Fig. 9(h)]. The energy gap of P1 is however
static with respect to the resonance strength.

The potential energy landscape changes as the Feshbach
resonance is tuned to the narrow-resonance regime. As sres is
decreased, the peak of the centrifugal barrier rises in energy
and two new avoided crossings gradually appear in the spec-
trum [marked P2a and P2b in Fig. 9(e)]. Apparently, there are
two kinds of avoided crossings in our spectra: first, a static
kind P1 which is independent of the channel couplings, and
second, a coupling-dependent kind P2. Our interpretation is
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that the avoided crossing P1 originates from the geometric
deformation of the three-body state that was discussed in
Sec. IV A and that the two avoided crossings P2a and P2b are
between states belonging to different hyperfine channels and
hence connected only by spin-flip transitions.

Nonadiabatic transitions (i.e., jumping the gap or following
the diabatic path) take place close to the center4 of an avoided
crossing. Trajectories that pass through the apex of a cusp5

at an avoided crossing transition with almost unit probability,
whereas the wave bifurcates if the trajectory that transverses
the potential energy curves passes close to its center. One of
the waves then continues along the adiabatic path and the
other one tunnels through the avoided crossing to the other
adiabatic potential energy curve with a probability that can
be calculated using the Landau-Zener formula [65,66]. If the
avoided crossing region is sufficiently small, the nonadiabatic
transition probability can be expressed as

PLZ = exp
−π2

h

g2

vδs
, (65)

where g is the energy gap, v is the local velocity, and δs
is the difference of the slopes of the two crossing diabatic
asymptotes that trace through the center [67].

Possible diabatic curves asymptotically connecting to the
Efimov potential are indicated in gray in Fig. 9. In the limit
of very narrow resonances this is readily determined by com-
paring to the extreme case [Fig. 9(h)] where the coupling
approaches zero. In the opposite limit the proper diabatization
can be inferred by comparison to the familiar single-channel
model, that is, for the one-channel case [Fig. 9(a)] and for
broad resonances [Fig. 9(b)] the diabatic potential bridges
the gap P1, which, as will be discussed below, gives rise
to the familiar van der Waals universality. For very narrow
resonances there also seems to be a universal behavior, though
qualitatively different in that the most natural diabatization
in addition to P1 also bridges the gaps P2. The intermediate
resonances do not have an easily recognizable diabatization.
The topologically most reasonable path, which also has the
highest probability, trace through P1 together with P2a and P2b.

Moreover, the Efimov potential in Fig. 9(h) is associated
with the closed channel, while the two other curves are identi-
cal to the background potential, i.e., the hyperradial potentials
for Vbg (with abg = 63a0) in the absence of any resonant
couplings. The Efimov potential gradually acquires more of
the open-channel character as ρ becomes very large, which
is indicated by the convergence of the tail to the universal
Efimov attraction (34).

3. Three-body effective potentials

To illustrate the effect of adding the diagonal correction
to the adiabatic potentials, we show in Figs. 10 and 11 the
resulting three-body effective potentials Wν (ν = −1 to 3) in

4The point where two diabatic asymptotes to the potential curves
cross.

5This is the case where the two avoiding potential curves have sharp
cusps separated by a small energy gap. The situation is realized for
all three avoided crossings in Fig. 9(h).
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FIG. 10. Effective potential curves Wν (ν = −1 to 3) for sres = 1,
together with the diabatized effective potential associated with the
Efimov effect (black dash-dotted curve). The Efimovian diabatic
potential here traces through a single sharp peak. Note that the energy
scaling on the vertical axis is the same as that in Fig. 9.

the limit of the broad-resonance regime and for the narrow res-
onance, i.e., with sres = 1 and sres = 0.0002. For sres = 1, in
Fig. 10, a single sharp peak can be observed at the location of
the avoided crossing P1 in the corresponding adiabatic curves.
For sres = 0.0002, in Fig. 11, three sharp peaks with maxima
at the location of the three avoided crossings P1, P2a, and P2b

are visible. The sharp peaks are artifacts of the adiabatic rep-
resentation. While the diabatic states do not drastically change
their character at the avoided crossings, the adiabatic states are
associated with different diabatic potentials on either side of
the avoided crossing. Since the crossing is narrow, the adia-
batic states will over a short ρ interval change character from
one diabatic state to another. This is reflected by a sudden
increase of |Qνν | (33). The diabatic Efimov potentials sug-
gested in Fig. 9 are indicated as black dash-dotted curves. In
comparison with the adiabatic potentials, the effective diabatic
potentials are always shifted upward in energy compared to
the adiabatic potentials. The effect of adding the nonadiabatic
correction is most dramatic for the potential associated with
the Efimov effect, where the attractive well becomes very
shallow compared to the single-channel model.

In Fig. 12 we zoom in close to the zero-energy threshold
and show the diabatic Efimovian effective potential curves
for three resonances in the broad, intermediate, and narrow
regimes together with the single-channel potential with one
s-wave bound state. For the hyperradial range covered in the
figure, only the potential for the broadest resonance (sres = 1
and rc = rvdW) has a tail that is within its scale-free region.
This potential can indeed be seen to converge to the universal
Efimov attraction (black dashed curve) close to ρ ≈ 10rvdW.
Note also that for sres = 1 the convergence to the universal
attraction occurs at even smaller ρ than for the single-channel
potential. The potentials for the broad and intermediate reso-
nances show sres-dependent behavior similar to that observed
in [37]. The position of the repulsive wall, which is located
at ρ ≈ 2.2rvdW for sres = 1, shifts to slightly larger ρ and
the depth of the potential decreases as sres is decreased. The
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landscape. The inset shows a close-up of the zero-energy threshold where the Efimovian diabatic potential can be seen to be shaped by bridging
over the peaks caused by the two avoided crossings P1 and P2a.

potential for sres = 0.0002 stands out from the other two since
it has two minima and two repulsive regions. Tracing inward
from large ρ, a shallow well appears, the potential then crosses
zero at ρ ≈ 3.2rvdW and has a centrifugal barrierlike peak,

−2

−1.5

−1

−0.5

0

0.5

011

10
0W

d
(ρ

)/
E

v
d
W

ρ/rvdW

SC
B
I

N

FIG. 12. Diabatic Efimovian effective potential curves Wd in
the broad (sres = 1), intermediate (sres = 0.09), and narrow (sres =
0.0002) regimes, together with the effective potential from the single-
channel model with one s-wave bound state. The black dashed
curve is the universal Efimov attraction. Note that for the narrow
resonance, it is the very shallow well outside the local maximum
which corresponds to the Efimov-like attraction.

the potential again becomes attractive, and a second deeper
well appears. The potential finally becomes repulsive again
at ρ ≈ 1.5rvdW. The inner potential well is the topological
result of a combination of the connections through the avoided
crossings P1 and P2a. Since the first well is the one that could
possibly contain Efimov states, it is reasonable to compare the
first repulsive part of this potential with the ones previously
discussed. The trend then dictates that the hyperradius of the
zero-energy crossing position, i.e., the position of the repul-
sive wall, slightly increases, and the depth of the potential
minima decreases with decreasing sres.

C. Summary

To summarize our results, we have examined beyond-
single-channel effects on the three-body potentials and
specifically focused on how the resonance strength affects
the position of the repulsive wall and the depth of the attrac-
tive well in the Efimovian effective potential. We found that
the aforementioned properties of the effective potentials are
related to two kinds of avoided crossings in the adiabatic
energy landscapes. The first kind, labeled P1 in Fig. 9, occurs
close to the three-body deformation hyperradius where the
Efimovian orbital is forced to transform [26]. For broad to
intermediate resonances, as in single-channel models, bridg-
ing the gap of this avoided crossing gives rise to the repulsive
wall in the Efimovian effective potential. Tuning the Fesh-
bach resonance strength from the broad to the intermediate
regime moves the repulsive wall outward, consistent with the
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observation in [37]. In the narrow limit, the potential acquires
a second inner well and hence the wall turns into a barrier. For
the narrow resonance, the repulsive barrier is formed outside
the avoided crossing region and a diabatization through P1 and
P2a forms the inner well and the second zero-energy crossing
of the effective potential.

V. CONCLUSION

We have developed a method to explicitly include the
multichannel nature of physics at Feshbach resonances in
the Schrödinger equation for three-body systems expressed
in the hyperspherical adiabatic representation. Using this
model, we can study effects arising from the finite width of
the resonance. Our calculations have focused on narrow- to
intermediate-strength resonances in 23Na, but can easily be
applied to any other system.

In this paper we analyzed the Efimovian effective potential
and found that the position of the repulsive wall, the depth
of the energy minimum, and tail convergence are clearly de-
pendent on the resonance strength. As sres was decreased we
observed an increase in the hyperradius where the potential
associated with the Efimov effect crossed zero energy and
correspondingly a decrease in well depth. Consequently, the
onset of the characteristic Efimov trimer energy spectrum was
pushed to very weak binding energies and correspondingly
large length scales, which makes them difficult to detect in
experiments.

The van der Waals universality is an effect of the uni-
versal form of the attractive well formed in the Efimovian
hyperspherical potential. This in turn is a result of the in-
terplay between the position of the repulsive wall, which
always appears close to the deformation hyperradius, and the
long-range convergence to the universal Efimov attraction,

which is dependent on the intrinsic length of the Feshbach
resonance. Thus it is evident that potentials governed by r∗
deviate from the universal intermediate-region hyperradial
form characteristic for potentials displaying van der Waals
universality. Therefore, it is necessarily true that the van der
Waals universality breaks down in the narrow-resonance limit.

All results in this paper are for an infinite scattering length
and limited to the study of the potentials. We expect that in the
case of finite a, it is only possible for the Efimovian potential
to contain trimer states with the proper universal scaling if
|a| � r∗ and |a| � rvdW. The size of the first trimer state with
universal scaling must then be in parity with ρ at the onset
of the scale-free region and thus proportional to the resonance
intrinsic length. Since the Efimov potential has an energy well
with a minimum that appears in the region ρ ∼ 3rvdW–4rvdW

for all the examined resonances, there could also exist lower-
energy trimers with a ground-state size determined by the
equilibrium hyperradius and possibly also higher levels which
do not exhibit the universal geometric scaling property. This
is a subject left for future studies.
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