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Quench-induced nonequilibrium dynamics of spinor gases in a moving lattice
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The isolation and control of disparate degrees of freedom underpins quantum simulators. We advance the
programmability of cold atom quantum simulators with a realization of the dynamic coupling of spatial and spin
degrees of freedom. We experimentally demonstrate that violent spatial evolutions tune long-lived coherent spin
dynamics and develop a model of quantum spin mixing incorporating the spatial evolution via time-dependent
spin-spin interactions. Our results may open new paths towards the simulation of quantum spin models with

tunable interactions via tailored spatial dynamics.
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I. INTRODUCTION

Ultracold quantum gases that feature spatial and spin de-
grees of freedom offer a powerful platform for simulating
quantum magnetism in controlled, isolated settings [1-5].
When combined with optical lattices, these simulation ca-
pabilities are exemplified by experimental studies featuring
tunable dimensionality and filling factors [6-9]. Possessing
long coherence times, these systems also provide an ideal
platform for studying out-of-equilibrium phenomena such as
spin mixing [10-13], transport [14,15], dynamical phases
of matter [16], and critical dynamics across quantum phase
transitions [7,8,17]. Simultaneously, advances in spin- and
spatially-resolved probes [7,9,18,19] and the control of time-
and spin-dependent lattice potentials are opening up new op-
portunities, including the study of multistate tunneling physics
[20] and driven-dissipative phases [21], in the presence of the
spin degree of freedom.

Typically, the energy scales of the spin and spatial de-
grees of freedom are disparate. This has been exploited to
obtain a reduced description of the spin dynamics governed
by a spin-spin interaction coefficient ¢, that depends only
on a spatial profile that remains frozen due to, e.g., a strong
confining potential [11,16,22-28]. In the context of spinor
Bose-Einstein condensates (BECs), this decoupled regime has
received significant attention [29-31] and, amongst other ap-
plications, has been utilized to generate entangled states in the
highly controllable spin degree of freedom [32-37], which can
also be mapped to the motional degrees of freedom [38—40].

In contrast, the interplay of spatial and spin degrees of
freedom remains largely unexplored and, although typically
weak, can provide a powerful avenue for controlling the
spin dynamics through tailored dynamical manipulation of
the spatial properties of the gas [41-45]. We provide an
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example of how spatial degrees of freedom can be utilized
to manipulate the spin dynamics. We experimentally ob-
serve that a one-dimensional (1D) moving lattice, combined
with a skew optical dipole trap (ODT), induces violent tran-
sient spatial motion, which is nevertheless accompanied by
long-lived spin-mixing dynamics. We develop a theoretical
understanding of these observations based on a dynamical
single spatial-mode approximation (ASMA), which leads to an
effective spin model with a time-dependent spin-spin interac-
tion coefficient that depends on the temporal evolution of the
BEC density profile. Experimental observations—including a
robust critical regime featuring divergent timescales for the
spin dynamics, which is tuned by the applied moving op-
tical lattice and associated spatial motion—are qualitatively
described by our model.

Our results open the way for the exploitation of classi-
cal spatial dynamics for simulating many-body quantum spin
dynamics with highly tunable, time-dependent interactions
[46,47], thereby enhancing the class of quantum spin models
accessible in spinor BECs. In addition, our findings imply
that spatial dynamics can provide new control knobs for the
nonequilibrium generation of entangled spin states for, e.g.,
quantum-enhanced sensing [38].

The remainder of this paper is organized as follows. Sec-
tion II discusses the experimental setup, the observed spin
dynamics, and a first interpretation within a static single
spatial-mode approximation (sSMA). Section III introduces
the dSMA, which provides a more rigorous description of
the observed spin dynamics. Section IV presents a combined
experiment-theory analysis of the spatial dynamics, which
are critical to understanding the spin dynamics. Finally, we
conclude in Sec. V.

II. EXPERIMENTAL SETUP AND SPIN DYNAMICS

Each experimental cycle begins with a sodium spin-1 BEC
at quadratic Zeeman energy ¢ in an ODT (see Appendix A).
A key feature of spinor BECs is their spin degree of freedom,

©2023 American Physical Society
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FIG. 1. (a)—(f) Exemplary time traces of p, for spinor BECs. Panels (a)—(c) show experimental results for p, (red markers) at g/h = 15 Hz
(a), 25 Hz (b), and 65 Hz (c) as well as sSSMA predictions (dotted lines) with ¢, 4 /h = 23.7(1)Hz extracted from Fig. 1(g). Panel (a) compares
static (black) and moving (red) lattice results. Solid lines are sinusoidal fits to guide the eye. Panels (d)—(f) compare predicted p, for g/h =
15Hz (d), 22 Hz (e), and 65 Hz (f) from 1D GP simulations (solid lines) to sSSMA (dotted lines) with ¢, obtained through fits to the GP data (see
Appendix D), and dSMA (dashed lines) with ¢,(¢) obtained from GP data. The chosen ¢ values exemplify the interaction dominated (¢ < g*)
and Zeeman (¢ > g*) regimes separated by the critical region ¢ &~ g*. (g) Observed T (markers) vs ¢ fit by analytical SSMA expressions (solid
line) with the fitting parameter ¢, 4 /h = 23.7(1)Hz (see Appendix D). (h) Red (black) lines are evolution of ¢,(¢)/c2(0) for g/h = 15Hz
obtained from 1D GP simulations of the moving (static) lattice. All moving lattice data use a lattice depth u;, = 2.3Eg, t; = 1.43ms, and fixed
Af = 4.6Eg/h. (i) Timeline of the lattice depth (lower panel) and moving lattice speed (upper panel).

which is characterized by the spin-dependent interaction coef-
ficient ¢,. Spin mixing and other nonequilibrium phenomena
driven by a static ¢, have been studied in various contexts
[7,8,11,23,24,28,31]. Here, in contrast, we demonstrate that
¢y can be tuned dynamically by utilizing a moving lattice
to change the BEC’s spatial density profile. We construct a
1D moving lattice with two nearly orthogonal optical beams
whose frequency difference A f determines the moving lattice
speed (see Appendix A). The lattice geometry is skewed to
gravity and the ODT, as elaborated upon in Appendix B.
Our initial BEC has a fractional population py =~ 0.5 of
atoms in the |§ = 1,m = 0) state and zero magnetization
(equal populations in the |S = 1, m = =£1) states). The BEC
is then adiabatically loaded into the lattice, which is static
for time ¢ < #; and quenched to the desired speed at t =1,
[see Fig. 1(1)]. Here, a “static” lattice is a lattice with time-
independent frequency difference, i.e., Af = 0, regardless of
whether or not the lattice depth #;, is time dependent. We study
the ensuing nontrivial spin (Fig. 1) and spatial (Fig. 2) dynam-
ics of the atoms by holding them in the moving lattice until
a time tp. Similar to our previous works, we employ a two-
stage microwave imaging method to obtain a spin-resolved
measurement with resonant microwave pulses after releasing
atoms and letting them ballistically expand for a certain time
of flight (TOF) [7-9].

We first study the nonequilibrium spin dynamics generated
by experimental sequences [Fig. 1(i), Af = 4.6Eg/h], which
near-resonantly couple the initial stationary p = 0 BEC with
the p = 27k, momentum state. Here, Ef is the recoil energy, h
() is the (reduced) Planck constant, and k, is the lattice vector
(see Appendix A) [6]. Spin-mixing oscillations, arising from
coherent interconversions among two m = 0 atoms and a pair
of atoms in the m = 1 Zeeman states [3], constitute a useful
tool in understanding the spin dynamics. The periods T of
these oscillations are determined by the competition between

¢, and g, illustrated by typical examples of the interaction
dominated region [Fig. 1(a)] and Zeeman dominated region
[Fig. 1(c)]. We also see convincing experimental signatures
of a critical separatrix regime near g = g* where T diverges
[see Fig. 1(b)]. Here, g* represents the critical quadratic Zee-
man energy that separates the interaction-dominated and the
Zeeman-dominated regimes. A similar phenomenon has also
been observed in free space (i.e., without lattice) where the
established sSMA model, which assumes c¢,(¢) is time in-
dependent, predicts g* to be approximately equal to ¢, for
our initial state [3,11,23,24,28,31]. Our moving lattice data
in Fig. 1(g) display periods that are consistent with the SSMA
expectations, which can be used to estimate the effective static
spin-spin interaction ¢ g = h x 23.7(1) Hz =~ g*.

However, direct comparisons to the sSSMA predicted time
traces [dotted lines in Figs. 1(a)-1(c)] demonstrate that the
model fails to capture experimentally observed features such
as the damping of the oscillation amplitude and the drift of
the oscillations. Another notable observation that cannot be
explained by the sSSMA is the shift of the separatrix location
induced by the moving lattice, as shown by a comparison be-
tween static (A f = 0) and moving lattice results in Fig. 1(a).
This comparison indicates that for static lattices at an identical
q in the interaction dominated regime 7 is smaller and thus,
using the same sSMA interpretation, would lie on a curve
shifted to higher ¢ (indicating a larger characteristic c,) rel-
ative to the moving lattice data shown in Fig. 1(g). These
experimental observations suggest that the sSSMA provides an
incomplete description of our system.

III. THEORETICAL MODEL: DYNAMICAL SINGLE
SPATTIAL-MODE APPROXIMATION

To explain the sSSMA’s shortcomings, we develop the more
versatile dSSMA model, which assumes that ¢, varies with time
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and describes our N-particle system with the spin Hamiltonian
(see Appendix D) [6,22,39]:

(1)

WS-SJrq(ﬁ1 + 7). 1)

He (1) =
Here, S = Zf’: , 8 where §; denotes the spin-1 operator for the
ith atom and 1i,, is the number operator for the Zeeman state m.
The time-dependent c;(¢) arises from the temporal evolution
of the BEC’s spatial density profile and, in turn, modulation
of the effective interaction strength of the spin model, driven
by the moving lattice. Formally, c,(¢) emerges from the time
dependence of the Gross-Pitaevskii (GP) orbitals ¥, (r, t) that
describe the spatial dynamics of the mth Zeeman component.
We assume that the spatial density profile of each Zeeman
component is the same but time dependent, i.e., |, (r, N> x
lp(r,H)>, to obtain c,(t) x (N — 1)fd3r lp(r, )|* (see
Appendix D). This assumption is motivated by experimen-
tal observations (see Appendix E) and further justified by
the qualitative agreement between theory and experiment as
shown in Sec. IV. The replacement of the spatial density
profiles |, (r, )|> with a common m-independent function
implies that, within the dSMA, the spatial degree of free-
dom may contribute to the spin dynamics through c;(¢) but
that the spin degree of freedom does not feed back onto the
evolution of the spatial profile as it is explicitly assumed to
be identical for all three Zeeman components. Specifically,
the common m-independent mean-field wave function ¢(r, t)
evolves according to a spin-independent single-component
GP equation that involves contributions only from the ex-
ternal potentials and the spin-independent density-density
interactions, which are much larger than the spin-dependent
interactions (see Appendix D). A key result of the presented
experiment-theory work is that the dSMA enables a transpar-
ent understanding of the nontrivial spin dynamics triggered
by violent spatial evolution of the BEC that occurs on faster
characteristic timescales than the spin dynamics.

IV. SPATIAL DYNAMICS

To illustrate the typical spatial dynamics driving the spin
mixing observed in Fig. 1, we show experimental BEC mo-
mentum distributions in Figs. 2(a)-2(c), which capture the
emergence of violent spatial motion due to momentum kicks
generated by the moving lattice and the shallow ODT har-
monic confinement on a timescale significantly shorter than
the observed spin dynamics. The rapid appearance of many
discrete momentum peaks and associated spatial dynamics
shown in Fig. 2 simultaneously suggests that the deviations
from sSMA predictions in Figs. 1(a)-1(c) are to be expected
but also entices us to reconcile elements of the good qual-
itative agreement between the experimental data and sSMA
calculations in Fig. 1(g). We note that the creation of the
discrete momentum peaks is a coherent process and does
not conflict with the assumption of the single spatial-mode
approximation. In fact, Fig. S1 of the Supplemental Material
[48] shows that Figs. 1(a)-1(c) are very similar if different
momentum components are used to construct pg, thereby pro-
viding experimental support for dSMA.

To gain further insight, we use numerical GP calculations
(see Appendix C), which provide a mean-field description
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FIG. 2. Time-of-flight snapshots of 2D integrated momentum
distribution with Af =4.6Er/h, up = 1.2Eg, t; = 0.72 ms, and
tr = 1.22 ms (a), 2.22 ms (b), and 3.72 ms (c) in a shallow ODT with
Lopr,, = 20 um (see Appendix B) at g/h = 42Hz. (d)—(f) Analogous
theoretical results of in situ momentum distributions based on 2D
GP simulations (see Appendix C). The colorbar scale indicates the
optical density of the images for each row.

of the full spinor BEC dynamics including both spatial and
spin degrees of freedom. The complexity of the experimental
system, in particular the disparate timescales of spin and spa-
tial dynamics, precludes a full quantitative three-dimensional
(3D) GP treatment. Instead, we use a reduced dimensionality
1D spinor GP calculation with parameters tuned to capture es-
sential aspects of the experimental 3D system. This simplified
treatment enables us to develop a qualitative understanding
of the experimental results (see Appendix C). The GP sim-
ulations [solid lines in Figs. 1(d)-1(f)] qualitatively replicate
the coherent spin dynamics, including a diverging oscillation
period for g &~ g* [Fig. 1(e)] and robust harmonic oscillations
for g < ¢* [Fig. 1(d)] and g > ¢* [Fig. 1(f)] with damped
amplitude and drifting mean value, respectively. We note that
the upward drifting mean value in the experimental data for
q > q* [Fig. 1(c)], notably not captured by the 1D GP theory,
may be induced by a subtle resonance mechanism between
the spin and spatial dynamics [31] that depends sensitively
on the dimensionality of the system. Higher dimensionality
calculations will be presented elsewhere [49].

We use GP calculations to make a more fine-grained theo-
retical investigation of the relationship between the spatial and
spin dynamics and, in particular, certify that while the BEC
undergoes violent motion on fast time-scales (i) all Zeeman
components are described by a common spatial density profile
|¢(r, ¢)|> and (ii) the combination of the moving lattice and
ODT drives complex dynamics of c¢,(¢). These observations
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lead us to self-consistently compare the 1D GP results to
dSMA predictions, i.e., mean-field dynamics based on Eq. (1)
with ¢,(¢) computed via the GP density |p(r, 1)|*> (see Ap-
pendix D). The GP and dSMA time traces in Figs. 1(d)-1(f)
show excellent agreement with each other.

GP calculations of the spatial dynamics in the presence of
a moving lattice lead to appreciable variation of c,(¢) [red
line in Fig. 1(h)] at # < 3 ms. Over longer timescales, ¢,(t)
features an overall decrease, which we understand as being
driven by the relaxation of the spatial density profile as the
BEC fractures into many momentum components. This be-
havior is in stark contrast with predictions for a static lattice
[black line in Fig. 1(h)] that indicate c,(¢) instead fluctuates
around a well-defined time-averaged value with small oscilla-
tions due to excitations created during the loading phase. After
the initial transient behavior in the moving lattice, our results
[Fig. 1(h)] indicate that the decay of c,(¢) is slow relative
to the characteristic time of the spin dynamics, and therefore
observables such as the spin oscillation period are captured by
the sSSMA (see Appendix D). Our calculations show that the
precise details of the spin dynamics [e.g., qualitative features
including damping of the spin oscillations in Fig. 1(a)] can
depend greatly on the temporal variation of ¢,(¢) and hence a
more rigorous description is provided by the GP and dSMA
models.

The precise evolution of the spatial density profile, seen in
Figs. 2(a)-2(c) as a menagerie of seemingly irregularly dis-
tributed wave packets in momentum space, can be understood
with the aid of GP simulations [Figs. 2(d)-2(f)]. To more pre-
cisely capture the impact of gravity and the finite trap depth,
the simulations in Fig. 2 are performed using an axially sym-
metric two-dimensional (2D) setup. This numerical treatment
is feasible due to the relatively short timescales over which the
spatial dynamics are studied in detail. Two-dimensional simu-
lations also enable us to capture key details of the momentum
kicks that 1D simulations, such as those employed in Fig. 1,
miss. At short times, the lattice kicks atoms from the initial
BEC with momentum p = 0 to the near-resonant state with
momentum p = 2/ik; [Figs. 2(a) and 2(d)]. Subsequently, an
additional momentum component, referred to as the lead peak
(L peak), splits from the p = 2/ik;, peak and decelerates as it
travels away from the minima of the relatively shallow ODT
potential. As the L peak slows, its momentum evolves until it
sweeps through the approximate resonance region centered on
the line p, =~ 0.86p, + 0.207ik, [see the gray shaded region
in Fig. 3(b)], where the lattice couples two nearly resonant
momentum states, corresponding to the L peak and a new
peak labeled R1, that are separated by another 27k; momen-
tum kick [Figs. 2(b) and 2(e)]. Similarly, the R1 peak also
decelerates until it crosses the resonance region and the lattice
generates a new peak labeled R2 [Figs. 2(c) and 2(f)]. This
pattern continues and the BEC fractures into a multitude of
momentum states.

Figure 3 confirms our prior analysis, which suggests a
dependence on both the confining ODT potential and moving
lattice, by tracking the position of the L and R1 peaks in time
and momentum space in a compressed ODT. The position of
the L peak initially follows a trajectory consistent with a Lis-
sajous curve derived from a simplified classical treatment of
a single particle initially moving with momentum 27k, in the
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FIG. 3. (a) Trajectories of the mean position of the L peak
(circles) and R1 peak (squares) in the p, — p, plane taken in a
compressed ODT with Lopr , = 33 um (see Appendix B), extracted
from experimental images similar to those shown in Figs. 2(a)-2(c) at
q/h = 42Hz. The gray shaded region encompasses an approximate
resonance region where decelerated atoms are kicked by the lat-
tice (to create, e.g., the R1 peak) (see Supplemental Material [48]).
(b) The top (bottom) panel represents time evolution of p, (p,)
momentum of the L and R1 peaks shown in panel (a).

ODT (see Supplemental Material [48]). A sudden momentum
kick imparted by the lattice couples the L and R1 peaks as
the former crosses the approximate resonance region, shown
by the gray region in Fig. 3(a) (see Supplemental Material
[48]). As time increases (i.e., deeper into the trajectory of each
peak), the agreement between the experimentally observed
and the theoretically predicted trajectories for the L and R1
peaks deteriorates, as shown near the end of the time axis in
Fig. 3(b). The deterioration is most clearly seen when compar-
ing an ideal (effectively Lopt,; = 00) harmonic trap with our
typical shallow ODT depth that features a comparatively small
curvature (see Appendix E). In Fig. 3, we use a compressed
ODT instead of the shallow ODT, trading reduced visibility
and condensate fraction, to better illustrate the bending of the
trajectory in the p,-p, plane (see Appendix E).

V. CONCLUSION

Our results may open a new direction for the exploitation
of spatial dynamics as a control knob for simulations of many-
body quantum spin models with tunable, time-dependent
interactions [46,47]. This is complementary to other estab-
lished experimental methods, for example using microwave
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dressing fields to tune the quadratic Zeeman energy g as
demonstrated in our prior work [11], and may be desirable
for situations in which high stability of ¢ is required. Tailored
modulation of the spatial profile could be used to control
the precise time dependence of the spin-spin interactions and
realize Floquet-driven spin dynamics [50,51]. This can have
immediate applications for the dynamical generation of en-
tangled spin states for quantum-enhanced sensing [36,39,52—
54]. The observed short-time dynamics also raise intriguing
questions about equilibration of spinor BECs. For example,
future studies might utilize the time dependence of c¢;(t) to
force these systems along different equilibration trajectories.
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APPENDIX A: EXPERIMENTAL SEQUENCE

Our experimental sequences start by creating a S =
1 spinor BEC of up to 10° sodium (**Na) atoms in a
crossed, anisotropic harmonic ODT at a particular quadratic
Zeeman shift g tuned by external magnetic fields, similar to
our previous work [6,9,11]. We apply a resonant rf pulse
to prepare an initial state with fractional population py =
(o) /N =~ 0.5 in the |S = 1,m = 0) state and zero magne-
tization, M = (fi; — fi_;)/N = 0. We then adiabatically load
the initial state into a one-dimensional moving optical lat-
tice. The lattice is constructed from two nearly orthogonal
lattice beams originating from a single-mode laser with wave-
length 1064 nm and characterized by the potential Vi, (r, t) =
uy cos’[k;, -r — 2w A f(¢)t/4], with lattice vector k;, oriented
at approximately 40° from the z axis defined by gravity.
The resulting standing-wave potential has a lattice spacing
of 1, /2 = 0.81 um. The time-dependent frequency difference
Af(t) = |fyg — fvl|, where fy and fy are the corresponding
lattice beam frequencies, determines the velocity v of the
moving lattice, v = AL(fg — fv). The velocity v is manipu-
lated via a linear ramping rate o = W such that
when v < 0 (v > 0) the atoms move in the ]p =2hk; (p=
—2nk; ) direction. The data in Fig. 1 were taken with positive
velocities, while the data in Figs. 2 and 3 were taken with
negative velocities. The value of Af is initially set to zero
and, after an adiabatic ramp of the lattice depth u; to its final
value at t = 11, is quenched to its final value. The total time
the atoms spend in the lattice is denoted by 77 [for details see
Fig. 1(i)]. At the conclusion of each sequence, the trapping
potentials are turned off so that the atoms can ballistically
expand and be captured using a two-step microwave imaging
after a given TOF [9]. Each data point in this paper is an
average of at least eight repeated measurements and all error
bars reported are estimated one standard deviation.

APPENDIX B: OPTICAL DIPOLE TRAP

An essential element of our experimental setup is a har-
monic confinement potential skew to the moving lattice
potential. The interplay of these two potentials triggers the
nontrivial spatial dynamics that are key to our findings.
The harmonic confinement is provided by a crossed ODT
constructed by two orthogonal beams with wavelength A =
1064 nm. One ODT beam (ODT1) is orthogonal to gravity
while the other (ODT2) is at a 76° angle relative to gravity
[see Figs. 4(a) and 4(b)]. ODT1 is along the xppr axis, while
the projection of ODT2 into the plane normal to gravity falls
along the yopr axis [see Figs. 4(a) and 4(b)]. The moving
lattice lies 72° horizontally from ODT1 and is tilted at a 40°
angle relative to gravity. Due to experimental considerations,
our theoretical calculations therefore occur in three distinct
coordinate systems that share a common z axis defined by
gravity: the coordinate systems defined by the ODT potential,
the moving lattice, and the imaging plane, as illustrated in
Figs. 4(a) and 4(b).

The potential generated by our crossed ODT can be
parametrized to a good approximation by

1 —2(y3pr + 22
Vap(xXopr, Yobr, 2) = —Vo —— exp 2( — )
ZODT ZODT
I+ g(1+)
1 —2(xdpr + 2
+ — exp 2( ODTy2 ) ’
OoDT
I+ & (1+ )
(B1)
_ PohapsA?Ang” _ .
where V) = m, &) = 33 um is the ODT beam
2
waist, z0 = % is the associated Rayleigh length, P, is the

ODT power, An, is the D, line of sodium atoms, A is the
wavelength of the ODT beam, m, is the mass of an electron,
h (h) is the (reduced) Planck constant, apg ~ 1%_7 is the fine-
structure constant, g is the gravitational acceleration, and c is
the speed of light [2,3]. The ODT power, Py, can be varied to
change the effective trap depth and size.

In Fig. 4(c) we utilize Eq. (B1) and take into account
the effects of gravity to generate cross-sectional cuts for the
compressed ODT trap (Py ~ 35 mW), which was utilized for
the experiments discussed in Figs. 3(a), 3(b) and 4(d), and the
shallow ODT trap (Py ~ 17 mW), which was utilized for all
other experimental figures and discussions. The effective trap
length Lopr; is defined as the difference between the values
for which V;p takes on a local maximum and local minimum
[see Fig. 4(c)] in the i-coordinate axis. Thus, the shallow trap
(red solid line) is characterized by a smaller effective trap
length Lopr,; than the compressed trap (blue dashed line), i.e.,
atoms with high momentum exit the shallow trap more easily
than the compressed trap. Since the trapping extends over
a larger spatial region for the larger Lopr i, the compressed
trap extends the timescales over which the complex spatial
dynamics can occur. However, the extended trapping times
come at the cost of an increased average atom temperature,
which in turn tends to reduce the coherence and condensate
fractions. This is demonstrated in Fig. 4(d), which exhibits
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FIG. 4. (a) The three coordinate systems used in our theoretical calculations projected into the plane spanned by p, and p,. Blue (red)
[black] axes refer to the ODT (moving lattice, with associated lattice vector k; ) [imaging plane, with associated momentum vector p] coordinate
system. (b) Similar to (a) but projected into the plane spanned by yopr and zopr. The green vector labeled by g indicates the direction of gravity.
The projections in this figure are to scale. (c) Cross-sectional cut of the ODT potential after accounting for gravity in the zopr direction at a
local minimum in the xopr and yopr directions. The effective length of the ODT along the zopr direction is Lopr , = 20 um for the shallow
ODT (red solid line) and Lopr,; = 33 pum for the compressed ODT (blue dashed line). Similar plots can be made for the ODT potential in the
yopr direction, giving an effective length of Lopr,y = 31 um (Lopr,y = 40 um) for the shallow (compressed) ODT. (d) Typical experimental
TOF images obtained with the compressed ODT (Lopr,, = 33 um, Lopr,y = 40 um) displayed in panel (c). Data are taken following the same
experimental sequence as in Fig. 2(c), which instead used the shallow ODT (Lopr,, = 20 um, Lopr,y = 31 um). The colorbar scale on the

right indicates the optical density of the image.

less coherent peaks than those shown in the analogous TOF
image in Fig. 2(c).

APPENDIX C: GROSS-PITAEVSKII TREATMENT
OF SPIN-1 CONDENSATES

We consider a spin-1 condensate of N sodium atoms of
mass My, under external confinement in the presence of a
moving lattice. The two-body interactions are characterized
by the spin-independent and spin-dependent interaction coef-
ficients g and g,

Am R (as—o + 2a5—2)
8o = 3,

(ChH
|

B 21MNa

o (V- V2
i\ Vo =[ +V(1‘J)+80(N—1)(W1|2+|¢0|2+|1ﬁ1|2):| Yo

Wi P+ [Yol® — 1y 2

+ &N -1) (AR

0

where V (r, t) includes contributions from the moving optical
lattice Vi (r, t), the confining potential, and gravity. Within
the GP formalism, each Zeeman component of the BEC is
described by a mean-field wave function ,,(r, ¢), such that
both spin and spatial degrees of freedom, and their interplay,
are simultaneously captured. The model ignores quantum
fluctuations, which are expected to contribute minimally for
the regimes in which the experiment operates.

For the scenarios reported, solution of the GP equation for
the full 3D system by direct numerical integration is not
feasible. This is due to both the disparate timescales for the
spin and spatial degrees of freedom as well as the large
spatial region occupied by the BEC when it is kicked by
the lattice. Specifically, the repeated momentum kicks im-
parted by the moving optical lattice on the fractured BEC lead

and
_ 4mh’(as— — as—)
2= 3]WNa

where ag—o = 48.9ap and as—, = 54.5q are, respectively, the
s-wave scattering lengths for the S = 0 and 2 states with ag
the Bohr radius [9,55]. Our treatment includes the quadratic
Zeeman shift term (proportional to ¢g) but not the linear
Zeeman shift, which does not play a role for the dynamics
since it is conserved.

At the mean-field level, the coupled dynamics of the spin
and spatial degrees of freedom is described by the time-
dependent spinor GP equation:

; (C2)

Yo g 0 O 1
+[o o ol v
14 0 0 g/ \ ¥
Yivo 0 ~1
[vil? + 1o ? V_1yg Yo |, (C3)
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to intricate spatial structure as well as a rapidly expanding
cloud that must be tracked over comparatively long timescales
(36 ms in Fig. 1), requiring a large simulation box with good
spatial resolution. Thus, the GP results presented are from
numerical simulations of reduced dimensionality 1D (Fig. 1)
or 2D (Fig. 2) models, wherein the interaction coefficients
go and g, mean spatial density of the BEC, and trapping
potential V (r,¢) are adjusted to capture the features of the
experimental setup. The GP results presented are generated
by numerically integrating the coupled GP equations using the
XMDS?2 software package [56].

The dynamics shown in Figs. 2 and 3 are restricted to a few
ms, i.e., much shorter times than those on which the spin os-
cillation dynamics occurs (see Fig. 1). These dynamics out to
3 ms are amenable to 2D GP equations. To this end, we define
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FIG. 5. (a) Spin oscillation period T as a function of Zeeman shift g. The black markers show T" extracted from 1D spinor GP calculations
that account for the spin-independent and spin-dependent interactions. The spin oscillation period diverges around ¢* /i = 22 Hz. Emulating the
analysis of the experimental data shown in Fig. 1(g), the solid line is obtained by fitting the 1D GP data using the analytical SSMA expressions
and treating the spin-spin interaction as a fitting parameter (namely, ¢, ). (b) Time evolution of the overlap of the Zeeman states [see Eq. (D5)]
as a function of the Zeeman shift g. An overlap F of 1 indicates that all Zeeman states share a common spatial density profile, consistent with
the dSMA. The only significant deviation from unity is observed for relatively long times (¢ 2> 20 ms) when g ~ ¢*. (c) Parameter calibration
of the reduced dimensionality 1D GP equation. The black and red solid horizontal lines show the interaction energy c, (left axis) and chemical
potential u (right axis), respectively, for a 3D scalar BEC in the presence of a static lattice with u;, = 2.3 Ex for N = 80000 and angular
trapping frequencies w, = 125Hz, w, = 125 Hz, and w, = 155 Hz. The red and black dashed lines show ¢, and u, obtained by solving the 1D
scalar GP equation as a function of the 1D coupling constant g5T. The 1D calculations use w, = 197 Hz and u;, = 2.3 Ej.

a “2D simulation plane” by the direction of the p,-p, imaging
plane. The reduced dimensionality trap V,p is obtained by
projecting the 3D trap Vap onto the 2D simulation plane. Our
simulations capture the role of the ODT trap (including, e.g.,
nonharmonic corrections to the confining potential) and its
interplay with gravity. Approximating the azimuthal and polar
angles introduced in Appendix B by 30° and 76°, respectively,
the 2D trap is given by

Vap(y, 2) = V3p[cos(76°) cos(30°)y, — sin(30°)y, sin(76°)z].
(C4

The projection of the moving lattice in the p,-p, plane is
described by k. , [see Figs. 4(a) and 4(b)]. Neglecting the 12°
angle between the &, . axis and the negative p, axis, the mov-
ing lattice is in the py-p, plane. Given the fact that the lattice
has a 40° angle relative to the p, axis [see the discussion above
Figs. 4(a) and 4(b)], the lattice vector is described by k; =
ky[— sin(40°), 0, cos(40°)]. The reduction from three dimen-
sions to two dimensions does change the mean density and,
correspondingly, the chemical potential. This is accounted for
by introducing the effective 2D interaction strength g5; sim-
ilar to the 1D case, go(N — 1) and g»(N — 1) are replaced by
& and g5 /28.06, respectively. The coupling constant g is
set by enforcing that the chemical potential of the 2D system,
obtained by solving the scalar GP equation, is equal to that of
the 3D system at¢ = 0. It should be noted that the TOF images
in Figs. 2(d)-2(f) generated using this reduced 2D system are
characterized by a vanishing momentum component, which
does not reside exactly at p = 0. This micromotion can be
understood as a second-order effect due to the combination of
the coupling between the finite and the vanishing momentum
components and the force exerted on the finite-momentum
component by the trap. The trap force imparts momentum
to the finite-momentum BEC, which is transferred back to
the zero-momentum BEC, thereby explaining the observed
micromotion.

The procedure for mapping the full 3D system to a reduced
dimensionality model is not unique. Figure 5(c) illustrates
an example for the 1D case. Since the chemical potential
w is the characteristic energy scale of the time-independent
scalar GP equation and c; is the characteristic energy scale
of the effective spin Hamiltonian, it is natural to demand that
the reduced dimensionality scalar GP model reproduces these
two energy scales. The solid and dashed horizontal lines in
Fig. 5(c) show the chemical potential © and the spin-spin
interaction strength ¢, of the 3D system in the presence of
a static optical lattice with u; = 2.3 Ex (note that the initial-
state preparation within the full 3D framework is significantly
simpler than tracking the time evolution); this is the final
lattice depth used in the experiment. Fixing the parameters
of the scalar 1D GP equation requires setting the values of
hw,/Eg and g‘“iflg /(Erk; 1. The 1D scalar GP equation is given
by Eq. (D2) with the r vector replaced by z and go(N — 1)
replaced by gelf]g, where gelflg has units of “energy times length.”
The 1D spinor GP equation is obtained analogously, i.e.,
go(N — 1) and ga(N — 1) are replaced by gif and gt /28.06,
respectively.

The black and red dashed lines in Fig. 5(c) show ¢, and u
as a function of g¢if / (ERkL_l) for fixed hw,/Eg (plugging in
uy = 2.3 Ej, this corresponds to w, = 197 Hz). It can be seen
that the dashed lines cross the solid lines at g% /(Egk; ') ~
7 and 12.5, respectively, i.e., for the hiw,/Egr value chosen
there exists no unique gelf]g / (ERkL’l) at which the values of
¢, and p calculated within the 1D framework agree with
the respective values calculated within the 3D framework.
Since we do not find a unique g% /(Egk; ') for other values
of hw,/Ey either, there exists—unless additional conditions
are added—an arbitrariness in the chosen 1D simulation pa-
rameters. With this in mind, we select parameters that place
the divergence of T at about the same g value as observed
experimentally [see Fig. 5(a)]. Specifically, the simulations
shown in Figs. 1(d)-1(f) and 5(a) use the same final lattice
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depth as the experiment (namely, u;, = 2.3 Eg), w, = 197 Hz,
and g /(Egk; ') = 12.0.

APPENDIX D: SINGLE SPATIAL-MODE APPROXIMATION
AND EFFECTIVE SPIN MODEL

We now motivate and introduce an approximate treatment
that decouples the spin and spatial degrees of freedom. Typi-
cally, the energy scales associated with the spin-independent
terms of the Hamiltonian (i.e., the energy scales of the external
harmonic and lattice confinement, the interactions that are
proportional to gg, and the chemical potential p of the system)
are of the order of kilohertz and much larger than those of
the spin-dependent terms of the Hamiltonian (i.e., the value of
the Zeeman shift ¢ and the interactions that are proportional
to g»), which are of the order of hertz. This scale separation
motivates an approximate treatment wherein the spin and spa-
tial degrees of freedom are treated independently [22], with
the spatial degree of freedom controlled solely by the spin-
independent terms of the Hamiltonian and the spin dynamics
governed by the spin-dependent terms of the Hamiltonian.

Following the literature [3], we make a single spatial-mode
approximation (SMA) wherein the bosonic field operators are
decomposed as

Yn(r) = o (r, 1),

where a,, (&L) is a bosonic operator that destroys (creates)
a particle in Zeeman state m in a spatial mode defined by
the spatial mean-field wave function ¢ (r, ¢), which is normal-
ized to 1, i.e., fd3r|¢>(r, HI>=1;1in Eq. (D1), m labels the
Zeeman states (m = 0 and £1). The key assumption of the
SMA is that ¢(r, t) is identical for all three Zeeman states.
The mean-field wave function ¢(r, t) is the solution to the
time-dependent scalar GP equation

0p(r,1)
ar

(DD

ih

v 5
T +V(r 1)+ g N — Dig(r, 1)

X ¢(r, 1),
where V (r, t) is the same as in Eq. (C3). The spin dynamics,
in turn, is governed by the effective Hamiltonian Heg (¢):
e2(t)

2N
where the quantity S denotes a collective spin operator. The
time-dependent interaction strength c;(¢),

D2)

Her(t) = S-S+gq@la +atay), (D3)

a(t) = (N = Dgs / d’rlg(r, DI, (D4)
is driven by the time dependence of the spatial mean-field
wave function ¢(r, ), i.e., the spin dynamics is governed—
through the coefficient ¢, (#)—by the spatial dynamics. In our
experiment, the spatial dynamics is, to a large degree, induced
by the moving optical lattice potential. The time dependence
of the interaction coefficient c,(¢) is distinct from prior works
(e.g., Refs. [11,24,28]), which assumed that the condensate
is prepared in the ground state of a static confining potential
such that subsequent spatial motion is minimal and to a good
approximation |¢(r, t)|> = |¢(r, 0)|?. For this reason, we use
the distinguishing nomenclature of dynamical SMA (dSMA,

time-dependent ¢,) and static SMA (sSMA, time-independent
¢;) for our and prior works, respectively. The latter is recov-
ered from Eq. (D3) by assuming c¢;(¢) = c,. To zeroth order,
the dynamics of the moving lattice experiments during the
first few milliseconds is dominated by spatial dynamics. At
later times, however, the spin degrees of freedom become
increasingly important as evidenced by the observation of spin
oscillations (see Fig. 1).

The dSMA is supported by our 1D spinor GP calculations.
First, Fig. 1 shows good agreement between dSMA and GP
predictions for py(7). Second, we can explicitly validate the
assumption that each Zeeman state occupies a single common
spatial mode by computing the overlap:

| dxp g )
I dxtvo@P2/ [ datyn P

The time evolution of this quantity over a range of Zeeman
shifts is plotted in Fig. 5(b). We observe that F remains
near unity across the interaction dominated regime (¢ < g*)
throughout the timescales we investigate (up to 40 ms in the
GP calculations, which is longer than the 30 ms covered by
the experiment). In the Zeeman regime, the overlap remains
close to unity for # < 20 ms before minor deviations appear.
As might be expected naively, a substantial breakdown of the
single spatial-mode approximation occurs in a narrow region
around the critical regime, g & g*.

The experimental spin oscillation data in Fig. 1 are ana-
lyzed using the sSSMA, i.e., the mean-field equations associ-
ated with H.g;(¢) for a time-independent spin-spin interaction
coefficient. Specifically, the spin oscillation period T is
extracted by fitting the experimentally measured fractional
population pg(¢) for various g with sinusoidal functions,
which provide good approximations to the spin oscillation
dynamics away from the critical regime where the period
diverges. All fits include at least one full period of oscillation.
To determine the spin-spin interaction coefficient from the
extracted periods, we perform a nonlinear least-squares fit
of the T-versus-qg data using the analytical solutions to the
mean-field equations associated with Hei [57]. The fit uses
00(0) = 0.5 and 6(0) = 0 and treats ¢, as a free parameter
(we denote the fit result by ¢; 5¢). While pp(0) is measured ex-
perimentally, 6(0) is not. However, based on the experimental
sequence used to prepare the initial Zeeman populations we
expect that 6(0) is equal to zero. Our fitting procedure yields
C fit = h x 237(1)HZ

To gain additional insights, we perform an analogous anal-
ysis for the spin oscillation data obtained by solving the 1D
spinor GP equations. Specifically, we obtain py(¢) and the
associated period T by solving the spinor GP equations [see
markers in Fig. 5(a)], and then extract c; 5 from the T-versus-
q data using the sSSMA [solid line in Fig. 5(a)]. For the 1D
spinor GP simulations shown in Fig. 5(a), the spin oscillation
period diverges at g*/h ~ 22 Hz, i.e., at roughly the same
value of the Zeeman energy as in the experiment. The qual-
itative agreement between the experimental and theoretical
analysis, particularly the consistency with the sSMA results,
is encouraging and suggests that the 1D spinor GP simula-
tions provide a qualitatively correct description of the moving
lattice experiments.

F= (D5)
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FIG. 6. Solid (open) markers represent the time evolution of the
z momentum of the L peak for m = 0 (m = %1) spin components
extracted from experimental TOF images similar to those shown
in Fig. 2. Inset: Trajectories of the mean position of L peak (blue
triangles) and R1 peak (red squares), extracted similarly to Fig. 3.
Markers represent data taken in a typical ODT (Lopr,, = 20 um).
Blue (red) solid lines are L peak (R1 peak) positions according to
Lissajous curves based on a calculation of a classical point particle in
an ideal (effectively, Lopr; = 00) harmonic trap. Preceding L peak
formation, atoms occupy the p = 0 state at p, = p, = 0 (prepared
BEC) and the p = 27k, state. The gray shaded region marks the
approximate resonance region where decelerated atoms are kicked
by the lattice (to create, e.g., the R1 peak).

The GP simulations also enable us to better understand
why the spin oscillation period extracted from the experimen-
tal data is consistent with the predictions of the sSSMA, even
though the time traces show significant discrepancies. In the
regime g < ¢*, the sSSMA theory predicts that the spin oscil-
lation period should be strongly correlated with the spin-spin
interaction strength [6,29,57], which the GP results [see, e.g.,
Fig. 1(h)] predict to decay relatively slowly, compared to the
typical timescales of the spin degree of freedom, apart from

initial transient dynamics for # < 3 ms. This suggests that the
spin oscillation period obtained from the experimental data
for g < g* should be interpreted as being reflective of the
characteristic scale of c,(#) over the experimental sequence.
On the other hand, in the regime g >> ¢* the oscillation period
is expected to be dominated by the quadratic Zeeman shift.
Thus, the experimentally observed spin oscillation periods are
fit well by the sSSMA predictions as the time dependence of
c(t) is less relevant for larger g.

APPENDIX E: EXPERIMENTAL COMPARISON WITH
LISSAJOUS CURVES

Figure 6 shows time evolutions of spin-resolved L peak
p. momenta extracted from experimental TOF images similar
to Fig. 2. The clear similarity between the m = 0 and +1
curves shown in Fig. 6 supports our previous assertion that
the spatial dynamics are shared across the spin populations.
As illustrated in Fig. 3, theoretical calculations of the Lis-
sajous trajectories qualitatively reproduce the experimental
trajectories that utilize the compressed ODT. However, ODT
compression is accompanied by lower condensate fractions
and reduced visibility [see also Fig. 4(d)]. In the inset of
Fig. 6 we compare the Lissajous curves with the ODT typ-
ically employed in our experiment (uncompressed trap with
Lopr,; = 20um). We find stark differences between exper-
iment and theory curves for these parameters, including an
early exiting of atoms out of the ODT trap due to gravity. The
disagreements found in the compressed trap of Fig. 3 and the
inset of Fig. 6 illustrate that fully capturing all the aspects of
the experiment is necessarily beyond the simplified classical
model, which is designed to minimally capture the dynam-
ical appearance of resonances between different momentum
states. A closer quantitative comparison would be provided
by, e.g., a full 3D GP simulation and analysis of momentum
space dynamics analogous to what is carried out in Fig. 3 and
the inset of Fig. 6 for the experimental data.
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