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Loosely bound few-body states in a spin-1 gas with near-degenerate continua
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A distinguishing feature of ultracold collisions of bosonic lithium atoms is the presence of two near-degenerate
two-body continua. The influence of such a near degeneracy on the few-body physics in the vicinity of a narrow
Feshbach resonance is investigated within the framework of a minimal model with two atomic continua and
one closed molecular channel. The model allows analysis of the spin composition of loosely bound dimers and
trimers. In the two-body sector the well-established coupled-channel calculation phenomenology of lithium is
qualitatively reproduced, and its particularities are emphasized and clarified. In the three-body sector we find that
the Efimov trimer energy levels follow a different functional form as compared to a single continuum scenario
while the thresholds remain untouched. This three-channel model with two atomic continua complements our
earlier developed three-channel model with two molecular channels [Yudkin and Khaykovich, Phys. Rev. A 103,
063303 (2021)] and suggests that the experimentally observed exotic behavior of the first excited Efimov energy
level (Yudkin, Elbaz, and Khaykovich, arXiv:2004.02723) is most probably caused by the short-range details of

the interaction potential.
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I. INTRODUCTION

Two decades of experiments with ultracold atoms have
stimulated spectacular advance in our understanding of
few-body systems. Especially intriguing is scattering in
the vicinity of a Feshbach resonance [1], near a so-called
singularity, because diverging two-body interactions give
rise to a large variety of bound clusters whose properties are
universal functions of the scattering length [2-5]. Several
experimental and theoretical works were able to establish this
universality [6-9].

Apart from the scattering length a, the systems’ size and
energy length scales are governed by the three-body param-
eter which, in the case of short-range two-body interaction
potentials, succumbs to another type of universality. This
Efimov—van der Waals universality relates the three-body pa-
rameter to the van der Waals length R,qw of the underlying
two-body potential [10—12]. While this holds for broad res-
onances [13-16], in the vicinity of narrow resonances the
three-body parameter was shown to deviate from such uni-
versality [17-21].

Although the concept of universality is now well un-
derstood, bosonic lithium (“Li) deviates from it in various
aspects and continues to puzzle experimentalists and theorists.
For one, 'Li satisfies the Efimov—van der Waals universality
quite well even though all its resonances are narrow [22].
Further, it was shown that modeling experimental results re-
quires relatively complex multichannel theories [23] with, on
occasion, even energetically distant channels [24] and spin-
exchange interactions [25] playing a crucial role. In addition,
it has been speculated that generic three-body forces must
be taken into account to achieve quantitative agreement be-
tween experiment and theory [26]. Finally, the spectrum of
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the trimer was observed to cross into the atom-dimer contin-
uum (or go through an avoided crossing) instead of merging
with it [27].

While the typical few-body experiment is conducted with
atoms polarized in the absolute ground state (the a-state), in
"Li the second lowest state (b-state; see Fig. 1) was shown
to be extraordinarily stable against dipolar relaxation [22].
Bosonic lithium is thus an attractive species for experiments
with either spin state or a mixture of both [28]. In particular,
it provides an opportunity to compare the few-body physics,
e.g., the three-body parameter and the Efimov spectrum, of
the two channels [22,29].

In the case of Li (and many other species), Feshbach
resonances occur at high magnetic fields B, such that uzB >
Aps (where pp is the Bohr magneton and Ay, the hyperfine-
structure constant) and the Zeeman shift ~ugBm; dominates
over the hyperfine splitting ~A,m;m;. Here m; and m; are
the electronic angular momentum (spin + orbital) and nuclear
spin projections, respectively, and mp = my; + m; (Fig. 1).
Therefore, when considering differences within the m; =
—1/2 subset the Zeeman shifts cancel, leaving the hyperfine
splitting (~Ays/2) to dominate. To first order in hyperfine
interaction, the differences between the lowest pair (a, b)
and the second lowest pair (b, c) are identical such that
the two-body bb- and ac-channels are degenerate. To higher
order the degeneracy is lifted and amounts to a few tens
of MHz. Moreover, the total spin projection of the bb- and
ac-channels are identical, which permits energy-conserving
spin-exchange coupling between the two. This near degener-
acy of a same-spin state in the bb-channel, and its absence
in the aa-channel, motivates a comparison of the spin com-
position of the loosely bound states. Indeed, full two-body
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FIG. 1. Plot of the energy of the hyperfine levels of the "Li 28,
ground-state vs magnetic field B in gauss. The labels of the levels
used throughout this paper are shown.

coupled-channel calculations show that the near-threshold bb-
eigenstate has a non-negligible ac-population, and we explore
its implications here by building a simplified model for the
bb-channel [30]. Another strong motivation for the model
originates in an effort to understand exotic behavior of the first
excited Efimov energy level in the vicinity of the atom-dimer
threshold observed in a recent experiment [27]. Although the
attempt ultimately fails, it indicates that the solution may be
hidden in the short-range details of the interatomic interaction
potential.

The paper is organized as follows. First, the two-body
sector observables of 'Li are presented in Sec. II and the
distinctiveness of the bb-channel, in comparison to the aa-
channel, is demonstrated. In Sec. III we introduce a model for
the bb-channel which captures the physics with three channels
[30]. The two-body scattering and bound state observables of
the model are derived in Sec. IV. We compare the results to
the standard two-channel model and demonstrate qualitative
agreement with full coupled-channel calculations of the aa-
and bb-scattering channels of "Li. In Sec. V we apply the
model to the three-body sector and find that the functional
form of the trimer’s binding energy is altered. Although the
thresholds are not affected by the ac-channel, the binding en-
ergy is consistently lower than in its absence. After following
up with a quick discussion on the lithium few-body puzzle
and the implications of the developed model in Sec. VI, we
conclude the paper.

Note that together with the previously developed model
with one open atomic and two closed molecular chan-
nels, used for reproducing overlapping Feshbach resonances
[20,31], the current treatment complements the description
of the complexity of the bb-channel in ’Li within the
well-defined framework of the simplified theory. Thus, a
meaningful comparison with the experimental results is per-
formed in Sec. VL.
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FIG. 2. Coupled-channel calculation for two atoms in the b-state
showing sin? n,,(E, B) for elastic scattering for E > 0 and the dimer
binding energies for £ < 0. Here E = 0 is the energy of two atoms in
the b-state at magnetic field B. At the ac-threshold (E/h = 28 MHz)
the scattering exhibits cusp behavior.

IL "Li

The bb-channel features a Feshbach resonance at Bies pp =
893.78(4) G and a second, overlapping, much narrower one at
845.31(4) G [32,33]. The former is the resonance of interest,
but the effect of the latter cannot be fully ignored. Since it was
considered in depth in Ref. [31] we use the conclusions of that
work and focus on the additional closed atomic ac-channel
here.

Our coupled-channel calculations are based on the molec-
ular potentials determined in Ref. [33] and include all s-wave
two-body channels with the same total angular momentum
projection M, which in this case is just the total spin pro-
jection summed over both atoms. Bound or scattering wave
functions are written as |y (R)) = Zij @ij(R)|ij), where ij
denotes the channel indices specifying all atomic states with
the same M,y included in the coupled-channel basis set, and
the components ¢;; reflect closed or open channel boundary
conditions depending on the total energy E. Figure 2 shows
the energies E < 0 of the two bound states with My =0
below the bb-channel threshold and the elastic scattering indi-
cated by sin? N (E, B) for E > 0 above the threshold, where
nw(E, B) is the asymptotic phase shift for the bb-channel.
Strong near-unitary elastic scattering persists above threshold
as the two bound states emerge into the bb scattering con-
tinuum as resonant features, exhibiting cusp behavior at the
ac-threshold.

The eight components of the M, = 0 bound state in the
bb-channel 9 G below the 893.78 G resonance are shown
in Fig. 3(a). In addition to the bb- and ac-channels there
are another six two-body channels: ae, bf, cg, dh, eg, and
ff (see Fig. 1). Around the resonance position (893.78
G), the ac-channel lies only (E,. — Ep,)/h = 28 MHz above
the bb-channel threshold (see Fig. 2), whereas the other
six atomic channels include at least one m; = +1/2 spin
component such that the Zeeman shift makes them energeti-
cally very distant from the bb- or ac-channels (=2 GHz for
B > 800 G). Consequently, the behavior of the wave func-
tion components in the latter two channels is quite different
than for the other six. First, the spin-exchange interaction
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FIG. 3. (a) Wave function components of the dimer bound state
close to resonance in the basis of the M, = 0 two-body channels,
where ap ~ 0.0529 nm is one atomic unit of length. The vertical
dashed line, where all six energetically distant channels (faint green)
are maximal, indicates the van der Waals length R,qw = 32 a,. Both
the bb- and the ac-components reach far beyond R,4w. Note the log-
arithmic scale of the horizontal axis. (b) Magnetic field dependence
of the populations.

bb — ac — bb is relatively strong, suppressed by only a
small energy denominator. Furthermore, the bb- and ac-
components can persist to much larger distances than the
other six, extending far beyond the van der Waals length (as
with a halo dimer) while the remaining six are short ranged,
i.e., their amplitude decays quickly outside the van der Waals
length R,gqw. Since Ryqw is the smallest relevant length scale
for our problem (we can ignore short-range “chemistry”), it
can be thought of as vanishingly small. A diatomic channel
that is confined within this range thus resembles a pointlike
molecule. As is typical for two-channel models [34,35], also
here we categorize the six channels with components confined
to short range (order Ryqw or less) as “molecular channels”
while the two channels with components that extend far be-
yond Ryqw are called “atomic channels.” We will use this
nomenclature throughout this paper.

In the model in Sec. III for the bb-channel we consider
both long-range components as separate atomic channels and
group all closed channels together [30], thus reducing an
eight-channel problem to an effective three-channel model.
Utilizing this reduction, the magnetic field dependence of the
populations is shown in Fig. 3(b) and discussed below.
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FIG. 4. The magnetic field dependence of the "Li bb- and aa-
channel (a) scattering lengths and (b) dimer binding energies.

In contrast to the eight-channel bb case, the aa-channel,
which features an isolated Feshbach resonance at Bies o =
737.69(2) G [33], has no near-lying channel with the same
spin projection, M,y = 2. Hence, all additional four chan-
nels (ag, bh, fh, and gg) collectively form the molecular
channel, thus making the aa-channel a good example of the
reduction of a homonuclear five-channel case to an effective
two-channel model, as described in Ref. [36].

We note that, within the coupled channels framework, the
reduction from eight (five) to three (two) channels is more
complicated than just grouping together the “molecular chan-
nels.” In reality, an “atomic channel” can also have a nonzero
contribution to the molecular bound state at short range [36].

Comparing the scattering lengths and dimer binding ener-
gies of the aa- and bb-channels demonstrates the effect of a
second, near-degenerate continuum. To this end we use full
coupled-channel calculations [37] and shift the observables of
both channels by their respective resonance position.

It is worth mentioning that the two resonances of the bb-
channel and the resonance of the aa-channel all arise due to
different nuclear spin projections of the same bare molecular
v =41, J = 0 bound state in the singlet potential [33]. In ad-
dition, since all three resonances are at large magnetic fields,
the free atom states have both electron spins down and thus
correspond to molecular triplet states. Thus, the differential
magnetic moments of the bare molecule in the bb- and aa-
channels are almost the same (within 3%).

The scattering lengths of the aa- and bb-channels, shown in
Fig. 4(a), are overwhelmingly similar. The main difference be-
tween the two channels is caused by the additional resonance
in the bb-channel. Its existence forces a zero crossing, and thus
a large gradient, at B — Bies »p = —44 G which is absent in
the aa-channel. We also show the ac-scattering length, which
is complex because of inelastic collisional loss to the open
bb-continuum due to strong spin-exchange coupling. Its struc-
ture, in particular the double peak of the imaginary part and
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the inflection point of the real part, is due to the overlapping
nature of the two resonances.

The similarity of the bb and aa scattering lengths suggests
that also the two dimer binding energies are comparable.
Moreover, the additional dimer associated with the narrow
resonance in the bb-channel is expected to make the bb-dimer
near 893.7 G more deeply bound due to dimer-dimer level
repulsion (see Ref. [31], in particular Appendix C therein).
However, as seen in Fig. 4(b), the bb-channel dimer is con-
siderably shallower than the aa-channel dimer and has a
somewhat larger universal range where Ep ~ a % [38].

For the dimer, the populations 0 < [ |¢;;(R)|?dR < 1 of
the various channels are shown in Fig. 3(b). While the atomic
bb- and aa-channels have similar behavior, the molecular
channels are different. In the bb case, the population of the
molecular channel (which dominates far from resonance, i.e.,
at deep dimer binding energies) increases at a slower rate
due to the population in the ac-channel. The latter reaches
a maximal population of ~14 % at B — Byes pp = —30 G and
then decays like an atomic channel.

The magnetic field dependence of the spin composition
of the aa-dimer is typical for a closed-channel-dominated
resonance and reproduced by a simple two-channel model
with one open atomic and one closed molecular channel
[34,39,40]; see also Ref. [36]. In contrast, the unique behavior
of the ac population marks the appearance of a nontrivial
spin composition which we successfully model with a three-
channel model (bb, ac, and a closed molecular channel) in
the following. The naturally arising question then concerns
the three-body sector: How is the Efimov trimer affected
by the proximity of the ac-channel and its non-negligible
population? Finding an answer within a full coupled-channel
model is extremely resource intensive. The straightforward
and comprehensive three-channel model introduced here and
benchmarked in the two-body sector can be applied to the
three-body sector without major complications. In addition,
due to the model’s simplicity, any deviation from the two-
channel model is necessarily caused by the ac-channel.

III. MODEL DESCRIPTION

We consider spin-1 particles (i.e., total spin F = 1) with
spin projections mg = 1,0, —1 which we label 0 = a, b, c =
1,2, 3, respectively (lowest three states in Fig. 1). In contrast
to other studies of few-body physics in a spinor gas [41,42],
we work at large magnetic fields (upB > Ajy) and with a
single, well-defined, entrance spin channel (the bb-channel).
The model is designed to capture resonant scattering and
associated loosely bound states. To this end, we assume,
in addition to atomic channels formed from o = a, b, c, the
presence of diatomic molecular levels with energy detuning
Eo10- In cold-atom experiments, Ep,o , can be tuned via an
external magnetic field. For the closed molecular channels, the
index o indicates the spin flavor not part of the molecule, and
has a spin projection of, e.g., M7= = m\7=" + m\"=>. We
are interested in the zero total-spin projection (M, = 0) two-
and three-body systems made up of these particles. Thus, in
the two-body sector there are two atomic channels (continua),
bb and ac, which are coupled via a single My = 0 molecular
state (closed channel). For the energies of interest, the atomic

bb-(ac-)channel is open (closed). The three-body sector also
features two continua: bbb (open) and abc (closed). However,
a three-body bound state with M, = 0 can be composed from
a diatomic molecule and a supplementary particle in three
different ways: (1) a Mr = 0 molecule with a mp = 0 atom,

(2) a Mg = +1 molecule with a mp = —1 atom, and (3) a
Mpr = —1 molecule with a mr = 1 atom.
We proceed by writing the Hamiltonian of the system:
1—7 = ﬂalom + ﬂmol + ﬂint- (1)

The atomic and molecular parts, which are the sum of all
three spin flavors, Hyom/mol = 2, Hatommol,o» include kinetic
energy and an energy detuning:

. &k [ B*K? it
Haom,o = W W-FEH a, ok 2

A —f d°k h2k2+E d'.d 3)
mol,c = (27_[)3 dm mol,o o koK

Here a a z (d il ) creates an atom (a molecule) of type o, mass

m (2m) and W1th energy detuning E, (Emol,») and momentum
fik. The molecular detuning Ep, , iS tunable and serves as a
surrogate for the magnetic field detuning from resonance. The
interaction has two parts:

A =Y Hinio + Hin 22 4)

The first takes two atoms different from o and turns them into
a molecule of type o or vice versa. Written explicitly for o =

3itis
3 3
=A3/ dq / 43k
@r) ) @)

[ T At J. .
(d i1, k+%+a2’_;+%_alﬁ %dlq). 5)

Hin 3

The second part takes two o = 2 atoms to create a 0 = 2
molecule:

o dq d*k
I{int,22 = m W
5 oa - o At 4
x (d&qal“gath%— + az,—1€+§a2,/?+%d2"7)' ©)

We stress that the molecule participating in Him,zz is the same
as the one in Him,z, namely, a molecule with My = 0 spin
projection.

The Hamiltonian in Eq. (1) does not include scattering
within the bb- or ac-channel, given that they are often, and in
particular for ’Li, negligible with respect to the resonant scat-
tering considered here. An exception occurs if a zero-energy
resonance is present; see, e.g., Ref. [43,44]. Further, direct
bb-to-ac coupling is also not included. A spin exchange of this
sort is possible indirectly via the My = 0 molecule and there-
fore resonantly enhanced around the Feshbach resonance. The
direct coupling is of the same form as background scattering
within either of the atomic channels and neglected here for the
sake of simplicity.

The Hamiltonian can be viewed as the amalgamation of a
homo- and heteronuclear version of the two-channel model,
where the synthesis is made by merging the homonuclear
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FIG. 5. Depiction of the three possible two-body sectors in F =
1. The upper illustration shows the bare states and their coupling
via Hiy. Below the bare state energy-dependence on the parameter
controlling Ey,» 1s illustrated.

molecule with the same-spin heteronuclear molecule. The
two models are slightly offset by a relative shift in energy.
For A, =0 (A = 0) the standard homo-(hetero-)nuclear
two-channel model is reobtained, allowing quantitative com-
parisons in what follows.

IV. TWO-BODY SECTOR

In the Mo; = 0 two-body sector, the most general two-body
wave function is
3
o) = Bl ol0) + [ o ra! a o)
07 = P2%4=0 Q) A
dk .
a0 ] 100, ()

2,k 2,k

where we have chosen the center-of-mass reference frame.
As is the case in "Li we choose the energy E = 2E; of the
bb-channel to be lower than the energy Ej3 = E; + E3 of the
ac-channel: E|3 > E». The three bare states are illustrated
in Fig. 5 together with the couplings induced by the Hamil-
tonian. The decoupled homo-(hetero-)nuclear wave function
[¥hom) (I¥her)) 1s given by plugging in e =0 (apy = 0)
(Appendix A). In the M, = 1 two-body sectors, |11) and
|[Yr_1) are equivalent to |pey).

In the following we solve the Schrodinger equa-
tion H|vo) = E|y) and obtain expressions for the scattering
properties and the associated bound state. Direct substitution
of H and |v) into H|yo) = E|y) leads to three coupled
equations, one for each bare state projection. The free par-
ticle amplitudes are of Lorentzian form [see Eq. (9) below]
and thus a three-dimensional integral over them diverges.
In order to avoid infinities, a high-momentum cutoff kqyoft
must be introduced, which we use to renormalize all of the
quantities appearing in A and |v), such that they become
dimensionless. For example, the renormalized momentum k
is k= k/kwmff, the renormalized molecular amplitude B, is
B, = ﬁzkcum“ and the renormalized coupling constants A, 2,

are Aa,22 = Aq 22kcutoff/ECut0ﬂ’7 where Ecyoff = i kcutoff/m is
the cutoff energy. Note that the atomic amplitudes oac b are
already dimensionless and hence do not need renormalizing.
After this step, kcuoff NO longer appears in the coupled equa-
tions. Hernceforth, all dimensionless, renormalized quantities
are denoted by a tilde.

TABLE 1. The first two rows list the parameters used for
Figs. 6-9. The last two rows are the obtained resonance positions
and strengths.

bb (22) ac (2) Homo- Hetero-
A 1 1 1 1
E 0 0.0004 0 0
Eres 0.1504 0.1524 0.1013 0.0507
R 18.78 - 6.28 12.57

For demonstration, the various two-body observables are
considered using the parameters in Table I, and we compare
them to those of the homo- and heteronuclear case. We choose
the same couphng constants for all models, i.e., Ay = A, =
Anom = Anet, tO keep the microscopic models identical and
thus allowing quantitative comparison. We note that, due to
Bose enhancement, the effective coupling of the homonuclear
case is /2 larger than in the heteronuclear case, leading
to the former resonance being broader (Appendix B). The
comparison between the M, = 0 model and the homonuclear
model is equivalent to comparing the "Li bb- and aa-channel
observables.

A. Scattering properties

Here, for two atoms in the bb-channel with energy E =
Ex + Ey, where Ey = i’k /m > 0 is their relative kinetic
energy, we derive an expression for the elastic scattering
amplitude fpppp(ko). For Ey < E3 the ac-channel is closed,
and bb — bb is the only possible scattering event. However
for Ey > Ey3 an additional scattering process is energetically
allowed, namely, inelastic scattering bb — ac. Hence, the
elastic and inelastic scattering processes compete for incom-
ing kinetic energies above the ac threshold and fpp« (ko) is
reduced with respect to its two-channel model counterpart.
Moreover, if Ey > E3, the ac-channel qualifies as an entrance
channel, i.e., it is an energetically open channel. Two atoms
in the ac-channel with kinetic energy Ey — Ej3 can scatter
either elastically back into the ac-channel or inelastically to
the bb-channel. The most general incident state with kinetic
energy Ey > E3 is thus

[ve™) = aiy'a,

where Ey 4 12k} /m = Ey3 + h*8k3 /m with ko = |ko| and
Skog = |8i<}>| and the coefficients are normalized according to

|oz(1“)|2 + W2 = 1. For 0 < Ey < E3 the ac-channel coef-
(m) = 1.

ay 10 +egla, g a2 10), (8)

2.k 3,8k 1,—8ko

ficient ol = 0 vanishes, such that o,

In order to find f},;« (ko) we use H | Vo) = (Ex + Eo)lvo)
to write the bb and ac atomic channel amplitudes pp (k) and
0qc (k) in terms of the closed molecular amplitude ,62

22,32

k) = ay’ @)’k — ko) — ————= . (%
apy(k) = a,, (2m)’8( 0) P_i2—in (%a)
o (k) = a2 )’ s(k — /K2 — AE)

[\ZBZ
- _ , 9b
kK> —k;+ AE —i ©ob)
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where AE = Ej3 — Ey > 0 is the energy difference of the
two atomic channels, ky = ko /kecutoft 18 the incident momen-
tum in the bb-channel, and n — 0. From a scattering theory
perspective the § function [45] represents an incoming plane
wave, and the second term is the scattered, spherically sym-
metric, wave [46]. For the waves in «;;, the modulus of the k
vector is ko such that both waves exist for any kinetic energy.

However, in the case of & itis \/k2 — AE, which is real (i.e.,

the waves propagate) only if the kinetic energy 125 is equal or
larger than AE. Further, the origin of the scattered wave is
twofold. Although all scattering events must go through the
molecule due to the connectivity defined by the Hamiltonian
(Fig. 5), the molecule can originate from either the bb or the
ac atomic channel. This is made clear by the form of the
molecular amplitude, which is given by

o~ 1 ~
Pako) = @ )[2Azza<‘“>®(ko) +haMe kv AE)],
0
(10)
where
. A2 T —
D(ko) = (Emor2 — Exo — k§) — ﬁ(l 5V AE — ké)
A2 T

The amplitude of the molecular channel is the sum of two
terms corresponding to the two origins. The Heaviside step
functions ®(x) arise due to the two different continuum
thresholds and prevent an influx from the ac-channel if it is
closed. The factor 2 in the first term is due to Bose enhance-
ment. The scattering amplitude for elastic bb — bb scattering
is thus

A3, ©ko)
21 D(ko)’
where we have used the scattered wave from «;;, and the
molecular amplitude term originating from the bb-channel.
Since the entrance channel is specified to be the bb-channel,
we have set a,i';‘) = 1. To derive an expression for the ac —
ac elastic scattering amplitude we consider the kinetic en-
ergy 8Eo = h*(8ko)?/m > 0 measured with respect to the
ac-threshold (the excess energy) and defined via E = Ey +
AE + §Ejor 123 = AE + 8125. Taking the scattered wave from
a4, and the molecular amplitude term originating from the
ac-channel we find

ﬁlc(—ac (3120) =

Fovesn(ko) =

12)

A3 O(8ky)
4 D(JAE + 682)
where oIV = 1.

As a first observable we extract the resonance position
Eresi (i = {bb ac, hom, het}), i.e., the value the bare molec-
ular energy Epol2 takes when the scattering length diverges
and the condition f l(kp = 0) = 0 is satisfied (Table I).
For degenerate continua, i.e., for Ej3 = E, the bb- and
ac-resonance positions are identical and equal to the sum
of the homo- and heteronuclear model. In this case, the
relative energy offset of the two two-channel subsystems
(homo- and heteronuclear) vanishes and the shifts from the

13)

0.47 o T T T VAR T “““L
© —bb (a)
0.3 — ac a
[ ---hom
5 L == het
I 02F .
uy r ]
8 Qf-=======--mcccmmceeaeoTag o~ -
w o N ]
0.0 :
_0_17 T BRI T R T B!
102
— from fopebb (b)
-+ from Ep
| -+ hom
s
tz?: L
é ______________________________
101:, |
. \-'-A-IT'-I-::\I-‘ \ \

10° 10* 102 102 10" 10° 10
(E13—E22)/ Ecut-oft

FIG. 6. E,; dependence. (a) The bb- and ac-resonance positions
are shown as a function of the energy splitting between the continua.
(b) The two possible ways to extract R}, are contrasted. The solid
line is Eq. (14). hom = homonuclear, het = heteronuclear.

bare resonance positions add linearly. For nonequal thresh-
olds the ac-resonance position increases linearly with |Ej3 —
E»,|, while the bb-resonance decreases as ~+/E3 — E»; see
Fig. 6(a). An energetically distant but equally coupled ac-
channel (Ay = A, = 1) causes the bb-resonance to shift
below the homonuclear (A, = 0) resonance. However, realis-
tically A, should decrease with increasing |Ej3 — E22| since
distant energy levels are coupled weaker. In the limit Ay — 0,
Eres »b» approaches the value of Eres hom-

In the following, the resonance position Eie p, is used to
shift the molecular energy axis such that the bb-resonance is
at the origin.

A contour plot of 0 < |ko - fowes(ko)|*> < 1, which is
equivalent to sin® n [47], demonstrates the effect of the ac-
threshold embedded in the bb-continuum (Fig. 7). As in "Li
(Fig. 2) we observe cusp behavior at the threshold. Compared
to the homonuclear two-channel model, the bb — bb (elastic)
scattering is decreased above the ac-threshold due to the in-
crease in bb — ac (inelastic) scattering (Fig. 8).

While the contour plots of Figs. 7 and 8 are instructive,
cold-atom experiments usually operate in the kg — O limit.
In this case one may expand the scattering amplitude in pow-
ers of ky and compare its coefﬁcients to the effective range
expansion [ foppp (ko) ™' = —a,,! — iko + Fe pwka /2, thus ob-
taining expressions for the scattering length a, [Fig. 9(a)]
and effective range r, p,. The latter is related to the parameter
R}, = —rep/2, which is indicative of the narrowness of a
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[ko*fonebb(Ko) | 2

0.0015
[Koxfobebb(Ko) | 2

— 0.85
0.0010 —0.70
. 0.58
< 0.0005 0.46
3 0.34
m 0.22
0.0000 - 0.16
0.12
0.08
-0.0005 - 3 0.04

L i L 1 L
0.000 0.005

(ErnoI_Eres)/Ecut—off

-0.005

FIG. 7. For E > 0, a contour plot of ko - fop(ko)?, as a func-
tion of the bare molecular energy FE o1 (shifted to resonance) and
the kinetic energy E, of two free particles is shown. The dimer
binding energy, which vanishes at resonance, is depicted for E < 0.
These M, = 0 model properties are directly comparable to the full
coupled-channel calculations of Fig. 2.

Feshbach resonance (Table I). In Fig. 9(a) we see that ay, is
identical to anom, i.€., its width in units of Eyq is governed
by the bb-channel. However, the seemingly perfect overlap is
misleading because, in Fig. 9(a), we shifted both resonances
by their respective (different; see Table I) Ey ;. More im-
portantly, Ry, > Ry, indicating that the bb resonance pole

strength [48] is increased by the proximity of the additional

ac-channel, even beyond R} . In fact,

27 N A3 1

A3, 4A5 VE; — Exn
is made up of two terms. The first is the contribution from the
bb-channel and identical to R}, . The second term is inversely
proportional to the square root of the energy difference. Thus,
the closer the two continua, the stronger the pole. We note
that in the limit A> — 0, as well as in the limit Ey3 > En,
R}y, — Rp ., as expected.

Turning to the ac-threshold, the scattering length agc,
which is obtained from ad,, = — fyc«ac(8ko = 0), is complex
[Fig. 9(a)]. At the pole position, Re a,. = 0 vanishes and
the modulus of Im a,. experiences a maximum. Expanding
fac(ko) beyond the zeroth order is meaningless because the

R, = (14)

0.100

0.010

0.001

E/Ecyt-off

|
-0.005 0.000 0.005 0.010 0.015
(Emoi=Eres)/Ecut-off

-0.005 0.000 0.005 0.010 0.015 )
(Emoi=Eres)/Ecut-oft

FIG. 8. (a) Contour plot of |k - fir<ss(ko)|?, as in Fig. 7 but with
a logarithmic vertical scale. (b) For comparison, the two-channel
homonuclear case is shown. The color scales here and in Figs. 2 and
7 are identical.

40

E D/ Ecut—off

|

o

o

—
T
A Y
-~
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~

—— open
+ closed
het

—— open
+ closed

-0.01 0.00 0.01 0.02
(EmoI_Eres)/Ecut—of'f

populations

-0.02

FIG. 9. Two-body sector. (a) Plot of the scattering length & as a
function of the bare molecular energy E,,,;. The bb and ac curves are
shifted by Eie 55 and hom (het) by Ereq nom (Ereshet). The curves for bb
and hom overlap. (b) Plot of the dimer binding energy with respect to
the (lower) continuum threshold. (c) For the three models in (b) the
open and closed channels populations are contrasted.

linear term ~k is not parameter independent as required by
the optical theorem.

B. Binding energy

Now we discuss the negative energy solution of the
Schrodinger equation, i.e., the binding energy of the Feshbach
dimer. One way of finding it is by looking for poles of the scat-
tering amplitude for ky = iA, A > 0. Alternatively, one may
solve the Schrodinger equation with Ep = Ep, — K22 /m <
E»> which reduces to solving the following equation:

. . - A2 —
Bunorz — By +32) — —2(1 ~TJAE Az)

272 2

_ 2_5;(1 ~Z5) =0 (15)
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We note that solving the Schrodinger equation for Ep =
Ei3 — Ii*A%/m leads to a different solution for A but the
same (observable) binding energy Ep. The additional atomic
channel does not lead to an additional dimer but instead
gives the dimer a mixed bb and ac spin composition. (This
should be contrasted to the three-channel model with two
molecular channels [31].) Its numerical solution is com-
pared to the homo- and heteronuclear dimers in Fig. 9(b).
Interestingly, although we established above that the pres-
ence of the ac-channel increases the pole strength (larger
R*), the M, = 0 dimer is shallower than in the homonu-
clear model and its universal range, where Ep ~ a’?, is
increased. In fact, the functional form of the homonuclear
dimer describes the M, = O dimer with A = 1.12 or R* =
4.364. We conclude that, counterintuitively, the addition of
the ac-channel increases the pole strength while also in-
creasing the universal range, a correlation that is usually
vice versa.

To illustrate this point in a more general setting, Fig. 6(b)
contrasts the value of R}, found by expanding the scattering
amplitude [Eq. (14)] to the value of K}, obtained from fitting
the My, = 0 dimer to the homonuclear dimer. While they
become equal at large continua separation, as they approach
degeneracy the two values grow apart. We note that ﬁgb ex-
tracted from the dimer approaches Ry Ry /(R} .. + Rp..) for
E\; — E5 (Appendix C).

Some insight into this counterintuitive behavior may be
gained by looking at the populations in the atomic and molec-
ular channels. Given the dimer binding wave number A > 0,
they are (Appendix E)

P, ! (ngz) (16a)
= —|—=), a
= A\ 8k
P = ! A5 (16b)
* 8w+ AE + A2 ’
1
Pool = —, 16
1= 57 (16¢)
where
A2 A2
= B+ ——+], (17)
87h 8w/ AE + A2

for the bb, ac, and molecular channel, respectively. These
functions are plotted in Fig. 9(c). Far from resonance, the pop-
ulation of the ac-channel behaves like an atomic channel and
approaches zero, as the dimer adopts a predominantly closed
channel character. Close to resonance, the dimer becomes
bb-open-channel-dominated and the ac-channel population
also approaches zero. In between it experiences a maximum
as |Ep — Ex| = |E13 — E|. Compared to the open channel
populations of the homo- and heteronuclear models, the bb
population depletes faster, as expected from a stronger pole
(larger R*). However, the molecular channel population in-
creases at a slower rate than the closed channel in both the
homo- and heteronuclear models. This is in agreement with
the dimer’s binding energy being shallower. The missing pop-
ulation is of course found in the ac-channel. In other words,
the proximity of the ac-channel depletes the bb-channel faster
causing the bb-resonance to seem less open-channel domi-

atomic

mg +mp +mp Ei23

>
%a X B2 Ez22
] T
Emol1 + E1
molecule-atom :
Mg + mp Emols + E3

FIG. 10. Depiction of the M, = 0 three-body sector. The illus-
tration on the left shows the bare states and their coupling via I-Zm.
To the right, the bare state energy dependence on the parameter
controlling E\,, , is illustrated.

nated (i.e., narrower, larger R*). But from the point of view of
the dimer the atomic channel population is the sum Py, + Ppe
which implies that the resonance is more open-channel domi-
nated (i.e., larger universal range). It is this duality that gives
rise to the (unusual) correlation between the pole strength and
the universal range.

Contrasting the observables of the M, = 0 model to the
homonuclear model is reminiscent of the comparison of the
bb- and aa-channel in "Li (see Fig. 4). We therefore conclude
that the nearby ac-channel is responsible for the observed dif-
ference. By fitting the model to the coupled-channel scattering
length and R* of "Li, the three bare parameters of the model
(bare resonance position + two coupling constants) can be
found. However, quantitative agreement between the model
and the coupled-channel dimer is limited to small binding en-
ergies. We observe that the model predicts a less deeply bound
dimer (compared to coupled channels) for both channels. We
associate this discrepancy to the van der Waals tail of the real
interaction potential that is not captured by the model. We
do, however, faithfully reproduce the shallowing effect due to
ac-channel.

V. THREE-BODY SECTOR

In a system with three particles and total-spin projection
Mo = 0 there are two possible spin configurations in the
continuum: bbb and abc [49]. Each pair (bb, ac, ab, bc) is
coupled to a molecule with a matching spin projection, and,
as discussed above, the bb and ac pairs are coupled via the
Mp = 0 molecule. The latter is also the link between the two
three-body continua (Fig. 10). The most general three-body
wave function is

d’q N
v = 3 [ b @i g0

d’q d’k 7 Bat A
m (27)301};%(4» )az.l?+§a,
d3q d3k
— Qe
@n) ) @uyp

LAt At A
G, k)a3,l?+§a1,71?+§a2,—ti|0>'

There are three decoupled two-body subsystems underlying
|¥38), namely, [vo) [Eq. ()], |¥+1), and |¢_) (Fig. 5). In the
three-body sector, these decoupled two-body systems become
coupled due to the common continuum (Appendix D).

Upon solving H |Y3g) = E|yr3p) with E = Eypy — h2A%/m
one obtains three coupled equations for the molecule-atom
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(a) ‘ } TABLE II. Top: Parameters used for Fig. 11. Ey, denotes the
[— Mgt =0 Lo T ! ] continuum threshold energy. Bottom: Values of various features of
& 0.9~ --- hom L’ S 7 the ground-state Efimov trimer; see Fig. 11(a).
0y 0.6 - " het | | 1 Parameters
o5 L ~~ Channel bb ac ab/bc
| | 22 2 3/1
o H 0 0.0004 0.0002
e L | — B Vary - —0.0008
0.0F Vary - 100
(b) 170 L Features
L My =0 Homo- Hetero-
0.8+
® [ 2.88 2.88 5.77
_5 o6F R*/a, 6.53 2.18 2.18
© [ —37.89 —69.2 —137.2
3 0.4 R*/a_ —0.496 —0.091 —0.091
g I 0.0199 0.0187 0.0094
0.2L 0.374 0.118 0.118
0.0-
r T . A? T [3§% . . -
© o4 = T 8 () = 512 (1—5 v + E13 — Exp + A% ], (20b)
o) . LS 2 )
o P closed Ceanid LAt - B A T /3 ~
S 00 - ittt L ‘.‘LL-,-L-:':; :;L:, N 7{ en(§) = —222 (] — E T + Az) , (20¢c)
2 I Mw=0 b o
S L —— Poob—P, s 2 AsAo
o : oo™ bb ) LeeG b= ==
8_ =041 === Papc—Pac ‘ 0 4m
o Pmol2|b_PmoI : . 1 K +’2‘7+f72+5123 _E222+5‘2
[ ] XIn| = = — — = |
ogb e T PR+ +Em— B+ 12
' -0.04 -0.02 0.00 (20d)
Emoi—- /Ecut- %2 I TP
( mol res) cut-off Lzz(q ]E) _ ﬁ n k* + kq + g + A (Zoe)
FIG. 11. Three-body sector. (a) Plot of the ground-state trimer w2 k* — kG + §* + A?

binding energy with respect to the dimer, as a function of the bare . .

My = 0 molecule energy. The large difference between the homo- 1O make the numerical computation of Eqgs. (19) more re-
and heteronuclear trimer is fully explained by Bose enhancement source effective we set the parameters of 0 =1 and 0 =3
(Appendix B). The positions from which the Efimov features in to be equal, i.e., B1 = B3, A1 = A3, Ey = E3 and Epop1 =
Table II are extracted are indicated. (b) The populations in the various Emo1 3. This way the three equations in (19) reduce to two (one
open and closed channels are shown for the two- and three-body ~ for o = 2 and one for o = 1). In addition we fix the value of

sector of the bb + ac model. (c) The difference between the three- Emor1 and vary only Eno = Eme2 as we track the binding
and two-body populations are compared to those of the homonuclear energy across the Feshbach resonance. In Fig. 11(a) we show
model. the spectrum of the ground-state trimer, using the parameters

in Table II, and we compare it to the homo- and heteronuclear

amplitudes 8, () and the binding wave number A.: model. In Table II we also extract the usual features of the

[f5 (@) — 85 ()P (G) — 85.2822(0) B2 () spectrum, namely, the merging point with the dimer-atom

| continuum (a,), the dissociation into the bbb continuum (a_)

— Z / dkLy (G, K)oy (k) and the binding wave number at resonance «,. The results of

aZe 0 oo the two-body sector are used to obtain scattering length values

| from Ey,,. We further normalize the features with respect to

_ 7 N R*, such that the high-momentum cutoff cancels and quantita-
5.2 /0 k(G P2 = 0. (19 tive comparison to experiments is made possible.

The slope near a_ is smaller than in the two-channel mod-
els. This, however, is an artifact of varying only Ey,o 2 while
keeping the others constant. The same phenomenon is also
observed in the pure heteronuclear model.

Here we have defined the functions

34% . _ . -
fa (67) = (% + Ea + Emol,(r - E222 + )\2)7 (203)
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When comparing the M, = 0 spectrum with that of the
homonuclear two-channel model the impact of the ac-channel
is apparent. Although the extreme points of the spectra
(almost) overlap, the trimer formed under near-degenerate
continua is bound less deep at its maximum. Thus, the func-
tional form of the spectrum is altered by the presence of the
ac-channel which suggests that care should be taken in the
interpretation of some of the experimental results. For almost
two decades, the majority of Efimov-related measurements
were conducted at the free atom or atom-dimer threshold
with the goal of proving (or disproving) universality. The
comparison in Fig. 11(a) shows that the extreme points at
their respective continuum thresholds might not suffice to
characterize the energy level.

The model is presented here in terms of microscopic pa-
rameters such as the coupling constants between the continua
and the bare molecules. When dealing with Feshbach reso-
nances in a cold atom experiment one uses observables, such
as the resonance width AB and the R* parameter, to char-
acterize the observed behavior. For this reason, the Efimov
features are shown in units of R* in Table II. We note that
this normalization equates the homo- and heteronuclear model
because the Bose enhancement cancels. To demonstrate the
consequence of the ac-channel consider a given resonance
(given R*). If there is no ac-channel one expects the merger
with the dimer-atom continuum to be at a, pom = R*/2.18
[50]. However, if one is aware of its presence one anticipates
a, = R*/6.53 < a, hom to be a factor ~3 lower (for the param-
eters in Table II).

As in the two-body sector, also here we can find the popula-
tions of the various three-atomic and molecule-atom channels
to explore the spin composition of the trimer (Appendix F).
The obtained expressions are accurate in the limit of small
population in the o = 1 and 3 molecular channel with respect
to the o = 2 population. This approximation breaks down for
Eqol 2 Eres, where the latter decreases and approaches 0 at
a_. In fact, at a_ we expect the bbb-channel population to
approach unity while all others vanish. In Fig. 11(b), where
the populations are plotted for the ground-state trimer to-
gether with the two-body dimer populations, this property is
not reproduced due to the approximation breaking down. At
a,., the trimer populations asymptotically approach the dimer
populations indicating the merger of the two energy levels:
the trimer dissociates into a dimer and an atom. This is also
shown in Fig. 11(c), where the difference between the three-
and two-body populations is plotted.

The three-body bbb (mol2|b) population is smaller (larger)
than the two-body bb (mol) population in the entire spec-
trum. The same is true in the homonuclear model. However,
comparison of the abc and ac populations reveals that,
as we move from a_ to a,, the abc population is larger
(like a molecular channel), then crosses the ac popula-
tion, and finally approaches it from below (like an atomic
channel). Thus, close to the free atom (dimer-atom) thresh-
old the abc-channel behaves like a molecular (atomic)
channel.

Compared to the homonuclear model, the molecular chan-
nel of the M, =0 model is less populated. As in the
two-body sector, this is in agreement with its binding energy
being smaller.

VI. IMPLICATIONS FOR 7Li TRIMER

Considering the special characteristics of the bb-channel
of "Li, namely, overlapping resonances and near-degenerate
continua, this near-degenerate continua model and our previ-
ous overlapping-resonances model [31] encapsulate the main
contributions to the asymptotic scattering wave function. Both
are considerably better than the regular two-channel model
in the two-body sector and both predict slight alternations to
the three-body sector. However, none agree with the unusual
features of the trimer. Neither of these minimal models can
explain why the three-body parameter is universal despite the
resonance being narrow [22] or how the trimer crosses into
the dimer-atom continuum [27]. We conclude that the ’Li
trimer energy is affected in a major way by the short-range
details of the interaction potential whose treatment requires
more sophisticated theoretical approaches [26].

VII. CONCLUSION

We have presented a simple and straightforward, but at
the same time realistic and successful, model of resonant
interactions in the presence of a near-degenerate continuum.
The phenomenology of the two-body sector of Li is repro-
duced. Since the interaction potential of the model is hard
core (the simplest possible), quantitative agreement is limited.
Inclusion of more interaction potential details, such as the van
der Waals tail, should improve thereon; however, the physical
mechanism causing the behavior of the various observables is
clear. In particular, we have shown how a narrow resonance
can have an enlarged universal range and how the functional
form of the Efimov trimer is altered.

An interesting future aspect to explore is the many-body
physics. The extended universal range of the two-body sector
could work in favor of exploring universality near a narrow
resonance.

A similar configuration was found to be important for the
p-wave scattering of identical fermions in “°K polarized in the
b-state [51,52]
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APPENDIX A: HETERONUCLEAR
TWO-CHANNEL MODEL

The standard two-channel model (one open atomic and one
closed molecular channel) can be written for identical bosons
(homonuclear) or distinguishable particles (heteronuclear).
While the latter is usually applied to a fermionic mixture of
different spin states (°Li being a practical example [53]), it
may of course be used for any distinguishable particles, such
as different-spin bosons.
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The heteronuclear two-body wave function, written here
foro =3, 1s

Ve ) = Badi ._ol0) + /(2 )3a3(k)& aj 10). (AD

The Schrodinger equation H|y.%=") = E|y%=), where A

is given in Eq. (1), leads to the following two coupled equa-
tions:
3

d’k
B3(Emol3 — E) + A3/ 2y

a3;(k) =0, (A2a)

h2q2
a3(q) - Epn—E |+ A38=0. (A2b)

The second equation shows that the free-particle amplitude
a,(g) is a Lorentzian of its argument g, causing the integral
in the first equation to diverge linearly in |G|. To deal with this
UV divergence, as mentioned in Sec. IV, a high-momentum
cutoff keyeor is introduced. The Lorentzian form of «,(§G)
agrees with the expected exponential in position space (halo
dimer).

In general, Eqgs. (A2) lead to three equivalent equations in
the two-body sector due to the different coupling constants
A, and molecular and atomic detunings Ey,) » and E,. If one
assumes, however, that A, = A, Enol6 = Enol, and E; =0
for all o, the equations of each sector become identical. The
scattering amplitude (ko) = —ApB(ky)/4m is then given by

f(%()) 4 (E o k) ;[1 - %ko:| (A3)
and the dimer binding energy —A? is found by solving
(Emot + 22) — ﬁ(l _ Zi) —0. (A4)
272 2

In the three-body sector one starts from
d*q

(3B) at_at
Ve Z/(z A @ g 510+ | 5

4’k . 5 .
x (27‘[)3 )3k+'7 1, k+qa2 q|0)’ (AS5)

which, in general, leads to three coupled integral equations.
Assuming the three two-body subsystems to be identical re-
duces them to a single equation:

- 3¢ ., A? T 32 <\ |5
E L1z =+ 7
|: mol 2 + 22 ) 4 + B(G)

AZ 1d~ ];2_'_];67_}_672_’_};2
- —= nj| = = =
27-[2 0 k2_kq+q~2+)\‘2

)B(IE) =0, (A06)

where the trimer binding energy is given by —i2.
For the populations in the open and closed channels of the
two- and three-body sectors, see Appendix E.

APPENDIX B: CONTRASTING THE HOMO-
AND HETERONUCLEAR TWO-CHANNEL MODELS

The derivation in the homo- and heteronuclear case
are equivalent. In particular, the identical two-body sectors

assumption is trivial for homonuclear systems. However,
when acting with the interaction Hamiltonian ~d*aa on the
free particle wave function ~a'a"|0), the homonuclear model
allows for two paths for creating a molecule, while in the
heteronuclear model there is only one option. This effect is
known as Bose enhancement. The two- and three-body equa-
tions for the homonuclear model are thus obtained from the
heteronuclear equations above by substituting A — +/2A.

Although Bose enhancement is usually discussed in the
context of many-body physics (e.g., the condensation of
bosons into a Bose-Einstein condensate), its effect is already
apparent at the two-body level and demonstrated beautifully
by comparing the homo- and heteronuclear two-channel mod-
els. From the above discussion we see that, if Ay = A, then
Anom = V24, i.e., the effective coupling between the open
channel and the closed channel is a factor v/2 larger for identi-
cal bosons. The stronger coupling leads to a broader Feshbach
resonance, as compared to the heteronuclear model, with all
of its characteristics: larger shift from the bare resonance,
smaller R*, shallower dimer, and slower population increase
(decrease) of the closed (open) channel when moving away
from resonance.

In the three-body sector, the larger effective coupling leads
to a deeper bound trimer and merging features that are far-
ther away from resonance. In fact, if one rescales both axes
for the heteronuclear trimer in Fig. 11(a) by a factor of

Ry /Ry, ) = 4, the two traces are identical.

APPENDIX C: DEGENERACY LIMIT OF I~2;,‘b FROM Ejp,

In the main text we noted that, in the limit E;3 —
Ey, the value of R}, extracted from the dimer approaches

homRaet/(Rhom R;et) .
To derive this limit we start from Eq. (15) for the dimer

binding energy and plug in Ej3 = Ejy. Using R} =27/ A%z
and R}, = 47/ A2 one obtains

(E Fp+iny— 2L 1 (1 ”J\)—o
mol,2 22 R* R* 2 — V.

hom het
(CD)

hom

Comparison with Eq. (A4) leads to the aforementioned ex-
pression for R},

APPENDIX D: FROM THE TWO- TO THE
THREE-BODY SECTOR

In the main text we noted that |i3g) in Eq. (18) has three
different, uncoupled two-body subsystems, as illustrated in
Fig. 5. In fact, this effect is true also for the heteronuclear two-
channel model, whose three-body wave function, Eq. (A5),
has three two-body subsystems of the form of Eq. (Al). To
illustrate how to go from the two- to the three-body wave
function we introduce the operator

Ores(@ = B @), / o )3a3<q,k>a L
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with which Eq. (A1) can be written as

[¥,2) = 05 (@ = 0)[0). (D2)
The operator O, (g) creates a two-body system of type o with
center-of-mass momentum 7g. We add a particle of type o
and with momentum —/g to W}E:l)) and sumovero =1,2,3
to obtain

V'l =2 / g O @3, 0. )

Comparing this expression to Eq. (A5) shows that the 8, am-
plitudes are the same in the two- and three-body sector, while
the two-body o, amplitudes are related to the three-body o
amplitude via

. -G k 3G -
’k= k__’____ 5k
a(g, k) ou( 273 4> + aa(q, k)
- G k 3G
—k— =, —— 4+ 2. D4
+Oé3( > 2+4> (D4)

In the homonuclear case the identity of the open channel
atoms renders the o index redundant, leading to the conclu-
sion that the three-body «-amplitude is equal to its two-body
counterpart with finite center-of-mass momentum.

APPENDIX E: OPEN AND CLOSED CHANNEL
POPULATIONS IN THE HOMO- AND
HETERONUCLEAR MODEL

We present expressions for the populations of the open
and closed channels in the two- and three-body sector of the
heteronuclear model using the equal two-body sector assump-
tion.

In the two-body sector the population of the open and
closed channels for the dimer is

1 ko=
Popen = 7 Ww«n : (Ela)
Peiosed = i|/3|2 (E1b)
closed — N 9
where
&k -
-/ Sl ®F + 18P E2)

Using the second equation in (A2) one replaces a(k) for B,
which conveniently cancels, to obtain

1 [ A?
Popen = x/ _SJTX s (E3a)
1
Peiosed = ./T/v (E3b)
and
]\2
N=—+1. E4
8T EH

In the three-body sector, similar to the two-body sector, the
populations for the trimer are

1

— 2
Poen = 3 (277)3 / - )3| 0@ PP, (E5)
1 d’q 2
Pclosed N (2 )3|,3( )| (ESb)

and A is the appropriate normalization factor (the sum of
both integrals). The free-particle amplitude «(g, k) is ex-
pressed in terms of the molecule-atom amplitude 8(g) via the
Schrodinger equation upon which the integral over k can be
solved. The open channel population thus simplifies to

p_ A® Pq  IB@Ir (E6)
PN 8N ) @) S3@/a e

Having found the trimer binding wave number and its wave
function from Eq. (A6), the populations may be computed.

In contrast to the equations presented in Appendix A, here
the homonuclear expressions are identical to those of the
heteronuclear model. However, when plotted as a function of
E.o1 they differ as described at the end of Appendix B, due to
the difference in binding energy.

APPENDIX F: DRIVATION OF THE OPEN- AND
CLOSED-CHANNEL POPULATIONS
IN THE THREE-BODY SECTOR

According to the three-body wave function in Eq. (18), the
open channel populations are (i = bbb, abc)

| [ dq [ d%k

P=5% | Gy | aapl@hr. @
and the closed channel populations are (o = 1, 2, 3)
p=L [ L —=1B:()I*. (F2)
TTNJ ey’

The normalization constant A is found from ) P +
>, P> = 1. From the solution of Eqs. (19) the binding wave
number A and the eigenvectors f, are obtained. The closed
channel populations are thus readily computed. For the open
channel populations we use the Schrodinger equations to ex-
press «; in terms of B, resulting in

A 1 d*g d*k Apnpar(§)
NS @ap ) Qa4 e

for the bbb-open channel. Since B,(§) is k-independent the
integral over the latter may be computed, and we get

(F3)

]\2 d3é ~\[2
Pop = 2 q3 [B2(@)| _ (F4)
87N J (27)} /352 /4 + 32
For i = abc the substitution leads to
1 d’q A’k
Ppe = — A | 53
N J @n) (27m)
KiBi(k = 2) + AsB2(4) + Asps(k + q)
k24332 /4 + Einy — Exp + A2
(F5)
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At this stage we make the simplifying assumption B3 <
B>, which is equivalent to P; 3 < P,, permitting integration
over k:

_ A &g B2(@)I®
8xNJ 2n) 332 /4 + Epy — Eayy + 32

(Fo6)

abc

While the expressions for Py, and P, are exact, the expression
for P,y is approximate. The approximation breaks down when
Py 3 =~ P,, which is the case at Ey,) > Eies [see Figs. 11(b) and
11(c)]. The populations at a_ are thus not captured well by the
expressions derived here.

[1] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Feshbach
resonances in ultracold gases, Rev. Mod. Phys. 82, 1225 (2010).

[2] E. Braaten and H.-W. Hammer, Universality in few-body sys-
tems with large scattering length, Phys. Rep. 428, 259 (2006).

[3] P. Naidon and S. Endo, Efimov physics: A review, Rep. Prog.
Phys. 80, 056001 (2017).

[4] C. H. Greene, P. Giannakeas, and J. Pérez-Rios, Universal
few-body physics and cluster formation, Rev. Mod. Phys. 89,
035006 (2017).

[5] J. P. D’Incao, Few-body physics in resonantly interacting ultra-
cold quantum gases, J. Phys. B: At. Mol. Opt. Phys. 51, 043001
(2018).

[6] M. Zaccanti, B. Deissler, C. D’Errico, M. Fattori, M. Jona-
Lasinio, S. Miiller, G. Roati, M. Inguscio, and G. Modugno,
Observation of an Efimov spectrum in an atomic system, Nat.
Phys. 5, 586 (2009).

[7] E. Ferlaino, S. Knoop, M. Berninger, W. Harm, J. P. D’Incao,
H.-C. Négerl, and R. Grimm, Evidence for Universal Four-
Body States Tied to an Efimov Trimer, Phys. Rev. Lett. 102,
140401 (2009).

[8] B. Huang, L. A. Sidorenkov, R. Grimm, and J. M. Hutson,
Observation of the Second Triatomic Resonance in Efimov’s
Scenario, Phys. Rev. Lett. 112, 190401 (2014).

[9] X. Xie, M. J. Van de Graaff, R. Chapurin, M. D. Frye, J. M.
Hutson, J. P. D’Incao, P. S. Julienne, J. Ye, and E. A. Cornell,
Observation of Efimov Universality Across a Non-Universal
Feshbach Resonance in *°K, Phys. Rev. Lett. 125, 243401
(2020).

[10] M. Berninger, A. Zenesini, B. Huang, W. Harm, H. C. Négerl,
F. Ferlaino, R. Grimm, P. Julienne, and J. Hutson, Universality
of the Three-Body Parameter for Efimov States in Ultracold
Cesium, Phys. Rev. Lett. 107, 120401 (2011).

[11] J. Wang, J. P. D’Incao, B. D. Esry, and C. H. Greene, Origin
of the Three-Body Parameter Universality in Efimov Physics,
Phys. Rev. Lett. 108, 263001 (2012).

[12] P. Naidon, S. Endo, and M. Ueda, Microscopic Origin and Uni-
versality Classes of the Efimov Three-Body Parameter, Phys.
Rev. Lett. 112, 105301 (2014).

[13] R. J. Wild, P. Makotyn, J. M. Pino, E. A. Cornell, and D. S.
Jin, Measurements of Tan’s Contact in an Atomic Bose-Einstein
Condensate, Phys. Rev. Lett. 108, 145305 (2012).

[14] S.-K. Tung, K. Jiménez-Garcia, J. Johansen, C. Parker, and
C. Chin, Geometric Scaling of Efimov States in a °Li — '33Cs
Mixture, Phys. Rev. Lett. 113, 240402 (2014).

[15] A.Zenesini, B. Huang, M. Berninger, H.-C. Nigerl, F. Ferlaino,
and R. Grimm, Resonant atom-dimer collisions in cesium: Test-
ing universality at positive scattering lengths, Phys. Rev. A 90,
022704 (2014).

[16] R. J. Fletcher, R. Lopes, J. Man, N. Navon, R. P. Smith, M. W.
Zwierlein, and Z. Hadzibabic, Two- and three-body contacts in
the unitary Bose gas, Science 355, 377 (2017).

[17] C. Ji, E. Braaten, D. R. Phillips, and L. Platter, Universal rela-
tions for range corrections to Efimov features, Phys. Rev. A 92,
030702(R) (2015).

[18] J. Johansen, B. J. DeSalvo, K. Patel, and C. Chin, Testing uni-
versality of Efimov physics across broad and narrow Feshbach
resonances, Nat. Phys. 13, 731 (2017).

[19] R. Chapurin, X. Xie, M. J. Van de Graaff, J. S. Popowski, J. P.
D’Incao, P. S. Julienne, J. Ye, and E. A. Cornell, Precision Test
of the Limits to Universality in Few-Body Physics, Phys. Rev.
Lett. 123, 233402 (2019).

[20] A. Li, Y. Yudkin, P. S. Julienne, and L. Khaykovich, Efimov
resonance position near a narrow Feshbach resonance in a Li-Cs
mixture, Phys. Rev. A 105, 053304 (2022).

[21] J. Etrych, G. Martirosyan, A. Cao, J. A. P. Glidden, L. H.
Dogra, J. M. Hutson, Z. Hadzibabic, and C. Eigen, Pinpointing
Feshbach resonances and testing Efimov universalities in °K,
Phys. Rev. Res. 5, 013174 (2023).

[22] N. Gross, Z. Shotan, O. Machtey, S. J. J. M. F. Kokkelmans, and
L. Khaykovich, Study of Efimov physics in two nuclear-spin
sublevels of "Li, C. R. Phys. 12, 4 (2011).

[23] Y. Wang and P. S. Julienne, Universal van der Waals physics for
three cold atoms near Feshbach resonances, Nat. Phys. 10, 768
(2014).

[24] T. Secker, D. J. M. Ahmed-Braun, P. M. A. Mestrom, and
S. J. J. M. F. Kokkelmans, Multichannel effects in the Efimov
regime from broad to narrow Feshbach resonances, Phys. Rev.
A 103, 052805 (2021).

[25] J.-L. Li, T. Secker, P. M. A. Mestrom, and S. J. J. M. F.
Kokkelmans, Strong spin-exchange recombination of three
weakly interacting ’Li atoms, Phys. Rev. Res. 4, 023103 (2022).

[26] J. P. D’Incao (private communication).

[27] Y. Yudkin, R. Elbaz, and L. Khaykovich, Efimov energy level
rebounding off the atom-dimer continuum, arXiv:2004.02723.

[28] P. N. Jepsen, Y. K. Lee, I. Dimitrova H. Lin, Y. Margalit,
W. W. Ho, and W. Ketterle, Long-lived phantom helix states
in Heisenberg quantum magnets, Nat. Phys. 18, 899 (2022).

[29] N. Gross, Z. Shotan, S. J. J. M. F. Kokkelmans, and L.
Khaykovich, Nuclear-Spin-Independent Short-Range Three-
Body Physics in Ultracold Atoms, Phys. Rev. Lett. 105, 103203
(2010).

[30] The “bb-channel” refers to two free atoms in the b-state. By
“scattering in the bb-channel” we mean a scattering event for
which both the initial and the final state consist of two sepa-
rated atoms in the b-state. However, the intermediate state is
a superposition of all M, = 0 two-body channels. A loosely
bound dimer associated with a Feshbach resonance in the bb-
channel has M, = 0 spin character and its wave function has
projections on multiple channels. At the resonance position
the projection on the bb-channel approaches unity, and the
dimer is thus called the “bb-channel dimer.” Note the somewhat
confusing jargon: Our model of the bb-channel, which describes

053303-13


https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1016/j.physrep.2006.03.001
https://doi.org/10.1088/1361-6633/aa50e8
https://doi.org/10.1103/RevModPhys.89.035006
https://doi.org/10.1088/1361-6455/aaa116
https://doi.org/10.1038/nphys1334
https://doi.org/10.1103/PhysRevLett.102.140401
https://doi.org/10.1103/PhysRevLett.112.190401
https://doi.org/10.1103/PhysRevLett.125.243401
https://doi.org/10.1103/PhysRevLett.107.120401
https://doi.org/10.1103/PhysRevLett.108.263001
https://doi.org/10.1103/PhysRevLett.112.105301
https://doi.org/10.1103/PhysRevLett.108.145305
https://doi.org/10.1103/PhysRevLett.113.240402
https://doi.org/10.1103/PhysRevA.90.022704
https://doi.org/10.1126/science.aai8195
https://doi.org/10.1103/PhysRevA.92.030702
https://doi.org/10.1038/nphys4130
https://doi.org/10.1103/PhysRevLett.123.233402
https://doi.org/10.1103/PhysRevA.105.053304
https://doi.org/10.1103/PhysRevResearch.5.013174
https://doi.org/10.1016/j.crhy.2010.10.004
https://doi.org/10.1038/nphys3071
https://doi.org/10.1103/PhysRevA.103.052805
https://doi.org/10.1103/PhysRevResearch.4.023103
http://arxiv.org/abs/arXiv:2004.02723
https://doi.org/10.1038/s41567-022-01651-7
https://doi.org/10.1103/PhysRevLett.105.103203

YUDKIN, JULIENNE, AND KHAYKOVICH

PHYSICAL REVIEW A 107, 053303 (2023)

scattering and dimers in the sense explained above, includes the
bb-channel (two atoms in the b-state), the ac-channel, and a
closed channel made up of the remaining M,,, = 0 two-body
channels.

[31] Y. Yudkin and L. Khaykovich, Efimov scenario for overlap-
ping narrow Feshbach resonances, Phys. Rev. A 103, 063303
(2021).

[32] K. Jachymski and P. S. Julienne, Analytical model of overlap-
ping Feshbach resonances, Phys. Rev. A 88, 052701 (2013).

[33] P. S. Julienne and J. M. Hutson, Contrasting the wide Feshbach
resonances in °Li and "Li, Phys. Rev. A 89, 052715 (2014).

[34] D. S. Petrov, Three-Boson Problem near a Narrow Feshbach
Resonance, Phys. Rev. Lett. 93, 143201 (2004).

[35] V. Gurarie and L. Radzihovsky, Resonantly paired fermionic
superfluids, Ann. Phys. 322, 2 (2007).

[36] F. H. Mies, E. Tiesinga, and P. S. Julienne, Manipulation
of Feshbach resonances in ultracold atomic collisions using
time-dependent magnetic fields, Phys. Rev. A 61, 022721
(2000).

[37] Throughout this paper coupled-channel calculations were per-
formed using an s-wave basis only.

[38] It is possible to produce very similar aa and bb scattering
lengths (except for the region of the narrow resonance) by
rescaling the magnetic field axis of the aa-channel by a factor
of 1.18. In this case, also the two dimers lie on top of each other,
suggesting that the two resonances are identical. However, this
procedure and conclusion are problematic for at least two rea-
sons. First, due to repulsion from the narrow resonance dimer,
if both resonances are identical, the bb-dimer should be deeper.
The fact that it is not, even after rescaling, points to the shal-
lowing effect of the ac-channel. Second, rescaling the magnetic
field axis physically means changing the magnetic moment of
the bare molecule. However, since the two resonances arise due
to the same bare molecule of the singlet potential, such a change
is unphysical.

[39] Y. Castin, Basic theory tools for degenerate Fermi gases, in
Ultra-Cold Fermi Gases, Proceedings of the Enrico Fermi
Varenna School on Fermi Gases, edited by C. Salomon, M.
Inguscio, and W. Ketterle (IOS Press, Amsterdam, 2007),
pp- 289-349.

[40] D. S. Petrov, The few-atom problem, arXiv:1206.5752.

[41] V. E. Colussi, Chris H. Greene, and J. P. D’Incao, Three-Body
Physics in Strongly Correlated Spinor Condensates, Phys. Rev.
Lett. 113, 045302 (2014).

[42] P. M. A. Mestrom, J.-L. Li, V. E. Colussi, T. Secker, and
S. J. J. M. F. Kokkelmans, Three-body spin mixing in spin-1
Bose-Einstein condensates, Phys. Rev. A 104, 023321 (2021).

[43] M. Arndt, M. Ben Dahan, D. Guéry-Odelin, M. W. Reynolds,
and J. Dalibard, Observation of a Zero-Energy Resonance in
Cs-Cs Collisions, Phys. Rev. Lett. 79, 625 (1997).

[44] E. R. I. Abraham, W. 1. McAlexander, J. M. Gerton, R. G.
Hulet, R. Coté, and A. Dalgarno, Triplet s-wave resonance in
SLi collisions and scattering lengths of °Li and "Li, Phys. Rev.
A 55, R3299 (1997).

[45] In Egs. (9), the § functions are intended to be directional. In this
sense, 8(k — ko) approaches infinity only if the variable k and
the incident momentum ko are identical in both direction and

amplitude. The same is true for k£ and ,/125 — AE, which is the

incident momentum of the ac-channel, in 8(k — ,/125 — AE).
Here the vector symbols were omitted for readability.

[46] The formal textbook solution of the Schrodinger equation for
a scattering problem is the Lippmann-Schwinger equation. In
fact, Eqs. (9) are the projections of the latter, which in our
notion, using Egs. (1), (7), and (8), reads [¥) = |%\™) + (E —
Huom — Humo)™ Hine| o), onto the bb- and ac-channels.

[47] The result of the coupled-channel calculations is the scattering
matrix S;;, which describes a scattering event from channel i to
channel j, e.g., bb — bb or bb — ac. From S;; one may com-
pute 7;; = §;; — S;; and sin? nij = |T,-j|2/4. In the case of s-wave

scattering, the i — i scattering amplitude is f; = —T;;/2ik.
Thus, sin® ; = |kf;|> and Fig. 2 is directly comparable to
Figs. 7 and 8.

[48] Within the picture of an (atomic) open channel coupled to a
(molecular) closed channel the concept of the pole strength can
be understood in terms of the coupling strength. Strong cou-
pling gives rise to a broad Feshbach resonance with R* < 74w
and s,.; > 1, while weak coupling gives rise to a narrow Fesh-
bach resonance with R* > r,4w and s,.; < 1. Hence, either R*
or s,.s can be used to quantify the pole strength.

[49] As mentioned in the beginning of Sec. III, here we deal with
a F = 1 spinor gas. However, the ground state of "Li has both
a F =1and F =2 part (Fig. 1). The energetically low-lying
three-body continua consist of three particles with J = —1/2.
There are three options to form such a continuum: bbb, abc
(Eabc - Ebbb =28 MHZ), and aad (Eaad - Ebbb =108 MHZ)
The last is neglected because, first, it does not existina F = 1
spinor gas and, second, because, albeit close, it is almost four
times further detuned than the leading-order abc contribution.

[50] Y. Nishida, New Type of Crossover Physics in Three-
Component Fermi Gases, Phys. Rev. Lett. 109, 240401 (2012).

[51] D. J. M. Ahmed-Braun, K. G. Jackson, S. Smale, C. J. Dale,
B. A. Olsen, S. J. J. M. F. Kokkelmans, P. S. Julienne, and
J. H. Thywissen, Probing open- and closed-channel p-wave
resonances, Phys. Rev. Res. 3, 033269 (2021).

[52] S.J.J. M. F. Kokkelmans (private communication).

[53] J. H. Huckans, J. R. Williams, E. L. Hazlett, R. W. Stites, and
K. M. O’Hara, Three-Body Recombination in a Three-State
Fermi Gas with Widely Tunable Interactions, Phys. Rev. Lett.
102, 165302 (2009).

053303-14


https://doi.org/10.1103/PhysRevA.103.063303
https://doi.org/10.1103/PhysRevA.88.052701
https://doi.org/10.1103/PhysRevA.89.052715
https://doi.org/10.1103/PhysRevLett.93.143201
https://doi.org/10.1016/j.aop.2006.10.009
https://doi.org/10.1103/PhysRevA.61.022721
http://arxiv.org/abs/arXiv:1206.5752
https://doi.org/10.1103/PhysRevLett.113.045302
https://doi.org/10.1103/PhysRevA.104.023321
https://doi.org/10.1103/PhysRevLett.79.625
https://doi.org/10.1103/PhysRevA.55.R3299
https://doi.org/10.1103/PhysRevLett.109.240401
https://doi.org/10.1103/PhysRevResearch.3.033269
https://doi.org/10.1103/PhysRevLett.102.165302

