PHYSICAL REVIEW A 107, 053301 (2023)

Dimensional crossover on multileg attractive-U Hubbard ladders

Anastasia Potapova ,! Tan Pilé®,! Tian-Cheng Yi,2 Rubem Mondaini®,? and Evgeni Burovski

1

'HSE University, 101000 Moscow, Russia
2Beijing Computational Science Research Center, Beijing 100084, China

®  (Received 11 December 2022; revised 9 April 2023; accepted 10 April 2023; published 2 May 2023)

We study the ground-state properties of a polarized two-component Fermi gas on multileg attractive-U
Hubbard ladders. Using exact diagonalization and density-matrix renormalization-group-method simulations, we
construct grand-canonical phase diagrams for ladder widths of up to W = 5 and varying perpendicular geome-
tries, characterizing the quasi-one-dimensional regime of the dimensional crossover. We unveil a multicritical
point marking the onset of partial polarization in those phase diagrams, a candidate regime of finite-momentum
pairing. We compare our findings with recent experimental and theoretical studies of quasi-one-dimensional

polarized Fermi gases.
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I. INTRODUCTION

Quantum liquids in low dimensions are predicted to sup-
port a variety of exotic superfluid phases, the so-called
Fulde-Ferrell-Larkin-Ovchinnikov state (FFLO) [1,2] being
a prime example. Here the superconducting order parameter
is modulated in space due to Cooper pairing at finite center-
of-mass momentum. The FFLO state remains elusive despite
being predicted more than 50 years ago. There is a grow-
ing body of indirect evidence [2] for FFLO in experiments
in CeColns in rotating magnetic field [3], organic super-
conductors [4,5], pnictides [6], and cuprates [7]. Yet direct
experimental observation of the FFLO state in condensed-
matter systems remains challenging. One reason the FFLO
phase is elusive is that the impurity scattering can completely
suppress the FFLO long-range ordering [8].

Ultracold gases provide a promising platform for the quest
for FFLO-like physics thanks to the ability to engineer clean
systems and unprecedented control over polarization, interac-
tions, and geometry. Several geometries have been explored:
spherically symmetric three-dimensional (3D) traps [9-11],
elongated cigar-shaped traps [12,13], and arrays of tubes [14].
Due to an applied trapping potential, the polarized gas cloud
phase separates into the unpolarized [equal densities (EQ)]
and partially polarized (PP) regions, and the PP gas is a
candidate for the FFLO state. The phase boundaries between
regions can be directly measured via in situ imaging. By
varying either the confinement ratio or the intertube tunneling,
experiments probe the 1D-to-3D crossover of polarized Fermi
gases. An immediate conclusion from the experiments is that
the relative locations of the PP and EQ states in an external
potential are inverted between the one-dimensional (1D) and
3D limits: in three dimensions, the EQ phase occupies the
center of the trap, while in one dimension the center is PP
and EQ is pushed to the wings.

The limiting cases of the 1D-to-3D crossover of a polarized
two-component Fermi gas are relatively well understood from
the theory side. In the 3D case, the uniform polarized state
with FFLO long-range ordering is only stable in a narrow
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range of interactions and polarizations [15]. In two dimen-
sions, the FFLO state is believed to be stable in a wide range
of parameters [16], including the regime of light doping from
half filling with low spin polarization [17]. Mean-field studies
[18] and Monte Carlo simulations indicate further possibilities
for competing long-range orders. For a review, see, e.g., [19]
and references therein.

In one dimension, the whole PP phase has a dominant
FFLO-like algebraic ordering [20] and is stable in a wide
range of interactions. For a trapped 1D gas, the phase sep-
aration scenario is consistent with the experiments in highly
elongated cigar-shaped traps [21]. Following the initial field-
theoretical [20] and Bethe-ansatz [21] treatments, the 1D
polarized Fermi gas was extensively studied numerically, us-
ing density-matrix renormalization-group (DMRG) [22-26]
and quantum Monte Carlo simulations [27-29].

The 1D-to-3D crossover for polarized Fermi gases
was studied in the mean-field approximation (MFA) in
Refs. [30-32]. While the MFA approach allows tracing the
main features of the crossover qualitatively, it fails to capture
several qualitative effects seen in experiments at low densities
close to the 1D limits: the MFA misrepresents the topology of
the grand-canonical phase diagram in the 1D limit [30,32].

This paper addresses strong correlation effects beyond
MFA in the quasi-1D regime. To this end, we study the quasi-
1D attractive Hubbard model on wide ladders of up to five
legs. We employ two numerically unbiased approaches: exact
diagonalization (ED) of the Hamiltonian on small clusters
with varying aspect ratios and DMRG simulations [33,34] in
ladder geometries. Our numerical results for two and three
legs are consistent with previous simulations in Refs. [35,36].
By considering wider ladders, we map out the evolution of the
T = 0 grand-canonical phase diagram for quasi-1D geome-
tries from a strict 1D limit to higher dimensions. Specifically,
we find that (i) in the presence of the external trapping poten-
tial, the 3D scenario of the phase separation is a robust feature
that sets in immediately away from the strict 1D limit and
(ii) the stability region of the FFLO-like phase shrinks as the
ladder’s width increases, i.e., away from the strict 1D limit.
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We also note that considering wide ladders (with flat or
cylinder geometry in the perpendicular direction) is becoming
feasible from a computational point of view and they were
recently used for various problems related to variants of the
repulsive Hubbard model [37-39].

II. MODEL AND METHODS

We consider the attractive-U Hubbard model of a two-
component Fermi gas at zero temperature on a W x L ladder
defined by the Hamiltonian

A=—t) (6, +He)+U hisniy. (1)
(ij),o i

Here é;a (¢is) is a creation (annihilation) operator of a

toa

fermion with pseudospin o =%, | on site i; #;, = ¢ .C;
is the corresponding number operator. We set the hopping
amplitude ¢ = 1 as the energy scale, and U < 0 is the local
Hubbard attraction parameter between two fermions with op-
posite spins. The summation over i in Eq. (1) runs over L x W
sites, where L is the length of a W-leg ladder.

In the canonical ensemble, the ground-state energies
Eo(Ny, Ny) in Eq. (1) are characterized by the cardinality of
spin-up and spin-down fermions, N4 and N, or, equivalently,
by the filling fractions, n, = N, /LW . Considering the case
where ny > n, the following ground states are of interest:

(i) For vacuum (V), ny =n, = 0.

(ii) For equal densities (EQ), ny = n. At T = 0 this phase
supports the BCS regime.

(iii) For the partially polarized (PP) phase, ny > n; > 0.
This phase is the FFLO candidate.

(iv) For the fully polarized (FP) phase, ny > 0,andn = 0.

For a lattice model (1), we further distinguish whether
the majority-spin band is filled (ny = 1; we call this the FP,
phase) or not (i.e., ny < 1; we call this the FP; phase).

Changing the variables from the canonical to the grand-
canonical ensemble, we introduce the effective magnetic field
h and the chemical potential  via

(M) g (%
(), ()

where N = N; + N is the total particle number and P =
N; — N, is the polarization.

The phase boundaries are found by approximating the
derivatives (2) with finite differences; this is equivalent to
comparing the ground-state energies of different phases. For
instance, the boundary between V and EQ is given by compar-
ing the energy of a two-particle state with the zero energy of
an empty band, i.e., u = Ey(1, 1)/2. Likewise, the boundary
between FP; and V is related to the bottom of the single-
particle band, u© = —h + Ey(1, 0). Further details, including
the finite-difference approximations of Eq. (2) for comput-
ing the EQ-PP and FP-PP phase boundaries, are given in
Appendix A

III. RESULTS AND DISCUSSION

We resort to DMRG computations [40] to extract the
ground-state energies Eo(N4, Ny) of the Hamiltonian (1) on
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FIG. 1. The phase diagram for W =4, U = —7, and L = 40.
Phases considered are vacuum (V; ny =n, = 0), equal densities
(EQ; ny =n,), a partially polarized phase (PP; ny > n, > 0), and
two fully polarized phases: FP; with ny > 0,n, = 0 and FP, with
ny =0, n, > 0. Here we show only the region with 4 > 0 and
< U/2 because the phase diagram is symmetric for 7 — —h and
n — U/2 — . Solid circles are DMRG results, and dashed lines
connecting them are guides to the eye. The marker colors are mapped
by the value N, that identifies the boundary line according to the
corresponding color bars [see Egs. (A2) and (A3)].

ladders of length L and widths W of up to W = 5 with open
boundary conditions in both dimensions. For that, we fix the
length L = 40 and check that using larger values of L does not
significantly change the results. We also run simulations of
W = 3,4, 5 with the cylinder geometry (i.e., periodic bound-
ary conditions in the perpendicular direction). Appendix B
highlights the necessity of using DMRG techniques by show-
ing that ED results are largely impacted by finite-size effects
in the small clusters amenable to computations. For the inter-
action strength, we take U = —7. With these parameters, we
typically use up to 2000 states for the bond dimension, so that
the truncation error in the DMRG process is below 1078 for
W < 3 and below 10~¢ for W = 4, 5.

For the strictly 1D model (W = 1), our numerical re-
sults are consistent with previous Bethe ansatz results [21]
and DMRG simulations [26]. For W =2 and W =3 our
results agree with previous DMRG simulations [35,36]. Fig-
ure 1 shows the grand-canonical phase diagram for the W =
4 ladder; other W > 2 diagrams are qualitatively similar.
We also checked that imposing periodic boundary conditions
in perpendicular directions does not significantly alter the
results. Several features stand out in Fig. 1. First, the PP
phase—the candidate to support the FFLO-like physics—
occupies a significant area on the phase diagram. This fact
was previously seen in simulations of W < 3 ladders, and
our results for W = 4,5 support this being a robust feature
of quasi-1D geometries.

Second, the EQ, PP, and FP; phases meet at a “multi-
critical” point O whose location is fixed by the few-body
physics of the model, (1o, ho) = (Eo(1, 1)/2, —Ex(1, 1)/2 +
Ey(1,0)). That the EQ-FP phase boundary also terminates at
point O can be traced to the fact that the only bound states
in the Hubbard model (1) are pairs of spin-up and spin-down
fermions [41]. We checked that the binding energies of three-
body states (trimers) are zero for all values of W, modulo
finite-L corrections. We also note that one of the main artifacts

053301-2



DIMENSIONAL CROSSOVER ON MULTILEG ...

PHYSICAL REVIEW A 107, 053301 (2023)

i v I
1 »
t ,( ,0-~__\
.‘ ? r"
-
0.2f 3 ! ot ool ]
¢ g /’;” S
S H 4 ——age”” Dottas
-~z A 4
= Ly P NP g
| 0.1k f v= 37 = B
< l #1 ‘/’ =~ ".,r
- #* v ="
-f’ -
z s cem Wl me- W4
.-v"“‘*.‘
0.0 - .- W= W =5
—e- W=

FIG. 2. The vicinity of the multicritical point O for W = 1 (black
line), W = 2 (blue line), W = 3 (green line), W = 4 (purple line),
and W =5 (yellow line) and L = 40. Here we shift the boundaries
for each W value so that for each W’s multicritical point O is at
the origin. We also show for each W only the EQ-PP and PP-FP,
lines. Solid symbols are DMRG results, and dashed lines are to
guide the eye. We also note that the vicinity of the multicritical point
corresponds to the continuum limit of the lattice model (1) since the
filling fractions are small, N, << WL.

of the mean-field approximation is the prediction that point O
splits into two tricritical points [30,32]. A compilation of parts
of the phase diagram close to the multicritical point O with a
growing number of legs is shown in Fig. 2.

The PP-FP; (polaron) line. The phase boundary between
the FP; and PP phases corresponds to the so-called Fermi-
polaron problem: a single spin-down particle in a sea of Nj
spin-up fermions (the points along the line correspond to in-
creasing N;). While for W = 1 the phase boundary is smooth
and monotonic, for W > 1 the boundary has kinks, which can
be traced to the filling of noninteracting energy bands in the
spectrum [35]. In general, for a W-leg ladder, there are W
(overlapping) branches of the single-particle spectrum, and
kinks on the “polaron” line in the -k plane correspond to on-
sets of partial filling of multiple branches. Whenever multiple
branches are partially filled, the polaron line is nonmonotonic
and has additional chaotic oscillations. These are likely due to
the finite-L level spacing of the motion along the ladder.

Another point to note is that for W > 2, the initial part
of the polaron line, which corresponds to the filling of the
lowest single-particle band, is close to linear. This initial linear
behavior is followed by a cusp and a sharp downturn for the
range where the second branch starts filling. This behavior
was first observed on a two-leg ladder in Ref. [35], and our
simulations indicate that it persists for larger values of W and
varying boundary conditions in the perpendicular direction.

The EQ-PP line. We now turn our attention to the boundary
between the EQ and PP phases. The main difference between
the strictly 1D case of W = 1 and W > 1 is that in the vicin-
ity of the multicritical point O, the slope of the boundary
oh/ou < 0 for W =1 [21,26], while for W > 1 the slope of
the boundary has the opposite sign, dh/du > 0. This was first
noted for W = 2 in Ref. [35] and later confirmed for W = 2, 3
in Ref. [36]. Our results, illustrated in Figs. 1 and 2 for up
to W =5, corroborate the conclusion that the sign change
is a robust feature that differentiates the strict 1D limit from
quasi-1D geometries with W # 1.

In the presence of an external trapping potential, the shell
structure (or phase separation) of the atomic cloud can be
directly read off the grand-canonical phase diagram in the
local-density approximation. For a spin-independent trapping
potential V (x) applied along the ladder direction, the cloud
structure corresponds to u — w — V(x), i.e., a vertical cut
on the h-p plane. In this way, the sign of the slope of the
EQ-PP boundary differentiates between the 1D behavior with
a two-shell structure where the PP phase occupies the cen-
ter of the trap [13,14] and a higher-dimensional behavior
where the shell structure is inverted: the center of the trap
has equal densities, and the PP phase occupies an outer shell
[9,10,14]. Our results, illustrated in Fig. 1 and 2, show that
the 3D-like shell structure is a robust feature of the quasi-
1D geometries. We stress that in our simulations, the EQ-PP
boundary is monotonic, in contrast to the mean-field results
[30,32], where the MFA generates artifacts at low density
(equivalently, strong interactions) which lead to an apparently
reentrant behavior [42].

The PP phase stability region. In Fig. 2, we compare the
low-filling parts of phase diagrams for ladders with W = 1 to
W =5, where we shift the values of u and & for each W so
that their respective points O coincide. In Fig. 2 we show only
the EQ-PP and PP-FP; lines for clarity. It is immediately seen
from Fig. 2 that with increasing width W, the EQ-FP boundary
shifts to the right, while the polaron line shifts upwards.

We thus conclude that the stability region for the
PP phase—the candidate phase for the FFLO-like physics—
shrinks on moving away from a strict 1D limit while in the
quasi-1D regime. The last comment is due to the fact that
the position of the kink and a downturn on the polaron line,
visible in Fig. 2, shift to smaller values of the filling fraction
Ny /WL for increasing W. Since the position of the kink is
related to the filling of the second single-particle branch of the
transversal motion and the gap between branches goes to zero
in two or three dimensions, our approach does not allow us
to make definite statements about the behavior of the stability
region of the FFLO phase for W ~ L.

The FLLO in the PP phase. To probe the FFLO character
of the PP phase, we compute the superconducting correla-
tion functions, I'(x, Xo) = (AT (x0)A(X + xo)), where A(x) =
CxyCxy annihilates a pair of fermions at a lattice site with
coordinates x. In the 1D limit, W =1, I is expected [20]
to decay algebraically with |x| and oscillate with the typical
FFLO momentum Q = m(ny —ny).

To trace the behavior of the superconducting correlations
in ladder geometries, we consider a W = 5 ladder and take xq
at the center of the lattice, xo = (L/2, 0), where the legs of the
ladder are indexed from —(W_— 1)/2 to (W — 1)/2. Figure 3
shows the Fourier transform I'(ky, k) of I'(x, X¢) for L = 40
and different polarizations, (N4, N)) = (10, 10) [Fig. 3(a)],
(15, 5) [Fig. 3(b)], and (19, 1) [Fig. 3(c)], with a fixed total
occupancy. The insets display the corresponding real-space
correlations along the ladder, resolved by the y coordinate in
the transverse direction.

For balanced occupancies, the real-space pair-pair corre-
lations decay monotonically with distance, which translates
to a I'(k,, ky) peak at zero momentum [Fig. 3(a)]. In turn,
once a finite density imbalance is selected, oscillations of the
correlations in real space are clearly visible, resulting in peaks
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FIG. 3. Fourier-transformed pair-pair correlation functions
f:(kx,ky) in momentum space on a 5 x 40 ladder; insets show
the corresponding real-space decay of such correlations. The
total density n = ny +n, = 0.1 is fixed, whereas the polarization
changes. (a) Ny = N, = 10; (b) Ny =15, N, = 5; and (c) Ny = 19,
N, = 1. The vertical dashed lines depict the characteristic momenta
from FFLO in one-dimensional systems, Q = & (Ny — N,)/L. See
text for discussion. The different curves in the main panels show
the different allowed transverse momentum modes k,, whereas the
insets show the actual transversal coordinate y.

of the Fourier-transformed correlations at finite momentum
[Figs. 3(b) and 3(c)]. This is direct evidence of FFLO-type
physics occurring in wider ladders. The peak location in k,,
however, which occurs at the same point irrespective of the k,
value, is not aligned with the expected typical FFLO momen-
tum of 1D systems. In practice, a combination of modes sets
in, a fact already appreciated in W = 2 ladders in Ref. [35].
Since this finite-momentum peak depends on the to-
tal polarization, we compile in Fig. 4 the Fourier-
transformed I'(k,, 0) correlations with growing polarization
P =0,...,18,and fixed particle number N = 20 on the same
5 x 40 ladder. A finite-momentum peak at kI"** occurs only
when P > 0 [Fig. 4(a)], tied to the appearance of oscillations
with the distance of the real-space correlations [Fig. 4(b)].
This peak position linearly follows the polarization P, as
with the expected typical FFLO momentum Q = w(ny — ny),
albeit with a slightly lower slope [Fig. 4(c)].
Whether such oscillations and finite-momentum pairing
remain in truly two-dimensional systems, studied utilizing
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FIG. 4. (a) Fourier-transformed pair-pair correlations F(kx, ky)
with zero-transverse momentum (k, = 0) and fixed particle number
N = 20. Data at k, = 0 and P = 0 are omitted for clarity. (b) The
corresponding real-space correlations along the central leg (y = 0)
of the 5 x 40 ladder. (c) The compilation of the peak locations in
(a) vs the polarization P = Ny — N, accompanied by a linear fitting
and the typical momentum dependence in 1D FFLO problems.

unbiased methods, is an open question. Our results point out
that in the quasi-one-dimensional limit, they still occur. Last,
it is important to emphasize that mean-field investigations
unveil the possible scenarios of normally polarized phases
[30,32], that is, without pairing formation. In studies that
employed unbiased methods like ours for W = 2 ladders [35],
such regimes have been ruled out but deserve future investi-
gation with wider ladders.

IV. SUMMARY

We studied the quasi-1D limit of the dimensional crossover
of a polarized Fermi gas. By simulating the attractive-U
Hubbard model on wide ladders encompassing up to W =5
legs, we traced the evolution with W of the grand-canonical
phase diagram, which features BCS-like and FFLO-like
states. Our simulations complement earlier mean-field-based
investigations of the dimensional crossover, where the un-
controllable nature of the mean-field approximation leads to
artifacts at strong coupling for quasi-1D systems. We showed
that the qualitative difference in the shell structure of a gas in
an external potential, observed in experiments with ultracold
gases, is a robust feature that differentiates a strict 1D limit
and higher dimensions, including quasi-1D systems. Our sim-
ulations indicate that the stability region of the FFLO phase
in the quasi-1D regime shrinks with increasing ladder width
away from the strict 1D case.
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APPENDIX A: EXTRACTING PHASE BOUNDARIES
IN ED AND DMRG DATA

In the main text, we argue that an analysis of the energetics
of different filling sectors of the Hamiltonian can indicate the
different phases on the p-h plane. Here we present this analy-
sis in an expanded level of detail. In the canonical ensemble,
the ground-state energies Eq(N4, N} ) in Eq. (1) are character-
ized by the numbers of spin-up and spin-down fermions, N;,
and N . Considering the case where Ny > N, the following
ground states are of interest:

(i) For VN, =N, =0.

(ii) For EQ, Ny = N,. At T = 0 this phase supports the
BCS ordering.

(iii) For the PP phase, Ny > N, > 0. This phase is the
FFLO candidate.

(iv) For the FP phase, Ny > 0, and N, = 0.

For a lattice model, we further distinguish whether the
majority-spin band is filled (Ny = L x W; we call this the FP,
phase) or not (i.e., Ny < L x W; we call this the FP; phase).
Changing the variables from the canonical to grand-canonical
ensemble, we introduce the effective magnetic field 4 and the
chemical potential u via

< dEy ) ( dEy )
w=\—1), h=\—) >
oN Jp oP )y
where N = N; + N is the total particle number and P =
N, — N, is the polarization.

The phase boundaries are found by approximating the
derivatives (A1) with finite differences:

(1) The boundary between EQ and PP is
_ Eo(Ny +1,N, £1) — Eo(Ny, Ny)
= 3 ,
where on the right-hand side the plus sign gives p and the
minus sign gives 4. Note that the phase boundary corresponds
to Ny = N in Eq. (A2).

(i1) Likewise, the PP-FP; boundary is given by

Eo(Ny £1,1) — Ex(Ny, 0)

(AL)

M, h

(A2)

h A3
JZ o (A3)
(iii) The boundary between EQ and V is
Eo(1, 1)
= —. A4
> (A4)

(iv) The boundary between V and FP;

w=—h+ Eyl,0). (A5)
(v) The boundary between FP; and FP; is

w = —h—Ey(1,0). (A6)

From the ED or DMRG data, we construct the grand-
canonical phase diagrams using Eqs. (A2)-(A6) (where the
phase boundaries are parameterized by N;). For the strictly
1D model (W = 1), our results are consistent with previous
Bethe-ansatz results [21] and DMRG simulations [26]. For
W =2 and W =3 our results agree with previous DMRG
simulations [35,36].

FIG. 5. Like in the main text, the ground phase diagrams of the
model (1) with U = —7 on a 16-site cluster with aspect ratios [, x I,:
(a) 16 x 1 and (b) 4 x 4. Phases are labeled similarly to Fig. 1. Solid
markers give the loci of the EQ-PP transition, according to Eq. (A2);
open markers show the PP-FP; phase transition [Eq. (A3)]. The lat-
ter display substantially large oscillations stemming from finite-size
effects. Dotted lines give the EQ-V transition; dashed lines show
the V-FP, transition, and dash-dotted ones illustrate the FP;-FP,
transition for the corresponding system sizes. Colors that map the
ground state according to the different phases when inspecting all
(N, N,) sectors of the Hamiltonian are overlaid.

APPENDIX B: ED RESULTS AND COMPARISON
TO GLOBAL MINIMIZATION

We benchmark our exploration in the main text by using
the ED method in small clusters. In particular, we contrast
one- and two-dimensional geometries with the same number
of sites (16-site clusters), observing how the dimensional-
ity affects the u-h phase diagram. While a characterization
via finite differences is sufficient to reliably extract the
phase boundaries, as shown in the main text and further de-
scribed in Appendix A, the small number of sites that can
be tackled within this technique causes this procedure to
yield only a rough location of the limits between different
phases.

This is exemplified in Fig. 5 for the two aforementioned
cluster shapes. An overall similar structure of the phase dia-
gram is seen for the DMRG results for W = 4 ladders (Fig. 1),
but the large oscillations on the phase boundaries given by the
markers here attest to the large finite-size effects in such lattice
sizes. Because all different sectors (Ny, N ) are readily avail-
able in this method, we can also draw the different boundaries
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by direct comparison of the total ground-state energy:
Eo(, h) = min [Eq(Ny,N}) — u(Ny +Ny)
{Ny.N}

—h(Ny = Ny)l, (BI)

where direct inspection of Ey can be used to classify to
which phase a given point (u, #) the ground state belongs. By
mapping the corresponding five phases (see the main text) to
different colors, we can then describe a refined phase diagram
in Fig. 5, which follows in tandem with the description of the
finite-difference estimation used in the main text. While also
possible with the DMRG method, such an exploration does
not give a much better boundary between the phases because
the finite-size effects are smaller in the larger cluster sizes we

can tackle. Therefore, the finite-difference scheme suffices for
drawing the phase diagram there.

Finally, we emphasize that the finite-difference proce-
dure described in Appendix A is numerically friendlier
than the one given by Eq. (Bl) since only a limited set
of ground-state energy computations is sufficient to ob-
tain the phase boundaries. That is, other than the trivial
cases, Eyg(1, 1) and Ey(1,0) (giving the EQ-V, V-FP, and
FP;-FP, boundaries), the remaining boundaries require
Eo(Ny + 1, Ny £ 1) and Eo(Ny, Ny) (EQ-PP) and Eg(N; £
1, 1) and Eo(Ny, 0) (for the PP-FP; transition). Thus, with a
limited number of runs, we can satisfactorily build the grand-
canonical phase diagram of the model shown in Fig. 1, for
example.
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