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Above-threshold detachment by strong ultrashort two-component laser pulses
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Detachment of electrons from negative ions by the ultrashort few-cycle laser pulses in the near-infrared
spectral region is investigated using a theory based on the strong-field approximation. The differential detach-
ment probability is computed by the numerical integration or by using the saddle-point method. The symmetry
properties of the photoelectron momentum distribution are analyzed for the elliptically polarized as well as for
the bi-elliptical driving field with the sine-square pulse envelope and compared with those obtained using a
long pulse with a flat envelope. We show that the differential detachment probability depends, to a significant
extent, on the polarization state of the driving light. For the direct electrons, i.e., the electrons which, after the
detachment, do not interact with the parent atom, this is not the case if the process is induced by a long pulse with
a flat envelope. In addition to the polarization state, the photoelectron momentum distribution also depends on
the value of the absolute phase. We show that the qualitative and quantitative characteristics of the momentum
distribution can accurately be controlled using this parameter as a control knob. This control is particularly
successful in the regions where the rescattered electrons are dominant due to the fact that they stay longer in the
applied laser field.
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I. INTRODUCTION

Strong-field laser-matter interaction has attracted signifi-
cant attention for more than 30 years. In particular, prominent
processes include above-threshold detachment (ATD), where
the atomic or molecular anion is ionized by a strong laser
field, and a similar process called above-threshold ionization
(ATI), where a neutral atom or molecule is ionized. In both
cases, the liberated electron can go directly to the detector
(these are the so-called direct electrons), or it can experience
additional interaction with the parent system, thus gaining a
much higher energy (the so-called rescattered electrons). In
the later case, these processes are denoted as high-order ATD
(HATD) and high-order ATI (HATI). Besides the rescattering,
it is also possible for the freed electron to recombine with the
parent system, emitting the excess energy in the form of a
high-energy photon. This scenario corresponds to the process
called high-order harmonic generation (HHG) (for reviews
about strong-field processes see Refs. [1–9]).

Advances in laser technology have made it possible to gen-
erate the ultrashort (also called few-cycle) pulses in visible,
near-infrared, or midinfrared region, with a duration of only a
few femtoseconds [10,11]. The intensity of the corresponding
electric field is close to the intensity of the binding field
of the atom or molecule, thus allowing one to explore the
atomic or molecular system with excellent resolution [12].
Furthermore, the attosecond resolution can be achieved with
the help of the attosecond pulses produced by an in-phase
mode-locked group of subsequent high harmonics for various
parts of the electromagnetic spectrum [13–16]. Additionally,
the light obtained via the HHG process can be employed to
access information about the structure of the system in ques-
tion [17–19]. Besides the intensity and wavelength, few-cycle

pulses are also characterized by the carrier-envelope phase
which is sometimes called the absolute phase. This phase
represents the phase difference between the maximum of
the pulse envelope and the nearest maximum of the carrier
wave. The influence of the absolute phase on the HHG spectra
was noticed theoretically in [20]. Furthermore, using a few-
cycle laser with nonstabilized absolute phase, it was shown
experimentally that this parameter affects the photoionization
[21]. The corresponding theoretical simulation was performed
in [22]. The characteristics of the HATI and HATD processes
are influenced to a great extent by this parameter, which is par-
ticularly pronounced in the high-energy part of the spectrum.
There, the rescattered electrons, which stay much longer in
the applied field, are dominant. The strong dependence of the
rescattered electrons on the absolute phase was recognized in
[23] where the asymmetry between the left- and right-emitted
electrons was predicted theoretically. The experimental anal-
ysis of this asymmetry was presented in [24] using few-cycle
pulses with the stabilized absolute phase (the stability of the
absolute phase was achieved in [25]). The ATI experiments
designed to measure the influence of the absolute phase on the
photoelectron spectra are called the stereo-ATI experiments.

In recent years, bichromatic fields have attracted particular
attention. In this case, the applied field consists of the two
components with the same or a different envelope. For ex-
ample, using two circularly polarized pulses with the same
envelope and nonzero time delay, electron vortices can be
successfully analyzed [26–31]. The electron vortices obtained
in photodetachment of the H− ion by one or two co or coun-
terrotating circularly polarized ultrashort laser pulses were
analyzed in [32,33] using the theory based on the strong-
field approximation (SFA) or by solving the time-dependent
Schrödinger equation numerically. Moreover, the positive ions
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were also analyzed using the two-color few-cycle fields. For
example, the ionization of He+ was explored in [34], while
in [35] the H2

+ ion was investigated. The difference be-
tween the photoelectron energy spectra obtained with co and
counterrotating bicircular field with a week second harmonic
component was investigated using a semiclassical model in
[36], while in [37] ATD was explored using the low-frequency
approximation. Additionally, in [38], the elliptic dichroism
of neutral atoms exposed to a bicircular field was analyzed
through the interference of the possible ionization pathways.
In the end, we mention that, in addition to ionization and
rescattering, the bichromatic few-cycle pulses were also em-
ployed to explore the HHG process [39,40].

In this paper, we scrutinize HATD by the monochromatic
and bichromatic elliptically polarized few-cycle pulses using
the theory based on the SFA [9]. This approach assumes that
the motion of the liberated electron is only governed by the
applied field until eventual rescattering. For the HATI process,
this means that the Coulomb interaction with the residual ion
is neglected, thus leading to a disagreement of the SFA and the
exact models in the low-energy part of the spectrum. However,
in the HATD process, the residual system is a neutral atom so
that the Coulomb effects are absent and an excellent agree-
ment with the experiments is achieved [41]. A similar theory
was employed to discuss HATD induced by a long pulse with
a flat envelope for both atomic and molecular ions [42,43],
while an improved version of the SFA theory and the the-
ory based on the solution of the time-dependent Schrödinger
equation were utilized in [44]. In the present contribution, we
calculate the probability amplitude by the numerical integra-
tion or by using the saddle-point (SP) method. The main goal
is to investigate how the photoelectron spectra depend on the
helicity of the driving field and on the value of the absolute
phase. Moreover, we explore the symmetry properties of the
obtained momentum distributions and compare them with
those obtained using a long pulse with a flat envelope. The rest
of the paper is organized as follows. Section II briefly presents
the SFA theory for calculating probability amplitude and gives
a short description of the SP method. Additionally, the driving
pulse is defined. In Sec. III numerical results obtained for
the F− ion are presented for single-color and bichromatic
elliptically polarized pulses. Finally, our main conclusions
and discussions are stated in Sec. IV. Atomic units are used
throughout the paper.

II. THEORETICAL BACKGROUND

A. Differential detachment probability

In the framework of the SFA theory, the differential detach-
ment probability for the transition from the ground state ψ0 to
the state with the asymptotic momentum p (the photoelectron
energy is Ep = p2/2) is Wp = p|Mp|2, p = |p|, with the prob-
ability amplitude Mp = M (0)

p + M (1)
p , where [3]

M (0)
p = −i

∫ τp

0
dt0〈p̃ + A(t0)|r · E(t0)|ψ0〉eiS(p̃,t0 ), (1)

M (1)
p =

∫ τp

0
dteiS(p̃,t )

∫ t

0
dt0

[
2π

i(t − t0)

]3/2

〈p̃|V |kst〉

× e−iS(kst;t,t0 )〈kst + A(t0)|r · E(t0)|ψ0〉, (2)

are the contributions of the direct and rescattered electrons, re-
spectively. Here p̃ ≡ p − A(τp), kst ≡ − ∫ t

t0
dt ′A(t ′)/(t − t0)

is the stationary momentum, A(t ) is the vector potential of the
applied field E(t ), τp is the total pulse duration, and t0 and t are
the ionization and rescattering times, respectively. Moreover,
S(p̃, t0) = Ipt0 + ∫ t0 dt ′[p̃ + A(t ′)]2/2 is the action of the di-
rect electrons, while S(kst; t, t0) = ∫ t

t0
dt ′{[kst + A(t ′)]2/2 +

Ip} is the action of the rescattered electrons and Ip is the
electron affinity.

The ground-state wave function ψ0 is represented as a
linear combination of the Slater-type orbitals

ψlm(r) =
∑

a

Ca
(2ζa)na+1/2

√
(2na)!

rna−1e−ζarYlm(�), (3)

where Ylm(�) are the normalized spherical harmonics in com-
plex form. In this paper we use the F− ion as an example.
The ground state is modeled using four 2p orbitals (na = 2,
l = 1, m = 0,±1) and the coefficients Ca and ζa are tab-
ulated in [45]. For this ion, the rescattering potential can
be represented by a sum of two Yukawa potentials V (r) =
(−a1e−b1r − a2e−b2r )/r with the coefficients given in [44,46].
The corresponding matrix element for a single Yukawa poten-
tial is 〈

p̃

∣∣∣∣a e−br

r

∣∣∣∣kst

〉
= a

2π2[(p̃ − kst )2 + b2]
. (4)

The integral which appears in the amplitude M (0)
p can be

calculated either numerically or by using the SP method.
In the later case, the stationarity condition ∂S(p̃, t0)/∂t0 = 0
leads to the SP equation [3]

[p̃ + A(t0s)]2 = −2Ip, (5)

where the solutions t0s satisfy 0 < Re t0s < τp and Im t0s > 0.
The direct amplitude M (0)

p can be represented as a sum of the
contributions of different SP solutions

M (0)
p ≈ −i

∑
s

√
2π i

S′′
s

〈p̃ + A(t0s)|r · E(t0s)|ψ0〉eiS(p̃,t0s ), (6)

where S′′
s = ∂2S(p̃, t0)/∂t2

0 |t0s = −E(t0s) · [p̃ + A(t0s)]. When
the SP method is employed to calculate the probability am-
plitude, the ground state is usually represented using the
asymptotic wave functions

ψ0 = ψlm(r) = (A/r)e−κrYlm(�), (7)

where κ = √
2Ip and the coefficient A can be found in [47]

(see also Appendix B in [48]). A similar approach can be
applied to calculate the rescattering probability amplitude.
The corresponding SP equations and the expression for M (1)

p
can be found in [3].

B. Electric field

In this paper we use the laser field E(t ) = E1(t ) + E2(t ),
where

E1(t ) = E1 f (t )[cos(rωt + ϕ1)êx + ε1 sin(rωt + ϕ1)êy],

E2(t ) = E2 f (t )[cos(sωt + ϕ2)êy + ε2 sin(sωt + ϕ2)êx], (8)
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ω = 2π/T is the fundamental frequency, T is the laser-field

period, r and s are integers, E j = Ej/
√

1 + ε2
j , and Ej , ϕ j , and

ε j , j = 1, 2, are the amplitudes, absolute phases, and elliptici-
ties of the field components, respectively. The real unit vectors
êx and êy define the pulse polarization plane. We choose the
sine-square pulse envelope, i.e., f (t ) = sin2(ωpt/2), ωp =
ω/np, where np is the integer number of optical cycles in
the pulse so that the pulse length is τp = npT . The vector
potential, which corresponds to the field E(t ), can be written
as A(t ) = A1(t ) + A2(t ), where

A1(t ) =
3∑

i=1

Ai[ε1 cos(ωit + ϕ1)êy − sin(ωit + ϕ1)êx],

A2(t ) =
6∑

i=4

Ai[ε2 cos(ωit + ϕ2)êx − sin(ωit + ϕ2)êy], (9)

A1 = E1/(2ω1), A4 = E2/(2ω4), Ai = −E1/(4ωi ), i = 2, 3,
A j = −E2/(4ω j ), j = 5, 6, and ω1 = rω, ω2 = rω + ωp,
ω3 = rω − ωp, ω4 = sω, ω5 = sω + ωp, ω6 = sω − ωp. To
quantify the difference between the spectra obtained using the
pulses with the component ellipticities ε j and −ε j , j = 1, 2,
we use the elliptic-dichroism parameter [49]

δp(ε1, ε2) = Wp(ε1, ε2) − Wp(−ε1,−ε2)

Wp(ε1, ε2) + Wp(−ε1,−ε2)
, (10)

which represents the normalized difference between the dif-
ferential detachment probability calculated with ε j and −ε j ,
j = 1, 2, respectively. If ε1 = ε2 = ε, we denote δp(ε1, ε2) ≡
δp(ε).

III. NUMERICAL RESULTS

We present our numerical results using the example of the
F− ion exposed to various two-component fields. The electron
affinity of the F− ion is Ip = 3.4 eV. For this target, due
to the short range of the binding potential, the detachment
process can be reliably described using the SFA. This is not
the case for neutral targets for which the long-range Coulomb
interaction of the parent positive ion and the electron strongly
affects the low-energy part of the spectrum. We define the
emission direction of the photoelectrons by the emission angle
θe, which is the angle between the final photoelectron momen-
tum and the positive px axis. Pulse duration τ is defined by
the full width at half maximum (FWHM) of the intensity. In
our case it is τ = 0.36406τp [3]. In all examples, we use the
few-cycle pulse with the sine-square envelope, np = 4, and
λ = 2000 nm. This corresponds to a pulse with the duration
τ = 9.71 fs. The energy of the photon of the fundamental
component of the pulse is 0.62 eV, i.e., it is more than five
times smaller than the electron affinity of the F− ion.

A. Elliptically polarized field

First, we explore the case of an elliptically polarized
few-cycle pulse, i.e., E(t ) = E1(t ). In Fig. 1 we present
the logarithm of the differential detachment probability in
the pulse polarization plane for the F− ion exposed to the
four-cycle elliptically polarized field with the intensity I =
E2

1 = 1.5 × 1013 W/cm2, the wavelength of 2000 nm, and the

FIG. 1. Logarithm of the differential detachment probability in
the pulse polarization plane for the F− ion exposed to the four-
cycle elliptically polarized field with the intensity I = E 2

1 = 1.5 ×
1013 W/cm2, the wavelength of 2000 nm, and the ellipticity ε =
ε1 = 0.2. The absolute phase is ϕ1 = 0◦. Both the direct and rescat-
tered electrons are taken into consideration.

ellipticity ε = ε1 = 0.2. The absolute phase is ϕ1 = 0◦. The
symmetry properties of the photoelectron momentum distri-
bution are closely related to the symmetry properties of the
applied field and the corresponding vector potential [50]. In
particular, the vector potential can exhibit various rotational
symmetries which preserve the direction of the time evolution,
as well as the reflection symmetries for which the time evolu-
tion is reversed. As a consequence, the first type of symmetry
property is directly imprinted onto the momentum distribu-
tion, while the second type is mapped only onto the part of the
spectrum which corresponds to the direct electrons. For a long
elliptically polarized pulse with a flat envelope, the electric
field and the corresponding vector potential are invariant with
respect to the rotation by the angle π around the axis which is
perpendicular to the pulse polarization plane, so that the mo-
mentum distribution possesses the same symmetry. In our case
of an ultrashort elliptically polarized pulse, this symmetry is
broken. This can easily be checked by performing the time
translation t → t + τp/2 and calculating E1(t + τp/2) which
differs from E1(t ) by more than a sign. As a consequence,
the applied field, the corresponding vector potential, and the
differential detachment probability are not invariant with re-
spect to the rotation by the angle π around the pz axis, and the
asymmetry between the left and right lobes in Fig. 1 is well
pronounced.

Let us now investigate what happens with the differential
detachment probability when the ellipticity of the driving field
changes the sign. In Fig. 2 we present the elliptic-dichroism
parameter, Eq. (4), which corresponds to the photoelectron
momentum distributions of the F− ion exposed to the laser
field with the ellipticity ε = ±0.2 and the other parameters the
same as in Fig. 1. The spectrum shown in Fig. 1 is obtained for
the field ellipticity ε = 0.2, while the spectrum for ε = −0.2
is obtained from the one shown in Fig. 1 by the reflection with
respect to the px axis. The elliptic-dichroism parameter is not
zero because the spectrum itself does not exhibit the reflection
symmetry with respect to the px axis. At the center of the
pulse polarization plane, the contribution of the direct elec-
trons is dominant, while the lobe structures correspond to the
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FIG. 2. The elliptic-dichroism parameter for the F− ion exposed
to the field with the ellipticity ε = ±0.2 and other parameters the
same as in Fig. 1. Both the direct and rescattered electrons are taken
into consideration.

rescattered electrons. For a given direction of the photo-
electron emission, the elliptic-dichroism parameter for the
rescattered electrons as a function of the photoelectron en-
ergy exhibits rapid oscillations between the extremal values
δp(ε) = ±1. This is particularly pronounced in the region
px > 0 where the length of the rescattering plateau is longer.
The electrons with the highest energy can appear for different
values of the photoelectron momentum components, depend-
ing on the value of the absolute phase ϕ1. Additionally, it is
important to remind ourselves that the differential detachment
probability of the rescattered electrons decreases significantly
with the increase of the ellipticity of the applied field so that
much larger values of the field ellipticity are not interesting.

The direct electrons deserve particular attention. For a long
pulse with a flat envelope, the time inversion t → −t leads
to the reflection of the vector potential with respect to the
y axis, which, together with the earlier discussed rotational
symmetry, induces the four-fold symmetry of the momen-
tum distribution. Additionally, the change of the sign of the
applied-field ellipticity induces the reflection of the vector
potential with respect to the x axis without affecting the
spectra. As the result, the elliptic-dichroism parameter is zero
(see Fig. 3 in [49]). This means that the direct electrons, for
which the differential detachment probability is much higher
than that of the rescattered electrons, are not sensitive to the
helicity of the driving field. The situation is substantially dif-
ferent if an ultrashort pulse is employed as a driving field. In

Fig. 3 we present the logarithm of the differential detachment
probability of the direct electrons for the F− ion exposed to
an elliptically polarized field with the ellipticity ε = 0.2 (left
panel) and ε = −0.2 (middle panel). For a long driving pulse
with a flat envelope, the switch of the helicity of the driving
field leads to the reflection py → −py. However, for an ultra-
short pulse, this transformation changes the spectrum, i.e., the
momentum distributions obtained for ε = 0.2 and ε = −0.2
are not the same (cf. the left and middle panels of Fig. 3). The
difference between these two distributions is quantified using
the elliptic-dichroism parameter (see the right panel of Fig. 3).
On average, in the region py > 0, the detachment probability
for positive helicity of the field is smaller than the one for
the negative helicity, thus leading to the negative values of
the elliptic-dichroism parameter. The situation is opposite for
py < 0. These conclusions strongly depend on the value of
the absolute phase ϕ1. For an ultrashort driving pulse, the
photoelectron momentum distribution can exhibit a smooth
or an oscillatory behavior as a function of the photoelectron
energy and the emission angle. For example, the momentum
distribution shown in the left panel of Fig. 3 is oscillatory
for py > 0, while it is relatively smooth in the region py < 0.
Combining this with the fact that the change of the helicity
of the driving field leads to the transformation py → −py

implies the nonzero value of the elliptic-dichroism parameter.
The region with an oscillatory differential detachment prob-
ability is determined by the value of the absolute phase ϕ1.
In particular, for ε > 0 and ϕ1 = 0◦, the oscillatory character
is most pronounced for the emission angle θe = 90◦, while
for an arbitrary value of the absolute phase ϕ1, it is most pro-
nounced for the emission angle θe = ϕ1 + 90◦. In other words,
the region with oscillatory differential detachment probability
rotates by the angle ϕ1 in the counterclockwise direction.
For the negative driving-field ellipticity, this rotation is in
the clockwise direction. As a result, the elliptic-dichroism
parameter is, on average, δp(ε) < 0 for py > 0 and δp(ε) > 0
for py < 0 for the absolute phase ϕ1 ∈ (−π/2, π/2), it is
exactly zero for ϕ1 = ±π/2, and, on average, δp(ε) > 0 for
py > 0 and δp(ε) < 0 for py < 0 for the absolute phase ϕ1 ∈
(π/2, 3π/2). An accurate measurement of the absolute phase
is important for various experimental setups. Consequently,
many methods of the measuring of this parameter have been
developed. For example, the absolute phase can be determined
by attosecond streaking [51,52] and by analyzing the velocity
map images of ATI from noble gases [53]. Also, by com-
bining the single-shot absolute phase tagging technique with

FIG. 3. Logarithm of the differential detachment probability of the direct electrons in the pulse polarization plane for the F− ion exposed
to the elliptically polarized field with ellipticity ε = 0.2 (left panel) and ε = −0.2 (middle panel), together with the corresponding elliptic-
dichroism parameter (right panel). Other field parameters are the same as in Fig. 1.
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FIG. 4. Saddle-point solutions for the ATD electrons emitted in
the direction θe = 70◦, induced by the same laser field as in Fig. 1,
for the absolute phases ϕ1 = 0◦ (black solid lines) and ϕ1 = 45◦ (red
dashed lines). The inset shows the solutions which lead to the most
significant contributions to the differential detachment probability.

cold-target recoil-ion momentum spectroscopy and velocity-
map imaging, it is possible to investigate and control the
absolute-phase-dependent processes with attosecond resolu-
tion [54]. The fact that the elliptic-dichroism parameter is zero
only for a limited number of values of the absolute phase can
be used as a method for measuring this phase. In particular,
the zero value of the elliptic-dichroism parameter indicates
that the absolute phase is ϕ1 = ±π/2.

The effect of the absolute phase on the photoelectron mo-
mentum distribution and the elliptic-dichroism parameter can
also be investigated using the SP method. In Fig. 4 we present
the solutions of the SP equation (5), i.e., the ionization time in
the complex plane, for the F− ion exposed to the same field as
in Fig. 1 for two values of the absolute phase: ϕ1 = 0◦ (black
solid lines) and ϕ1 = 45◦ (red dashed lines). The emission
angle is θe = 70◦, while the photoelectron energy changes
from 0 a.u. to 0.83 a.u. along the curves. For an elliptically
polarized ultrashort pulse, there are 2(np + 1) SP solutions in
the upper half of the complex plane [55]. These solutions are
denoted by the integer number η which increases with the in-
crease of the real part of the ionization time. Keeping in mind
that the increase of the imaginary part of the ionization time
causes the exponential decrease of the differential detachment
probability, we conclude that the solutions with dominant
contributions are η = 4 and η = 6, while the solution η = 5
contributes significantly only in the low-energy region. In
Fig. 5 we present the partial contributions to the differential
detachment probability for the SP solutions from Fig. 4 for
the absolute phase ϕ1 = 0◦ (upper panel) and ϕ1 = 45◦ (lower
panel). The solutions η = 4 and η = 6 dominantly determine
the spectra in both cases. However, for the absolute phase
ϕ1 = 0◦ these two contributions are comparable, which causes
rapid oscillations of the differential detachment probability
as a function of the photoelectron energy. In other words,
these two contributions interfere and, depending on the pho-
toelectron energy, this interference can be either constructive
or destructive. On the other hand, for the absolute phase

FIG. 5. Partial contributions to the differential detachment prob-
ability for the SP solutions from Fig. 4, together with the total
differential detachment probability (black solid line). The dominant
partial contributions of the SP solutions to the differential detachment
probability are shown by the blue dashed, green double-dash-dotted,
and red dash-dotted lines, while the contributions which can be
neglected are denoted by the orange, maroon, violet, and magenta
dotted lines.

ϕ1 = 45◦ the contribution of the solution η = 6 is more sig-
nificant than the contribution of the solution η = 4, so that the
oscillations due to the interference of these contributions are
less pronounced. Consequently, the spectrum is much more
smooth than for the absolute phase ϕ1 = 0◦. This behavior
can be understood if we look back to the complex solutions
for the ionization time. In particular, the inset of Fig. 4 shows
the solutions η = 4 and η = 6 for both values of the absolute
phase ϕ1. The change of the absolute phase from ϕ1 = 0◦
to ϕ1 = 45◦ slightly increases (decreases) the imaginary part
of the ionization time for the solution η = 4 (η = 6). As a
result, the difference between the partial contributions with
η = 4 and η = 6 is more pronounced for the value of the abso-
lute phase ϕ1 = 45◦ than for ϕ1 = 0◦. An analogous analysis
can be done for other values of the absolute phase and the
emission angle. In conclusion, although the direct electrons
spend only a short time under the influence of the driving
field, the change of the absolute phase can still significantly
alter the differential detachment probability thus changing the
response of the system to the change of the helicity of the
driving field.

Finally, we investigate how the ellipticity of the driving
field affects the elliptic-dichroism parameter. As the ellipticity
of the driving field increases, the imaginary part of the ion-
ization time for the solutions η = 1, 3, 5, 7, 9 also increases,
thus leading to an exponential decrease of the differential
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FIG. 6. Logarithm of the differential detachment probability for
the F− ion exposed to the circularly polarized field with ε = 1 (black
solid line) and ε = −1 (red solid line), together with the partial
contributions of different SP solutions (dashed lines). The emission
angle is θe = 70◦ and the absolute phase is ϕ1 = 0◦, while other field
parameters are the same as in Fig. 1.

detachment probability. Specifically, for the ellipticity larger
than some critical value the number of SP solutions is ef-
fectively halved. In the limit of a circularly polarized driving
pulse, there are only np + 1 (in our case five) solutions of the
SP equation [55]. For the absolute phase ϕ1 = 0◦ and the el-
lipticity ε > 0.2, the conclusions about the elliptic-dichroism
parameter are similar to those related to the results shown in
Fig. 3. However, for a large driving-field ellipticity (ε > 0.55)
and py > 0, the elliptic-dichroism parameter is positive in
the low-energy region of the spectrum for a wide range of
the values of the emission angle θe. This behavior becomes
more pronounced as we approach to a circularly polarized
field. In Fig. 6 we compare the photoelectron energy spectra
obtained using the circularly polarized field with ε = 1 (black
solid line) and ε = −1 (red solid line). The corresponding
SP partial contributions are presented by the blue dashed and
green dashed lines, respectively. For the driving-field elliptic-
ity ε = 1, the spectrum is determined by two SP solutions,
while for the case with ε = −1, the spectrum is determined
by only one SP solution for Ep > 0.15 a.u., while the other
two solutions also contribute significantly for Ep < 0.15 a.u.
Clearly, for Ep < 0.25 a.u., the differential detachment prob-
ability is higher for ε = 1 than for ε = −1 for most values of
the photoelectron energy, thus leading to the overall positive
elliptic-dichroism parameter. Still, due to the oscillatory char-
acter of both spectra, this is not true for all but for most values
of the photoelectron energy Ep < 0.25 a.u. On the other hand,
for Ep > 0.25 a.u. the differential detachment probability is
higher for ε = −1 than for ε = 1 (these conclusions are the
same as for the driving field with ε = ±0.2).

B. Bi-elliptical field

After analyzing the elliptically polarized driving field, we
now turn our attention to the more complex case of a bi-
elliptical field, i.e., to the field E(t ) = E1(t ) + E2(t ), with

the components given by Eqs. (8). This field becomes an
orthogonally polarized two-color (OTC) field for ε1 = ε2 = 0,
while the case ε1 = ε2 = 1 corresponds to a counterrotating
bicircular field [56]. As an example, we consider the F−
ion exposed to the ω–2ω bi-elliptical field with the compo-
nent intensity I = E2

1 = E2
2 = 8 × 1012 W/cm2, fundamental

wavelength of 2000 nm, absolute phases ϕ1 = 0◦ and ϕ2 =
90◦, and equal ellipticity ε = ε1 = ε2 of both components.

In Fig. 7 we present the logarithm of the differential detach-
ment probability of the F− ion in the ω–2ω bi-elliptical field
with the ellipticities ε = 0.4 (left panel) and ε = −0.4 (mid-
dle panel), together with the corresponding elliptic-dichroism
parameter (right panel). A careful comparison of the spectra
obtained for ε = ±0.4 reveals quantitative differences. For
example, for the emission angle around θe = 90◦ the spectrum
obtained with ε = −0.4 is slightly longer than the spectrum
obtained with ε = 0.4. Similar conclusions hold for the emis-
sion in the direction around θe = −45◦. Contrary to the case
of an elliptically polarized field, the spectra obtained by a bi-
elliptical field with ε = ±0.4 are not related by any reflection
symmetry. The difference between these spectra is quantified
by the elliptic-dichroism parameter (see the right panel of
Fig. 7). This parameter reveals that the most pronounced
difference between the two spectra appears near the cutoff
for the emission angle 45◦ < θe < 180◦, where the differential
detachment probability is much larger for ε = −0.4. Besides
this region, there are many other regions with the elliptic-
dichroism parameter close to ±1.

At this place, it is illustrative to compare the symmetry
properties of our photoelectron momentum distributions with
those of the distributions obtained using a long pulse with
a flat envelope. As we mentioned in Sec. III A, the sym-
metry properties inherent to the HATD spectra are related
to the symmetry properties of the driving field. For a long
pulse with a flat envelope, the transformation t → t + T/2
changes the electric field (8) as E1(t + T/2) = (−1)rE1(t )
and E2(t + T/2) = (−1)sE2(t ) with the similar transforma-
tion law for the vector potential [49,50]. More precisely, our
field E(t ) becomes the field employed in [49] when f (t ) = 1
and ϕ1 = ϕ2 = −π/2. In this case, for both the ATD and
HATD electrons, the change of the sign of the component
ellipticities leads to the reflection with respect to the py axis,
i.e., the photoelectron momentum distribution obtained using
the field with the component ellipticities ε1, ε2 is a mirror
image of the photoelectron momentum distribution obtained
with the ellipticities −ε1,−ε2 (see Figs. 2 and 8 in [49]).
The situation is different for the few-cycle pulse elaborated in
the present paper. In particular, the change of the sign of the
component ellipticities does not lead to a simple transforma-
tion of the applied field. For a few-cycle bi-elliptical driving
pulse the photoelectron momentum distribution is changed
quantitatively by changing the sign of the component elliptic-
ities (cf. the left and middle panels of Fig. 7). In conclusion,
for an ultrashort driving pulse, the nonzero elliptic-dichroism
parameter is a consequence of the lack of the rotational and
reflection symmetries of the driving pulse and the correspond-
ing vector potential. In addition, the shape of the momentum
distribution depends on the values of the absolute phases.

A particularly interesting example is a bicircular field
employed as a driving field. In Fig. 8 we display the
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FIG. 7. Logarithm of the differential detachment probability in the pulse polarization plane for the F− ion exposed to the ω–2ω bi-elliptical
field with the ellipticity ε = 0.4 (left panel) and ε = −0.4 (middle panel), together with the corresponding elliptic-dichroism parameter (right
panel). The intensity of both field components is I = E 2

1 = E 2
2 = 8 × 1012 W/cm2, while the fundamental wavelength is 2000 nm and the

absolute phases are ϕ1 = 0◦ and ϕ2 = 90◦.

photoelectron momentum distribution for the F− ion ionized
by the ω–2ω bicircular field with the same parameters as in
Fig. 7. A three-lobe structure typical for this field is clearly
visible. However, contrary to the situation in which a long
pulse with a flat envelope is used as a driving field, our
spectrum does not obey the rotational symmetry with respect
to the rotation by the angle 2π j/3 with integer j. This can
easily be confirmed by a careful comparison of the lobes in
Fig. 8. For example, the position of the cutoff is the lowest for
the lobe centered around the direction θe = 90◦, while it is the
highest for the lobe centered around θe = −30◦. Furthermore,
in the first case, the differential detachment probability has an
oscillatory character as a function of the photoelectron energy,
while in the second case the oscillations of the differential de-
tachment probability as a function of the photoelectron energy
are less pronounced. Additionally, the quantitative difference
of the differential detachment probability for different lobes,

FIG. 8. Logarithm of the differential detachment probability in
the pulse polarization plane for the F− ion exposed to the bicircular
field (ε1 = ε2 = 1) with other parameters the same as in Fig. 7. Both
the direct and rescattered electrons are taken into consideration.

as well as the position of the cutoff, depend on the values of
the absolute phases ϕ1 and ϕ2. Moreover, the change of the
absolute phase ϕ2 with the fixed phase ϕ1 leads to the rotation
of the lobes by the angle −ϕ2/3, simultaneously changing
the differential detachment probability and the length of the
rescattering plateau. As the length of the pulse increases,
the difference of the differential detachment probability and
the position of the cutoff for the three above-mentioned lobes
become less pronounced. Finally, it is important to stress
that the quantitative discussions about the elliptic-dichroism
parameter are derived for fixed values of the absolute phases
ϕ1 and ϕ2.

Similarly as in the case of an elliptically polarized field,
the ATD electrons deserve particular attention. In Fig. 9 we
present the results for direct detachment of electrons from the

FIG. 9. Logarithm of the differential detachment probability of
the direct electrons in the pulse polarization plane for the F− ion
exposed to the ω–2ω bi-elliptical field with the component inten-
sity I = E 2

1 = E 2
2 = 8 × 1012 W/cm2, fundamental wavelength of

2000 nm, and absolute phases ϕ1 = 0◦ and ϕ2 = 90◦. The ellipticity
of the field components is the same and is indicated above the panels.
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FIG. 10. Elliptic-dichroism parameter which corresponds to the
spectra shown in Fig. 9. The ellipticity of the field components is the
same and is indicated above the panels.

F− ion by an ω–2ω bi-elliptical pulse. As we noticed while
analyzing the elliptically polarized field, the ATD momentum
distribution is closely related to the symmetry properties of the
vector potential [Eq. (9)]. In particular, for the chosen values
of the absolute phases, the time inversion t → −t transforms
the vector potential as Ax → −Ax and Ay → Ay. As a result,
the spectra are invariant with respect to the reflection px →
−px regardless of the ellipticity of the driving-field compo-
nents. This reflection symmetry is clearly visible in all panels
of Fig. 9. Moreover, it is the only reflection symmetry satisfied
by the photoelectron momentum distributions, even for the
case of a bicircular field. In more detail, contrary to the case
of a long driving pulse with a flat envelope, the photoelectron
momentum distribution obtained by a bicircular few-cycle
pulse does not possess the reflection symmetry about the axes
at the angles of 30◦ and 150◦ with respect to the positive px

direction (cf. the lower panels of Fig. 9). Furthermore, the
change of the helicity of the applied field does not lead to a
simple transformation of the vector potential and the differ-
ential detachment probability is altered quantitatively by this
transformation, thus leading to a nonzero elliptic-dichroism
parameter. To illustrate this effect, in Fig. 10 we display the
elliptic-dichroism parameter which corresponds to the spectra
shown in Fig. 9 for the field ellipticity as indicated above the
panels. On average, this parameter is negative for py > 0 and

positive for py < 0. This effect becomes more pronounced
with the increase of the driving-field ellipticity. Finally, it is
important to mention that the reflection symmetry px → −px,
obeyed by the spectra and elliptic-dichroism parameter shown
in Figs. 9 and 10 is broken when the rescattered electrons are
taken into consideration. This also holds for the low-energy
region due to the interference of the direct and rescattered
amplitudes (see the low-energy region in the right panel of
Fig. 7). A typical experiment does not distinguish between
the direct and rescattered electrons so that the reflection sym-
metry can be considered as an approximate symmetry of the
photoelectron momentum distribution due to the fact that the
rescattered electrons have a much lower differential detach-
ment probability.

The influence of the helicity switch can also be examined
using the SP method. In Fig. 11 we present the solutions of
the SP equation (5) (bottom panels) which contribute signif-
icantly to the ATD spectrum obtained by exposing the F−
ion to the ω–2ω bi-elliptical field with the component el-
lipticity ε = 0.4 (left column) and ε = −0.4 (right column)
for the emission angle θe = 45◦. The photoelectron energy
changes from 0 a.u. to 0.83 a.u. along the curves. In addition,

the parameter E =
√

E2
1 + E2

2 is shown in the top panels of
Fig. 11. Equation (5) has (np + 1)(r + s) = 15 solutions for
this field configuration. This can easily be derived following
the procedure given in [55,57]. The solutions which lead to the
most significant contributions to the differential detachment
probability are η = 6, 7, 8, 9 for ε = 0.4 and η = 6, 7, 9, 10
for ε = −0.4. Comparing the top and bottom panels of Fig. 11
it is evident that the real parts of the ionization time for these
solutions are close to the center of the pulse and, for these

values of the ionization time, the parameter E =
√

E2
1 + E2

2

is maximal. The partial contributions of these SP solutions
are shown in Fig. 12 (dashed, dotted, dash-dotted, double
dash-dotted lines) together with the total spectra (black solid
line) for ε = 0.4 (upper panel) and ε = −0.4 (lower panel). In
both cases the dominant contribution comes from the solution
η = 9 (blue dashed lines in Fig. 12), while other solutions

FIG. 11. Upper row: Parameter E = √
E 2

1 + E 2
2 for the ω–2ω bi-elliptical field as a function of the time for the ellipticity as indicated in

the panels. Lower row: Saddle-point solutions for the ATD electrons emitted in the direction θe = 45◦. The photoelectron energy changes from
0 a.u. to 0.83 a.u. along the curves. Left (right) panels: ε1 = ε2 = 0.4 (ε1 = ε2 = −0.4). Field parameters are the same as in Fig. 7.
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FIG. 12. Logarithm of the differential detachment probability for
the F− ion exposed to the ω–2ω bi-elliptical field with ε1 = ε2 = 0.4
(upper panel) and ε1 = ε2 = −0.4 (lower panel), together with the
partial contributions of the SP solutions as indicated in the legends.
The emission angle is θe = 45◦, while the field parameters are the
same as in Fig. 7.

can eventually become significant in the low-energy part of
the spectrum. The main reason why the elliptic-dichroism
parameter is negative for this direction can be explained by an-
alyzing the behavior of the solution η = 9, particularly in the
medium- and high-energy part of the spectrum. Comparing
the lower-row panels in Fig. 11 we see that the imaginary part
of the ionization time is generally smaller for ε = −0.4 than
for ε = 0.4. This can be related to the value of the parameter
E =

√
E2

1 + E2
2 . For example, for the photoelectron energy

Ep = 0.2 a.u. we have Re t0 = 2.397T and E = 1.758 × 10−2

a.u. for ε = 0.4, while for ε = −0.4 it is Re t0 = 2.107T and
E = 1.955 × 10−2 a.u. This means that, in the later case, the
electron is exposed to the stronger field during and after the
ionization process which leads to the lower imaginary part of
the ionization time Im t0 and consequently larger differential
detachment probability. This explains the negative value of the
elliptic-dichroism parameter (see the left panel of Fig. 10).
One should keep in mind that the differential detachment
probability exponentially decreases with the increase of the
imaginary part of the ionization time so that a small decrease
of Im t0 can significantly change the differential detachment
probability. Finally, we mention that some other solutions of
the SP equation are also affected by the change of the helicity
of the driving field, but still they only affect the low-energy
part of the spectrum.

IV. CONCLUSION

In recent years, laser pulses with a duration of only few
optical cycles have become readily available in the mid-IR
region [58]. These led to the discovery of many new effects,
the examples of which were discussed in [59–61]. Particularly
interesting are the laser fields which evolve in the plane, thus
leading to a rich two-dimensional electron dynamics. These
fields include the elliptically polarized field and bi-elliptical
fields. In both cases, there are many parameters which can be

used as control knobs. Especially interesting parameters are
the ellipticity of the field components and the absolute phase.
In particular, the photoelectron momentum distribution in the
laser-field polarization plane significantly depends on the he-
licity of the applied-field components. This effect is called the
elliptic dichroism in the photoelectron momentum distribution
and it represents an important tool for the investigation of
the interaction of an electromagnetic field with matter [62].
The elliptic dichroism can be successfully quantified using the
elliptic-dichroism parameter which represents the normalized
difference between the photoelectron yields calculated for
the driving fields with opposite helicity. The photoelectron
momentum distribution can also be successfully controlled
using the absolute phase of the applied field as a control
parameter. This particularly holds for the regions of the
pulse polarization plane where the rescattered electrons are
dominant.

In this paper, we investigated the detachment of the elec-
tron from the negative fluorine ion exposed to strong elliptical
or bi-elliptical few-cycle driving pulses in the framework
of the strong-field approximation. After the ionization, the
residual system is a neutral atom so that the SFA should be
particularly successful due to the lack of the Coulomb effects.
First, we explored the symmetry properties of the obtained
momentum distributions. For an elliptically polarized few-
cycle driving pulse, the photoelectron momentum distribution
does not exhibit rotational and reflection symmetries. This is
because of the absence of these symmetries for the applied
electric field vector and the corresponding vector potential.
The change of the helicity of the driving pulse leads to the
reflection py → −py, which is not a symmetry transforma-
tion of the photoelectron momentum distribution, so that the
elliptic dichroism is well pronounced. This holds for both
the direct and the rescattered electrons, i.e., even the direct
electrons are sensitive to the helicity of the applied field,
which was not the case for a long driving pulse with a flat
envelope. In the region where the direct electrons are domi-
nant, the elliptic-dichroism parameter is a relatively smooth
function of the photoelectron energy and emission angle,
while in the rescattering region it exhibits rapid oscillations
as a function of the photoelectron energy. Moreover, for the
direct electrons, the elliptic dichroism is zero only for a lim-
ited number of values of the absolute phase (ϕ1 = ±π/2).
Therefore, the measurement of the elliptic dichroism can be
used to accurately determine the value of this phase, i.e., if
the elliptic-dichroism parameter is zero, the absolute phase
is ±π/2. Using the saddle-point method, we explained the
nonzero value of the elliptic-dichroism parameter for the di-
rect electrons, as well as the dependence of the photoelectron
momentum distribution on the absolute phase. Finally, in
order for the rescattered electrons to have a nonnegligible dif-
ferential detachment probability, the ellipticity of the driving
field should be small (ε < 0.4).

We also analyzed the detachment of electrons from nega-
tive ions exposed to a bi-elliptical driving field. We illustrated
our findings using the example of a fluorine negative ion
exposed to an ω–2ω bi-elliptical field with the component
ellipticity ε = 0.4. The spectra obtained using the fields with
opposite helicity are not related by any reflection symmetry
and the elliptic-dichroism parameter does not exhibit any
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particular rotational or reflection symmetry. We also discussed
how the absolute phase affects the photoelectron momentum
distribution. For the ω–2ω few-cycle bicircular field, the three
lobes which appear in the momentum distribution are not the
same either qualitatively or quantitatively. The length of the
rescattering plateau, as well as the differential detachment
probability itself, depend on the absolute phase. The change
of this parameter does not simply lead to the rotation of the
spectra as is the case for a long driving pulse with a flat
envelope, but also changes the photoelectron yield quantita-
tively. In the end, we investigated the effects of the helicity
switch on the direct photoelectron momentum distribution by

employing the saddle-point method. In particular, using the
saddle-point solutions which contribute significantly to the
differential detachment probability, we accurately reproduced
the spectra for the opposite field helicity, thus explaining the
behavior of the elliptic-dichroism parameter as a function of
the photoelectron energy and emission angle.
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Pérez-Hernández, A. Picón, E. Pisanty, J. Prauzner-Bechcicki
et al., Symphony on strong field approximation, Rep. Prog.
Phys. 82, 116001 (2019).

[10] M. Nisoli, S. De Silvestri, O. Svelto, R. Szipöcs, K. Ferencz,
Ch. Spielmann, S. Sartania, and F. Krausz, Compression
of high-energy laser pulses below 5 fs, Opt. Lett. 22, 522
(1997).

[11] M. Hemmer, M. Baudisch, A. Thai, A. Couairon, and J. Biegert,
Self-compression to sub-3-cycle duration of mid-infrared opti-
cal pulses in dielectrics, Opt. Express 21, 28095 (2013).

[12] F. Krausz and M. Ivanov, Attosecond physics, Rev. Mod. Phys.
81, 163 (2009).

[13] M. Drescher, M. Hentschel, R. Kienberger, G. Tempea, C.
Spielmann, G. A. Reider, P. B. Corkum, and F. Krausz, X-ray

pulses approaching the attosecond frontier, Science 291, 1923
(2001).

[14] K. Zhao, Q. Zhang, M. Chini, Y. Wu, X. Wang, and Z. Chang,
Tailoring a 67 attosecond pulse through advantageous phase-
mismatch, Opt. Lett. 37, 3891 (2012).

[15] F. Silva, S. M. Teichmann, S. L. Cousin, M. Hemmer, and
J. Biegert, Spatio-temporal isolation of attosecond soft x-ray
pulses in the water window, Nat. Commun. 6, 6611 (2015).
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[50] D. Habibović, W. Becker, and D. B. Milošević, Symmetries
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