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Gauge-invariant absorption of light from a coherent superposition of states
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Absorption and emission of light is studied theoretically for excited atoms in coherent superposition of
states subjected to isolated attosecond pulses in the extreme ultraviolet range. A gauge-invariant formulation
of transient absorption theory is motivated using the energy operator from Yang’s gauge theory. The interaction,
which simultaneously couples both bound and continuum states, is simulated by solving the time-dependent
Schrödinger equation for hydrogen and neon atoms. A strong dependence on the angular momentum and the
relative phase of the states in the superposition is observed. Perturbation theory is used to disentangle the
fundamental absorption processes and a rule is established to interpret the complex absorption behavior. It is
found that nonresonant transitions are the source of asymmetry in energy and phase, while resonant transitions
to the continuum contribute symmetrically to absorption of light from coherent superpositions of states.
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I. INTRODUCTION

Pulses of attosecond temporal duration in the extreme ul-
traviolet (XUV) regime can be created through a nonlinear
optical process that is known as high-order harmonic genera-
tion [1]. As a result, coherent dynamical processes in quantum
systems can be studied on the attosecond timescale [2]. In
2010, the first attosecond transient absorption spectroscopy
(ATAS) experiment was conducted using a pump-probe setup
to investigate the dynamics of ions in superposition states [3].
Here, and in subsequent works, an intense ultrashort laser
field was used to create ions by strong-field ionization, while
transient absorption of a weak XUV attosecond pulse was
monitored to interpret the evolution and coherence of the ions
[3–5]. Modified ATAS schemes have been used to investigate
various light-matter phenomena, such as Autler-Townes split-
tings, Lorentz-Fano line shapes, and light-induced structures
in photoabsorption spectra [6–15]. Recent ATAS experiments
have triggered the electronic exchange interaction in complex
systems such as SF6 molecules, giving the opportunity to laser
control effective electron-electron interactions in molecular
systems [16]. ATAS has also been used to study dynamics in
semiconductors, such as band-gap dynamics in silicon [17]
and separate electron and hole relaxation dynamics in germa-
nium [18]. Reviews on experimental developments of ATAS
are given in Refs. [19,20].

The foundation of our theoretical work is based on the
ATAS tutorial by Wu et al. [21]. In the present article,
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however, the ATAS theory is reformulated to be consistent
with Yang’s gauge theory, which is based on the so-called en-
ergy operator [22], and it forms a natural finale to the question
of optimal gauge in time-resolved ATAS simulations [23,24].
Previous characterizations of ATAS structures have mainly
been focused on bound states driven or dressed by a laser
field using few-state models (see e.g., Refs. [14,21,25]). ATAS
features in this regime were characterized in Ref. [25] through
the creation of an analytical model. Macroscopic propagation
of the fields can give rise to additional effects, but such effects
can be avoided by considering thin optical media [21]. Co-
herent superpositions of s-wave Rydberg states in hydrogen
and helium atoms have been predicted to show dependence
on the relative phase of the states in the superposition when
the XUV field couples to the p-wave continuum [23], but
experimental studies of continuum effects using ATAS are
rare [12]. Analogously, coherent superpositions have been in-
vestigated in ionization studies, where a clear dependence on
the relative phase is found [26–29]. This type of phenomena
is often referred to as quantum beating of superposition states.
Although numerous investigations have been performed on a
large range of complex systems, the fundamental processes
that lay the foundations of ATAS have not yet been system-
atically explored from coherent superpositions of Rydberg
states in atoms. Here a perturbation theory model is presented,
which goes beyond the use of few-state models, to disentangle
the key processes in atomic ATAS. In this way, it is possible to
identify two kinds of light-matter interaction processes: reso-
nant and off-resonant processes, by their different symmetries
in ATAS experiments. Results for hydrogen and neon are
presented, but the general conclusions are expected to be valid
in any atom excited into a coherent superposition of Rydberg
states. The article is organized as follows. Section II presents
the formulation of the gauge-invariant transient absorption
theory. In Sec. III, the disentanglement of the fundamental
ATAS processes is performed. In Sec. IV, results for hy-
drogen and neon are discussed. Finally, Sec. V contains our
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conclusion and outlook. Atomic units are used throughout this
text; e = h̄ = m = 4πε0 = 1, unless otherwise stated.

II. TRANSIENT ABSORPTION THEORY

The Hamiltonian for an electron with mass m = 1, charge
q = −1, and canonical momentum p = −i∇ in the presence
of a classical time-dependent electromagnetic field and a static
potential can be written in the minimal coupling form:

H (A, A0) = 1

2m
(p − qA)2 + qA0 + V, (1)

where A(r, t ) and A0(r, t ) correspond to the vector and scalar
potentials of the time-dependent field, and V (r) corresponds
to the static and conservative potential of the target [30].
In this work we consider the specific case of the hydrogen
atom, where the conservative potential corresponds to the
Coulomb interaction between the electron and its nucleus,
V (r) = q/r. The corresponding time-dependent Schrödinger
equation (TDSE) is given by

i
∂

∂t
ψ (t ) = H (A, A0)ψ (t )

= 1

2m
(p − qA)2ψ (t ) + qA0ψ (t ) + V ψ (t ).

(2)

An important property of Eq. (2) is that it is form invari-
ant when the wave function ψ → ψ ′ and the potentials
(A, A0) → (A′, A0

′) are gauge transformed in the correct way
[31]. The expectation values of physical observables must be
independent of the choice of gauge, i.e.,

〈ψ (t )|O|ψ (t )〉 = 〈ψ ′(t )|O′|ψ ′(t )〉. (3)

According to the theory of Wu et al. [21], the physical ob-
servables in ATAS can be derived by an energy-conservation
principle, between the atom (quantum system) and the elec-
tromagnetic radiation (classical field). The exchanged energy
is defined as

�E =
∫ +∞

−∞
�Ė (t )dt, (4)

with �Ė (t ) being the instantaneous power transferred to the
quantum system due to its coupling with the classical field
[21]. Intuitively, this instantaneous power should describe
instantaneous absorption or emission processes of radiation
by the atom. According to Wu et al. [21], �Ė (t ) should be
defined as the time derivative of the expectation value of the
atomic Hamiltonian, i.e.,

�Ė = d

dt
〈ψ (t )|H (A, A0)|ψ (t )〉, (5)

where further the particular case of the length gauge was em-
ployed. In previous works, we have stressed that �Ė (t ) is an
elusive quantity that is not gauge invariant [24,32]. The origin
of this gauge ambiguity is related to the fact that the expecta-
tion value of the minimal-coupling Hamiltonian H (A, A0) is
not gauge invariant in the presence of an electromagnetic field
[31], i.e.,

〈ψ (t )|H (A, A0)|ψ (t )〉 �= 〈ψ ′(t )|H (A′, A0
′)|ψ ′(t )〉. (6)

In order to fully avoid gauge ambiguities, a consistent gauge-
invariant formulation of transient absorption theory must be
used. From the best of our knowledge, such a gauge-invariant
formulation has not yet been proposed in the context of ATAS.

A. Gauge-invariant formulation of ATAS

As the minimal-coupling Hamiltonian H (A, A0) is not
gauge invariant, it cannot represent a physical observable
[31]. This issue forces us to search for an unambiguous
quantum-mechanical operator that can be used to describe the
instantaneous energy of the quantum system. In the context
of the semiclassical light-matter interaction theory, Yang [22]
proposed a gauge-invariant formalism based on the so-called
energy operator:

H (A, 0) = 1

2m
(p − qA)2 + V, (7)

which satisfies the gauge condition

〈ψ (t )|H (A, 0)|ψ (t )〉 = 〈ψ ′(t )|H (A′, 0)|ψ ′(t )〉. (8)

In order to associate this Hamiltonian with the instantaneous
energy operator, Yang [22] applied the correspondence prin-
ciple of quantum mechanics: “[...] an operator represents a
physical quantity with a classical analog only if the equa-
tion of motion for the expectation value of the operator is of
the same form as the equation of motion for the corresponding
classical Newtonian quantity.”

The equation of motion for the expectation value of the
energy operator can be derived using Ehrenfest’s theorem and
is given by [22,31]

d

dt
〈ψ (t )|H (A, 0)|ψ (t )〉 = q

2
〈ψ (t )|v · E + E · v|ψ (t )〉, (9)

where the velocity operator is given by

v = 1

m
(p − qA), (10)

and E(r, t ) is the electric field from the time-dependent ex-
ternal field (which does not include any contribution from the
conservative potential V ). If a classical particle is subject to a
combination of forces, F = F0 + F1, consisting of a conserva-
tive force, F0(r) = −∇V , and a nonconservative (in our case
explicitly time-dependent) force, F1 = F1(t ), then the change
in total energy of the particle ET is given by dET = F1 · vdt
(cf. Appendix A of Ref. [22]). Thus, the time derivative of
the energy operator, in Eq. (9), is a power caused by the
electric-field force F1 = qE. By means of the correspondence
principle, the Hamiltonian H (A, 0) can be associated with the
instantaneous energy operator of the quantum system. Conse-
quently, the gauge-invariant power in ATAS theory should be
defined as

�Ė (t ) = q

2
〈ψ (t )|v · E + E · v|ψ (t )〉. (11)

Within the electric-dipole approximation, and assuming the
Coulomb gauge, ∇ · A = 0, the gauge-invariant instantaneous
power can be written as

�Ė (t ) = q E(0, t ) · v(t ), (12)

where v(t ) = 〈ψ (t )|v|ψ (t )〉 is the gauge-invariant expecta-
tion value of the velocity operator given by Eq. (10).
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If a linear polarized laser field along the z axis is consid-
ered, the power is given by

�Ėz(t ) = q E (t ) vz(t ), (13)

and the time-dependent exchanged energy is

�Ez(t ) = q
∫ t

−∞
dt ′ E (t ′)vz(t ′), (14)

where vz(t ) is the expectation value of the velocity operator
along the polarization axis.

In order to derive the energy-domain picture, which is re-
quired for comparison with experimental measurements [21],
the total exchanged energy in Eq. (14) is rewritten as

�Ez(∞) = 2q
∫ +∞

0
Re[ṽz(ω)Ẽ∗(ω)]dω, (15)

where ṽz(ω) = ṽ∗
z (−ω) and Ẽ (ω) = Ẽ∗(−ω) are the Fourier

transforms1 of the real functions vz(t ) and E (t ), respectively.
This implies that the energy-resolved gauge-invariant gain by
the atom is given by

�Ẽz(ω) = 2q Re[ṽz(ω)Ẽ∗(ω)], (16)

where the energy argument is positive, ω � 0. Alternatively,
by inserting the Ehrenfest relation ż(t ) = vz(t ) into Eq. (14),
the gauge-invariant energy-resolved gain can be written as

�Ẽz(ω) = 2qω Im[z̃(ω)Ẽ∗(ω)], (17)

which is identical to the expression derived by Wu et al. in
length gauge [21]. While the energy-domain expressions for
absorption, Eqs. (16) and (17), are fully consistent with previ-
ous results, cf. Refs. [21,23,24], the time-dependent exchange
energy in Eq. (14) differs from the corresponding expression
derived from a length-gauge Hamiltonian [23]. This “para-
dox” is now lifted, because it is easy to understand that the
gauge-invariant power can be substituted by the (incorrect)
length-gauge expression qE (t )ż(t ) → −qĖ (t )z(t ), only un-
der time integrals with boundary terms that vanish in partial
integration. In practical situations, such conditions are met be-
cause pulses vanish at early and late times, but we believe that
these insights are useful to better interpret ATAS experiments
in the time domain.

B. Implementation of the gauge-invariant theory

In our numerical implementation we consider a linearly
polarized light pulse along the z component, within the
electric-dipole approximation, such that A(r, t ) ≈ A(0, t ) =
A(t )êz. The velocity gauge form has been chosen and the elec-
tron wave function ψV (t ) is obtained from Eq. (2) expressed

1Fourier transform convention: f̃ (ω) = 1√
2π

∫ ∞
−∞ f (t )eiωt dt and

f (t ) = 1√
2π

∫ ∞
−∞ f̃ (ω)e−iωt dω.

within the velocity form, i.e.,

i
∂

∂t
ψV (t ) = H (AV , A0

V )ψV (t )

=
[

p2

2m
+ V − q

m
AV (t )pz

]
ψV (t ),

(18)

where the gauge transformations AV (t ) = A(t ) and A0
V (t ) =

− q
2m A2(t ) have been applied. Note that the electric field is

related to the vector potential as follows:

E (t ) = − ∂

∂t
AV (t ). (19)

The expectation value of the velocity operator in the velocity
gauge form is given by

vz(t ) = 1

m

[
pV

z (t ) − qAV (t )
]
, (20)

where pV
z (t ) is the expectation value of the z component of

the canonical momentum computed in velocity gauge, i.e.,
〈ψV (t )|pz|ψV (t )〉. Thus, the gauge-invariant time-dependent
energy gain, or the gauge-invariant total power transferred to
the atom, Eq. (14), is represented in the velocity-gauge form
as follows:

�Ez(t ) = − q

m

∫ t

−∞
dt ′[pV

z (t ′) − qAV (t ′)
]
ȦV (t ′), (21)

where Eqs. (19) and (20) have been used. The first term in
Eq. (21), pV

z (t ′)ȦV (t ′), is the so-called “relative energy gain of
the atom.” The second term, qAV (t ′)ȦV (t ′), can be associated
to the oscillations of an electron in the continuum induced
by the presence of the electric field, which is gauge invariant
since the free electron velocity is

vfree
z (t ) = q

m

∫ t

−∞
dt ′E (t ′) = − q

m
AV (t ), (22)

where the last step is expressed in velocity form (see
Ref. [24]). Finally, the gauge-invariant energy-resolved en-
ergy gain, Eq. (16), is expressed in the velocity-gauge form
as follows:

�Ẽz(ω) = 2q

m
ω Im

[
p̃V

z (ω)ÃV ∗(ω)
]
, (23)

where the second term, proportional to ÃV (ω)ÃV ∗(ω), has
been disregarded as it is real [23]. In the following, the su-
perscript V is dropped: AV → A because all calculations will
be performed in velocity gauge. The attosecond XUV pulse
is described by a vector potential with a Gaussian-shaped
envelope, defined as

A(t ) = A0 cos (ω0t + φ)e−at2
, (24)

where a = 2 ln 2/τ 2
e . A0, ω0, φ, and τe are the amplitude,

central frequency, carrier-envelope phase (CEP), and pulse
duration, respectively. The frequency-dependent vector poten-
tial is obtained through the Fourier transform as

Ã±(ω) = A0

2
√

2a
exp

(
±iφ − (ω ± ω0)2

4a

)
, (25)

where A± denotes A = A+ + A−. Note that in this expression
the positive component is negligible for positive frequencies.
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FIG. 1. Representation of a hydrogenlike atom prepared in a
coherent superposition of states: 2p + 3p, with all processes that are
induced by an attosecond XUV pulse indicated by Roman numerals.
(I) Resonant transitions to the continuum (red lines). (II) Resonant
transitions to the bound states, which may reside below or above
the initial states in the superposition (blue lines). (III) Off-resonant
transitions to all states allowed by dipole-selection rules (gray rect-
angles). The bandwidth of the attosecond pulse is depicted in scale
and is larger than the separation of the nondegenerate states in the
superposition, which implies that quantum beat phenomena may
occur that depend on the phases (or more generally the coherence)
of the states.

III. DISENTANGLEMENT OF FUNDAMENTAL
PROCESSES

Consider a superposition on the general form

|ψ0(t )〉 = U0(t,−∞)|ψ0(−∞)〉 =
N∑
j

c je
−iε j t | j〉, (26)

where U0(t, t0) = exp[−iH0(t − t0)] is the unperturbed evo-
lution operator, where the field-free Hamiltonian is defined as
H0 = H (0, 0), c j and ε j are the interaction-picture amplitude
and the energy of the stationary state | j〉, respectively, and
N is the total number of coherently prepared states. Figure 1
shows a specific scenario where a hydrogenlike atom is pre-
pared in a superposition of the states |2p0〉 and |3p0〉 with
common angular-momentum quantum numbers: 
 = 1 and
m = 0 and with equal interaction amplitudes (for simplicity
denoted “2p + 3p” in the following). Through the interaction
with an attosecond XUV pulse, three fundamental processes
may take place. The first process (I) is the resonant contin-
uum contribution, represented by red lines in Fig. 1, which
consists of absorption of light due to transitions from the
initial superposition to the continuum. Interference may occur

as different paths to the same continuum state are allowed
(absorption profiles are represented by partially overlapping
Gaussian functions). The second process (II) is the resonant
bound contribution, represented by blue lines, given by the
emission (and absorption) of resonant dipole-allowed tran-
sitions to the bound states. Note that the pulse parameters
chosen in Fig. 1 do not allow resonant-bound transitions
due to the energy conservation principle. Nevertheless, the
expressions of these transitions are also included in our per-
turbative method. The third process (III) is the off-resonant
contribution, represented by gray rectangles, and it covers
the whole spectrum of bound and continuum states. All pro-
cesses change the angular momentum as 
′ = 
 ± 1 within
the electric-dipole approximation. In order to characterize and
disentangle these different processes, we control the atomic
quantum phases ϕ j = arg(c j ).

Perturbative treatment

The fundamental ATAS processes are “hidden” in Eq. (23),
where the Fourier transform of the momentum, p̃z(ω), is the
key quantity, which contains the response of the electron
to the electromagnetic field, Ã(ω). Due to the low intensity
of the pulse, perturbation theory can be applied to compute
the momentum pz(t ) = 〈ψ (t )| p̂z|ψ (t )〉 and its corresponding
Fourier transform p̃z(ω).

The time-dependent wave function is given by

|ψ (t )〉 = U (t,−∞)|ψ0(−∞)〉, (27)

where U (t,−∞) is the evolution operator and |ψ0(−∞)〉 is
the initial-state superposition given by Eq. (26). In the context
of perturbation theory, the evolution operator can be defined in
terms of the unperturbed evolution operator U0(t,−∞), using
the well-known Dyson series expansion [30]:

|ψ (t )〉 ≈
[
U0(t,−∞)|ψ0(−∞)〉

− i
∫ t

−∞
dt ′U0(t, t ′)Hint (t

′)U0(t ′,−∞)

]
|ψ0(−∞)〉

=
N∑
j

c j | j〉e−iε j t − i
N∑
j

∑∫
f
c je

−iε f t | f 〉〈 f | p̂z| j〉

×
∫ t

−∞
dt ′A(t ′)eiε f j t ′

, (28)

where ε f j = ε f − ε j is the difference of the energies of the
states | f 〉 and | j〉, and the velocity-gauge interaction Hamilto-
nian is defined as Hint = A(t ) p̂z from Eq. (18), with q = −1.
Equation (24) is inserted into Eq. (28) and the time integral
is evaluated using properties of the error function. Thus, the
vector potential contribution is given by

A± =
∫ t

−∞
dt ′A0

e±i(ω0t ′+φ)

2
e−at2

eiε f j t ′

= A0

4

√
π

a
e±iφ exp

[
− (ε f j ± ω0)2

4a

]

×
{

erf

[√
at − i(ε f j ± ω0)

2
√

a

]
+ 1

}
. (29)
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The momentum expectation value pz(t ) is computed with
respect to the wave function given by Eq. (28) and is expressed
as

p±
z (t ) = −iA0

√
π

4
√

a

∑∫
f

N∑
j j′

c∗
j′c j〈 j′| p̂z| f 〉〈 f | p̂z| j〉

× e−iε f j′ t
{

erf

[√
at − i(ε f j ± ω0)

2
√

a

]
+ 1

}
(30)

× e±iφ− (ε f j ±ω0 )2

4a + c.c.,

where parity has been taken into account by setting matrix
elements between states of the same parity to be zero. The
sums over initial states are labeled with the indices j and j′
in such a way that the expression has been simplified to its
present form. Finally, p̃z(ω) can be obtained by the Fourier
transform of Eq. (30) and is given by

p̃±
z (ω) = A0

2
√

2a

∑∫
f

N∑
j j′

×
{

c∗
j′c j〈 j′| p̂z| f 〉〈 f | p̂z| j〉e±iφ− (ω−ε j j′ ±ω0 )2

4a

×
[

1

ω − ε f j′
− iπδ(ω − ε f j′ )

]

− (c∗
j′c j〈 j′| p̂z| f 〉〈 f | p̂z| j〉)∗e∓iφ− (ω+ε j j′ ∓ω0 )2

4a

×
[

1

ω + ε f j′
− iπδ(ω + ε f j′ )

]}
, (31)

where we have used integration by parts to compute the prod-
uct of a complex exponential factor and an error function,
yielding the Fourier transform of a Gaussian. The boundary
term vanishes as it becomes an infinitely fast oscillating func-
tion. In addition, exponential functions have been simplified,
using the Dirac δ functions. The sum running over the final
states,

∫
f , is split into bound and continuum states, yielding

the final expression

p̃±
z (ω) = A0

2
√

2a

N∑
j j′

[
c∗

j′c je
±iφ− (ω−ε j j′ ±ω0 )2

4a

×
(

O j j′
c− + R j j′

c + O j j′
b− + R j j′

b−
)

− c j′c
∗
j e

∓iφ− (ω+ε j j′ ∓ω0 )2

4a

×
(

O j j′
c+ + O j j′

b+ + R j j′
b+

)]
. (32)

The resonant-continuum contribution R j j′
c , process I in

Fig. 1, is given by

R j j′
c = −iπ〈 j′| p̂z|εk〉〈εk| p̂z| j〉∣∣

εk=ω+ε j′
, (33)

where |εk〉 is the intermediate continuum state evaluated at the
energy εk = ω + ε j′ , given by an energy-normalized Coulomb
wave defined by Eq. (4.23) in Ref. [33], and 〈εk| p̂z| j〉 is
the bound-continuum matrix element, given by Eq. (A1) in

Appendix A. Note that the product of two matrix elements
is real. The resonant-bound contribution R j j′

b±, process II in
Fig. 1, is given by

R j j′
b± = − iπ

�ω
〈 j′| p̂z|n〉〈n| p̂z| j〉

∣∣∣∣
n=(n−2

j′ ±2ω)−1/2

, (34)

where 〈n| p̂z| j〉 is the bound-bound matrix element, given by
Eq. (A1) in Appendix A. The matrix elements are evalu-
ated for the intermediate bound state with principal quantum
number n = (n−2

j′ ± 2ω)−1/2. The expression is resolved on
a numerical grid as described in Appendix B, �ω being
the distance between grid points. Finally, the off-resonant-
continuum and the off-resonant-bound contributions, O j j′

c± and

O j j′
b±, respectively, process III in Fig. 1, are given by

O j j′
c± =

∫ ∞

0
dεk〈 j′| p̂z|εk〉〈εk| p̂z| j〉 P.V.

ω ± εk j′
, (35)

and

O j j′
b± =

∑
n

〈 j′| p̂z|n〉〈n| p̂z| j〉
�ω

∫ ω+�ω

ω

dω′ P.V.

ω′ ± εn j′
, (36)

where P.V. denotes the principal value integral and εn denotes
the energy of the bound state |n〉.

IV. RESULTS AND DISCUSSION

Results for hydrogen and neon atoms are presented and
discussed in this section. The hydrogen atom has been chosen
as a benchmark case for two main reasons: (i) all electronic
states that are required for the perturbative model are analyti-
cally known (see e.g., Ref. [33]), and (ii) the time propagation
of the TDSE can be considered numerically exact within the
dipole approximation. In Sec. IV A 1, time-resolved ATAS
features are explored for the hydrogen atom. Subsequently,
in Sec. IV A 2, the perturbative model is validated in the en-
ergy domain by direct comparison with numerical simulations
from the TDSE. In Sec. IV A 3, the perturbative model is
used to disentangle the fundamental processes in ATAS from
a superposition of hydrogenic states. In Sec. IV A 4, the role
of the different angular momentum channels is investigated.
After validating our model, the dynamics of various coherent
superpositions of states in neon is presented and interpreted in
Sec. IV B.

A. Hydrogen atom

Our numerical study is limited to equal-population two-
state superpositions with the following initial amplitudes,

c1 = 1√
2
, c2 = 1√

2
exp(iϕ), (37)

where ϕ is the relative superposition phase (RSP). The de-
pendence on the RSP could be attained in a pump-probe
experiment by controlling the delay between the setup of
the superposition (pump) and the arrival of the attosecond
pulse (probe). While the case of ns + n′s superposition states
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FIG. 2. Time-resolved energy gain of a hydrogen atom in the coherent superposition states 2s + 3s (top row) and 2p + 3p (bottom row)
interacting with an attosecond pulse. The left column presents the total gauge-invariant gain in solid lines and the relative energy gain [without
the free-electron contribution, see Eq. (21)] in dashed lines for the synchronized relative superposition phase (RSP) ϕ = 0. The perturbation
model results are validated by solving the TDSE numerically (dotted lines). The middle column presents the RSP-resolved total gain, whilst
the right column shows the corresponding relative gain. Positive gain implies absorption (red) of energy by the atom, while negative gain
implies emission (blue) of energy by the atom.

has been considered previously [23], the more general case
of n
 + n′
 has not been studied, and, as we will show, there
are subtle dependencies on the the angular momentum 
 in
the superposition. Extension of our theory to more complex
superpositions, which may include more states or different an-
gular momentum, is straightforward and it may be the subject
of further studies if experiments are performed on such targets
in the future.

1. Interpretation of time-dependent absorption

The time-resolved energy gain of a hydrogen atom that
interacts with an attosecond pulse is shown in Figs. 2(a)
and 2(b), for the prepared superposition states 2s + 3s and
2p + 3p, respectively, for the RSP ϕ = 0. The gauge-invariant
energy gain is shown by the continuous blue lines. The at-
tosecond pulse has the central frequency ω0 = 1.5 a.u., the
pulse length τe = 7 a.u., and the vector-potential magnitude
A0 = 10−3 a.u. Thus, the bandwidth of the pulse is 0.8 a.u.
The energy gain is computed using Eq. (21) with the mo-
mentum in Eq. (30). It represents the integrated atomic power
−E (t )vz(t ) in Eq. (13). The total energy gain is shown in
Fig. 2 for 2s + 3s [panel (c)] and 2p + 3p [panel (d)], also
resolved over the RSP ϕ. While the gauge-invariant energy
gain is quite similar in shape and magnitude for the two
cases [Figs. 2(c) and 2(d)], the final energy gain is much
larger for 2s + 3s [Fig. 2(a)] than for 2p + 3p [Fig. 2(b)].
In order to interpret this puzzling observation, we present in
Figs. 2(a) and 2(b) a comparison of the atomic energy gain
with a relative energy gain, shown by the red dashed lines,
that corresponds to the gain of the atom minus the gain of a
free electron with no initial velocity, vz(−∞) = pV

z = 0, as

proposed in Ref. [24]. The power of a free electron with no
initial velocity is ∼ȦV (t )AV (t ), where we have used Eqs. (19)
to (22), which obviously does not lead to any net energy gain
in a laser field with AV (±∞) = 0. The relative gain allows us
to interpret the atomic absorption process with this “virtual”
free-electron gain removed. The relative gain is computed
using the following power: pV

z (t )ȦV (t ) [see Eq. (21)]. Here
all quantities are computed using the velocity gauge, but we
stress that the results are gauge invariant due to the usage of
the energy operator of Yang [22]. The relative energy gain
is slowly changing, and we propose that this quantity can
be interpreted as a gradual net energy gain of the atom in
the field. Given that the underlying reason to develop ATAS
was to study the dynamics of microscopic systems, this re-
formulation of ATAS theory is an intellectual development
that allows time-dependent energy gain to be interpreted in
an unambiguous manner during the interaction. For 2s + 3s
[Fig. 2(a)] the energy gain is positive at all times, while for
2p + 3p [Fig. 2(b)] it has an interval of energy loss during
the interaction with the pulse. The energy loss is interpreted
as a virtual process: light is emitted in a nonresonant transi-
tion towards the 1s ground state, but such a transition is not
allowed at the end of the pulse due to energy conservation.
This temporary energy loss seems to be the reason for the
much smaller final energy gain of 2p + 3p when compared
with 2s + 3s. The RSP-resolved energy gains in Figs. 2(c)
and 2(d) are similar as they are dominated by the power of
the free-electron; however, significant differences between the
two cases are observed in the relative energy gain presented
in Figs. 2(e) and 2(f). For 2s + 3s, only absorption (positive
energy gain) is observed at all RSPs, while for 2p + 3p,
emission (negative energy gain) is found during the beginning
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FIG. 3. Analytical (top row) and numerical (bottom row) energy-resolved absorption of an attosecond pulse by a hydrogen atom in the
prepared superpositions: 2s + 3s and 2p + 3p. The data are resolved over angular frequency of the field ω and the relative superposition
phase (RSP) ϕ. The left column presents 2s + 3s and the middle column presents 2p + 3p; the dotted black line shows the phase of maximal
absorption and the purple line is a contour showing where the absorption is zero. Negative absorption is interpreted as emission of energy
to the field by the atom (blue). The right column presents 2p + 3p with lineouts for the phases ϕ = 0 (solid line), ϕ = 3π

4 (dashed line), and
ϕ = − 3π

4 (dash-dotted line).

and the middle of the pulse, while absorption is established
only towards the end of the pulse. The time-resolved energy
gain is symmetric around ϕ = 0. The magnitude of the relative
energy gain is small for out-of-phase RSP, ϕ ≈ ±π , while it is
stronger for synchronized RSP, ϕ ≈ 0. Finally, we have found
that the CEP of the pulse, φ, determines the peak structure
in the energy gain, but that the CEP does not affect the total
energy gain by the atom at the considered pulse parameters.
This is in contrast to the RSP ϕ, which strongly affects the
magnitude of the energy gain.

2. Validation of perturbation model in the energy domain

The absorption, in the energy domain, of a hydrogen atom
in two different superpositions (2s + 3s and 2p + 3p) is com-
puted with Eq. (23) and shown in Fig. 3. In the top row, results
are obtained using perturbation theory with the momentum
given by Eq. (32). In the bottom row, results are computed
by numerically propagating the TDSE in the velocity gauge
given in Eq. (18). The absorption is given as a function of the
angular frequency and the phase of the superposition for an
attosecond pulse with the same parameters as in Sec. IV A 1.
As expected, there is good agreement between the results from
perturbation theory and exact numerical propagation. Further,
our result for the 2s + 3s superposition is in good agreement
with the results of previous studies [23]. The maximal absorp-
tion is obtained when the two states are roughly in phase,
which corresponds to the case when the atom can be pho-
toionized without destructive quantum interference from the
two states in the superposition. The exact phase for maximal
absorption depends on the angular frequency, and it is shown
with a dotted black line. Interestingly, the exact phase has a
negative slope over the photon energy for the 2s + 3s case,

while it has a positive slope for the 2p + 3p case. A further
significant difference between the superpositions is that the
2s + 3s case is associated with mostly absorption of light
(shown in red color), while the 2p + 3p superposition exhibits
large spectral regions with emissions of light (shown in blue
color). Figures 3(c) and 3(f) show lineouts of the 2p + 3p
superposition at three different RSPs: ϕ = 0 and ϕ = ±3π/4.
This demonstrates that the intricate absorption and emission
phenomena are consistently manifest in both analytical and
numerical results. The transition from symmetric to asymmet-
ric curves in Figs. 3(c) and 3(f) is reminiscent of Fano line
shapes [34]. While spectrally narrow atomic absorption lines
have been manipulated from symmetric Lorentz line shapes
to asymmetric Fano line shapes using ATAS [7], the present
result shows that the entire broad bandwidth of attosecond
pulses can be manipulated using the phases of an atom in
a prepared superposition. Thus, we believe that the present
result may provide a way of tailoring the spectral content of
isolated attosecond pulses using atoms in time-dependent su-
perpositions. We note that regions of emission are observed in
both the energy domain and the time domain for the 2p + 3p
superposition.

3. Fundamental processes in ATAS

Having verified the perturbation theory model, we now
analyze its different contributions in detail. In Fig. 4 we show
the ATAS result for the 2p + 3p case separated into the funda-
mental terms of Eq. (32). These terms are illustrated in Fig. 1
with (I) being the resonant transitions to the continuum, R j j′

c

in Eq. (33); (II) the resonant transitions to the bound states,
R j j′

b± in Eq. (34); and (III) the off-resonant transitions, O j j′
c±

and O j j′
b±, in Eqs. (35) and (36), respectively. The resonant
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FIG. 4. Disentangled fundamental processes in energy-resolved
absorption, given in arbitrary units, as a function of the relative super-
position phase (RSP) ϕ for a hydrogen atom in superposition: 2p +
3p. (a) Resonant-continuum contribution [cf. Fig. 1, process (I)].
(b) Resonant-bound contribution, [cf. Fig. 1, process (II)]. (c) and
(d) Off-resonant “−” and “+” frequency contributions, respectively
[cf. Fig. 1, process (III)]. Transitions to continuum states (above the
ionization threshold) are shown in panels (a), (c), and (d), while in
panel (b) pulse parameters with a lower central frequency have been
used to show the transitions to the bound states. The R j j′

b− contribution
has been scaled up by a factor of 10 for clarity of view in panel (b).

continuum contribution has a broad Gaussian-like shape over
angular frequency, as shown in Fig. 4(a), while the resonant
bound contribution shows narrow absorption and emission
lines [Fig. 4(b)]. The width of the narrow lines is determined
by the resolution of photon energy (see Appendix B), and
the strongest absorption or emission is found for the zero
phase, ϕ = 0. Interestingly, absorption is observed in the high-
frequency emission line in the out-of-phase case, presumably
due to a redistribution of energy. All resonant absorp-
tion features are symmetric with the phase transformation:
ϕ → −ϕ.

The off-resonant terms exhibit an absorption and emission
checkerboard pattern. There are two off-resonant contribu-
tions, coming from the “−” and “+” components of O j j′

c±
and O j j′

b±, as shown in Figs. 4(c) and 4(d) respectively. Un-
like the resonant case, the absorption and emission features
are antisymmetric with respect to the phase transformation:
ϕ → −ϕ. Further, the two off-resonant contributions (±) have
opposite properties. Thus, the relative magnitude of the off-
resonant contributions will determine the slope of the phase
for maximal absorption. In the 2p + 3p case, the off-resonant
contribution with “+” is dominant, which implies that the
slope of the phase is positive, in agreement with the re-
sults in Figs. 3(b) and 3(e). We have found that increasing
the photon energy of the pulse increases the steepness of
the slope due to an increased relative contribution of the
off-resonant terms. In the limit of only off-resonant contri-
butions, the slope will become infinitely steep at the central
frequency, as the phase for maximal absorption changes from
±π/2 → ∓π/2.

FIG. 5. Energy and relative-superposition-phase (RSP)-resolved
absorption of a hydrogen atom in the prepared superposition: 2p +
3p, subject to an attosecond pulse with the intermediate angular
momentum restricted to the s wave and the d wave in panels (a) and
(b), respectively.

4. Role of angular momentum channels

The absorption of a hydrogen atom in a 2p + 3p superpo-
sition depends on the angular momentum channels s and d , as
shown in Fig. 1. The separated contributions to absorption and
emission from the two partial waves are shown in Figs. 5(a)
and 5(b) for the s and d channels, respectively. Similar to
the 2s + 3s case, the d-channel contribution from 2p + 3p
has a negative slope for maximal absorption. In contrast, the
s-channel contribution has a positive slope with clear regions
of emission that resemble the off-resonant “+” contribution in
Fig. 4(d). Clearly, the s channel dominates the total absorption
and emission for the 2p + 3p case.

The rule of slope. We have found that off-resonant “+”
contributions dominate over “−” contributions, when it is
possible for an atom in a superposition to go to an intermediate
state with lower energy. As an example, the 2p + 3p case
makes an off-resonant transition towards the 1s state, which
means that the “+” contribution will dominate and the slope
will be positive. If there are no dipole-allowed intermediate
states with lower energy, the off-resonant “−” contribution
will dominate and the slope will be negative.

We have verified that the rule of slope is valid for general
superpositions of two states with equal angular momentum
(
 = 
′). Superpositions with higher angular momenta, such
as the 3d + 4d case, have a less dominant off-resonant “+”
contribution compared with the 2p + 3p case. The reason for
this is that the off-resonant “+” contribution is more dominant
if there is a dipole-allowed virtual state with lower energy and
if the transition matrix element to this state is larger. Hence,
if the energy difference is smaller or the transition is weaker,
then the off-resonant “+” contribution is less dominant.
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TABLE I. Singly excited state energy levels of neon for the series
2s22p5n′
′ computed at the CIS level of theory.

Configuration L 
max
a 
max

p |mmax
a,p | Sym. Level (eV)

2s22p6 0 — — — g 0.0000
2s22p53s 1 1 0 0 (100%) u 18.3625
2s22p53p 2 1 1 0 (67%) g 20.1184
2s22p53p 0 1 1 1 (67%) g 20.6010
2s22p54s 1 1 0 0 (100%) u 21.2768
2s22p53d 1 1 2 1 (60%) u 21.6172
2s22p53d 3 1 2 0 (60%) u 21.6181
2s22p54p 2 1 1 0 (67%) g 21.7613
2s22p54p 0 1 1 1 (67%) g 21.9236
2s22p55s 1 1 0 0 (100%) u 22.1503
2s22p54d 3 1 2 0 (60%) u 22.2850
2s22p54d 1 1 2 1 (60%) u 22.2862

While the results shown in this subsection were com-
puted for the hydrogen atom, we have verified that they
exhibit the same behavior for the helium atom in two-state
superpositions, 1s−1(2s + 3s) and 1s−1(2p + 3p), using time-
dependent configuration interaction singles (TDCIS) theory
[35]. In the next section, we study the more complex case of
the neon atom, which has six electrons in the outermost 2p
shell.

B. Neon atom

The dynamics in neon atoms can be approximated by TD-
CIS theory [35], provided that the role of double-excited states
is not essential for the physical process under consideration.
While it is known that a detailed description of the ground
state, containing double electron correlations, is essential for
a quantitative description of one-photon ionization cross sec-
tions of noble gas atoms [36,37], the TDCIS theory provides
a reasonable approximation for the neon atom. Rydberg states
are found by diagonalizing the field-free problem including
Coulomb interactions at the level of configuration interac-
tion singles (CIS) to find eigenstates: 2p−1n
L, where L is
the total angular momentum. The total magnetic quantum
number is zero, M = 0. Using the gerade ansatz for TD-
CIS theory [38], we obtain symmetry-adapted bases for an
atom excited by linearly polarized light, which are |
p,m=0

a,m=0〉
and 1√

2
(|
p,m=1

a,m=1〉 + |
p,m=−1
a,m=−1〉), where m labels the magnetic

quantum number of the hole (which equals that of the particle
m = ma = mp). Here, we construct two-state superpositions
of diagonalized states, 2p−1(n
L + n′
′L′

), in the neon atom.
In Table I the states used in the neon simulations are presented
with the corresponding quantum numbers, symmetries, and
energies. Here |mmax| is the most probable magnitude for the
magnetic quantum number (probability in parentheses). The
energies were validated with other computational methods
and compared to National Institute of Standards and Technol-
ogy values, where a discrepancy is found due to the neglecting
of electron correlation in the CIS method.

Using Eq. (23) we obtain the absorption and emission of
a neon atom using the TDCIS approach with 2s and 2p as
active orbitals, shown in Fig. 6. We investigate the prepared
superpositions (a) 2p−1(3s + 4s)L=1, (b) 2p−1(3p + 4p)L=2,
(c) 2p−1(3d + 4d )L=3, and (d) 2p−1(3p + 4p)L=0. We use a

FIG. 6. Energy-resolved absorption by a neon atom subject
to an attosecond pulse in the superposition (a) 2p−1(3s + 4s)L=1,
(b) 2p−1(3p + 4p)L=2, (c) 2p−1(3d + 4d )L=3, and (d) 2p−1(3p +
4p)L=0, with an estimated scale for the relative superposition phase
(RSP) ϕ. The dotted black line shows the phase of maximal absorp-
tion (interpolation is used between discrete simulated values), which
can be interpreted using the rule of slope (see main text).

pulse with the central frequency ω0 = 3 a.u. to exclude res-
onant transitions to bound states, the other pulse parameters
are the same as those in Sec. IV A. As our method does not
allow for assigning definite phases between the two initial
states, we shift the phase to center the absorption on the zero
phase. We clearly find that the rule of slope describes the
behavior of the neon system, showing the applicability of the
perturbative model on systems of higher complexity. We see
a clear dominance of the off-resonant “+” contribution for
Figs. 6(a) and 6(c) due to the off-resonant transition to the
2p state. It is especially dominant for the 2p−1(3d + 4d )L=3

superposition presented in Fig. 6(c) as the transition between
the nd and 2p states is strong, due to the large overlap of the
wave functions. However, for the 2p−1(3p + 4p) superposi-
tions in Figs. 6(b) and 6(d) the off-resonant “+” contribution
is less dominant in accordance with the rule of slope as the
transition to the 2p hole is forbidden. In Fig. 6(d) the super-
position 2p−1(3p + 4p)L=0 is constructed of mostly (67%)
m = 1 orbitals (see Table I). As the m quantum number is
conserved, we therefore suppress the transition to the s-wave
angular momentum channel, further limiting the number of
dipole-allowed virtual states with energies below the prepared
superposition (inhibiting transitions to 3s). Hence, the off-
resonant “−” contribution is dominant in accordance with the
rule of slope. The effect of the 2s to 2p transition was deter-
mined by comparing with results where only the 2p orbital
was active, and it was found that the effect was small.

V. CONCLUSION

In this work, we have presented a general gauge-invariant
formulation of ATAS using the energy operator of Yang
[22]. This allowed us to unambiguously simulate absorption
processes within a semiclassical description of light-matter
interactions. In particular, we have considered the case of a
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hydrogen atom in a superposition state that is subjected to
a weak attosecond pulse in the XUV regime that couples
directly to the continuum. We have constructed a model using
perturbation theory that allows us to simulate the energy gain
of atoms in both time and energy domains. It is found that
the nature of the superposition, such as its quantum phases
and angular momentum, determines the complex absorption
process. Broad emission features are found in the energy
domain with corresponding emissions in the time domain
being identified. Absorption processes are disentangled and
it is shown that resonant contributions are symmetric, while
off-resonant contributions are antisymmetric, with respect to
the phase of the superposition. In more detail, the off-resonant
contribution was shown to be dependent on the dipole-allowed
virtual states and a rule of slope was proposed to interpret
the phase that maximizes the energy-resolved absorption of
the attosecond pulse. Our model was validated by numerical
simulations of the TDSE for the case of the hydrogen atom.
Simulations of helium and neon atoms were also performed,
which indicated the applicability of our model to more com-
plex atoms. Our model can be easily adapted to investigate
weak absorption of light between bound states in atoms, but
its strength lies in its proper treatment of continuum states.
This may prove useful to study dynamics below, or across, the
ionization threshold, in both time and energy. Further appli-
cation of our model to study XUV absorption of laser-dressed
atoms is a natural continuation of this work.
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APPENDIX A: MATRIX ELEMENTS

The bound-continuum and bound-bound matrix element of
the momentum operator p̂z = −i d

dz are computed as

〈 f | p̂z| j〉 = −i〈
′m′|
〈
R′


′

∣∣∣∣ d

dz

∣∣∣∣
m

〉
|R
〉

= −iδ
+1
′δmm′

√
(
 + m + 1)(
 − m + 1)

(2
 + 3)(2
 + 1)

×
∫ ∞

0
r2R′


+1(r)
dR
(r)

dr
− 
rR′


+1(r)R
(r)dr

− iδ
−1
′δmm′

√
(
 + m)(
 − m)

(2
 + 1)(2
 − 1)

∫ ∞

0
r2R′


−1(r)

× dR
(r)

dr
+ (
 + 1)rR′


−1(r)R
(r)dr, (A1)

where the relation for the z derivative of the product of the
spherical harmonics and a generic r-dependent function f (r)
given in Eq. (A.37) in Ref. [33] has been used. |lm〉 are the
spherical harmonics and |Rl〉 is either the radial wave function
of the bound states in hydrogen, described by Eq. (3.17), or the
continuum states described by energy-normalized Coulomb
waves, given by Eq. (4.23) in Ref. [33].

APPENDIX B: RESOLVING ON A GRID

The energy domain absorption calculated using Eq. (23)
with the momentum given by Eq. (32) can be written in the
form

d�E
dω

= C + Kδ(ω ± εn j′ ) + Q/(ω ± εn j′ ), (B1)

where the continuum states are contained in C, which we
handle as constant in ω on small intervals. The bound-state
contribution is represented by K for the resonant contributions
and Q for the nonresonant contributions, the diverging parts
are explicitly given. In order to handle the diverging elements,
we represent the absorption on the numerical grid as

��E
�ω

= 1

�ω

∫ ω+�ω

ω

dω
d�E
dω

= C + K

�ω
δ

n,(n−2
j′ ±2ω)−

1
2

+ Q

�ω

∫ ω+�ω

ω

dω′ P.V.

ω′ ± εn j′
, (B2)

where �ω is the resolution of the grid, and we treat the
singularity in the integral as a principal value.
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