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Faraday rotation and ellipticity spectroscopy between excited states of Rb vapor:
Theory and experiment
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The Faraday rotation and ellipticity spectra of rubidium 5P3/2 → 4D5/2 transition in a magnetic field have been
calculated and experimentally measured. By using the rotating quarter-wave plate method, the Stokes parameters
of the 5P3/2 → 4D5/2 near-resonant probe light are measured to obtain the Faraday rotation and the ellipticity.
The variation of the rotation and the ellipticity spectra is analyzed in different magnetic fields, temperatures, and
pump powers. The polarization rotation over 50 deg in 1529 nm with negligible elliptical distortion is obtained.
Our study of the Faraday effect between excited states of atoms broadens the available wavelength of the Faraday
effect in applications.
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I. INTRODUCTION

The study of optical nonreciprocity attracts increasing in-
terest with the development of laser technology [1]. Optical
nonreciprocity devices such as isolators [2,3] and circulators
[4] play an important role in optical signal processing [5–7]
and quantum networks [8,9]. The magneto-optical Faraday
effect can change the polarization state of the optical signal
by breaking the absorption and dispersion symmetry of the σ+
and σ− circular polarization components of the transitions of
atoms [10–12], which is a common way to obtain polarization
rotational optical nonreciprocity. The manipulation of optical
signals can be accomplished at the optical layer without the
conversion of light-electricity-light [13,14]. By introducing an
additional optical field, the polarization state of the optical
signal can be controlled [15] for applications as all-optical
switching [16,17], dynamic wave plates [18], and tunable
beam splitters [19] in fiber optic [20] and all-optical networks
[21].

The applications of the magneto-optical Faraday effect in
vapor cells are limited by the transition wavelength of atoms.
Currently, most of the works manipulate the polarization state
for the optical signal at the wavelength of the direct transitions
of atoms [2,13,15,18,19,22,23], while few works investigate
the wavelength of the optical signal corresponding to the tran-
sitions between excited states of atoms. In comparison with
the direct transitions, the transitions between excited states
have flexible wavelength selection ranges, which can provide
more adaptable scenarios for optical devices. In this study,
we investigated the Faraday effects of the rubidium 5P3/2 →
4D5/2 transition with the wavelength of 1529 nm. This wave-
length is in the vicinity of the C band for wavelength-division
multiplexing [24] of optical fiber communications for a low
transmission loss in optical fiber and corresponds to the atmo-
spheric window in free-space optical communications [25]. It
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can also apply to quantum networks in the 1.5-µm waveband
[26,27], which is a widely used wavelength band in modern
optical communications.

In the Faraday effect of direct transitions of atoms, it has
achieved a 90◦ polarization rotation of off-resonant optical
signals with negligible distortion [13]. However, it is difficult
to obtain a high concentration of the intermediate excited
state atoms because pumping is needed in transitions between
excited states [28], so it is hard to obtain a large off-resonant
rotation. In this study, the polarization rotation control of ru-
bidium 5P3/2 → 4D5/2 near-resonant light of the wavelength
1529 nm with negligible elliptical distortion is obtained. Our
work bridges the void in the study of the Faraday effect
between excited states and expands its wavelength range for
applications on optical nonreciprocity.

The structure of this paper is as follows. In Sec. II, the
theoretical two-photon absorption process of Faraday rotation
and ellipticity in magnetic field is demonstrated. In Sec. III,
we describe the experimental apparatus, giving theory and
experimental results for different cases in Sec. IV. The control
of polarization rotation under the variation of pump power is
obtained in Sec. IV.

II. THEORY

As shown in Fig. 1, the 5S1/2, 5P3/2, and 4D5/2 states are
the ground state (g), the intermediate excited state (e), and
the doubly excited state (d), respectively. The decay rates of
the 5P3/2 state and the 4D5/2 state are �1=6.05MHz [29] and
�2= 1.97MHz [30], respectively.

The eigenvalues and eigenstates of those three states can be
calculated by the coupled basis |I, J, F, mF 〉, so the transition
probability σge and σed of the eigenvalues between the upper
and lower energy levels is obtained. The calculation details
are shown in the Appendix.

The concentration of the sublevels in intermediate excited
state is proportional to the transition probability when the
pump light is relatively low. Considering the Doppler effect
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FIG. 1. The schematic diagram of the 5S1/2 → 5P3/2 → 4D5/2

hyperfine structure of 85Rb.

of pumping, the atom concentration Nge pumped from the
eigenstates of the transition g → e is

Nge = exp

(
−4 ln 2(ωpump − ωge)2

�ω2
D

)
× σ 2

geNe∑
g

∑
e

σ 2
ge

, (1)

where ωpump is the angular frequency of pump light, ωge is
the angular frequency of the transition branch between the
sublevels of the g → e states, �ωD is the Doppler width, and
Ne is the total concentration of the intermediate excited state
atoms.

The susceptibility of the transition branch among the sub-
levels of the g → e → d states can be expressed as [29]

χg→e→d = σ 2
ed Nge

h̄ε0
× 1

(ωprobe − ω0) + i�L/2
. (2)

The real and the imaginary parts of the susceptibility charac-
terize the dispersion and the absorption profile, respectively.
Here �L is the Lorentzian linewidth of the “e” state including
collisional broadening, ωprobe is the angular frequency of the
probe light, and ω0 is the equivalent central angular frequency
under the wavelength mismatch effect:

ω0 = ωed ± ωprobe

ωpump
(ωpump − ωge), (3)

where the symbols + and − represent the copropagating and
the counterpropagating of the pump light and the probe light,
respectively. ωed is the angular frequency of the transition
branch between the sublevels of the e → d states.

The total susceptibility in the vapor cell is the sum of the
susceptibility of the corresponding eigenstates of the three
states:

χ =
∑

g

∑
e

∑
d

χg→e→d . (4)

For the vapor cell under the longitudinal magnetic field,
the σ± circular lights have different susceptibility χ±, so they

have different absorption α± (circular dichroism) and different
refractive index n± (circular birefringence) [31]:

α± = ωprobe

c
Im(χ±), (5)

n± = 1 + 1

2
Re(χ±). (6)

The complex amplitudes E± of the σ± circular polarization
components of the exiting probe light are(

E+
E−

)
=

(
E0+ cos(ωprobet + ϕ+)
E0− cos(ωprobet + ϕ−)

)

=
√

2I0

2

(
exp

( − 1
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(
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c n+L
)

exp
( − 1

2α−L
)

cos
(
ωprobet + ω

c n−L
)
)

,

(7)

where I0 is the light intensity and L is the cell length.
The Stokes parameters of the elliptically polarized light

exiting the cell can be expressed in terms of the rotation angle
(orientation angle) θ , the elliptical angle δ, and the total light
intensity I0, and also in terms of the complex amplitudes of
the σ± circular polarization components [32]:⎛

⎜⎜⎝
S0

S1

S2

S3

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

I0

I0 cos 2δ cos 2θ

I0 cos 2δ sin 2θ

I0 sin 2δ

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

E0+2 + E0−2

2E0+E0− cos(ϕ+ − ϕ−)
2E0+E0− sin(ϕ+ − ϕ−)

E0+2 − E0−2

⎞
⎟⎟⎟⎠. (8)

Combined with Eqs. (5)–(8), the Faraday rotation and the
ellipticity of the exiting probe light are

θ = 1

2
(ϕ+ − ϕ−)

= ωprobeL

4c
Re(χ+ − χ−), (9)

sin 2δ = E0+2 − E0−2

E0+2 + E0−2

= 1 − exp
(ωprobeL

c Im(χ+ − χ−)
)

1 + exp
(ωprobeL

c Im(χ+ − χ−)
) . (10)

It is worth noting that our theory model is based on the lin-
ear two-photon absorption process. When the pumping effect
is relatively strong, the nonlinear absorption of the pump light
in the vapor cell needs to be considered and our theory is not
applicable.

III. EXPERIMENTAL METHOD

Most of the studies used the balanced polarimetry to mea-
sure the Faraday rotation of the direct transitions of the atoms
[13,15,33,34]. This method can only measure the rotation of
the integer multiples of π and cannot avoid the errors caused
by the ellipticity due to the circular dichroism [35,36]. Be-
sides, the balanced polarimetry cannot measure the ellipticity.
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FIG. 2. The experimental setup. ND, neutral-density filter; ISO,
optical-isolators; PBS, polarizing beam splitters; PD1 and PD2, pho-
todiodes; P, polarizer; λ/2, half-wave plate; λ/4, quarter-wave plates;
D, dichroic mirror; and M1 and M2, a pair of electromagnets.

Yingying Li et al. used a rotating polarizer to measure the
ellipticity of the near-resonant probe light [36], which does
not allow simultaneous measurement with probe light sweep-
ing and cannot measure Faraday rotation at the same time.
In this study, we used the rotating quarter-wave plate method
[32] to measure the variation of the Stokes parameters with
the frequency of the probe light in the vicinity of the rubidium
5P3/2 → 4D5/2 transition, which can obtain the near-resonant
Faraday rotation and the ellipticity spectra to analyze the
polarization state. It is one of the most accurate methods avail-
able for simultaneously measuring the polarization rotation
and ellipticity.

The rotating quarter-wave plate method [32] consists of a
rotating quarter-wave plate, a polarizer, and a photodetector
in Fig. 2. In the experiment, the rotation speed of the quarter
wave plate was 75 cycles per second and the sampling and
calculation were performed once per cycle, so the sampling
rate was 75 Hz. The Faraday rotation and the ellipticity are
calculated by Eqs. (11) and (12) upon the measured Stokes
parameters:

θ = 1

2
tan−1

(
S2

S1

)
, (11)

sin 2δ = S3

S0
. (12)

The experimental setup is shown in Fig. 2. The power
of the pump light was varied using a neutral-density fil-
ter. A polarizing beam splitter divided the pump light into
two linearly polarized beams, one entering the reference Rb
vapor cell at room temperature and the other into another
cell for pumping. A quarter-wave plate was added to the
pump light path to change the pump light to circularly polar-
ized light when needed. The power of the linearly polarized
probe light was adjusted to 50 µW by a half-wave plate and
a polarizing beam splitter. The pump light and the probe light
of the counterpropagation configuration were converged in the
cell by the dichroic mirror. The beam diameters of the pump
light and the probe light were about 2.5 and 1 mm, respec-
tively, to ensure that the pump light wraps around the probe
light in the cell. In the experiment, when the pump light was
linearly polarized, the polarization direction of the probe light
and the pump light were perpendicular. The frequency of the
pump light was aligned to the 5S1/2(Fg = 3) → 5P3/2(Fe = 4)
transition and the frequency of the probe light was swept in the
vicinity of the 5P3/2 → 4D5/2 transition.

The two vapor cells were filled with the natural rubidium
atoms (72.17% 85Rb and 27.83% 87Rb). The temperature of

FIG. 3. The experimental and theoretical optical-optical double
resonance (OODR) absorption spectra with no magnetic field. The
temperature is 60 ◦C and the pump power is 0.5 mW. Here and
in the following figures, Tr indicates the transmission of the probe
light. The detuning of the probe light is with respect to the weighted
5P3/2 → 4D5/2 transition line center (1529.37 nm).

the cell was stabilized by a feedback heating device. The
relationship between the concentration of the rubidium atoms
and the temperature is given in Ref. [29]. The cell length is
L = 3 cm and the cell radius is r = 1 cm. A pair of the elec-
tromagnets M1 and M2 was used to produce the longitudinal
magnetic field along the cell. The electromagnet has a radius
of 10 cm to provide a uniform magnetic field. The magnetic
field was controlled by the current through the electromagnets
and measured by a Gauss meter with an inhomogeneity of less
than 1% along the light path in the cell.

IV. THEORETICAL AND EXPERIMENTAL RESULTS

The experimental and theoretical OODR absorption spec-
tra with no magnetic field are shown in Fig. 3. The selection
rule for both 5S1/2 → 5P3/2 and 5P3/2 → 4D5/2 transitions
is �F = 0,±1. The atoms are distributed in three hyperfine
levels Fe = 4, 3, 2 of the 5P3/2 state due to the Doppler broad-
ening of pumping. Under the selection rule, there are nine
absorption peaks with the corresponding transitions already
marked in the figure, where 5P3/2(Fe = 4) → 4D5/2(Fd =
5) is a cycling transition that causes a strong absorption.
Considering the wavelength mismatch effect, the counter-
propagating configuration reduces the hyperfine splits of the
5P3/2 state to (1 − ωprobe/ωpump) times of its original value.
The two splits of the 5P3/2(Fe = 4, 3, 2) hyperfine structures
reduce from 120.7 and 63.4 MHz to 59.1 and 39.0 MHz,
while the four splits of the hyperfine structures 4D5/2(Fd =
5, 4, 3, 2, 1) remain unchanged at 20.8, 20.7, 17.8, and
13.0 MHz, respectively. The theoretical results are consistent
with the experiment.

The longitudinal magnetic field breaks the degeneracy of
levels and produces different frequencies due to the variation
of the mF angular momentum. The magnitude of the Zeeman
splitting is proportional to the magnetic field. The selection
rules for both 5S1/2 → 5P3/2 and 5P3/2 → 4D5/2 transitions
are �F = 0,±1 and �mF = ±1. For the linearly polarized
probe light, it can be considered as the superposition of the σ−
and σ+ circularly polarized components, where the σ− com-
ponent corresponds to the �mF = −1 transitions of the upper
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FIG. 4. The (a) experimental and (b) theoretical absorption, rotation, and ellipticity spectra of rubidium 5P3/2 → 4D5/2 transition in
different magnetic fields. The temperature is 80 ◦C and the pump power is 0.5 mW. The first row, second row, and third row represent the
absorption, rotation, and ellipticity spectra, respectively. The different magnetic fields represented by each column have been indicated in the
figure.

and the lower levels, and the σ+ component corresponds to
the �mF = +1 transitions. The absorption and dispersion of
the σ− and σ+ circularly polarized components are different
for the same frequency of the probe light due to the splitting of
the mF sublevels caused by the Zeeman effect. The different
absorption results in different amplitudes of the σ− and σ+
circularly polarized components, while the different disper-
sion results in different phases. The probe light exiting the cell
can be regarded as the superposition of the σ− and σ+ circu-
larly polarized components which have different amplitudes,
different phases and the same frequency. The different phases
lead to the polarization rotation, while the different amplitudes
lead to the ellipticity.

The experimental and theoretical absorption, rotation, and
ellipticity spectra in different magnetic fields are shown in
Fig. 4. Even though these spectra are complicated due to the
numerous Zeeman sublevels, regularities can still be seen
in some sublevels with high transition probabilities. Under
the magnetic field of 50 G, the first high absorption peak
appears at the detuning of about −220 MHz, labeled 1 in
figures. The branching sublevel of this absorption peak is

Fg = 3(mFg = 3) → Fe = 4(mFe = 2) → Fd = 4(mFd = 3),
where �mF = +1 corresponds to the absorption of the
σ+ circularly polarized component. Consequently, the
negative ellipticity appears at this frequency point with
the same trend as the absorption spectra. The dispersion
of the σ+ circularly polarized component varies while the
dispersion of the σ− component is basically unchanged,
which corresponds to the negative and then positive change
of the polarization rotation in the figure. Subsequently,
the second high absorption peak appears at the detuning
of about −30 MHz, labeled 2. The branching sublevel is
Fg = 3(mFg = −1) → Fe = 3(mFe = 0) → Fd = 4(mFd =
−1), where �mF = −1 corresponds to the absorption of
the σ− component. The several high absorption peaks
following this peak are also the �mF = −1 transitions.
Therefore, the polarization rotation and ellipticity behave in
the opposite way to that of the first absorption peak, with the
positive ellipticity and the positive and then negative change
of the polarization rotation.

As the magnetic field increases, it can be seen from the
Fig. 4 that the frequency positions of the first absorption peak
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FIG. 5. The (a) experimental and (b) theoretical absorption, rotation, and ellipticity spectra of rubidium 5P3/2 → 4D5/2 transition in
different temperatures. The magnetic field is 100 G and the pump power is 0.5 mW. The different temperatures represented by each column
have been indicated in the figure.

are about −220, −335, −450, and −565 MHz and of the
second absorption peak are about −30, 80, 190, and 300 MHz,
corresponding to 50, 100, 150, and 200 G magnetic fields.
The magnitude of the Zeeman splittings varies essentially
linearly with the magnetic field. Our theory can recover the
experimental curves. Owing to the Doppler width of pump-
ing, the pumping efficiency for individual sublevels decreases
when the Zeeman splitting becomes larger, so there is a slight
reduction in the absorption of probe light with the magnetic
field increasing.

In the measurement of high-precision spectra such as
optical-optical double resonance (OODR) and double reso-
nance optical pumping (DROP) [37–41], the relatively low
pump power (<5 mW) and low temperature (50–70 ◦C) were
used for most of the studies in order to reduce the pump
nonlinear effects as well as improve the SNR of the spectra.
However, the concentration of the intermediate excited state
atoms is too low to achieve a large polarization rotation in
those cases. Therefore, the study of the case of higher tem-
perature and higher pump optical power is important for the
polarization state control of the optical signal between excited
states of atoms.

The experimental and theoretical curves in different tem-
peratures are shown in Fig. 5. The rise in temperature elevates

the concentration of rubidium atoms and increases the pump
effect, which enhances the susceptibility and leads to the
simultaneous increase of the circular birefringence and the
circular dichroism in the vapor cell.

The raised temperature increases the nonlinear effects in
the cell, such as the energy pooling process [42], which has an
impact on pumping process. The theoretical model in this pa-
per only considers the linear two-photon absorption process,
so the deviation between experimental and theoretical results
becomes large at a high temperature. As the temperature
raises, the atoms of intermediate excited state atom appear to
have the same Maxwell velocity distribution as the ground
state, leading to the Doppler broadening of the absorption
of the probe light. At a temperature of 120 ◦C in Fig. 5,
each Zeeman sublevel exhibits a Lorentzian broadening su-
perimposed on the overall Doppler broadening. The effects of
Doppler broadening and Lorentz broadening of the Zeeman
sublevels on the absorption, rotation, and ellipticity spectra
can be clearly distinguished. The spectra is similar to that
of electromagnetically induced absorption, but its principle is
different.

Comparing the experimental curves at different tempera-
tures, it can also be seen that the rise in temperature leads to
little variation in the Lorentzian broadening of the Zeeman
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FIG. 6. The absorption, rotation, and ellipticity spectra of rubid-
ium 5P3/2 → 4D5/2 transition of the σ− and σ+ circularly polarized
pump light. The temperature is 80 ◦C, the magnetic field 100 Gs, and
the pump power 0.5 mW. The first and second columns present the
experimental and theoretical curves, respectively.

sublevels. The reason is the Lorentzian linewidth between
excited states of atoms is only affected by the natural
linewidths of the transitions and the linewidths of the pump
laser and the probe laser [37].

In Fig. 6, we used a quarter-wave plate to change the
pump light into the σ− and σ+ circularly polarized light
of the same pump power, observing the pump light for the
�mF = −1,+1 Zeeman sublevels separately. Compared with
the scenario of linearly polarized pump light, the sublevels
pumped to the intermediate excited states are half less. The
simpler optical choice makes the spectra cleaner. The super-
imposed spectra of the σ− and σ+ circularly polarized pump
light in Fig. 6 is the same as in Fig. 4 under the magnetic field
of 100 G.

V. POLARIZATION ROTATION CONTROL

The experimental curves in different pump powers are
shown in Fig. 7. The raise in pump power increases the pump
effect significantly, leading to a simultaneous increase in Fara-
day rotation and ellipticity, which also leads to a gradual
overshadowing of the Zeeman sublevels. At the pump power
of 50 mW (dark red line with inverted triangle), the absolute
value of the ellipticity is close to 1 at the maximum, indicating
that the exiting probe light at that frequency point becomes
almost circularly polarized light.

The Autler-Townes effect in the OODR absorption spectra
of the raising pump power has been reported experimentally
and theoretically [38,43]. In our work, the Autler-Townes
splitting can also be clearly observed in some specific Zeeman
sublevels with strong absorption, which has been marked in
the figure. Futhermore, the Autler-Townes effect can also be
observed in the Faraday rotation and the ellipticity spectra.

The frequency width of the 5P3/2 → 4D5/2 hyperfine split-
ting without magnetic field is 188 MHz in Fig. 3, which
corresponds to the Zeeman splitting at a magnetic field of
about 120 G. The Zeeman effect dominates when the magnetic

FIG. 7. Experimental (a) absorption, (b) rotation, and (c) ellip-
ticity spectra of rubidium 5P3/2 → 4D5/2 transition in different pump
power. The magnetic field is 200 G and the temperature is 100 ◦C.

field is 200 G in Fig. 7. The absorption of σ− and σ+
circularly polarized component is partially separated in the
relatively strong magnetic fields. The absorption of the σ−
circularly polarized component is dominant on the left side
of the vertical gray dashed line, while the absorption of the
σ+ component is dominant on the right side. At the frequency
point of the gray dashed line, the absorptions of the σ− and
σ+ components are equal so the ellipticity is zero and also
corresponds to the recess in the absorption spectra.

At the frequency point corresponding to the vertical gray
dashed line, the rotation angle is over 50 deg, and the el-
lipticity is zero of the pump power 50 mW. Therefore, we
obtained the polarization rotation for more than 50 deg with
negligible elliptical distortion of the 1529 nm near-resonant
light. More rotation angle can be obtained by raising pump
power and temperature, but it will cause more absorption, so
the balance between the polarization rotation and absorption
must be taken into consideration.

It can be observed that the rise in pump power has little
effect on the frequency point where the ellipticity is zero, so
it is available to achieve the polarization rotation control of
the 1529-nm near-resonant light by the variation of the pump
power at the frequency points of the vertical gray dashed line
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in the figure. Although a 50-deg polarization rotation is not
well suitable for the application of the all optical switching, it
is sufficient for the application of the dynamic half-wave plate
[44]. In addition, the ellipticity varies monotonically with
the pump power at the maximum points to the left and right
side of the vertical gray dashed line, which can be applied to
the dynamic quarter-wave plate.

However, there are two problems with this polarization
rotation method. First, unlike the off-resonant polarization
rotation method, the absorption of the probe light at this
frequency point is strong. The maximum absorption of the
probe light is up to more than 60% under the pump power
of 50 mW in the experiment. Second, this method requires
high-frequency stability of the probe light. The instability of
the probe light frequency may cause a surge of the elliptical
distortion in polarization rotation. We believe that the perfor-
mance of this method can be made better in further studies,
for example, by choosing the appropriate magnetic field for
different temperatures and pump powers.

VI. CONCLUSION

In conclusion, we have calculated and experimentally mea-
sured the Faraday rotation and ellipticity spectra of rubidium
5P3/2 → 4D5/2 transition in a magnetic field. Considering
the wavelength mismatch effect and the Doppler effect of
pumping, the theoretical calculation is demonstrated. In the
experiment, the rotating quarter-wave plate method is used
to measure the Faraday rotation and the ellipticity spectra
of the near-resonant probe light simultaneously. The theory
can recover the experimental curves when the nonlinear effect
of pumping is weak. We obtained the polarization rotation
between excited states of rubidium atoms over 50 deg with
negligible elliptical distortion experimentally. By analyzing
the rotation and the ellipticity spectra, we propose the po-
tential of the polarization rotation control of the 1529-nm
near-resonant light by varied pump power. The polarization
rotation of 1529-nm wavelength can be used for all-optical
networks and quantum communications in the 1.5-µm wave-
band. We believe our study have provided enlightenments for
an understanding of the polarization rotation of the Faraday
effect between excited states of atoms and provides more
adaptable scenarios for optical devices using Faraday effect.
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APPENDIX: DETAILS OF THE TRANSITION
PROBABILITY CALCULATION

Using the coupled basis |I, J, F, mF 〉, the total Hamiltonian
of the atomic system in an in an external magnetic field can
be written as [40]

H = H0 + Hfs + Hhfs + HB, (A1)

where H0 is the coarse atomic structure, Hfs and Hhfs charac-
terizes the fine and the hyperfine structure, and HB represents
the atomic interaction with the external magnetic field. The
hyperfine structure and the atomic interaction with the exter-
nal magnetic field can be seen as the perturbed Hamiltonian
on the basis of fine structures of the atomic system.

Considering the magnetic dipole moment and the electric
quadrupole moment, the hyperfine structure can be described
as

Hhfs = Ahfs

2
K + Bhfs

4

3
2 K (K + 1) − 2I (I + 1)J (J + 1)

I (2I − 1)(2J − 1)
,

(A2)

where Ahfs and Bhfs are the hyperfine structure constants and
its data are taken from Refs. [28,41,45], K = F (F+1) −
I (I + 1) − J (J + 1). HB characterizes Zeeman effect under
the longitudinal magnetic field Bz,

HB = μB

h̄
(gJJ + gI I) · B, (A3)

where μB is the Bohr magneton, h̄ is the reduced Planck
constant, and gJ and gI are Landé g factors depend on J and I ,
respectively. The two terms are expressed as〈

IJFimFi

∣∣gJJ · B
∣∣IJFjmFj

〉
= gJBz(−1)I+J+Fi+Fj−mF +1

× √
(2Fi + 1)(2Fj + 1)J (J + 1)(2J + 1)

×
(

F ′
i 1 Fj

−mF 0 mF

){
J Fi I
Fj J 1

}
, (A4)〈

IJFimFi

∣∣gI I · B
∣∣IJFjmFj

〉
= gI Bz(−1)I+J+Fi+Fj−mF +1

× √
(2Fi + 1)(2Fj + 1)I (I + 1)(2I + 1)

×
(

F ′
i 1 Fj

−mF 0 mF

){
I Fi J
Fj I 1

}
, (A5)

where i and j are different sublevels of Zeeman effect. The
quantities in brackets are 3 j symbols and in curled bracket 6 j
symbols.

The full matrix 〈I, J, F, mF |H |I, J, F, mF 〉 of the ground
state, the intermediate excited state, and the doubly excited
state are diagonalized separately to obtain the eigenvalues and
eigenstates of those three states. The eigenvalues describe the
transition frequencies between the upper and lower sublevels,
and the eigenvectors Vg, Ve, and Vd are represented by a map-
ping of the basis |I, J, F, mF 〉,

Vg =
∑

Fg,mFg

Cg|Ig, Jg, Fg, mFg〉. (A6)

This equation also applies to the e and d states.
The transition probability of the basis |F, mF 〉 between the

upper and lower levels is

σmF mF ′ = 〈F, mF |er|F ′, mF ′ 〉

=
(

F ′ 1 F
mF ′ mF ′ − mF −mF

){
J J ′ 1
F ′ F I

}

×〈J|er|J ′〉(−1)2F ′+I+J+mF

×
√

(2F + 1)(2F ′ + 1)(2J + 1), (A7)
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where F → F ′ represents the Fg → Fe or the Fe → Fd tran-
sition. Here mF ′ − mF = 1,−1 represent the σ+ and σ−
circularly polarized light, respectively. The value of the re-
duced matrix element 〈J|er|J ′〉 is the same for the same F →
F ′ transition and can be calculated using the expression for
the decay rate � [29]:

� = 16π3

3ε0hλ0
3

2J + 1

2J ′ + 1
〈J|er|J ′〉2, (A8)

where ε0 is the vacuum permittivity and λ0 is the is the
wavelength of the corresponding transition.

The transition probability of the eigenvectors of the g → e
states can be described as

σge =
∑

Fg,mFg

∑
Fe,mFe

CgCeσmFg mFe
. (A9)

This equation also applies to the eigenvectors of the e → d
states.
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