
PHYSICAL REVIEW A 107, 053104 (2023)

Laser-assisted photoionization beyond the dipole approximation
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We present a theoretical study of atomic laser-assisted photoionization emission beyond the dipole approxima-
tion. By considering the nonrelativistic nondipole strong-field approximation (nondipole Gordon-Volkov wave
function), we analyze the different contributions to the photoelectron spectrum, which can be written in terms
of intra- and intercycle factors. We find that our nondipole approach not only exhibits asymmetric emission in
the direction of light propagation, but also allows emission in dipole-forbidden directions. The former feature
can be rooted in both intra- and intercycle interference processes, while the latter stems from a dependence of
the sideband energy on the emission angle with respect to the propagation direction. Our theoretical scheme,
presented here for He atoms in the 1s quantum state, is general enough to be applied to other atomic species and
field configurations.
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I. INTRODUCTION

When an extreme ultraviolet (XUV) pulse and an infrared
(IR) laser field overlap in space and time with matter, the
so-called laser-assisted photoionization emission (LAPE) pro-
cesses take place. Here two main and distinct schemes can be
distinguished depending on the XUV pulse duration, namely,
(i) the streaking regime, when the XUV pulse is shorter than
one IR optical cycle, and (ii) the sideband regime, when the
XUV pulse is longer than one IR optical cycle. The XUV
pulse promotes an electron wave packet to the continuum
in the presence of the IR field. In (i), if both the XUV and
IR fields are controlled with subfemtosecond time resolution,
the photoelectron spectra for different time delays can be
recorded. This spectrogram carries structural, amplitude, and
phase information of both the XUV and IR fields. These
parameters can be efficiently retrieved by applying well-
established reconstruction algorithms [1–4]. Alternatively, in
(ii), the concurrent absorption of one XUV photon, together
with the exchange of one or more additional photons from
the IR laser field, leads to equally spaced sideband (SB)
peaks in the energy-resolved photoelectron spectrum (PES).
They are located at higher and lower energies than the XUV
photoionization energy value due to respective absorption and
emission of IR photons [5,6]. The first theoretical prediction
of the SB peaks was presented in [7]. Since then, a great deal
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of experimental and theoretical work has been reported in this
field (see, e.g., [5,8–13] and references therein).

The sideband peaks have great similarities with the well-
known above-threshold ionization (ATI) peaks in the context
of multiphoton strong-field ionization, where the target ab-
sorbs more photons than those required for an electron to get
ionized [14]. The formation of both kinds of peaks (ATI and
SB) can be explained theoretically as the constructive inter-
ference between electron wave packets released at different
optical cycles of the IR laser field [15–17].

Previously, we successfully identified electron trajectories
and described the PES as a transparent product of inter- and
intracycle interference factors based on the strong-field ap-
proximation (SFA) within the dipole approximation for both
ATI [15,18,19] and LAPE scenarios [17,20,21]. We showed
that the intercycle interference accounts for the sidebands’
formation and the intracycle interference appears as a mod-
ulation of the former. These two types of interference can be
easily explained as the coherent superposition of electron tra-
jectories making use of the saddle-point approximation (SPA),
for the calculation (time integration) of the transition matrix.
However, resorting to the SPA is not necessary as we have
shown in Refs. [22,23], where we have demonstrated that
it is feasible to compute the PES as a function of a kernel
quantity that represents the time-dependent photoionization
transition matrix for an XUV pulse of only one IR cycle
duration.

In all the above-described theoretical approaches, the
dipole approximation was considered provided (i) the IR laser
is weak enough and (ii) laser wavelengths (longer than atomic

2469-9926/2023/107(5)/053104(11) 053104-1 ©2023 American Physical Society

https://orcid.org/0000-0001-7909-4529
https://orcid.org/0000-0002-1123-6460
https://orcid.org/0000-0002-4375-4940
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.107.053104&domain=pdf&date_stamp=2023-05-10
https://doi.org/10.1103/PhysRevA.107.053104


R. DELLA PICCA et al. PHYSICAL REVIEW A 107, 053104 (2023)

size) are short enough that consideration of magnetic effects
can be neglected. Within the dipole approximation, photons
transmit energy to the target (atom, molecule, or solid) but not
momentum since the laser electric field is considered homoge-
neous with no contribution of the magnetic-field component.
These assumptions must be revised when (i) ultrastrong laser
fields [24] and (ii) mid-IR laser sources [25,26] are used.
For long-wavelength high-intensity lasers, nondipole effects
originate from the Lorentz force of the magnetic field and
give rise to a momentum transfer of laser photons on the
ejected electrons in the propagation direction. The contribu-
tion of relativistic effects in ATI can be quantified through the
parameter [27–29]

q = Up

mc2
, (1)

which reflects the importance of the ponderomotive energy
Up, relative to the rest energy of the electron (m is the electron
rest mass and c the speed of light). For small q and when the
Coulombic effect of the remaining core on the photoelectron
is disregarded, the classical motion of the ejected electron can
be thought of as a composition of two motions: (i) The elec-
tron oscillates in the polarization direction due to the (dipole)
laser electric field with the aforementioned ponderomotive
energy and (ii) the electron drifts along the light propagation
direction superimposed with an oscillation with twice the
laser frequency with the well-known figure-eight motion, in
a reference frame accompanying the electron in its average
drift motion. The drift per cycle relative to the (dipole) quiver
amplitude can be quantified as π

√
q and the amplitude β0 of

the figure-eight motion along the propagation direction rela-
tive to the amplitude along the polarization direction as

√
q/4.

A momentum shift along the laser propagation direction at the
tunnel exit is a signature of the relativistic dynamics through
the tunneling barrier in ATI [30]. Nondipole effects break the
forward-backward symmetry of electron emission strongly
reducing recollision in high-order above-threshold ioniza-
tion affecting, therefore, photon emission by laser-driven
ions [31].

The partitioning of the photon momentum transfer between
the electron and ion is currently under debate [31–40]. Part
of the photon momentum shift that the electron takes stems
from the effect of the magnetic field during tunneling through
the potential barrier formed by the atomic potential and the
laser field. The remaining part of the photon momentum is
transferred to the electron during its motion in the continuum
[39–43]. For linear polarization, a shift of the low-energy
region of the momentum distribution against the propagation
direction has been reported [31,36,39]. Recently, it was shown
that the subcycle linear momentum transfer can be explained
through the interplay between nondipole and nonadiabatic
effects on the tunneling dynamics [33]. Comparisons with
experiments show that the laser beam profile must be consid-
ered together with nondipole effects to accurately describe the
energy of the ATI peaks [43,44].

Despite the great and recent research activity of nondipole
effects in strong-field ionization (see the works cited in the
preceding paragraph), a detailed investigation of how the
leading-order nondipole corrections affect the LAPE scenario
is lacking. In this context, we consider (i) the absorption

of one XUV photon followed by (ii) multiple absorption or
emission of IR photons. Therefore, there is no possibility of
momentum transfer of the IR photon to the atom at stage (i)
and the IR photon momentum is only transferred during the
photoelectron excursion in the continuum (ii). For this reason,
in the current work, we study nondipole effects in LAPE. The
aim of the present work is to unravel the nondipole traces in
the PES structures that are encoded in both the intra- and in-
tercycle interference patterns. We also analyze how nondipole
effects shift the borders of the classically allowed region.

The paper is organized as follows. In Sec. II we briefly
summarize the leading-order nondipole SFA theory and an-
alyze the properties of the temporal integral of the transition
matrix. In Sec. II A we analyze the intercycle contribution,
then in Sec. II B we consider the intracycle factor, and finally
in Sec. II C we analyze the semiclassical model for LAPE
under nondipole conditions. In all cases, we scrutinize the
asymmetry of the forward-backward emissions. A summary
is presented in Sec. III. Atomic units are used throughout the
paper, except where stated otherwise.

II. THEORY AND RESULTS

In the single-active-electron approximation, the time-
dependent Schrödinger equation (TDSE) reads

i
∂

∂t
|ψ (t )〉 = [H0 + Hint(t )]|ψ (t )〉, (2)

where H0 = p2/2 + V (r) is the time-independent atomic
Hamiltonian, whose first term corresponds to the electron ki-
netic energy and its second term to the electron-core Coulomb
interaction. The second term on the right-hand side of
Eq. (2), i.e.,

Hint = [FX (η) + FL(η)] ·
(

r − iz

c
∇

)
, (3)

describes the interaction of the atom with both time-dependent
XUV [FX (η)] and IR [FL(η)] electric fields in the length
gauge, with η = η(t, r) [45]. We suppose the XUV pulse to be
weak enough and of short wavelength well above the atomic
size, i.e., ωX � 2πc, so that XUV ionization can be regarded
within the dipole approximation, leaving the nondipole ef-
fects to the subsequent action of the IR laser, i.e., FX (η) =
FX (ωX t ).

The electron initially bound in an atomic state |φi〉 is emit-
ted to a final continuum state |φ f 〉, with final momentum k
and energy E = k2/2. Then the energy and angle-resolved
photoelectron spectra can be calculated as

dP

dEd	
=

√
2E |Ti f |2, (4)

where Ti f is the T -matrix element corresponding to the tran-
sition φi → φ f and d	 = sin θdθdφ is the solid angle, with
θ and φ the polar and azimuthal angles of the laser-ionized
electron, respectively.

Within the time-dependent distorted-wave theory, the tran-
sition amplitude in the prior form is expressed as

Ti f = −i
∫ +∞

−∞
dt〈χ−

f (r, t )|Hint(r, t )|φi(r, t )〉, (5)
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where φi(r, t ) = ϕi(r) eiIpt is the initial atomic state, with ion-
ization potential Ip, and χ−

f (r, t ) is the distorted final state.
Equation (5) is exact as long as the final channel χ−

f (r, t ) is
the exact solution of Eq. (2). However, several degrees of ap-
proximation have been considered so far to solve Eq. (5). The
widest-known one is the SFA, which neglects the Coulomb
distortion in the final channel produced on the ejected-electron
state due to its interaction with the residual ion and disre-
gards the influence of the laser field in the initial ground
state [46,47]. The SFA, for instance, is able to model the ring
structures of the ATI photoelectron spectrum [48].

In this work we consider the ionization of an atomic system
by the combination of an XUV finite laser pulse assisted by
an IR laser polarized in the (x, y) plane (ε̂L) and propagating
in the ẑ direction with wave vector KL = KLẑ. We describe
the space- and time-dependent IR laser pulse by the vector
potential as (see Sec. 2.8 of [45])

AL(r, t ) = AL(η) = ε̂LAL(η), (6)

where η = ωLt − KL · r = ωL(t − z/c) and the correspond-
ing electric field is

FL(η) = − ∂

∂t
AL(η) = ε̂LFL(η). (7)

We are interested in the nondipole effects on the LAPE
processes, which let us consider a space-dependent laser field
at the lowest order in 1/c for the vector potential

AL(η) � AL(η)|r=0 + (r · ∇)AL(η)|r=0

� AL(ωLt ) + z

c
FL(ωLt ), (8)

where AL(η)|r=0 = AL(ωLt ). Then we approximate the dis-
torted final state with the nondipole Gordon-Volkov wave
function in the length gauge [see Eq. (2.199) of [45]]

χ
VND
f (r, t ) = (2π )−3/2 exp[i�(k, t ) · r]

× exp

[
i

2

∫ ∞

t
�2(k, t ′)dt ′

]
, (9)

where

�(k, t ) = k + AL(ωLt ) +
(

k · AL(ωLt ) + 1

2
A2

L(ωLt )

)
ẑ

c

(10)

and

�2(k, t ) = k2 + 2(k · ε̂L )

(
1 + k · ẑ

c

)
AL(ωLt )

+
(

1 + k · ẑ

c
+ (k · ε̂L )2

c2

)
A2

L(ωLt )

+ k · ε̂L

c2
A3

L(ωLt ) + 1

4c2
A4

L(ωLt ). (11)

Here we have taken into account that the IR contribution
to the vector potential is dominant. As the frequency of the
XUV pulse is much higher than the one of the IR field and
considering the strength of the XUV field is much smaller than

the IR one, the XUV contribution to the vector potential can
be neglected [49,50]. Within the dipole approximation (in the
1/c → 0 limit), we can approximate the distorted final state
with a Volkov function, which is the solution of the TDSE for
a free electron in a homogeneous electromagnetic field [51].

With the appropriate choice of the IR and XUV laser
parameters, we can assume that the energy domain of the
LAPE processes is well separated from the domain of ioniza-
tion by the IR laser alone. In other words, the contribution
of IR ionization is negligible in the energy domain where
the absorption of one XUV photon takes place and then
Hint � r · FX . In addition, we set the general expression for
the linearly polarized XUV pulse of duration τX as

FX (ωLt ) = −ε̂X FX0(t ) cos(ωX t ), (12)

where ε̂X and ωX are the polarization vector and the carrier
frequency of the XUV field, respectively. Furthermore, FX0(t )
is a nonzero envelope function during the temporal interval
(t0, t0 + τX ) and zero otherwise, which we approximate as
its maximum amplitude, i.e., FX0(t ) ≈ FX0. Thus, the matrix
element of Eq. (5) can be written as

Ti f =
∫ t0+τX

t0

�(t )eiS(t )dt, (13)

where S(t ) is the generalized action

S(t ) = (Ip − ωX )t + 1

2

∫ t

�2(k, t ′)dt ′ (14)

and

�(t ) = − i

2
FX0ε̂X · d[�(k, t )], (15)

with the dipole moment defined as d(v) =
(2π )−3/2〈eiv·r|r|ϕi(r)〉 (see the Appendix). In Eq. (13)
we have used the rotating-wave approximation which in this
case accounts for the absorption of only one XUV photon
and thus neglects the contribution of XUV photoemission. In
addition, during the XUV pulse time-lapse, the IR linearly
polarized electric field can be modeled as a cosinelike wave
and hence the vector potential can be written as

AL(ωLt ) = FL0

ωL
sin (ωLt )ε̂L, (16)

where FL0 is the electric-field peak amplitude. Considering
the T periodicity of the vector potential in Eq. (16), i.e.,
T = 2π/ωL, and the � dependence on time through AL(ωLt ),
the dipole moment also fulfills

d[�(t + jT )] = d[�(t )] (17)

for each integer number j.
Let us now analyze some features of the Tif matrix element

(13). To this end we note that the action S(t ) defined in
Eq. (14) can be written as

S(t ) = at + b cos(ωLt ) + f sin(2ωLt )

+ d cos(3ωLt ) + e sin(4ωLt ), (18)
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where

a = k2

2
+ Ip − ωX + Up

(
1 + k · ẑ

c
+ (k · ε̂L )2

c2
+ 3Up

4c2

)
,

b = −FL0

ω2
L

(k · ε̂L )

(
1 + k · ẑ

c
+ 3Up

2c2

)
,

f = −Up

2ωL

(
1 + k · ẑ

c
+ (k · ε̂L )2

c2
+ Up

c2

)
, (19)

d = (k · ε̂L )
FL0Up

6ω2c2
,

e = U 4
p

16ωc2
.

Here Up = (FL0/2ωL )2 is the ponderomotive energy for ho-
mogeneous fields.

We then observe that [S(t ) − at] is a time-oscillating func-
tion with the same period T of the IR laser field, i.e.,

S(t + jT ) = S(t ) + a jT . (20)

In light of these periodicity properties [Eqs. (17) and (20)], we
can rewrite the transition matrix [Eq. (13)] in terms of the con-
tribution of the first IR cycle only, as we have demonstrated in
[22] within the dipole approximation. For that, let us introduce
the kernel quantity I (t ) as the contribution to the transition
amplitude from zero to time t , i.e.,

I (t ) =
∫ t

0
�(t ′)eiS(t ′ )dt ′, (21)

providing that 0 � t � T . From its proper definition, it is clear
that I (t ) increases from zero at t = 0 and depends on both the
electron energy and the geometrical arrangement between ε̂X ,
ε̂L, ẑ, and the electron emission direction k̂.

In a previous work [22] we presented the expression for
the transition matrix as a function of the kernel quantity I
for several cases of LAPE processes: streaking, sideband, and
pulse train regimes. Since the development of those formulas
is based on the same periodicity properties of Eqs. (17) and
(20) in the present work, we finally find that in the nondipole
situation Eqs. (18), (21)–(23), (33), and (36) of [22] remain
valid. Among the three possible regimes, the sideband sce-
nario is the most relevant since it is described as the product of
two kinds of interferences, the intra- and intercycle contribu-
tions, while the other cases can be interpreted in light of these
two factors but in a more complicated formula than a simple
product. For that, in the present work we focus only on the
SB regime (setting τX = NT , with N an integer number and
no XUV delay, i.e., t0 = 0), where the PES is proportional to
[see Eq. (23) of [22]]

∣∣T SB
i f

∣∣2 = |I (T )|2︸ ︷︷ ︸
intracycle

(
sin(aT N/2)

sin(aT/2)

)2

︸ ︷︷ ︸
intercycle

. (22)

In the following, we analyze both the intra- and intercycle
contributions beyond the dipole approximation. However, we
keep our approach under the condition q � 1, i.e., a non-
relativistic description including nondipole effects. For this
reason, in Eqs. (11) and (19) the terms of order 1/c2 will

be neglected and only terms proportional to ẑ/c are to be
incorporated as a correction to the dipole approximation.

We consider the ionization of a He(1s) as an example and
we fix the IR polarization vector in x̂ and the XUV one parallel
to the IR propagation direction ẑ, i.e., ε̂L = x̂ and ε̂X = ẑ. In
Table I we show the rest of the laser parameters for several
cases of study, chosen in such a way that ωX − Ip − Up =
2.596 a.u., corresponding to the zeroth-order SB position, is
identical for all cases.

Finally, we note that the scheme here presented can be
easily extended to other, more sophisticated, models, e.g., the
Coulomb-Volkov approximation, as long as d[�(t )] main-
tains the T periodicity and Eq. (17) is fulfilled.

A. Intercycle factor

The zeros of the denominator in the intercycle factor, i.e.,
the energy values satisfying aT/2 = nπ , are avoidable singu-
larities since the numerator also cancels out and maxima are
reached at these points. Such maxima are recognized as the
sidebands peaks in the PES. In the 1/c → 0 limit, i.e., within
the dipole approximation, the sideband peak of order n occurs
at ED

n = nωL + ωX − Ip − Up, corresponding to the absorp-
tion (n > 0) or emission (n < 0) of n IR photons, following
the absorption of one XUV photon. However, in the present
case aT/2 = nπ leads to a quadratic equation for kn = √

2En:
[see also Eq. (56) of Ref. [52]]

En = nωL + ωX − Ip − Up

(
1 + kn · ẑ

c

)
. (23)

Rewriting this equation in terms of the parallel (knz) and per-
pendicular (kn⊥) components of the electron momentum with
respect to the propagation direction, we find

k2
n⊥
2

+ 1

2

(
knz + Up

c

)2

� nωL + ωX − Ip − Up (24)

to O(1/c), which can be understood as a ring in the momen-
tum space with radius

√
2(nωL + ωX − Ip − Up) and shifted

an amount −Up/c in the ẑ direction. Let us note that a similar
result is obtained for the ATI peaks (see, for example, [36]).
We observe that the new positions of the SB peaks are depen-
dent on the projection of the emission direction into the IR
propagation axis: k · ẑ = k cos θ .

In Fig. 1 we present the intercycle factor for case A (see
Table I) as a function of the photoelectron energy and cos θ

at two energy ranges with ten sidebands each. In Fig. 1(a)
we show that the sideband energies under the dipole approx-
imation do not depend on the emission angle. Contrarily, the
inclusion of nondipole effects produces the inclination of the
sidebands [see Figs. 1(b) and 1(c)]. The vertical dashed lines
indicate some reference values corresponding to SB peaks for
certain orders n within the dipole approximation. When the
emission is opposite to the IR propagation (cos θ < 0) the SBs
are shifted towards higher energies. On the contrary, when
cos θ > 0, the shift is in the direction of lower energies. This
results in an emission asymmetry depending on whether the
emission direction is parallel or antiparallel to the propagation
direction of the laser. For each n order SB, the forward (−) and
backward (+) energy shifts are

�E � ∓Up

c

√
2ED

n , (25)
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TABLE I. Laser parameters in atomic units for each case studied. Here FX 0 = 0.01 and τX = NT , with N = 1 or 2.

Case FL0 ωL (λL) Up ωX
√

q β0 = q c/2ωL

A 0.05 0.05 (911.26 nm) 1/4 3.75 0.5/c 2.5/c
B 0.05/

√
5 � 0.02 0.05/

√
5 (2037.6 nm) 1/4 3.75 0.5/c 5.6/c

C 0.05/
√

5 � 0.02 0.05/
√

10 (2881.6 nm) 1/2 4.0 0.7/c 16/c
D 0.05/

√
5 � 0.02 0.05/

√
20 (4075.3 nm) 1 4.5 1/c 45/c

E 0.05/
√

2 � 0.03 0.05/
√

12 (3156.7 nm) 3/2 5 1.2/c 52/c

respectively. We also observe that, according to Eq. (25),
as the energy increases, the slope of the sidebands also in-
creases: The sidebands of Fig. 1(c) are more slanted than in
Fig. 1(b). Thus, the forward-backward asymmetry emission
is more noticeable for higher energies. As sidebands are very
robust structures throughout the focal volume [53], measur-
ing the relative energy shift of sidebands, i.e., �E/ωL =
∓2β0

√
2ED

n , might be a helpful tool to determine the experi-
mentally elusive intensity of strong and/or low-frequency IR
lasers through the parameter β0 = qc/2ωL .

B. Intracycle factor

In previous works, we have shown that the sideband
structures stemming from the intercycle interferences are

FIG. 1. Intercycle factor for case A (see Table I) parameters and
N = 2, within the (a) dipole and (b) and (c) nondipole approxima-
tions. The vertical dashed lines indicate the position of the SB in
the dipole approximation: ED

n for (a) and (b) n = −30, −25 and (c)
n = 64, 67.

modulated by the intracycle factor [17]. Thus, in this sec-
tion we analyze how the nondipole description affects the
|I (T )|2 modulation.

In Fig. 2(a) we show the intracycle factor multiplied by k
for case A (see Table I) and for k = kzẑ + k⊥x̂, i.e., emission
in the (x, z) plane. This is equal to the PES (4), when N = 1.
In Fig. 3 we show the PES for different cuts of the plots of
Fig. 2: in Fig. 3(a) with θ fixed and in Fig. 3(b) at fixed
energies as a function of the emission angle. We observe
that the intracycle factor has a region delimited by certain
energy and angle values and it vanishes outside this region.
In a previous work [17] and within the semiclassical model,
this fact was interpreted as a classically allowed region. As in
the dipole description, inside the allowed region the intracycle
factor has fringes. Comparing both the dipole and nondipole
results, we do not observe significant qualitative differences
in these fringes (not shown). However, due to the incorpo-
ration of nondipole terms of order 1/c, we can expect that
the most noticeable variations will be in the areas close to
zero emission [white areas in Fig. 2(a)]. For that reason, we
introduce in Fig. 2(b) the parameter A, which quantifies the

FIG. 2. (a) Nondipole LAPE PES (with N = 1) of He(1s) for
case A (see Table I) in logarithmic scale and arbitrary units.
(b) Asymmetry factor (26).
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FIG. 3. Intracycle factor for LAPE of He(1s) for the nondipole
case A (see Table I) at (a) fixed emission angles and (b) fixed energy
values.

relative importance of nondipole effects

A(E , θ ) =
dPND

dEd cos θ

dPND

dEd cos θ
+ dPD

dEd cos θ

, (26)

where ND and D correspond to the nondipole and dipole
distributions, respectively. The parameter A(E , θ ) will be 0
when nondipole effects are negligible, close to 1 when they
are dominant, and 1

2 when dipole and nondipole contributions
are equal.

Close to the zero-emission areas [white region in Fig. 2(a)],
we observe black or white areas in Fig. 2(b), featuring the
nondipole contributions. We also recognize that the white
structures in the lower half plane (cos θ < 0) become black
in the upper one (cos θ > 0) and vice versa, which demon-
strates the existence of an asymmetry in the forward-backward
emission with respect to the IR propagation direction. This
asymmetry can also be observed, for example, in Fig. 3(b),
where the peaks on the right are higher than their respective
ones on the left.

Therefore, we can conclude that (i) the forward-backward
asymmetry emission is not circumscribed to the inclination of
the sidebands (a proper contribution of the intracycle factor is
also present) and (ii) the PES presents well-defined regions,
where the emission probability is considerably higher, similar
to the classically allowed regions for dipole LAPE. On the

FIG. 4. Schematic classical limits in the momentum space
(kx, kz ). Green dashed lines depict the dipole results (see Ref. [17]).

borders of these regions, where the PES is close to zero, the
O(1/c) contribution will be noticeable. In this sense, it could
be motivating to investigate if there are corrections in the
classical limits due to nondipole effects. This is addressed in
the next section.

C. Nondipole classical limits

The semiclassical model (SCM) consists in solving the
time integral of Eq. (13) by means of the SPA, where the main
contribution occurs for those times ts for which the action
is stationary, i.e., dS/dt = 0. In the nondipole approach, it
means that [see Eq. (14)]

�2(k, ts) = v2
0, (27)

where v2
0/2 = ωX − Ip corresponds to the mean energy of the

photoelectrons ionized by the XUV pulse in the absence of
the IR laser. Then the transition probability can be written
as a coherent superposition of the amplitudes of all classical
electron trajectories starting from stationary points ts of the
generalized action S(t ) with final momentum k. Complex
ionization times give rise to nonclassical trajectories with
exponentially decaying factors and thus with minor relevance
compared to classical trajectories with real values. In other
words, those values of the momentum k satisfying Eq. (27)
for real values of ts define a region of classically allowed
momenta. Considering the (kx, kz ) plane and neglecting terms
of the order of 1/c within the dipole approximation, we
get an oscillating circumference, as it has been described in
[17]. The oscillation is harmonic in the direction of the IR
field, i.e., kx, with amplitude FL0/ωL and frequency ωL. In
Fig. 4 we show these regions. At ts = 0 we get the red circle,
while the extreme regions correspond to the two green dashed
circumferences. In the present case, the O(1/c) contribution
introduces a small correction. In order to make it visible, we
have taken an artificial value of c = 13.7 to generate the red
ellipses in Fig. 4. They come from the continuous movement
and deformation of the circle as a function of ts generated by
the nondipole contributions.

As it was shown in [17] and comparing the quantum SFA
and TDSE results, the SCM gives an excellent prediction
where the PES is non-negligible. We can expect then a small
nondipole variation in the classical limits. In order to analyze
it, we consider the three principal directions x̂, ŷ, and ẑ. In
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FIG. 5. Intracycle factor for case D as a function of the pho-
toelectron energy at fixed emission angles. (a) The photoelectron
momenta are k = kẑ (θ = 0) and k = kŷ (θ = π/2). The black
dashed vertical lines indicate the semiclassical limit at Elow = 1.6 a.u.
and Eup = 3.6 a.u. (b) The blue solid line shows k = kx̂ and the or-
ange dashed line shows the quadratic approximation (31). The black
dashed vertical lines indicate the semiclassical limit at Elow = 0.2 a.u.
and Eup = 11 a.u. At v2

0/2 = 3.6 a.u. (blue dashed vertical line) the
PES shows a minimum.

Fig. 5 we show the intracycle factor for case D (see Table I)
for emission in the ẑ and ŷ directions in Fig. 5(a) and x̂ in
Fig. 5(b). The vertical dashed lines indicate the classical limits
obtained as follows. Equation (27) [neglecting 1/c2 terms in
Eq. (11)] gives

v2
0 =

⎧⎪⎨
⎪⎩

k2 + A2
L + A2

Lk
c if (i) k = kẑ

k2 + A2
L if (ii) k = kŷ

(k + AL )2 if (iii) k = kx̂.

(28)

The maximum and minimum classically allowed k values
are those for which the above equations have extreme val-
ues (maxima and minima) of the field AL(ωLt ) or A2

L(ωLt ).
So, in case (ii), the values 0 and (FL0/ωL )2 = 4Up minimize
and maximize the field A2

L(ωLt ), respectively, giving rise to
the classical limits Elow � (v2

0 − 4Up)/2 and Eup = v2
0/2. For

case (iii), the limits are Elow,up = (v0 ∓ FL0/ωL )2/2. These
two cases (ii) and (iii) coincide exactly with those expected for
the dipole approximation (see [17] for emission perpendicular
and parallel to the dressing IR field). Instead, for case (i) there
is a small nondipole correction to the dipole classical limit at

low energy, whereas for Eup = v2
0/2 the lower limit is

Elow = v2
0

2
− 2Up

(
1 ± 1

c

√
v2

0 − 4Up

)
. (29)

We observe in Fig. 5 that, effectively, the larger emission
probability is restricted to the SCM range, delimited by the
classical borders Elow,up.

The most striking difference compared with the dipole
results lies in the fact that the emission in x̂ is not forbidden
[see Fig. 5(b)]. Indeed, in the dipole approximation, the dipole
element d(k + A) is orthogonal to the XUV polarization vec-
tor in ẑ and then emission in the x̂ direction is forbidden [23].
Instead, according to Eq. (A3), beyond the dipole approxima-
tion, we can expect some contribution of O(1/c). Hence, all
the contribution in this direction is purely nondipole. Further-
more, we can observe a very noticeable structure: a minimum
at E = v2

0/2. This structure can be easily understood in light
of the semiclassical model: Since the principal contribution to
the temporal integral occurs at real times ts verifying Eq. (27),
we can approximate �(t ) by

�(ts) ∝ 1

c
(
v2

0 + α2
)3

(
kAL(ωLts) + A2

L(ωLts)

2

)

∝ v2
0

2
− k2

2
, (30)

where we have combined Eqs. (27), (28), and (A3). We note
that this expression does not depend on the time ts but on
the energy E = k2/2 and vanishes at the particular value
E = v2

0/2. Since it represents a zero of the matrix element,
we can call it a Cooper-like minimum. Then the intracycle
factor is proportional to a quadratic function of the energy that
vanishes at the Cooper-like minimum:

|I (T )|2 ∝ |�(ts)|2 ∼
(

v2
0

2
− E

)2

. (31)

This quadratic function is plotted as a orange dashed line
in Fig. 5(b), with an arbitrary normalization constant. The
agreement is striking.

Now we want to explore the behavior of the intracycle
factor and its relationship with the classical limits as a func-
tion of the laser configuration by increasing the q parameter,
which indicates a growth of nondipole contributions. For that
purpose, we consider cases B–E of Table I. In Fig. 6 we
present the spectra for the three principal emission directions
as previously considered. We observe that the spectra remain
limited by the classical values and they widen as q increases.
We also see that the qualitative shape of the spectra does
not change and, notoriously, the Cooper-like minimum also
persists [see Fig. 6(c)] at different energy positions as the
XUV frequency varies.

Finally, we want to study if there is some kind of forward-
backward asymmetry in the classical limits. For that we
compare the emission in the parallel (ẑ) and antiparallel (−ẑ)
directions with respect to the IR propagation direction. In
Fig. 7 we compare both situations for case E. Very good qual-
itative agreement is observed at the entire range, except close
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FIG. 6. Intracycle factor at the emission direction (a) k = kẑ, (b)
k = kŷ, and (c) k = kx̂, for different laser parameters according to
cases B–E (see Table I).

to the lower classical limit. According to Eq. (28),1 the lower
classical limits depend on the emission direction (forward or
backward, i.e., ±ẑ) according to Eq. (29). This small differ-
ence can be observed by comparing the forward and backward
spectra: The solid curve rises before (at E low+ = 1.06 a.u.)
the dashed one (at E low- = 1.13 a.u.). Within the dipole

1The third term of this equation is negative for antiparallel
emission.

FIG. 7. Intracycle factor at the emission directions ẑ (purple solid
line) and −ẑ (orange dashed line) for case E (see Table I). The
dashed vertical lines indicate the classical limits at Elow+ = 1.06 a.u.,
Elow− = 1.13 a.u., and Eup = 4.09 a.u.

approximation, both curves coincide exactly at the lower clas-
sical limit Elow = 1.09 a.u., which lies precisely in the middle
of both (not shown).

Summarizing this section, we can say that the classical
limits accurately determine the energy and emission angle
range. These limits are slightly affected by nondipole effects.
They appear as a forward-backward asymmetric emission.
Moreover, beyond the dipole approximation, there is no re-
striction on the emission in the x̂ direction; in this case, the
semiclassical model predicts perfectly the shape of the spectra
and the presence of a Cooper-like minimum at energy equal
to v2

0/2.

III. CONCLUSION

We have studied the laser-assisted photoemission process
in a nonrelativistic SFA description including nondipole cor-
rections. Due to the periodicity properties, in the same spirit of
our previous work [22], we can rewrite the PES as a function
of two principal contributions: the intra- and the intercycle
factors. We have analyzed each factor and the modifications
introduced in each of them by the nondipole effects. In order
to consider a concrete case, we have analyzed the LAPE of
He(1s) in a particular geometrical arrangement of the XUV
and IR polarization vectors and IR propagation direction, for
several IR laser parameters. As a result of the intercycle in-
terference, the sideband pattern exhibits an angle dependence
(inclination), which increases with energy. The classical al-
lowed angle-energy region, previously investigated within the
dipole approximation, is sensitive to corrections of O(c−1). As
a particular point, we have found that the emission restriction
in the x̂ direction no longer holds in the nondipole approach.
The nondipole semiclassical model shows excellent agree-
ment with the SFA results and gives a useful interpretation of
its most notorious structure, a Copper-like minimum. In both
intra- and intercycle factors and also in the limits of the clas-
sically allowed region, we have observed and characterized a
forward-backward asymmetry originated in the existence of
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a privileged direction that is the IR propagation one. A more
detailed analysis of this asymmetry deserves to be treated in
future works.
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APPENDIX: TRANSITION-MATRIX DIPOLE ELEMENT

The dipole transition element is defined as

d(v) = 1

(2π )3/2

∫
dr exp(−iv · r)rφi(r), (A1)

where φi is a hydrogenlike bound state. For the case of a
hydrogenic 1s state, we can write

d(v) = − i

π
27/2α5/2 v

(v2 + α2)3
, (A2)

where α = √
2Ip. In the present work we have considered the

ionization energy Ip = 24.587 eV (=0.903 56 a.u.) for the 1s
state of He (Zeff = 1.344 29).

In order to compute the results presented it was necessary
to evaluate �(t ) [Eq. (15)] considering ε̂X = ẑ and ε̂L = x̂.
Thus,

�(t ) = −FX0

π
(2α)5/2 ẑ · �(k, t )

[�2(k, t ) + α2]3

= −FX0(2α)5/2

[�2(k, t ) + α2]3π

(
k · ẑ + k · AL(ωLt )

c
+ A2

L(ωLt )

2c

)
,

(A3)

with �2 detailed in Eq. (11).
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