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Ionization in a laser-assisted ion-ion collision
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The ionization of a hydrogenlike heavy ion by the impact of a charged projectile under simultaneous irradiation
by a short laser pulse is investigated within the nonperturbative approach, based on numerical solutions of the
time-dependent Dirac equation. Emphasis is placed on the question of whether the laser- and impact-ionization
channels interfere with each other and how this interference affects the ionization probability. To answer this
question we perform detailed calculations for the laser-assisted collisions between hydrogenlike Pb81+ and α

particles. The results of the calculations clearly indicate that for the experimentally relevant set of (collision and
laser) parameters, the interference contribution can reach 10% and can be easily controlled by varying the laser
frequency.
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I. INTRODUCTION

Recent advances in ion accelerator and coherent light
facilities open new possibilities for the exploration of the
strong-field domain. Indeed, heavy highly charged ions and
intense laser pulses provide a laboratory test bed for in-
vestigations of the physics of critical (or even overcritical)
electromagnetic fields. For example, laser facilities being con-
structed in the frame of the Extreme Light Infrastructure
project [1] promise to reach electric-field strength comparable
with the Schwinger limit [2]. An increase in maximum pulse
power is closely related to the shortening of pulse duration,
and presently short pulses of only a few optical cycles can
be generated [3–5]. Another source of strong yet microscopic
electromagnetic fields is highly charged heavy ions. Exper-
iments with heavy ions in a controlled charge state up to
bare uranium nuclei are currently performed and planned at
the GSI and the Facility for Antiproton and Ion Research
(FAIR) facility in Darmstadt [6–10]. The experiments with
merging ion beams counterpropagating to a petawatt laser
pulse are also anticipated at these facilities. The studies of
the interaction of fast moving highly charged ions with laser
pulses are also intended at the Gamma Factory in CERN [11].

*Corresponding author: novak-o-p@ukr.net

In the Gamma Factory setup, the laser in the rest frame of ions
experiences a Doppler boost of both the field strength and the
photon energy to the x-ray range.

The experiments on laser-ion interactions, which are
planned at the GSI, FAIR, and Gamma Factory facilities,
will provide many novel opportunities for probing both the
structure and dynamics of highly charged ions. For the latter,
of special interest is the study of laser-assisted fundamental
atomic processes. Indeed, while in the nonrelativistic (low-
energy and low-Z) regime the ionization, excitation, capture,
and charge-transfer processes in laser-assisted atomic colli-
sions have been explored in detail (see Refs. [12–19]), not
much is known about relativistic collisions of highly charged
heavy ions. The storage-ring experiments on ion-ion (or ion-
atom) collisions in the presence of intense laser radiation may
therefore provide more insight into the electron dynamics in
the strong-field regime.

This paper focuses on the ionization, which is one of
the most fundamental processes in atomic physics. The ion-
ization of heavy highly charged ions that is mediated by
either relativistic collisions [20–32] or high-intensity laser
pulses [33–44] has been studied for many decades. Much
less attention has been paid, however, to the ionization in
the combined field of a projectile and of a laser. Here we
address the question of whether the simultaneous perturbation
of an ion by a charged projectile and a strong laser may lead
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to remarkable interference effects that modify the ionization
probability.

In order to calculate the probability of the laser-assisted
ionization in ion collisions and hence to investigate the laser
plus collision interference we have developed a nonpertur-
bative approach based on solutions of the time-dependent
Dirac equation. This equation describes the interaction of
an electron with both a laser pulse and a Coulomb field of
a charged projectile. As discussed in Secs. II A and II B,
the Coulomb potential of a projectile is taken into account
within the monopole approximation, while the coupling to
a laser field is treated within the dipole approximation. The
numerical solution of the Dirac equation and the evaluation
of the ionization probability are reviewed in Sec. II C. The
ionization probability, as obtained by using the developed
nonperturbative approach, accounts for both Coulomb and
laser interactions, as well as for their interference. This inter-
ference effect is of nonperturbative nature, as demonstrated in
Sec. III, where we consider the case of a weak laser and pro-
jectile potentials, which lead to the perturbative limit where
the ionization probability is just an incoherent sum of laser-
only and collision-only probabilities. Based on this finding,
we introduce the relative difference between nonperturbative
and perturbative probabilities, which is used to quantify the
laser plus Coulomb interference effect. While the developed
theory can be used for a wide range of collision systems, in
the present work we restrict our analysis to the laser-assisted
scattering of α particles off hydrogenlike Pb81+ ions. The
physical parameters and computational details for this system
are given in Sec. IV and the results of the calculations are
presented in Sec. V. In particular, we find that the laser plus
Coulomb interference may result in significant (about 10%)
modification of the ionization probability and, moreover, can
be both constructive and destructive depending on the fre-
quency of applied laser pulse. Finally, a short summary of
these results is given in Sec. VI.

The relativistic unit system h̄ = m = c = 1 is used, unless
stated otherwise.

II. THEORETICAL BACKGROUND

In order to analyze the laser-induced ionization of hydro-
genlike ions colliding with bare projectile we have to discuss
first the building blocks of this process. In Secs. II A and II B
we will recall ion-impact-ionization and characterization of
the laser pulse, respectively. The theory that accounts for both
collision ionization and photoionization will be presented in
Sec. II C.

A. Coulomb ionization in ion-ion collisions

Below we will briefly recall the basic theory to describe the
ionization of a hydrogenlike ion, colliding with a bare nucleus.
We will describe this process in spherical coordinates, whose
origin is located at the nucleus of the target (hydrogenlike)
ion (see Fig. 1). The projectile is assumed to be light enough
to neglect the recoil of the target nucleus during the collision.
Moreover, it follows the Rutherford scattering trajectory �R(t ).
If the collision energy is sufficiently low, one can also neglect
the magnetic field of the moving nucleus.

FIG. 1. System layout in the spherical coordinates: �E is the laser-
field vector, the dashed circle represent the charged shell of the
monopole part of the projectile potential, and rm is the boundary for
B-spline calculations. The concentric circles illustrate B-spline node
boundaries.

In this study we will describe the Coulomb interaction
between the target electron and the projectile ion within the
monopole approximation. This approximation is known to
reproduce the accurate results at small internuclear distances
up to approximately 500 fm and is widely used to study the
processes involving heavy ions [20–24]. Ionization takes place
predominantly at very small internuclear distances, which
makes the monopole basis suitable for numerical calculations.
Within the monopole approach, the electron-projectile inter-
action is approximated by the potential of a hollow charged
shell of radius R(t ) centered at the origin of coordinate system.
In this case, the Hamiltonian of an electron in the field of
colliding nuclei is given by

Ĥ0 = �α �p + βm − αZT

max(r, RT )
− αZP

max(r, R(t ))
, (1)

where α is the fine-structure constant, �α and β are the Dirac
matrices, and RT is the radius of a target nucleus. Since the
monopole Hamiltonian (1) is spherically symmetric, its eigen-
functions can be conveniently written as

�μ
nκ (�r ) = 1

r

(
Gnκ (r)χμ

κ

iFnκ (r)χμ
−κ

)
, (2)

where Gnκ (r) and Fnκ (r) are the real radial functions and
χμ
κ

denotes a standard Dirac spin-angular function. As usual
for the case of spherically symmetric potentials, electronic
states are described by the principal quantum number n, the
projection μ of the total angular momentum to the z axis, and
the spin-orbit quantum number defined as

κ = (−1) j+l+1/2
(

j + 1
2

)
(3)

so that orbital l and total j angular momenta are given by

l =
{

κ, κ > 0
−κ − 1, κ < 0,

j = |κ| − 1
2 . (4)
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The large and small radial components Gnκ (r) and Fnκ (r)
satisfy the set of differential equations

dFnκ

dr
− κ

r
Fnκ = −[E − VC (R, r) − 1]Gnκ,

dGnκ

dr
+ κ

r
Gnκ = −[E − VC (R, r) + 1]Fnκ, (5)

where VC (R, r) is the Coulomb part of the Hamiltonian H0.
In order to construct these functions we use the standard
dual-kinetically balanced B-spline approach [45,46]. The cal-
culations are performed using 300 B splines of order 8 within
a box of a size rm ≈ 300 relativistic units. To compute the
ionization probability we use a set of about 3500 wave func-
tions �n corresponding to bound and positive quasicontinuum
states with −1.0 < En < 2.5 and |κ| � 8.

B. Shape of the laser pulse

To account for the laser field, we define its potential in the
Coulomb gauge. Below we will consider the vector potential
�A of the form

�A(η) = �ezE

ω
g(η) cos(η + φ), (6)

where η = ωt − �k�r, φ is a phase value, and

g(η) =
{

sin2
(

πη

ωTp

)
for 0 < η < ωTp

0 otherwise
(7)

is an envelope function that describes a short pulse with a
duration Tp of a few optical cycles. The vector potential (6)
describes incident light, linearly polarized along the z axis,
with the central frequency ω, the amplitude of the electric-
field strength E , and pulse duration Tp.

The theoretical analysis of the laser-induced ionization can
be significantly simplified if the electron coupling to the laser
pulse is treated within the dipole approximation. In this case
η ≈ ωt and the vector potential (6) is given by

�A(t ) = �ezE

ω
sin2

(
πt

Tp

)
cos(ωt + φ). (8)

With approximations made for Coulomb and laser poten-
tials, the problem has axial symmetry relative to the z axis.
Therefore, the angular momentum projection on this axis is
conserved and the quantum number μ does not change during
ionization.

C. Solution of the time-dependent problem

Having briefly discussed the shape of the incident laser
pulse and the Dirac equation of an electron in the Coulomb
field of two nuclei, we are ready to investigate the laser-
induced impact ionization. To find the probability of this
ionization process, we have to solve the time-dependent Dirac
equation of an electron in a combined potential of two nuclei
and a laser wave:

i
∂�(�r, t )

∂t
= [Ĥ0 − e�α �A(t )]�(�r, t ). (9)

The solution of Eq. (9) is constructed in the form of an ansatz

�(�r, t ) =
∑

n

an(t )�n(�r, R(t )), (10)

where conveniently boldface indices denote sets of quantum
numbers n = n, κ, μ. Functions �n(�r, R(t )) comprise a qua-
sistationary basis, defined at each fixed moment of time t as
the eigenfunctions of the two-center Hamiltonian Ĥ0 for the
corresponding value of the distance R,

Ĥ0�n(�r, R) = En�n(�r, R). (11)

Let us note that application of wave functions (11) allows us
to include the interaction of the escaping electron with the
combined Coulomb potential of both nuclei to all orders, so
additional Coulomb corrections to the ionization probability
are not needed. For the sake of brevity, below we will omit
the arguments of the basis wave functions �n.

By substituting the expansion (10) into the Dirac equa-
tion (9), we obtain the system of coupled differential
equations to determine the amplitudes an(t ):

iȧn(t ) = Mnkak(t ), (12)

Mnk = Ekδnk − i〈�n|�̇k〉 − eA(t )〈�n|α3|�k〉. (13)

Taking the derivative with respect to time of the equations

〈�n|H0|�k〉 = Enδnk, 〈�n|�k〉 = δnk, (14)

we can rewrite the matrix element 〈�n|�̇k〉 as [2]

〈�n|�̇k〉 = 〈�n|Ḣ0|�k〉
Ek − En

. (15)

Thus, the matrix elements Mnk are

Mnk = Ekδnk − i
〈�n|Ḣ0|�k〉
Ek − En

− eA(t )〈�n|α3|�k〉. (16)

To further simplify the system of equations (12)–(16), we note
that the time derivative acts on the Hamiltonian H0 only via its
dependence on the internuclear distance R(t ). Hence, we can
write this derivative as a sum of its radial and angular parts

∂

∂t
= Ṙ

∂

∂R
− i( �
 �̂j), (17)

where �
 is the angular velocity of the internuclear axis and
�̂j is the electron angular momentum operator. The matrix
elements of the second term in Eq. (17) are known to vanish
at small internuclear distances [21]. The first matrix element
on the right-hand side of Eq. (16) can be written as

〈�n|Ḣ0|�k〉
Ek − En

= Ṙ

Ek − En
〈�n|dVC (R)

dR
|�k〉. (18)

Solution of the system of coupled equations (12) requires
evaluation of matrix elements of the operator dVC (R)/dR for
different internuclear distances R. Having performed these
calculations and computing the matrix element of the operator
α3, we are ready to find amplitudes an(t ) numerically.

For the numerical solution of the system of equations (12)
we split the time into small intervals �t . For each time interval
the matrix M is approximated by its middle value M(t ) ≈
M(ti + �t/2), t ∈ [ti, ti+1]. When M is approximated by a
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constant matrix, the solution of the set of equations (12) can
be found as

�a j (ti + �t ) = e−iM�t �a j (ti ). (19)

However, computation of the matrix exponent may be very
demanding. Instead, we use the highly efficient Lanczos prop-
agation method to find the vector �a(t ) [47]. After performing
the time propagation of the amplitudes an to t = ∞, we can
find for the ionization probability

wαγ =
∑

n

|an(t = ∞)|2, (20)

where the summation runs over all electronic states, belonging
to the positive-energy quasicontinuum, i.e., when En > 1.

III. PERTURBATIVE CASE

Before discussing the results of the nonperturbative treat-
ment of the laser-induced collisional ionization, it is useful to
briefly consider the predictions of the perturbation theory. In
the case of weak laser and projectile potentials, the amplitudes
near the matrix elements in Eq. (16) can be approximated as
ak ≈ 1 for the initial state and ak → 0 otherwise. Then the
set of ordinary differential equations (12) can be decoupled
[2,21], and we obtain the ordinary differential equation

iȧn = Enan − iṘ
〈�n| dVC

dR |�k〉
En − Ek

− eA(t )〈�n|α3|�k〉 (21)

for the probability amplitude of the transition from the initial
state k to the final state n. In order to analyze the symmetry
properties of Eq. (21) we recall that eigensolutions (2) of the
spherically symmetric (monopole) Hamiltonian H0 are char-
acterized by the Dirac angular momentum quantum number
κ. We consider ionization from the 1s ground state for which
κ = −1. A simple angular algebra analysis shows that the ma-
trix element of the operator dVC/dR has nonzero values only
for transitions without a change of κ. At the same time, the
matrix element of α3 allows transitions to the states with κ =
−2 and 1. Based on these observations as well as on Eq. (20),
we see that the total ionization probability is given by the sum
of collision-only and laser-only probabilities, with no inter-
ference between these two channels. As we will see below,
this is not the case for the nonperturbative treatment, where
the interference between Coulomb- and laser-ionization terms
may remarkably modify the ionization probability. In order to
investigate this interference effect, we introduce the relative
difference

δwαγ = wαγ − (wα + wγ )

wα + wγ

(22)

between the probability wαγ of the ionization by a combined
Coulomb plus laser potential and the sum of Coulomb-only
wα and laser-only wγ probabilities. The two latter are ob-
tained based on Eq. (16) with the third and second terms
omitted, respectively.

IV. DETAILS OF CALCULATIONS

While the developed approach can be applied for various
ion collisions, here we consider ionization of a hydrogenlike

Pb81+ ion by a combined potential of a projectile α particle
and a short intense laser pulse. We will investigate the ion-
ization probability (20) of this process, which depends on a
number of physical parameters which are discussed below.
First, according to Eq. (8), the laser pulse is defined by its
duration Tp, frequency ω, maximum field strength E , and
carrier-envelope phase φ. To quantify field strength and fre-
quency, we introduce characteristic values

ω′ = 2Ebind, (23a)

E ′ = 3αZT

〈r2〉 , (23b)

where Ebind is the binding energy and 〈r2〉 is the mean square
of the radial electron coordinate in the ground state of the
target Pb81+ ion. We note that Eqs. (23) are similar to the
nonrelativistic Z scaling of the frequency and the electric-field
strength [38,41]. This scaling, however, is still practical to
quantify the strength E and to define weak- and strong-field
regimes.

In the present work we perform calculations of the ioniza-
tion probability for the laser frequency and field strength in the
ranges of 0.4ω′ � ω � 2.0ω′ and 10−3E ′ � E � 1.0E ′. For
these parameters, the electron-laser coupling can be treated
within the dipole approximation. To justify the dipole ap-
proach we follow Ref. [33] and recall that an electron in a
field of an electromagnetic wave oscillates along the figure-
eight-shaped trajectory. The corresponding displacement, or
the amplitude of electron oscillations, can be written as

X = 1

2ω

Up

m + 2Up
, (24)

where Up is the ponderomotive potential

Up = e2E2

4mω2
. (25)

In order to apply the dipole approximation, the amplitude X
should be small compared to the laser wavelength λ as well
as to the size of the electron orbit rB. For the laser frequencies
studied in the present work, the corresponding relations are

2.5 × 10−9 � X/λ � 6.3 × 10−8,

1.3 × 10−8 � X/rB � 1.6 × 10−6 (26)

for the weak field E = 0.001E ′ and

2.4 × 10−3 � X/λ � 2.4 × 10−2,

1.2 × 10−2 � X/rB � 0.64 (27)

for the stronger-field regime E = E ′. We may conclude,
therefore, that the dipole approximation is applicable for our
studies, at least when the laser field is not too strong. This
conclusion is further supported by the comparison between
dipole and higher multipole calculations reported in Ref. [41].

Besides the frequency ω, the field strength E , and the
envelope parameters, one should also agree at which moment
of the collision the laser pulse comes. To specify this time we
introduce a time interval between the moment of the closest
nucleus approach t (Rmin) and the moment of the maximum
pulse intensity t (Imax),

τ = t (Rmin) − t (Imax). (28)
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In Sec. V we will investigate how the ionization probability
depends on τ . The calculations performed for a well-defined
time interval [see Eq. (28)] are however of theoretical aca-
demic interest. To investigate a more realistic scenario, we
average the ionization probability over some measurement
window with respect to the interval τ . Apparently, the size
of the window cannot be unambiguously defined within the
theoretical framework. In the present work we define it as

−2Tp � τ � 2Tp, (29)

where Tp is the pulse duration. In the calculations below we set
Tp = 3T , where T is the period of the optical cycle. Moreover,
we assume that the carrier-envelope phase is zero φ = 0.

Apart from the laser parameters, discussed above, one also
needs to define the impact parameter ρ and the energy Ec.m.

that characterize the ion-ion collision. We perform calcula-
tions for collisions with center-of-mass energies Ec.m. = 5 and
10 MeV and impact parameters up to 500 fm.

In theory, the electron wave function should be propa-
gated from t = −∞ to t = +∞, with a single lead ion in
the initial and final states. In practice, however, one needs
to set the maximum distance between nuclei large enough to
ensure the numerical convergence of the results. It was found
that the best results can be obtained with the initial and final
internuclear separations set to be equal. For this choice of
parameters the results are numerically stable for the maximum
distance between nuclei set to 105 fm.

To conclude the discussion of the numerical procedure, we
describe the technique used which allows significant reduction
in the computational resources. Note that on the right-hand
side of Eq. (18) only Ṙ(t ) depends on the collision parame-
ters Ec.m. and ρ, while the matrix element depends only on
the value of R and the type of nuclei. Similarly, the matrix
〈�n|α3|�k〉 in Eq. (16) does not depend on the laser pulse
potential. This allows us to reuse the calculated matrices for
collisions with different collision energies and laser pulse
parameters.

V. RESULTS AND DISCUSSION

Before we start our analysis of the ground-state ionization
for Pb81+ by the combined laser plus Coulomb potential,
let us briefly discuss the individual collision-only wα , and
laser-only wγ probabilities. Figure 2 shows, for example, the
probability of the 1s ionization by α-particle impact. The
calculations were performed for two scenarios: In Fig. 2(a)
we display wα as a function of impact parameter ρ but for the
fixed center-of-mass energy Ec.m. = 10 MeV, while Fig. 2(b)
presents the energy dependence of wα for the case ρ = 0.
The impact parameter dependence features a local maximum
at approximately 50 fm and decreases polynomially for the
higher impact parameters.

We note that the ρ behavior of wα , as well as the monotonic
increase of the ionization probability with the center-of-mass
energy, displayed in Fig. 2, is expected from previous studies
[25–28].

In order to investigate the ionization of the 1s electron for
hydrogenlike lead by a laser pulse, we display in Fig. 3 the
ionization probability wγ as a function of (relative) frequency
ω [Fig. 3(a)] and field strength [Fig. 3(b)]. The calculations

(a) (b)

FIG. 2. Probability wα of the ground-state ionization of hydro-
genlike lead by an α particle impact: (a) wα , calculated for the
center-of -mass energy Ec.m. = 10 MeV, as a function of impact
parameter ρ and (b) energy dependence of the ionization probability
for the head-on collision, ρ = 0.

of wγ (ω) are performed for two field strengths: E = 10−3E ′
(blue dash-dotted line) and E = 1.0E ′ (green solid line). For
the weak field, wγ has a maximum near the value of ω ≈ Ebind

and for both strengths wγ has an exponential tail at higher
frequencies. In Fig. 3(b) we display wγ (E ) as a function of
electric-field strength and calculated for two laser frequencies
ω = 0.5ω′ (green solid line) and ω = 2.0ω′ (blue dash-dotted
line). The photoionization probability scales as the square of
the laser-field strength for small E [41–44].

Having briefly discussed the ionization probabilities for the
laser-only and collision-only cases, we are ready to explore
the ionization by the combined laser plus Coulomb potential.
The probability wαγ is presented as a function of impact
parameter ρ in Figs. 4 and 5 and a function of relative laser
frequency ω/ω′ in Figs. 6 and 7. The probability presented
in these figures is averaged over the measurement window
(29) with respect to the time offset τ , as explained before.
In order to investigate the effect of the interference between
laser and Coulomb ionization channels, we display also the
sum of individual (laser-only and collision-only) probabilities.
Moreover, the relative difference, as defined in Eq. (22), is
displayed in Figs. 4(b), 5(b), 6(b), and 7(b).

First, we discuss the ρ dependence of the ionization
probability, which is calculated for the center-of-mass en-
ergy Ec.m. = 10 MeV, both laser-field strengths E = 10−3E ′

(a) (b)

FIG. 3. Probability of photoionization of a hydrogenlike Pb by
a laser pulse as a function of (a) relative laser frequency ω/ω′ and
(b) relative field strength E/E ′. The blue dash-dotted curve is scaled
by a factor (a) 104 and (b) 101.
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(a) (b)

FIG. 4. (a) Probability wαγ of the 1s ionization of hydrogenlike
Pb81+ by a combined potential of the laser pulse and α particle
as a function of impact parameter. Calculations were performed
for the center-of-mass energy Ec.m. = 10 MeV, laser-field strength
E = 10−3E ′, and laser frequencies ω = 0.5ω′ (green solid line) and
ω = 2.0ω′ (blue solid line). Moreover, we compare wαγ with the
incoherent sum of laser-only and collision-only probabilities (green
and blue dashed lines). (b) Relative difference δwαγ between the
probability of ionization by a combined potential and the sum of
ionization probabilities by separate potentials.

(Fig. 4) and E = E ′ (Fig. 5), and two laser frequencies ω =
0.5ω′ (green line) and ω = 2.0ω′ (blue line). As seen from the
figures, the interference between the laser and Coulomb chan-
nels may lead to a remarkable modification of the ionization
probability wαγ with respect to the incoherent sum wα + wγ .
For example, dwαγ can reach approximately 6% for the low
laser frequency and low field strength.

Figures 6 and 7 allow us to discuss the laser frequency de-
pendence of the ionization probability wαγ . Here we perform
calculations for the head-on collisions ρ = 0, for two center-
of-mass energies Ec.m. = 5 and 10 MeV, and for two laser-field
strengths E = 10−3E ′ (Fig. 6) and E = E ′ (Fig. 7). Similar to
before, we compare wαγ with the sum of individual probabil-
ities wα + wγ and present in Figs. 6(b) and 7(b) the relative
difference (22). As seen from the figures, the Coulomb plus
laser interference may again lead to a remarkable modifica-
tion of the ionization probability. For low laser-field strength
(Fig. 6) and low frequency ω, for example, the interference
results in approximately 15% reduction of wαγ when com-
pared with wα + wγ . In contrast, for high laser-field strength
E = E ′ (Fig. 7) and frequency ω � ω′ the interference leads
to 3–5 % enhancement of the ionization probability.

(a) (b)

FIG. 5. Same as in Fig. 4 but for the laser-field strength E = E ′.

(a) (b)

FIG. 6. (a) Probability wαγ of the 1s ionization of hydrogenlike
Pb81+ by a combined potential of a laser pulse and an α particle
as a function of relative laser frequency ω/ω′. Calculations have
been performed for the field strength E = 10−3E ′ and the impact
parameter ρ = 0. Moreover, we compare wαγ with the incoherent
sum of individual laser-only and collision-only probabilities (dashed
lines). (b) Corresponding relative difference (22).

It could be concluded from the obtained results that the
interference effect has different signs for low and high fre-
quencies. In the case of strong field, the process is dominated
by photoionization, with wγ 
 wα . Nevertheless, the inter-
action with the projectile nucleus results in the difference
between wαγ and the incoherent sum wα + wγ , which is
greater than wγ itself.

To better understand the laser plus Coulomb interference,
we will consider below the partial probabilities

w(κ f ) =
∑

n: En>1

∣∣aμ
nκ f

∣∣2
(30)

for the ionization of an electron into the continuum state with
a particular angular momentum quantum number κ f . Figure 8
shows the probability of the transition of the initially bound 1s
electron to continuum states with different κ’s. Calculations
are done for the particular case of τ = 0, i.e., when the laser
pulse intensity reaches its maximum in the moment of the
closest nucleus approach. As seen from the figure, the calcula-
tions are done for low [Figs. 8(a) and 8(c)] and high laser-field
strength [Figs. 8(b) and 8(d)] regimes, as well as for two laser
frequencies ω = 2.0ω′ [Figs. 8(a) and 8(b)] and ω = 0.5ω′
[Figs. 8(c) and 8(d)]. For all these cases we present the partial
ionization probabilities as calculated for the combined laser
plus Coulomb potential (right light green bar for each κ f )
and for the incoherent sum of laser-only and collision-only

(a) (b)

FIG. 7. Same as in Fig. 6 for the laser-field strength E = E ′.
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(a) (b)

(c) (d)

FIG. 8. Partial probability for the ionization of the 1s electron to
the continuum with particular spin-orbit quantum number κ f . The
calculations were performed for the center-of-mass collision energy
Ec.m. = 5 MeV, laser-field strengths (a) and (c) E = 10−3E ′ and
(b) and (d) E = 1.0E ′, and laser frequencies (a) and (b) ω = 2.0ω′

and (c) and (d) ω = 0.5ω′. The predictions for the ionization proba-
bility wαγ (κ f ) for the combined laser plus Coulomb potential (green
bar) are compared with those for the incoherent sum of individual
channels wα (κ f ) + wγ (κ f ).

channels (left bar, with blue color and hatching corresponding
to contributions of laser-only and collision-only summands,
respectively). As expected, in the case of weak field and for
the ionization from the ground 1s state, the main channels are
κ f = −2,−1, 1, in full compliance with the predictions of the
perturbation theory from Sec. III. In contrast, for the strong-
field regime E = 1.0E ′, the population of other continuum
states increases, especially for low laser frequency.

Figure 8 also clearly illustrates the effect of the interference
between the photoionization and impact ionization channels.
As seen from the figure, wαγ (κ f ) remarkably differs from the
sum wα (κ f ) + wγ (κ f ) for most of the continuum states κ f .
For example, for the weak-field and low-frequency regime
[Fig. 8(c)], the Coulomb-laser interference significantly re-
duces the partial probabilities for κ f = −2 and 1 channels.
In turn, this leads to the reduction of the total (summed over
κ f ) probability wαγ that was observed in Fig. 6.

Until now, we have investigated the Coulomb plus laser
contribution to the ionization probability either for the aver-
aged time offset τ between the moments of maximal laser
pulse intensity and the closest nucleus approach or for the
case τ = 0. To better understand how this interference con-
tribution varies with time, in Figs. 9 and 10 we display the
relative difference δwαγ (τ, κ f ) as a function of τ and for
particular continuum-electron channels κ f = −2,−1, 1. The
calculations have been carried out for two laser frequencies
ω = 0.5ω′ (Fig. 9) and ω = 2.0ω′ (Fig. 10) as well as for the
laser-field strengths E = 0.001E ′ and 1.0E ′.

As seen from Figs. 9 and 10, the relative difference
δwαγ (τ, κ f ), and hence the Coulomb plus laser interference
contribution, is maximal around τ = 0 and tends to zero

(a) (b)

FIG. 9. Relative difference δwαγ (τ, κ f ) for the ionization into
a particular continuum state κ f as a function of the time offset τ

between the moments of closest nucleus approach and the laser pulse
maximum. The time offset is shown in units of the optical period.
The calculations were performed for the collision center-of-mass
energy E = 10 MeV, frequency ω = 0.5ω′, and laser pulse with the
strengths (a) E = 0.001E ′ and (b) E = 1.0E ′. In (a) the curve for
κ f = −1 is scaled by a factor 102.

for large offset times. While this qualitative behavior can
be observed for all continuum channels κ f = −2,−1, 1, the
quantitative values of δwαγ (τ, κ f ) strongly depend on κ f . For
example, the relative difference for the continuum states with
κ f = −2, 1, which correspond to the photoionization chan-
nels in the perturbative limit, can reach about 10% and the
interference can be either destructive (lower frequency, Fig. 9)
or constructive (higher frequency, Fig. 10). This behavior can
be observed for both weak- and strong-field regimes. In con-
trast, in the case of the collision channel with κ f = −1 and
a weak laser field, the relative difference exhibits oscillatory
behavior and by orders of magnitude smaller than δwαγ in the
photoionization channels. In the case of larger laser strength
the relative difference δwαγ (τ, κ f = −1) retains its behavior
but increases its magnitude, as can be seen in Fig. 10(b).

By analyzing the time dependence of the relative difference
one can notice small oscillations of δwαγ (τ, κ f ) for colli-
sion channels κ f = −2, 1 and for τ < 0 [see, for example,
Fig. 10(a)]. To explain this behavior, we recall that negative
time offsets τ imply that the collision with the projectile
happens before the arrival of the laser pulse. In our opin-
ion, the oscillations of δwαγ can be connected to oscillatory
behavior of the time dependence of ionization probability in
ion collisions [31]. Indeed, in the case shown in Fig. 10(a),
the pulse duration is much less than the typical collision
time. Therefore, the system can be considered similarly to the
pump-probe setup involving two laser pulses [48,49].

(a) (b)

FIG. 10. Same as in Fig. 9 but for laser frequency ω = 2.0ω′. In
(a) the curve for κ f = −1 is scaled by a factor 104.
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VI. CONCLUSION

We have presented a theoretical study of electron ion-
ization in laser-assisted ion-ion collisions. To calculate the
ionization probability, a numerical nonperturbative approach
for solution of time-dependent Dirac equation was developed,
which accounts for the interaction of the target electron both
with a laser pulse and with a Coulomb field of a projectile
ion. While our nonperturbative approach can be applied to
a variety of collision systems, here we considered a par-
ticular case of the laser-assisted scattering of an α particle
by hydrogenlike lead being initially in its ground electronic
state. Particular attention was paid to the question of how
the ionization probability can be affected by the interference
between laser and Coulomb interactions. In order to quantify
this interference effect we introduced the relative difference
between the probability of ionization by a combined (laser
plus Coulomb) potential and the sum of probabilities of laser-
only and collision-only processes.

The calculations of the relative difference were performed
for a set of collision and laser parameters relevant for current
experiments. Based on these calculations, we found that the
laser plus Coulomb interference may result in up to 10% mod-
ification of the ionization probability and the effect becomes
more pronounced for low collision energies Ec.m.. Moreover,
depending on the laser frequency ω, the interference can be
either constructive (high ω) or destructive (low ω). These
effects can be observed, for example, at the GSI and FAIR
facilities in Darmstadt and can provide further insight into
laser-induced ion collisions.
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