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Hybrid approximation approach to the generation of atomic squeezing with quantum
nondemolition measurements
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We analyze a scheme that uses quantum nondemolition measurements to induce squeezing of a two-mode
Bose-Einstein condensate in a double-well trap. In a previous paper [E. O. Ilo-Okeke, S. Sunami, C. J. Foot, and
T. Byrnes, Phys. Rev. A 104, 053324 (2021)], we introduced a model to solve exactly the wave function for all
atom-light interaction times. Here, we perform approximations for the short interaction time regime, which is
relevant for producing squeezing. Our approach uses a Holstein-Primakoff approximation for the atoms while
we treat the light variables exactly. It allows us to show that the measurement induces correlations within the
condensate, which manifest in the state of the condensate as a superposition of even-parity states. In the long
interaction time regime, our methods allow us to identify the mechanism for loss of squeezing correlation. We
derive simple expressions for the variances of atomic spin variables conditioned on the measurement outcome.
We find that the results agree with the exact solution in the short interaction time regime. Additionally, we show
that the expressions are the sum of the variances of the atoms and the measurement. Beyond the short interaction
time regime, our scheme agrees qualitatively with the exact solution for the spin variable that couples to light.
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I. INTRODUCTION

Squeezed states improve precision measurements beyond
the standard quantum limit attainable by classical means. As
squeezed states possess entanglement [1], they surpass the
standard quantum limit set by the quantum noise of individ-
ual uncorrelated quantum particles. Consequently, squeezed
states are increasingly used for enhanced measurement and
detection in many areas of physics such as image reconstruc-
tion [2], magnetometry and electric-field sensing [3,4], optical
interferometry [5,6], and gravitational wave detection [7,8],
and used as a resource [9–11] for heralding entanglement in
many-body spin systems.

Squeezed states [6,12–16] are realized in many differ-
ent physical systems via interactions that induce correlations
between quantum particles. For instance, correlations and
squeezing arise naturally from interactions found in the
quantum system, such as the two-body interactions in
atomic Bose-Einstein condensates (BECs) [11,13,17] and ions
[18,19], or the long-range interactions of the Rydberg atoms
[20,21]. Additionally, squeezing and correlations are induced
by interactions between two different quantum systems. A
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typical example is the generation of optical squeezed states
[22–24] using the interactions between light and barium bo-
rate crystal.

Quantum nondemolition (QND) measurements have been
shown to be an effective way of producing squeezing in a
variety of systems [25–32]. In atomic systems, for instance,
the quantum states of light and atoms become entangled as
a result of interactions between atoms and light. Upon the
detection of the light, the entanglement between quantum
states of atom and light is transferred to that among the in-
dividual atoms [31,33–35], manifesting itself as the squeezed
states of the atoms [13]. Such states possessing squeezing
are viewed as a resource in quantum metrology [16], and
quantum information [36–40]. Stroboscopic monitoring has
been used to squeeze the atomic spins [26,41–43]. In this
method, a measurement is timed to coincide with the period
of the oscillator. These ensure that the spin component of the
atom coupled to light experiences a minimum disturbance due
to measurement—an effect termed measurement back-action
[26,41].

In a previous work [44], we proposed a scheme that does
not depend on timed measurements to achieve minimal dis-
turbances due to measurement while achieving squeezing of
the atomic states. In this scheme, the continuous monitoring
of the atoms induces random motion on the mean spin whose
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projection is confined to a plane perpendicular to the mean-
field direction. In addition, the photon detection constricts the
motion of the mean spin along the spin variable that couples to
light thereby resulting in spin squeezing. This squeezing man-
ifests as the shearing of the distribution in phase space [44].

Squeezing correlations emerge in interacting many-particle
systems where the interaction in the system is weak. It is a
precursor to other forms of correlations found in the system.
As interactions within the system become strong, the squeez-
ing correlations give way to other forms of correlation [16,44],
such as the Schrödinger cat state [44]. The Holstein-Primakoff
(HP) approximation [45] is used to study the dynamics of
many-particle systems in the large particle number limit.
These include correlations, like squeezing, generated by weak
interactions. In atom-light systems, usually described within
QND measurements, there are many studies [9,30,42,46–50]
on the squeezing of atoms employing the HP approximation
[45]. However, all these studies to date focus on using the
system’s variables, such as spins or atom number, in showing
the squeezing of atoms. To date, within the HP approximation,
there are no works that give evidence of the squeezing corre-
lation in atom systems using their quantum state as has been
done for light [51–53]. In this paper, we derive the quantum
squeezed state of an atom oscillator interacting weakly with
light within the HP approximation. The state we derive is an
even-parity state akin to what is obtained using light [51–53].

The rest of the paper is organized as follows. We begin by
presenting the technique and a summary of the main result of
this paper in Sec. II. Next, we present the double-well oscilla-
tor model in Sec. III. The hybrid approximation is presented
in Sec. IV. The hybrid approximation is used to analyze an
initial state that is perfectly polarized in Sec. V. In Sec. VI,
we analyze an initial state with a small but finite population in
the excited state using the hybrid approximation, and compare
the results with the exact solution. We present the general
feature of the conditional variance in the short-time regime
in Sec. VII, and finally present our summary and conclusions
in Sec. IX.

II. MAIN RESULT OF THIS PAPER

We first give a basic introduction of the aim, main tech-
nique, and main result of this paper. As illustrated in Fig. 1,
the number of atoms in the system is macroscopically large,
N � 1, with virtually all of them found in the ground state
of the trap, and an atomic Bose-Einstein condensate placed in
the double well realizes this. Since the number of atoms in the
ground state is large, a classical number

√
N , it can be used

to replace the mode operators of the ground state. Doing this
gives rise to operators mathematically equivalent to photon
operators. This step is the Holstein-Primakoff approximation,
where the mode operators of the excited state map to the X̂
and P̂ of a harmonic oscillator. However, the light operators
are not approximated. The resulting Hamiltonian is that of a
displaced oscillator for the atomic operators because of the
presence of light:

H = − h̄�

2
(X̂ 2 + P̂2) +

√
2Nh̄gX̂ Sz,

FIG. 1. Atoms in a double-well trap are imaged using identical
laser light in a Mach-Zehnder interferometer geometry. The avail-
able states in the trap are the symmetric ground state |g〉 and the
antisymmetric first excited state |e〉.

where � is the tunneling frequency between the wells, g is
coupling frequency between atom and light, and Sz is the
relative photon number operator. The approach where we
treat the mode operators of the double-well trap within the
Holstein-Primakoff approximation while not approximating
the photon operators is the key to deriving the squeezed state
of an atom oscillator. We call this the “hybrid approximation,”
which allows us to calculate the quantum state of the atom
oscillator. It also marks the point of departure of this paper
from previous studies [9,30,42,46–50] using the Holstein-
Primakoff approximation [45].

Our calculation then proceeds as follows. Let |ψ0〉 be
the initial state of the condensate, while |αl〉 and |αr〉 are
the initial coherent state of light in the left and right arms
of the interferometer, respectively. The combined state of
the atom and light, |ψ0, αl , αr〉 = |ψ0〉 ⊗ |αl〉 ⊗ |αr〉, evolves
under the Hamiltonian as prescribed by the Schrödinger equa-
tion, e−iHt/h̄|ψ0, αl , αr〉. At the beamsplitter, the light beams
in the two arms of the interferometer interfere. The unitary op-
erator that describes the action of the beam splitter is e−iπSx/2.
Counting the photons in the light beams by the detectors, c and
d , collapses the quantum state of light. The collapse of the
light state described by a projection operator |nc, nd〉〈nc, nd |
gives the state of the condensate conditioned on counting nc

and nd photons at the detectors c and d , respectively, as∣∣ψnc,nd

〉 = 〈nc, nd |e−iπSx/2e−iHt/h̄|ψ0, αl , αr〉.
At this point we assume that the relative photon number
difference is smaller than the total number of photons col-
lected at the detectors c and d , |nd − nc| � (nc + nd ). It is the
condition for which correlation is maximized. Additionally,
to minimize the effect of measurement on the quantum state
of the condensate containing N atoms, we consider balanced
detection: the average photon number in the arms of the inter-
ferometer is the same, αr = αl . At this condition, the effects
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due to the total photon number nc + nd in a measurement out-
come vanish, leaving off only those from the relative photon
number difference, nd − nc.

We state the main result that we find from the above cal-
culation. For a perfectly polarized initial state |ψ0〉 of the
condensate, where all the N atoms are in the ground state
of the double well, the normalized state of the condensate
conditioned on the counting nc and nd photons at the detectors
c and d , respectively, is

∣∣ψnc,nd

〉 ∝
Nmax∑
n=0

Cn(|αr |, gt, N )|2n〉,

where Nmax = N/2 for N even, and Nmax = (N − 1)/2 for N
odd. The coefficients Cn(|α|, gt, N ) depend on the average
photon number at the input |αr |2, the atom-light interaction
strength gt , and the total number of atoms N , expressed in
polynomial powers of n. Its explicit form is given in (20). The
preceding equation is the main result of this paper.

In the remainder of the paper, we give a detailed derivation
of this state and use it to examine properties of the oscillator
by calculating the average such variance and expectation value
of the oscillator quadratures X̂ and P̂, and compare the results
to the exact solution. Additionally, we use the Q function to
highlight the various contributions from the initial state of the
light and the detection of photons to the quantum state of
the condensate. Given an imperfectly polarized state of the
condensates, where a small but finite number of atoms are
found in the excited state as shown in Fig. 1, we showed that
the normalized quantum state of the condensate conditioned
on the detection of nc and nd is also an even-parity state.

III. THE DOUBLE-WELL MODEL

The model we consider has been previously described in
Ref. [44] which we summarize briefly here. We consider
an atomic BEC confined in a double-well potential with the
lowest-energy states being the symmetric and antisymmetric
states as shown in Fig. 1. We further assume that fluctu-
ation about the mean number density is small so that the
resulting mean-field Hamiltonian can be written in second
quantization as

Ĥ = 1
2 (ωe + ωg)N̂ + h̄�Jz, (1)

where N̂ = b̂†
gb̂g + b̂†

eb̂e is the total atom number operator,

b̂e,g are the annihilation operators for the excited and ground
states, respectively, and � = ωe − ωg is the particle tunneling
frequency. The spin operators are defined as

Jx = b̂†
eb̂g + b̂†

gb̂e

2
,

Jy = −i
b̂†

eb̂g − b̂†
gb̂e

2
,

Jz = b̂†
eb̂e − b̂†

gb̂g

2
. (2)

The atoms in the double-well potential interact with
laser light that is detuned from atomic resonance transition.

Such interactions are described by the QND Hamiltonian
[9,10,29,34,54]. Hence the total Hamiltonian of the atom-light
system is

Ĥ = h̄�Jz + 2h̄gJxSz, (3)

where g is the atom-light coupling strength, and we have
neglected the constant-energy term that contributes a global
phase shift in the states of atom and light in (3). The depen-
dence of the atom-light interactions on the spins arises from
writing the sum on atom-light interactions in both wells in
terms of the relative photon number Sz = (â†

l âl − â†
r âr )/2.

The initial state of N atoms in the BEC is taken to be a spin
coherent state formed from the superposition of the excited
and ground state as [55]

|α, β〉〉 = (αb†
e + βb†

g)N

√
N!

|vac〉, (4)

where |vac〉 is the vacuum state, a state with no atoms or pho-
tons. The amplitudes α and β give the fractional population of
atoms in the excited and ground state, respectively. Similarly,
the quantum state of the laser light in the two arms of the
interferometer is a coherent state of the form |αl〉 ⊗ |αr〉,
where

|αs〉 = e− |αs |2
2 eαsâ†

s |vac〉, (5)

and s = r, l .
Given the initial states of atoms (4) and light (5), the

combined quantum state of atom and light at any other time is
governed by (3) as

|�〉 = e−i Ĥt
h̄ |α, β〉〉 ⊗ |αl〉 ⊗ |αr〉, (6)

and is a solution of the Schrödinger equation

ih̄
d|�〉

dt
= Ĥ |�〉. (7)

This entangles the atoms and the light. After this, the light
in the Mach-Zehnder interferometer is interfered and mea-
sured. We previously derived an exact solution of this valid
for all interaction times [44]. Although exact, the resulting
expressions are typically complex due to the many-body en-
tangled wave function that results from (6). Our aim in this
paper will be to obtain some simple formula for the relevant
quantities, so that one can obtain a greater understanding of
the important features and parameters governing the behavior
of a quantum system. For instance, in the case at hand, it
will be interesting to understand how short the evolution time
could be to sustain squeezing. One could also be interested in
describing the squeezing effect in terms of parameters of the
atom and light in the short-time regime. Such understanding
offers insight into the control and manipulation of squeezed
states of atoms.

IV. THE LARGE N LIMIT: THE HYBRID APPROXIMATION

In this section, we describe the quantum state of an atom
within the Holstein-Primakoff approximation. This is moti-
vated by the fact that at short atom-light interaction times, the
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ground-state population is nearly undepleted 〈Jz〉 ≈ N/2, even
in the presence of a small dephasing parameter, γ < g (see
Figs. 5 and 8 of Ref. [44]). The results of this section will be
used to analyze various physical quantities for two different
initial states of the atoms, perfect and imperfectly spin polar-
ized atoms, in Secs. V and VI.

Because of the large number N of atoms N � 1, and
given that at short times the atoms are nearly in the ground
state of the double-well trap, the Hamiltonian (3) within the
Holstein-Primakoff approximation reduces to

H ≈ − h̄�

2
(X̂ 2 + P̂2) +

√
2Nh̄gX̂ Sz, (8)

where X̂ = Jx/
√

N/2, P̂ = Jy/
√

N/2, and a term proportional
to the total atom number N is neglected in writing (8). The op-
erators X̂ and P̂ in terms of the harmonic oscillator operators
are, respectively,

X̂ = b̂†
e + b̂e√

2
, P̂ = i

b̂†
e − b̂e√

2
, (9)

and satisfy commutation relation [X̂ , P̂] = i.
Given an initial state of the atoms, |ψ0〉, and in the presence

of atom-light interactions g 
= 0, the initial state of the atom-
light system, |ψ0, αl , αr〉 = |ψ0〉 ⊗ |αl〉 ⊗ αr〉, evolves under
the Hamiltonian (8) as

|ψ (t )〉 = ei�t[ X̂2+P̂2

2 −√
2κX̂ (â†

l âl −â†
r âr )]|ψ0, αl , αr〉, (10)

where κ = g
√

N/(2�). This may also be written as

|ψ (t )〉 = e− |αl |2+|αr |2
2

∞∑
nl =0

∞∑
nr=0

ei�t[ X̂2+P̂2

2 −√
2κ (nl −nr )X̂ ]

× (αl )nl

nl !
(â†

l )nl
(αr )nr

nr!
(â†

r )nr |ψ0〉|vac〉, (11)

where nl and nr are the number of photons in the left and
right arms of the interferometer, respectively. It is readily
seen that the phase of the photons contains information about
the atomic BEC. This information carried by the photons is
accessed by interfering the photons at the beamsplitter as
shown in Fig. 1. The interference of photons performed by
the beamsplitter corresponds to the following transformation:

â†
l = â†

c + iâ†
d√

2
, â†

r = iâ†
c + â†

d√
2

. (12)

Hence, the wave function immediately after recombination
becomes

|ψBS(t )〉 = e− |αl |2
2 − |αr |2

2

∞∑
nl =0

∞∑
nr=0

ei�t[ X̂2+P̂2

2 −√
2κ (nl −nr )X̂ ]

× (αl )nl

nl !

(
â†

c + iâ†
d√

2

)nl
(αr )nr

nr!

(
iâ†

c + â†
d√

2

)nr

× |ψ0〉|vac〉. (13)

The state (13) that emerges after the interference of pho-
tons on the beamsplitter is a superposition of the states of
atoms and light. Counting nc and nd photons at the detector
collapses the states of light. Such a measurement is described

by the projection operator P = |nc, nd〉〈nc, nd |. The state of
atoms (not normalized) |ψnc,nd 〉 = P|ψBS(t )〉 conditioned on
photon detection is

∣∣ψ̃nc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
αr√

2

)nc+nd ∞∑
nl =0

einl φI (nc, nd , nl )

× ei�t[ X̂2+P̂2

2 +√
2κ (nc+nd −2nl )X̂ ]|ψ0〉, (14)

where φ = arg(αl ) − arg(αr ), and the Fourier coefficient
I (nc, nd , nl ) is defined as

I (nl , nc, nd ) = 1

2π

∫ 2π

0
dφ e−i nl φ

(
1 + i

|αl |
|αr|eiφ

)nc

×
(

i + |αl |
|αr |eiφ

)nd

(15)

(see Appendix C for details). For the analysis of the Fourier
coefficient, the interval [0, 2π ] is convenient when the largest
contribution of the integrand comes from points around φ ≈
π , whereas the interval will be shifted to [−π, π ] when the
largest contribution of the integrand comes from points around
φ ≈ 0.

V. PERFECT INITIAL SPIN POLARIZATION

In this section, we derive the quantum state of the atoms
after detection using (14). This allows us to establish the
squeezing correlations induced by the measurement. Sec-
ondly, it allows us to estimate how short the measurement
should be, that is, the region of validity of Holstein-Primakoff
approximation performed on the atoms. We then solve exactly
the state of atom and light using the Schrödinger equation (7),
followed by the interference of the photons on a beamsplitter
as shown in Fig. 1. The exact wave function conditioned
on the detection of photons is used to calculate the relevant
averages of the atomic operators. We derive expressions for
the mean and variance of the atomic variables under the hybrid
approximation and compare them with the exact solution.
Additionally, we visualize the evolution of the conditional
squeezing in phase space using the Husimi Q distribution.

A. State of a condensate conditioned on photon detection

We consider the case where all the atoms are initially in the
ground state of the double-well trap. The fractional probability
amplitudes become α = 0 and β = 1. In this case, the initial
state (4) becomes

|ψ0〉 = |0, 1〉〉 = |0, N〉 ≡ |0〉, (16)

where the state |0, N〉 is a Fock state defined as

|0, N〉 = (b†
g)N

√
N!

|vac〉. (17)

Equation (16) is the vacuum state of the excited state of the
double-well trap. This state describes a perfectly polarized
state along z. It is easy to see from (9) that although the atoms
in the excited state execute harmonic motion, on average, the
number of atoms in the excited state at any time for g = 0
is zero, 〈0|X̂ |0〉 = 0. These indicate that the type of motion
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executed by the atoms is mostly due to fluctuation. Hence, the
variance is (�X )2 = 1/2. In the presence of light g 
= 0, the
initial state |ψ0〉 evolves as prescribed by (10), and is modified
further by the detection of photons.

The un-normalized state of the atoms after de-
tection of photons is given by (14). The operator

ei�t[ X̂2+P̂2

2 +√
2κ (nc+nd −2nl )X̂ ] in (14) can be written as a product

of operators eip(θ )b̂†
e eiq(θ )b̂†

e b̂e eir(θ )b̂e eis(θ ) [see (B3)]. Of these
only the terms having s(θ ) and b̂†

e in the exponent have an
effect on the initial state (16)—a state with zero spin variance
along the z axis. The measurement has two effects on the state
|0〉. It creates a state with finite width via the term containing
s(θ ) from the initial state. Secondly, the term having b̂†

e
then introduces correlations when the sum over all the input
photon states nl is performed (14).

To see this, we evaluate the probability amplitude explicitly
for the initial state (16). Detailed calculations are provided
in Appendices C and D, and we show the final results here.
To minimize the effect of measurement, we examine the case
where the measurement is balanced, αl = αr . At this condi-
tion, the effects due to the total photon number nc + nd are
suppressed, leaving off those only from the relative photon
number difference, nd − nc.

Using the completeness relation for the atomic state∑
n |n〉〈n| = 1̂, the state of the atoms conditioned on detection

of nc and nd photons is

∣∣ψ̃nc,nd

〉 ∝
N∑

n=0

n
2∑

k=0

n!

k!(n − 2k)!

(
2|αr |2

1 + 4|αr |2�2t2κ2

)k

×
(

2ix0

1 + 4|αr |2�2t2κ2

)n−2k

|n〉,

where x0 = arcsin[(nd − nc)/(nd + nc)]. The behavior of the
sum over k dictates how strong the correlations would be.
For instance, where the relative photon number difference
|nd − nc| is large and comparable to total photon number
nc + nd , the magnitude of x0 is large with a maximum value
π/2. However, |αr |2 is large compared to π/2. Thus, the
term with the power n − 2k is small compared to the term
with power k, and is treated as a perturbation. Hence, maxi-
mum correlation is obtained in the limit |nd − nc| � nc + nd

for which |x0| ≈ 0, and k takes on a value of n/2. The un-
normalized state of the atoms conditioned on the detection of
photons (14) then becomes

∣∣ψ̃nc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
nc

nc + nd

) nc
2
(

nd

nc + nd

) nd
2

× (|αr |2 + |αl |2)
nc+nd

2√
1 + 4|αr |2�2t2κ2

∑
n=0,2,4,...

√
n!(

n
2

)
!

× in

(
2|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

) n
2

|n〉. (18)

A global phase factor has been neglected in writing (18).
The final state obtained is not a spin coherent state. More
so, the state |ψnc,nd 〉 accepts only even integer numbers—the

final state conditioned on photon detection is a superposi-
tion of even number states only. Such a superposition of
the same parity states is characteristic of a squeezed state.
The term 2|αr |2�2t2κ2

1+4|αr |2�2t2κ2 determines the depth of the squeezing.

For short atom-light interaction times, 2|αr |2�2t2κ2

1+4|αr |2�2t2κ2 is small
(less than unity), and the probability amplitude of the |0〉
is largest and goes to zero for larger n. Similarly, for long
interaction times, 2|αr |2�2t2κ2

1+4|αr |2�2t2κ2 is appreciable (greater than
unity), and the state at n = N has the largest probability
amplitude, while the amplitude of n = 0 is smallest. In this
case, it is obvious that the Holstein-Primakoff approxima-
tion of the atomic state is invalid. Hence, the validity of the
Holstein-Primakoff approximation performed on the atomic
state implies that 2|αr |2�2t2κ2

1+4|αr |2�2t2κ2 < 0.5 and is the regime where
the atomic state is squeezed. The weak form of the condition is
gt < 2(|αr |

√
N )−1, which we put in the form that is amenable

to the results obtained below as �t < (|αr |κ )−1 where κ is
defined in (10).

The probability P(nc, nd ) = 〈ψnc,nd |ψnc,nd 〉 of getting nc

and nd photons in the measurement is obtained by sum-
ming over the nth atom state, which converges for gt <

2(|αr |
√

N )−1. Hence, the probability P(nc, nd ) becomes

P(nc, nd ) = e−|αl |2−|αr |2

nc! nd !

(
nc

nc + nd

)nc
(

nd

nc + nd

)nd

× (|αr |2 + |αl |2)nc+nd
1√

1 + 8|αr |2�2t2κ2
.

(19)

Consequently the normalized state (18) of the atoms condi-
tioned on photon detection is

∣∣ψnc,nd

〉 = (1 + 8|αr |2�2t2κ2)1/4√
1 + 4|αr |2�2t2κ2

Nmax∑
n=0

√
(2n)!

n!

×
( −2|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

)n

|2n〉,
(20)

where Nmax = N/2 for N even, and Nmax = (N − 1)/2 for N
odd.

Previously, Refs. [34,35] reported that Faraday imaging
is minimally destructive for atom-light interaction strengths
that are sufficiently small compared to the square root of
the number of atoms in the condensate, gt � 1/

√
N , which

provides an upper bound. Here, the strength of the measure-
ment and the point of observation (the photon number nc and
nd ) would determine the required coupling strength gt . For a
particular measurement to be minimally destructive, it is the
total number of atoms N and the average photon number |αr |2
that determine the strength of the atom-light coupling, gt <

2/(|αr |
√

N ). Although the inequality is obtained in the unde-
pleted pump approximation and for optimal performance, it
provides the condition of applicability of an ac Stark shift to
be minimally destructive in a conditional measurement.
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B. Hybrid variance

The normalized state immediately after the detection of nc

and nd photons is thus

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
αr√

2

)nc+nd 1√
P(nc, nd )

×
∞∑

nl =0

einl φI (nc, nd , nl )

× ei�t[ X̂2+P̂2

2 +√
2κ (nc+nd −2nl )X̂ ]|ψ0〉, (21)

where P(nc, nd ) is the probability (19), and I (nc, nd , nl ) is the
Fourier coefficient (15). The normalized conditional expecta-
tion value B̄ of any of the atom operators B̂ = X̂ , P̂ subject to
having counted nc and nd photons at the detector is calculated
using |ψnc,nd 〉 as

B̄ =
√

2

N

〈
ψnc,nd

∣∣B̂∣∣ψnc,nd

〉
. (22)

Similarly, the normalized conditional variance of the atom
operators is found using (22) as

�B̄ = 2
[〈
ψnc,nd

∣∣B̂2
∣∣ψnc,nd

〉 − (〈
ψnc,nd

∣∣B̂∣∣ψnc,nd

〉)2]
. (23)

Here, Eqs. (22) and (23) will be referred to as the hybrid
expectation values and hybrid variance, respectively. The vari-
ances are normalized such that for g = 0, �B̄ gives unity,
�B̄ = 1.

C. Approximate variance

The details of calculating the mean values and the vari-
ances are given in Appendix E which we summarize here.
Using (16) in (22), we first calculate the approximate ex-
pression for the hybrid mean values of X̂ and P̂ (9). The
expectation values are evaluated at nc, nd � (|αr |2 + |αl |2)/2,
and αl = αr . Because |ψnc,nd 〉 selects only states with even
parity, we find for an nth state |n〉, 〈n|Ô|ψnc,nd 〉 = 0 for
n even where Ô = b†

e, be, while 〈n|ψnc,nd 〉 
= 0 for n even,
and vice versa. Hence, the expectation value of operator Ô
is easily calculated by summing over n, 〈ψnc,nd |Ô|ψnc,nd 〉 =∑

n〈ψnc,nd |n〉〈n|Ô|ψnc,nd 〉. It is immediately deduced from
(22) that the expectation values of X̂ and P̂ are〈

ψnc,nd

∣∣X̂ ∣∣ψnc,nd

〉 = 〈
ψnc,nd

∣∣P̂∣∣ψnc,nd

〉 = 0, (24)

for all times. For the operators Ô = b†
ebe, (b†

e )2, and b2
e

needed in the calculation of variances, 〈n|Ô|ψnc,nd 〉 
= 0 for n
even, and zero otherwise. Hence, their expectation values are
evaluated as 〈ψnc,nd |Ô|ψnc,nd 〉 = ∑

n〈ψnc,nd |n〉〈n|Ô|ψnc,nd 〉.
Using these, the normalized approximate variances of X̂ and
P̂ calculated using (23) evaluate to

�X̄ = 1

1 + 8|αr |2�2t2κ2
, (25)

�P̄ = 1 + 8|αr |2�2t2κ2. (26)

Because of the normalization implemented in (23), the ap-
proximate variances (25) and (26) are such that for g = 0, they
give 1. Hence a division by 2 recovers the expected values of
1/2. We note that the variances of the quadrature X and P

FIG. 2. The normalized conditional variance of Jx and Jy. (a) The
solid line is the exact solution (7) calculated as described in the text.
The dashed line is hybrid variance obtained using (16) in (23), while
the dashed-dotted line is the approximate variance (25). (b) The solid
line is the exact variance (7) calculated as described in the main text.
The dashed line is the hybrid variance obtained using (16) in (23),
while the dashed-dotted line is the approximate variance (26). The
parameters for plots are αl = αr = √

20, N = 200, � = π/4, and
g = 0.1�/N .

[(25) and (26), respectively] do not depend on the tunneling
frequency �. This is because the parameter κ defined in (10)
is proportional to the inverse of the tunneling frequency �,
κ = g

√
N/(2�). However, to be able to make comparisons

with the results of Ref. [44], we will keep their present form.

D. Numerical evaluation

We now numerically solve the Schrödinger equation (7)
to compare the results that we have obtained in the previ-
ous section to exact results. At the end of the evolution,
the photons are interfered by the beamsplitter according to
the transformation (12). The detection of nc and nd photons
following immediately their interference collapses the wave
function of light and is described by the projection operator
P = |nc, nd〉〈nc, nd |. The details of the numerical method for
solving the Schrödinger equation are given in Appendix A.
The state |�nc,nd 〉 of the atoms, as given in Eq. (A8), is condi-
tioned upon the detection of light and is used to calculate the
normalized averages of atomic spin variables Jx,y:

J̄i = 2

N

〈
�nc,nd

∣∣Ji

∣∣�nc,nd

〉
, (27)

�J̄i = 4

N

(〈
�nc,nd

∣∣J2
i

∣∣�nc,nd

〉 − N2

4
J̄2

i

)
, (28)

for i = x, y. These are used in Secs. V E, VI B, and VI C,
and are the exact solution for the mean values and variances,
respectively.

E. Exact solution versus the hybrid approximation results

The results for the variance calculations are presented in
Fig. 2. The variance of X̂ in Eq. (23) is evaluated using
the hybrid approximation and decreases below unity with an
increase in time before returning to unity after longer time
scales as shown in Fig. 2(a). These are in perfect agreement

052604-6



HYBRID APPROXIMATION APPROACH TO THE … PHYSICAL REVIEW A 107, 052604 (2023)

with the exact variance Jx in Eq. (28). On the other hand, the
hybrid variance �P̄ is never below unity and agrees with the
exact variance �J̄y for the short-time interval �t < (|α|κ )−1

as shown in Fig. 2(b). To better understand this behavior we
turn to the approximate expression for the variance of X̂ and
P̂ given in (25) and (26), respectively. In Fig. 2(b), it is seen
that in the short-time regime, the approximate variance �P̄
[Eq. (26)] and hybrid variance (23) agree with the exact solu-
tion �J̄y [Eq. (28)]. The variance of Jy increases quadratically
with time at a rate |αr |2�2κ2 as given by the approximate
variance �P̄ [Eq. (26)].

Similarly, for short times, the approximate variance �X̄
[Eq. (25)] starts out decreasing quadratically with time below
unity roughly at a rate |αr |2�2κ2 in good agreement with the
hybrid variance (23), and the exact solution �J̄x [Eq. (28)], as
shown in Fig. 2(a). The decrease of the variance below unity
shows that the state is squeezed, as the error in the mean value
is below the classically expected one, which in normalized
units is unity. This confirms the existence of correlations in
the condensate as discussed in Sec. V A [see (20)]. However,
at longer times �t � (|αr |κ )−1, the approximate variance
[Eq. (25)] decreases inversely with the square of time roughly
at a rate (|αr |2�2κ2)−1, and goes to zero as 1/t2. In the
same time regime, the hybrid variance �X̄ and exact solution
�J̄x reach their minimum value and then increase towards
unity. It is not surprising that the approximate variance �X̄
breaks down. As already discussed in Sec. V A, the validity
of approximate results holds for �t < (|αr |κ )−1. It is in this
neighborhood that the exact variance �J̄x reaches its mini-
mum (best) squeezing value and the approximate variances
�X̄ [Eq. (25)] and �P̄ [Eq. (26)] break down.

Note that in the region of importance where there is a
squeezing effect, where the exact solution �J̄x is decreasing
with time, the approximate variance �X̄ [Eq. (25)] does well
predicting its behavior. It starts failing in the neighborhood
of the minimum squeezing as predicted by the exact solution
�J̄x [Eq. (28)], where the gains made in error reduction are
beginning to be lost. Hence one can always predict the onset
of losing squeezing gained from the measurement for times
not fulfilling the condition gt < 2(

√
N |αr |)−1. Similarly, the

hybrid variance (23) and approximate expression (26) of �P̄
start to deviate from the exact solution �J̄y [Eq. (28)] in
the same time neighborhood, gt ≈ 2(

√
N |αr |)−1 as shown in

Fig. 2(b). Surprisingly, the hybrid variance (23) does well in
predicting the exact solution (28) even at long times, gt >

2(
√

N |αr |)−1.
Ordinarily one would expect the system to exhibit oscilla-

tions for atoms tunneling in a double-well trap. The lack of
oscillations in the solutions of Jx and Jy is due to the initial
state (16) used in their calculation. For this state, the contribu-
tion of X̂ 2 + P̂2 ∝ b̂†

eb̂e, which is responsible for oscillation, is
zero (see Appendix B). Thus its exponential operator does not
affect the vacuum state and does not contribute to the averages
of spin operators.

F. Husimi Q distribution

As shown in Sec. V A, measurements induce correlations
in the condensates. They manifest as a reduction in the vari-
ance below the standard quantum limit for the atomic spin

FIG. 3. The conditional Husimi Q function. The parameters
for the plots are αl = αr = √

12, N = 1000, � = π/4, and g =
0.1�/N . The time �t for each plot is as shown in the figure.

variable coupled to light, as shown in Sec. V E. Additionally,
correlations affect the width of the distribution representing
the quantum state. To visualize the effect of correlation among
the atoms on the state |ψnc,nd 〉 (21) we plot the Husimi Q
function defined as

Qnc,nd (ν, t ) =
∣∣〈ν∣∣ψnc,nd

〉∣∣2

π
, (29)

where |ν〉 = e− |ν|2
2 eνb†

e |0〉 is the coherent state of atoms within
the Holstein-Primakoff approximation [55] [see also (33)],
and ν = |ν|eiϕ . The Q function is numerically calculated and
is shown in Fig. 3. The distribution starts out at �t = 0 as
a circle on the x-y plane. This is the typical behavior of a
coherent state with a normalized width of unity. As time
progress, the circle becomes squeezed along the x axis. How-
ever, at time �t = 200, the width of the distribution starts
showing a subtle increase in the width along the x axis. The
squeezing along the x axis is lost at �t = 300. To better un-
derstand these effects, we explicitly calculate the conditional
Husimi Q function:

Qnc,nd (ν, t ) = e−|αl |2−|αr |2−|ν|2

π nc! nd !

(|αr |2 + |αl |2)nc+nd

P(nc, nd )

×
(

nc

nc + nd

)nc
(

nd

nc + nd

)nd 1

1 + 4σ�2t2κ2

× e− �2t2κ2 (nc+nd −2a)2

1+4σ�2t2κ2 e− σ (x0−φ)2

1+4σ�2t2κ2

× e− 4σ�tκ|ν|(x0−φ) cos ϕ

1+4σ�2t2κ2 e− 1+8σ�2t2κ2 cos2 ϕ

1+4σ�2t2κ2 |ν|2

× e
2�tκ (nc+nd −2a)|ν| sin ϕ

1+4σ�2t2κ2 . (30)

Equation (30) shows that there are contributions to the
Q function due to the meter (laser light) and the detection
in addition to the effect that we intend to observe that is
proportional to ν2 in the exponent. The exponents with term
(x0 − φ) contain contributions from the relative phase of the
measurement arising from the relative phase φ = φl − φr of
the light beams in the arms of the interferometer, and the
measured (detected) phases x0 [see (C7)] and σ is defined
in (C12). The exponents with the term nc + nd − 2a = (nc +
nd )(|αr |2 − |αl |2)/(|αr |2 + |αl |2) represent the contributions
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from the observed total photon number nc + nd . These con-
tributions can be made to vanish hence limiting the effect of
measurement on the state of the atoms [44]. For instance, at
balanced detection, the amplitude and phase of light beams
in the two arms of the interferometer are the same, φl = φr

and |αr | = |αl |. Consequently, the relative phase φ and the
fractional total population nc + nd − 2a identically vanish,
φ = 0 = nc + nd − 2a. Additionally, where the measured rel-
ative photon number difference is small compared to the total
photon number, (|nd − nc| � nc + nd ), x0 ≈ 0. With these
conditions and upon substituting (19) in (30), it simplifies to

Qnc,nd (ν, t ) = 1

π

√
1 + 8|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2
e
− 1+8|αr |2�2t2κ2 cos2 ϕ

1+4|αr |2�2t2κ2 ν2

,

(31)

where the effect of measurement on the Q function is con-
tained in its width �ν.

It is then evident that the Q function has a peak at ν = 0
with width �ν given by

�ν2 = 1 + 4|αr |2�2t2κ2

1 + 8|αr |2�2t2κ2 cos2 ϕ
. (32)

As expected, the measurement has no effect on the width of
the Q function for t = 0. In this case, the width is simply
unity, the same as that of the coherent state |ψ0〉 [Eq. (16)],
which is equal in all directions. This is shown in Fig. 3 at
�t = 0. The limit �ν = 1 is the so-called standard quantum
limit. For t > 0, the phase angle ϕ controls the direction on
the x-y plane. For instance ϕ = π/2 and 3π/2 corresponds to
the positive and negative y axis, respectively. Similarly, ϕ =
0 and π corresponds to the positive and negative x axis. It then
becomes clear that the width along the y axis (both negative
and positive) increases quadratically with time, roughly at the
rate |αr |2�2κ2.

Similarly, the width along the x axis (both positive and
negative) decreases quadratically with time from unity for
small times 0 < �t � 1 at a rate |αr |2�2κ2. These cause the
width shrink along the x axis while extending along the y axis.
Hence the quantum state |ψnc,nd 〉 is said to be squeezed along
the x axis. This is shown in Fig. 3 at � = 50, 100, and 150.
Additionally, (32) predicts finite squeezing as the width along
the x axis tends to �ν2 = 1/2 as �t becomes very large,
which is the case as seen from Fig. 3 at �t = 150. A careful
study of the plot at �t = 200 shows a subtle increase in the
width of the distribution along the x axis. This implies that
the gains made are gradually being eroded with an increase
in time. This is seen clearly in Fig. 3 at �t = 300. That (32)
breaks down—predicting finite squeezing with infinite time
�t � (|αr |κ )−1—is not surprising as the expression is only
valid for gt < 2(

√
N |αr |)−1, which is the region where the

width of the distribution is squeezed as discussed in Secs. V A
and V E.

VI. IMPERFECT INITIAL SPIN POLARIZATION

In many experimental situations, there may be a finite but
small atomic population in the excited state of the double-
well trap. In these situations, the initial state is not perfectly
polarized. Such a situation could lead to results qualita-
tively different from perfectly polarized states, as discussed

in Sec. V. In this section, using a coherent state as the initial
state for imperfect polarization, we establish the mechanism
for the existence of quantum squeezing correlations at short
interaction time and their loss at long interaction time. We
then calculate the averages of atomic spin variables.

A. Emergence and disappearance of squeezing correlations

Consider the case where there is a finite but small fractional
population of atoms in the excited state of the double-well
trap, 0 < |α|2 � 1. In this limit, the initial state (4) reduces to
[55]

|ψ0〉 = e−N |α|2
2

N∑
m=0

(
√

Nα)m

√
m!

|m〉, (33)

for the undepleted pump approximation.
The passage of light through the condensate and subse-

quent detection of photons as shown in Fig. 1 gives the
un-normalized state of the atoms (14) where the initial
state |ψ0〉 is (33). The action of the exponential operator

ei�t[ X̂2+P̂2

2 +√
2κ (nc+nd −2n1 )X̂ ] on the state |ψ0〉 is to first impart a

phase proportional to the tunneling frequency �, then displace
it by an amount −i�tκ (nc + nd − 2n1) [see (B3)]:

∣∣ψnc,nd

〉 ∝
∞∑

nl =0

einl φI (nc, nd , nl )e
−i�tκ (nc+nd −2nl )

√
Nα

× e− N |α|2+�2t2κ2 (nc+nd −2nl )2

2

×
N∑

m=0

(−i�tκ (nc + nd − 2nl ) + √
Nαei�t )m

√
m!

|m〉.

(34)

Additionally, the exponential term in the second line pro-
portional to N |α|2 broadens the width of the initial state. A
spin-coherent-like state emerges if N |α|2 is dominant while a
correlated state emerges where |αr |2�2κ2t2 is the dominant
term, as we show below.

The un-normalized state of the atoms obtained by sum-
ming over nl under the conditions that the measurement be
balanced αl = αr and the relative photon number difference in
a measurement be small in comparison with the total number
of photons, |nd − nc| � nd + nd , is

∣∣ψ̃nc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
nc

nc + nd

) nc
2
(

nd

nc + nd

) nd
2

× (|αr|2 + |αl |2)
nc+nd

2√
1 + 4|αr |2�2t2κ2

e− N |α|2
2 e

− 2|αr |2�2t2κ2Nα2

(1+4|αr |2�2t2κ2 )

×
N∑

n=0

n/2∑
k=0

√
n!

k!(n − 2k)!

( −2|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

)k

×
(√

Nα

[
ei�t − 4|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

])n−2k

|n〉,

(35)

where we have used the completeness relation
∑

n |n〉〈n| = 1̂
in evaluating the sum. Equation (35) presents two interesting
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limits for the state |ψnc,nd 〉. In one of the limits where κ = 0
(or gt = 0), there is no interaction between the atoms and
light, and the un-normalized state (35) is simply the product of
the collapsed state |nc, nd〉 and the initial state (33). Similarly,
for

√
Nα being small but large in comparison with atom-light

coupling strength |σ |�tκ , then the term with exponent n − 2k
is the dominant term (|ei�t | ≈ 1). Hence, the term with ex-
ponent k is treated as a perturbation, and k takes on values
0, 1, . . . , n/2 for n even and 0, 1, . . . , (n − 1)/2 for n odd.
Nevertheless, whether n is even or odd only a few terms k = 0
and possibly k = 1 are sufficient to describe the amplitude of
the state |n〉 in this limit. Hence no correlations exist among
the atoms, and the physics of the system can be described
classically.

In the other limit where
√

Nα is small compared to the
atom light coupling strength |αr |�tκ , then the term with the
exponent n − 2k is treated as a perturbation. In this limit, there
exist correlations among the atoms. As a special case where
α = 0, k must be n/2 and one recovers (18) [see also (20)].
For

√
N |α| � 1 and gt < 2(|αr |

√
N )−1, and considering the

leading and the next term in k (k = n/2, n/2 − 1), the normal-
ized state conditioned on the detection of photons becomes

∣∣ψnc,nd

〉 ≈ (1 + 8|αr |2�2t2κ2)1/4√
1 + 4|αr |2�2t2κ2

1√
Pε

×
Nmax∑
n=0

[√
(2n)!

n!

( −2|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

)n

+ Nα2

√
(2n)!

2(n − 1)!

( −2|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

)n−1

×
(

ei�t − 4|αr |2�2t2κ2

1 + 4|αr |2�2t2κ2

)2
]
|2n〉, (36)

where Nmax = N/2 for N even, Nmax = (N − 1)/2 for N odd,
and the correction to the probability is

Pε ≈ 1 − N |α|2 4|αr |2�2t2κ2

1 + 8|αr |2�2t2κ2
cos (2�t + 2ε), (37)

and ε is the argument of α. Again, we see that the case α = 0
(20) is a special case. It is then evident that the state (36) is
a superposition of even number states thereby affirming the
existence of correlations in the condensate. The state (36) is a
squeezed state of an atomic oscillator.

At small atom-light interaction strengths, the effect that is
observed depends on which term has the greater value—the
initial population N |α|2 or the atom-light interaction strength
gt . For instance, starting with the conditions that the atom-
light interaction strength is smaller than the initial population
N |α|2, there are no correlations. However, because the pa-
rameter gt depends on time, these conditions are dynamic.
Eventually, correlations emerge in the regime where atom-
light interaction strengths become greater than the initial
population of atoms. Hence, having very small population of
atoms in the excited state N |α|2 � 1 ensures that correlations
always exist at small interaction times.

There is a loss of squeezing correlations at long interaction
times, as already noted in Sec. V A. This is because at long
atom interaction times, the Fourier term (15) presents other

FIG. 4. The normalized conditional mean values of Jx and Jy.
(a) The exact mean (solid line) is calculated using (27) while the
hybrid mean (dashed line) is calculated using (33) in (22). (b) Be-
havior of the exact mean value J̄y for the entire evolution. (c) The
exact mean (solid line) is calculated using (27) while the hybrid
mean (dashed line) is calculated using (33) in (22). The parame-
ters for plots are αl = αr = √

20, N = 200, � = π/4, g = 0.1�/N ,
β = √

9999 × 10−2, and |α| = 0.01.

peaks besides x0 [see for instance x′
0 in (C6)]. These other

peaks that were exponentially small at short interaction times
and thus negligible in the evaluation of the atomic wave func-
tion are now comparable to x0. Physically, this implies that x0

is no longer the only dominant detectable amplitude– - other
amplitudes are now possible. The interference (superposi-
tion) of these amplitudes scrambles the squeezing correlations
which leads to their loss at long interaction times. This ef-
fect was also observed in Fig. 2(b) of Ref. [44]. However,
the superposition of amplitudes gives rise to other forms of
non-Gaussian correlations, such as the Schrödinger cat state
[44], that emerge at long interaction times. Hence, the loss
of squeezing is a precursor to the emergence of other non-
Gaussian correlations.

We thus see that for systems which are not perfectly po-
larized, when the population executing the oscillation N |α|2
exceeds the atom-light coupling strength gt , no correlations
will be observed. The photon statistics dominates its physics
and the system behaves classically. Correlations begin to
emerge where the population

√
Nα is comparable to inter-

action strength gt . Consequently, correlations dominate the
physics of the system only in the regime where

√
N |α| � 1.

Since the coherent state is a state of an oscillator, it then
implies that quantum effects such as correlations may be ob-
served in oscillators using QND measurement, if the number
of oscillators is small, N |α|2 � 1.

B. The conditional expectation values

Using the initial state (33), we numerically calculate the
averages for X̂ and P̂ and compare the results with the exact
solution. It is seen from Fig. 4 that the exact mean values of
Jx and Jy oscillate about the hybrid mean, the solid line at
J̄x = 0 and J̄y = 0, respectively, when α = 0. The measure-
ment provides a modulation envelope while the tunneling is
responsible for the oscillations. As shown in Fig. 4(c), the
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exact solution tends to zero in the region where modulation
by measurement is strong. In addition, the exact solution
oscillates about zero and only approaches it linearly, as shown
in Figs. 4(a) and 4(b).

Some of this behavior can be deduced from the hybrid
mean values. For instance, the measurement modulates the
oscillations of the exact solution J̄x and J̄y. At short inter-
action times, �t < (|αr |κ )−1, we see from Fig. 4(c) that the
oscillations in the hybrid calculation are in phase with the
exact solution. Additionally, the amplitude of oscillations of
the hybrid means is not symmetric about zero. This is be-
cause the modulation by the measurement causes the hybrid
mean value to approach zero for the amplitude of oscilla-
tion greater than zero, while the amplitude below zero is
unaffected. The approximate mean obtained in the short-time
limit, �t < (|αr |κ )−1, while treating the oscillations as per-
turbation

√
N |α| � 1, equally shows this behavior:

X̄α ≈ |α|
(1 + 4|αr |2�2κ2t2)2

[−8|αr |2�2κ2t2 cos φα

+ 2(1 + 4|αr |2�2κ2t2) cos(�t + φα )], (38)

where φα is the phase of the fractional population in the
excited state. It is zero in all cases considered in this paper. For
cos(�t + φα ) positive, notice that there are cancellations be-
tween the first and second term that lead to the reduction in the
amplitude of the hybrid mean. However, when cos(�t + φα )
is negative, the terms add. This effect brings about the one-
sided modulation effect exhibited by the expectation value of
the hybrid mean in Fig. 4(c).

On the other hand, we see that in Fig. 4(a) the amplitude
of the hybrid mean value increases with every oscillation
while being modulated by the measurement, with modulation
strength proportional to |αr |2�2κ2t2. This effect is opposite
to that exhibited by the amplitudes of the exact mean value.
The oscillations decrease very slowly, as shown in Fig. 4(b).
The poor prediction of the behavior of the exact solution by
hybrid mean value is on display in the approximate mean
value, which under the same conditions as (38) gives

P̄α ≈ |α|(1 + 8|αr |2�2κ2t2)

(1 + 4|αr |2�2κ2t2)2
[−8|αr |2�2κ2t2 sin φα

+ 2(1 + 4|αr |2�2κ2t2) sin(�t + φα )]. (39)

Since φα = 0, it is immediately evident that 〈P̂〉 is modulated
by the measurement and increases quadratically with time
in the short-time regime. Additionally, the oscillation in the
hybrid mean value is π out of phase with the exact solution as
shown in Fig. 4(a).

The hybrid approximation does not capture all the features
of the exact mean values of atom operators. It is notably worse
for predictions of the hybrid mean value about J̄y. The failure
of the hybrid approximation to describe the exact mean values
in the presence of oscillations stems from approximating the
operators of the ground state by a c number. Such an ap-
proximation is good when the ground state of the oscillator
contributes no more than random fluctuations. In this case,
the excited state alone sufficiently describes the physics of
the system. However, for a small but finite population of
atoms in the excited state 0 <

√
N |α| � 1, the ground-state

FIG. 5. The normalized conditional variance of Jx and Jy. (a) The
exact solution Jx (solid line) is calculated from (28) as described
in the main text. The dashed line is the hybrid variance calculated
using (33) in (23), while the dashed-dotted line is the approximate
variance (25). (b) The exact variance (solid line)is calculated in the
same way as in (a) and similarly for the hybrid variance (dashed
line). The approximate variance (dashed-dotted line) is from (25)
while the hybrid variance (dotted line) is calculated using (16) in
(23). The straight line at �J̄x = 1 is a guide for the eye. (c) The exact
variance (solid line) is calculated from (28) as described in the main
text. The hybrid variance (dashed line) is calculated using (33) in
(23), while the dashed-dotted line is the approximate variance (26).
(d) The exact variance of Jy (solid line) is calculated in same way
as in (c) and similarly for the hybrid variance (dashed line). The
dashed-dotted line is the approximate variance (26) while the hybrid
variance (dotted line) is calculated using (16) in (23). The parameters
for plots are αl = αr = √

20, N = 200, � = π/4, and g = 0.1�/N .
For the first column, β = √

9999 × 10−2 and |α| = 0.01, while for
the second column β = √

0.999 and α = √
0.001.

contribution can no longer be approximated by a c number.
Consequently, the excited state alone is insufficient in describ-
ing the mean values of the system. Including corrections to
hybrid approximation would not improve the results since the
next order correction is proportional to order 3 in terms of
the operators, ∝ b†2

e be,∝ b†
eb2

e, and vice versa, and hence will
give rise to terms of order N3/2|α|3 which is less than

√
N |α|

for
√

N |α| < 1.

C. Conditional variances of atomic operators

We now compare the normalized variance �J̄y and its
hybrid approximation in Fig. 5(c). In the short-time regime,
�t < (|αr|κ )−1, there is a very good agreement between the
exact solution (solid line) and the hybrid variance (dashed
line). For a better understanding of the results, we turn to
the approximate expression (26) valid for short times and
obtained by assuming that the oscillator amplitude is small
in comparison to unity,

√
N |α| � 1. At short times, there is

no dependence of the variances on the oscillations, and the
approximate variance (26) predicts that the exact solution (28)
and hybrid variance (23) increase quadratically with time.
This is in remarkable agreement with the results of the hybrid
approximation and the exact solution, as shown in Fig. 5(c).
For long times, �t > (|αr |κ )−1, however, the hybrid variance
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and the approximate variance are qualitatively close but do
not agree precisely with the exact variance. In particular, there
are oscillations present in the hybrid variance that are not
present in either approximate variance or the exact solution
(28). In the regime where the amplitude of oscillation is large,√

N |α| < 1, as shown in Fig. 5(d), there is still agreement
between the hybrid variance and the exact solution in the
short-time regime, �t < (|αr |κ )−1. But still, there are no os-
cillations in the exact solution for a long time, which are very
prominent in the hybrid variance.

The exact variance �J̄x (solid line) and hybrid approxima-
tion are compared in Fig. 5(a). There is very good agreement
between the exact solution (28) and hybrid variance (23)
in the squeezing regime, �t < (|αr |κ )−1. These results are
understood by turning to the approximate variance (25)
obtained for short times, gt < 2(

√
N |αr |)−1, while treating the

oscillation amplitude as a perturbation,
√

N |α| � 1. There
are no oscillations in this regime. The approximate vari-
ance predicts that the variance of Jx decreases quadratically
with time which is in remarkable agreement with the exact
solution and hybrid variance in the squeezing regime gt <

2(
√

N |αr |)−1. It starts failing at the onset of losing squeezing
where gt < 2(

√
N |αr |)−1 is no longer satisfied. Beyond this

regime, squeezing is being lost, and there are oscillations
in the exact solution and the hybrid variance. However, the
oscillations in the hybrid variance occur at every other cycle
of the exact solution. Hence, the exact solution oscillates at
approximately twice the frequency of the hybrid variance.
Notice that the amplitude of these oscillations is small and
hence is well below unity.

However, for an appreciable number of atoms in the ex-
cited state, the oscillator amplitude will be appreciable though
small,

√
N |α| < 1. This leads to squeezing and antisqueezing

effects occurring in the regime �t > (|αr |κ )−1 as shown in
Fig. 5(b). The minima of the variances shown in Figs. 5(a) and
5(b) are points where there are no oscillations. For instance, as
shown in Fig. 5(b) the minima of oscillations in exact solution
and hybrid variance correspond to the values of the hybrid
variance calculated using (16) in (23). It suggests treating
oscillations as a perturbation to the nonoscillatory state α = 0.
Hence, systems with large oscillations are strongly perturbed.
In general, we posit that the hybrid approximation does better
in predicting the variances of operators than it did in predict-
ing their mean values.

The success of the hybrid approximation in describing
variance within the short-time regime is understood in the
following way. The conditional variance of the system is
one-half, irrespective of the value of α. In the presence of
atom-light interactions, the correction term happens to be the
contribution from the measurement. Higher-order corrections
consisting of the product of |αr |2�2κ2t2N |α|2 are negligible.
Hence the zeroth-order terms from the oscillator and first-
order correction provided by the measurement are sufficient
to describe the variances of system operators, especially in the
regime where there is squeezing. In the long interaction time
regime, terms in Fourier coefficient I (nc, nd , nl ) (15) which
were exponentially small or not present in the short term
regime are no longer small and become comparable to the
term used in the short interaction time regime [see for instance
(C6)]. These terms contributed to corrections that improved

the overall behavior of the hybrid approximation, especially
for the spin variable coupled to light.

VII. COMPOSITION OF VARIANCE
IN THE SQUEEZING REGIME

From the foregoing analysis of the variances with or with-
out oscillations, it is apparent that the variance of the system’s
operator Ĉ in the squeezing regime, gt < (

√
N |αr |)−1, can, in

general, be written as the sum of the variance of the operators
(�C)2

0 in the absence of measurement and the variance of the
meter:

(�C)2 = (�C)2
0 + (�meter )

2. (40)

This is exemplified in the approximate expressions given
in (25) and (26). For a collection of a large number N of
particles, the variance of system operators will be near their
classical limit, (�C)2

0 ≈ N−1. Squeezing is realized for the
system operator that couples to the meter by a suitable choice
of the meter parameters such that there are cancellations be-
tween the variance of that system operator (�C)2

0 and the
variance of the meter (�meter )2. Squeezing is lost in the regime
where the measurement strength is comparable to the inverse
product of the average photon number and the square root
of the number of particles, gt ≈ 2(

√
N |αr |)−1. Beyond the

squeezing regime, one can still observe squeezing even though
squeezing is being lost as discussed in Sec. V B. For an initial
state of the system prepared with a finite but small popula-
tion in the excited state, there will be oscillations beyond the
squeezing regime as discussed in Sec. VI B. If the population
of atoms in the excited state is finite but small, Nα � 1, it
is still possible to observe squeezing beyond the squeezing
regime as the amplitude of the oscillations will be small.
However, for an excited state that is appreciably populated,
Nα < 1, there will be oscillations that may be present in the
squeezing regime. Because of the large amplitude of oscil-
lations in the regime where squeezing is being lost, there
will be times when the variance (�C)2 is greater than the
initial variance (�C)2

0, thus being antisqueezed as discussed
in Sec. VI A. To observe squeezing in this regime may require
filters or timing the measurement to do away with the anti-
squeezing.

VIII. EXPERIMENTAL IMPLEMENTATION

We previously detailed possible implementations of our
model in experiments in Ref. [44]. Here, we briefly describe
an experimental realization of our model. A BEC in a radio-
frequency double-well potential [56,57] realizes the atom
oscillator described in Fig. 1. Squeezing the quantum state
of the atom oscillator can then be done by working in the
frequency domain. Because atoms in the minima of the double
well experience different trapping frequencies, they modu-
late an off-resonant light field [58] passing through them at
different frequencies, thus realizing single-site addressing. A
balanced polarimeter detects the signal at each frequency [58].
We did not consider effects due to photodetection efficiency
that limits the efficacy of resolving the number of photons col-
lected by the detectors [59,60]. It affects the quantum state of
photons by decreasing the linear superposition of the average
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photon numbers (|αl |2 + |αr |2) by an amount proportional to
detection efficiency ηE , (|αl |2 + |αr |2) → ηE (|αl |2 + |αr |2).
By doing so, it masks the number of photons at the readout
so that the actual values nc and nd are never known, thereby
introducing randomness in the readout. As a result, each QND
measurement readout is random and thus is affected by the
single-particle resolution of the detectors. Here, we do not
need to know the actual values of the number of photons at
the readout, and our results retain their form in the presence of
inefficient photodetection. As such, squeezing would still be
observed in the presence of imperfect photodetection. How-
ever, decoherence from the spontaneous emission of the atoms
would modify the results of this paper [44].

IX. SUMMARY AND CONCLUSIONS

We analyzed the squeezing effect in a double-well potential
using the hybrid approximation, where the spin variables of
the atoms are treated within the Holstein-Primakoff approx-
imation, but the photonic degrees of freedom are calculated
exactly. We considered an initial state where all the atoms are
in the ground state of the double-well trap. The main result
of this paper is (20), which shows that correlations develop
because of the measurement. The correlations manifest in the
state of the atoms as a superposition of even number states. We
calculated simple expressions for the variances of atom oper-
ators, (25) and (26). We showed that in the squeezing regime,
the variance is the sum of the variances of the system and the
meter (40). The hybrid approximation agrees very well with
the exact solution obtained by solving the Schrödinger equa-
tion in the short interaction time regime. We found the short
interaction time regime to be where the atom-light interaction
strength gt is comparable to the inverse of the product of the
average photon number |αr | and the square root of the total
atom number N in the trap, gt ≈ 2(|αr |

√
N )−1. It marks the

onset of losing squeezing, and the approximate results failed
beyond the short interaction time regime.

Additionally, we calculated the Husimi Q distribution and
highlighted various contributions from the light and its detec-
tion to the Q distribution. We showed that these contributions
vanished for a balanced detection and a readout performed
at zero photon number difference. The Husimi Q distribution
showed that the quantum state of the atom condensates is
squeezed. We obtained a simple expression (32) that explains
the variations in the width of the distribution in phase space as
the BEC state goes from a coherent state to being squeezed.

We further checked the validity of the hybrid approxima-
tion in the presence of a small but finite population of atoms
in the excited state of the double-well trap. We showed that
correlations emerge depending on the atom-light interaction
strength being greater than the population of atoms in the
excited state (35). The implication is that quantum features
such as correlations are not observed in oscillators using QND
measurement unless the number of oscillators is small. We
calculated the averages of the spin variables. The approximate
variances agreed very well with the exact solution in the
squeezing regime, gt < 2(|αr |

√
N )−1. However, the hybrid

mean values performed poorly in predicting the exact solu-
tion. The hybrid mean value for the spin variable coupled to
light agreed well with the modulation of the exact solution.

For the spin variable not coupled to light, the hybrid mean
was π/2 out of phase with the exact solution. Additionally,
the hybrid mean predicted increases in the modulation with
time, while the exact solution decreased linearly over time.

The emergence of superposition of amplitudes in the quan-
tum state of the condensate, beyond the short-time regime
gt > 2(|αr |

√
N )−1, led to the loss of squeezing correla-

tions, and heralds the emergence of non-Gaussian correlations
[16,44]. Additionally, it provides corrections to the variance of
the spin variable coupled to light. Hence, the hybrid variance
well reproduces the results of the exact solution. However,
the superposition of amplitudes did not improve the variance
of the spin variables not coupled to light. Hence, the hybrid
approximation failed to replicate the exact variance for the
spin variable not coupled to light. Nonetheless, the onset of
losing squeezing predicted as gt ≈ 2/(

√
N |αr |) in the hybrid

approximation worked very well for the exact solution.
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APPENDIX A: SOLVING THE SCHRÖDINGER EQUATION

To find the evolution of the the state vector �(t ), we use
the ansatz

|�(t )〉 =
∑

k

ψk (t )|k; αk,l (t ), αk,r (t )〉, (A1)

where for each atom number state |k〉 = |k, N − k〉 defined in

the Jx basis, there is a coherent state |αk,s〉 = e
−|αk,s|2

2 eαk,sâ†
s |0〉,

s = l, r, and |k; αk,l , αk,r〉 = |k〉 ⊗ |αk,r〉 ⊗ |αk,l〉. Substitut-
ing the ansatz, (A1) into (7) produces two states of light |αk,s〉
and â†|αk;l,s〉 that are not necessarily orthogonal. Decom-
posing the state â†|αk,s〉 into its orthogonal form â†|αk,s〉 =
|α⊥,k,s〉 + α∗

k,s|αk,s〉 where 〈α⊥,k,s|αk,s〉 = 0 gives the equa-
tions for the evolution of αk,s as

dαk,l

dt
= − ig(2k − N )

2
αk,l ,

dαk,r

dt
= ig(2k − N )

2
αk,r, (A2)

whose solutions are

αk,l (t ) = αl e
−i(2k−N )

gt
2 ,

αk,r (t ) = αrei(2k−N )
gt
2 . (A3)
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Clearly we see that the effect of the atom-light interaction
is to impact a phase on the photons. This phase carrying
information can be extracted in an interference measurement.

Eliminating the αk,s in the evolution of ρkk′ using (A2) and
their solutions (A3) [61,62] gives the following equation for
the matrix elements ρkk′ ,

dψk

dt
= −i�

√
k(N − k + 1)

2
〈αk|αk−1〉ψk−1

− i�

√
(k + 1)(N − k)

2
〈αk|αk+1〉ψk+1, (A4)

where 〈αk|αk±1〉 is the overlap of the light coherent state
that interacted with k atoms and the light coherent state that
interacted with k ± 1, respectively:

〈αk|αk+1〉 = e−(|αl |2+|αr |2 )e|αl |2e−igt
e|αr |2eigt

,

〈αk|αk−1〉 = e−(|αl |2+|αr |2 )e|αl |2eigt
e|αr |2e−igt

. (A5)

Equation (A4) is a time dependent differential equation as
determined by the phases (A5).

At the beamsplitter, photons that left each well are recom-
bined and sorted into bins c and d according to (12). The state
after recombination at the beamsplitter becomes

|�〉BS(t ) =
∑

k

ψk (t )e−(
|αk,l |2

2 + |αk,r |2
2 )e

αk,l +iαk,r√
2

â†
c

× e
iαk,l +αk,r√

2
â†

d |k, 0, 0〉. (A6)

The probability of counting nc and nd photons in the bins c
and d , respectively, after recombination at the beamsplitter is
obtained by the expectation of the projection operator P =
|nc, nd〉〈nc, nd | in the atom subspace:

P(nc, nd ) = Tr[|�〉BS(t )〈�|BS(t )P],

= 1

nc!

1

nd !

∑
k

ψ∗
k ψk (t )e−(|αk,l |2+|αk,r |2 )

×
(

|αk,l |2 + iαk,rα
∗
k,l − iαk,lα

∗
k,r + |αk,r |2

2

)nc

×
(

|αk,l |2 − iαk,rα
∗
k,l + iαk,lα

∗
k,r + |αk,r |2

2

)nd

.

(A7)

Thus the state of the atoms given that nc and nd photons
have been detected becomes

∣∣�nc,nd

〉 = 1√
nc!

1√
nd !

1√
P(nc, nd )

∑
k

ψk (t )

× e−(
|αk,l |2

2 + |αk,r |2
2 )

(
αk,l + iαk,r√

2

)nc

×
(

iαk,l + αk,r√
2

)nd

|k, N − k〉. (A8)

APPENDIX B: DISENTANGLING OF EXPONENTIAL
OPERATORS

Given the Hamiltonian (8), we would like to write the
exponential of the Hamiltonian as the product of exponentials
of each term appearing in it. Such simplification allows for
easy analysis of the exponential operator on a quantum state.

We consider an operator of the form U = ei�t[ X̂2+P̂2

2 −√
2κnX̂ ]

appearing in Secs. IV and V. The operator may also be written
in terms of b̂e and b̂†

e:

U = ei�t[ X̂2+P̂2

2 −√
2κnX̂ ] = ei�t[b†

ebe−κn(b̂†
e+b̂e )], (B1)

while we have ignored a constant factor of one-half that intro-
duced an overall global phase in writing the second equality.
The operators b̂†

eb̂e, b̂†
e and b̂e satisfy the following commuta-

tion relation:

[b̂†
eb̂e, b̂†

e] = b̂†
e,

[b̂†
eb̂e, b̂e] = −b̂e,

[b̂e, b̂†
e] = 1. (B2)

Hence, any equivalent representation of U would consist of
exponential operators made up of these operators and a con-
stant. Thus, we seek to write U in normally ordered form as

U = eip(θ )b̂†
e eiq(θ )b̂†

e b̂e eir(θ )b̂e eis(θ ), (B3)

where θ = �t . Differentiating (B1) with respect to θ gives

dU

dθ
= i(b†

ebe − κn(b̂†
e + b̂e)U . (B4)

Similarly, differentiating (B3) with respect to θ gives

dU

dθ
= i(s′ + p′b̂†

e + q′eipb̂†
e b†

eb̂ee−ipb̂†
e

+ r′eipb̂†
e eiqb̂†

e b̂e b̂ee−iqb̂†
e b̂e e−ipb̂†

e )U (B5)

where the primes on p, q, r, and s mean differentiation with
respect to θ .

Applying the Baker-Campbell-Hausdorff relation to (B5),
and equating coefficients of operators in (B4) and (B5), one
obtains the following coupled differential equation for the
functions:

p′ − iq′ p = −κn,

r′e−iq = −κn,

q′ = 1,

s′ − ir′ pe−iq = 0. (B6)

Solving the differential equations (B6) with the initial condi-
tion p(θ = 0) = r(θ = 0) = q(θ = 0) = s(θ = 0) = 0 gives

p = iκn(eiθ − 1),

q = θ,

r = iκn(eiθ − 1),

s = κ2n2

(
eiθ

i
− θ − 1

i

)
. (B7)
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Expanding the exponential eiθ and keeping the leading-order
term gives

p = −�tκn,

q = �t,

r = −�tκn,

s = −�2t2κ2n2

2i
. (B8)

Using (B8) in (B3), we obtain the equivalent form of

ei�t[ X̂2+P̂2

2 −√
2κnX̂ ] that was used in Secs. V and VI.

APPENDIX C: EVALUATION OF THE FOURIER
COEFFICIENT

The detection of photons is described by the projection op-
erator P = |nc, nd〉〈nc, nd |. The collapsed state of light at the
measurement for an nth state of the atom is 〈n|P|ψBS (t )〉 =
〈nc, nd , n|ψBS (t )〉|nc, nd〉, where |ψBS (t )〉 is given in (13). The
probability amplitude 〈nc, nd , n|ψBS (t )〉 then becomes

〈nc, nd , n|ψBS〉 = e− |αl |2+|αr |2
2

(
1√
2

)nc+nd ∑
nl ,nr

α
nl
l αnr

r δnl +nr−nc,nd 〈n|ei�t[ X̂2+P̂2

2 −√
2κ (nl −nr )X̂ ]|0〉

×
min(nc,nl )∑

k=max(0,nl −nd )

√
nc!

√
nd ! inl +nc−2k

k!(nl − k)!(nc − k)!(nd − nl + k)!
. (C1)

In the absence of atom-light interaction, the photon state after recombination at the beamsplitter has a probability amplitude
given as [35]

〈nc, nd |ψ〉 = e− |αl |2+|αr |2
2

1√
nc!

1√
nd !

(
iαl + αr√

2

)nc
(

αl + iαr√
2

)nd

. (C2)

Similarly, (C1) in the same limit (g = 0) becomes

〈nc, nd |ψBS〉 = e− |αl |2+|αr |2
2

(
αr√

2

)nc+nd √
nc!

√
nd !

∑
nl

(
αl

αr

)nl

S(nc, nd , nl ) (C3)

where

S(nl , nc, nd ) =
kmax∑
kmin

inl +nc−2k

k!(nl − k)!(nc − k)!(nd − nl + k)!
,

kmin = max(0, nl − nd ), and kmax = min(nc, nl ). Equations (C2) and (C3) may be functionally different, but they represent the
same probability amplitude and hence are the same. Equating (C2) and (C3), the Fourier transform immediately gives

S(nl , nc, nd ) =
( |αl |

|αr |
)−nl 1

nc!

1

nd !

1

2π

∫ 2π

0
e−inl φdφ

(
1 + i

|αl |
|αr |eiφ

)nc
(

i + |αl |
|αr |eiφ

)nd

, (C4)

where φ = φl − φr is the relative phase between αl and αr .
From (C3) and (C4) the sum over k in Eq. (C1) can be replaced and the probability amplitude describing the detection of

photons at detectors c and d becomes

〈nc, nd , n|ψBS(t )〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
αr√

2

)nc+nd ∑
nl

einl φI (nc, nd , nl )〈n|ei�t
(

X̂2+P̂2

2 +√
2κ (nc+nd −2nl )X̂

)
|0〉, (C5)

where the Fourier coefficient I (nc, nd , n1) is defined in (15). The evaluation of Fourier coefficient (15) gives [35,63]

I (nc, nd , n1) = 1√
2πσ

[
2nc

nc + nd
(1 + η2)

] nc
2
[

2nd

nc + nd
(1 + η2)

] nd
2

exp

[
− (ncφ

′
c,0 + ndφ

′
d,0 − nl )2

2σ

]

× {ei(ncφc,0+nd φd,0−nl x0 ) + (−1)nd e−i(ncφc,0+nd φd,0+nl x′
0 )}, (C6)

where x′
0 = π − x0, η = |αl |

|αr | ,

x0 = arcsin

(
nd − nc

nc + nd

1 + η2

2η

)
, (C7)

φd,0 = arctan

(
2(nc + nd ) + (nd − nc)(1 + η2)√

4η2(nc + nd )2 − (nd − nc)2(1 + η2)2

)
, (C8)
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φc,0 = arctan

(√
4η2(nc + nd )2 − (nd − nc)2(1 + η2)2

2(nc + nd ) − (nd − nc)(1 + η2)

)
, (C9)

φ′
d,0 =

(
2η2(nc + nd ) + (nd − nc)(1 + η2)

4nd (1 + η2)

)
, (C10)

φ′
c,0 =

(
2η2(nc + nd ) − (nd − nc)(1 + η2)

4nc(1 + η2)

)
, (C11)

and

σ = 4η2(nc + nd )2 − (nd − nc)2(1 + η2)2

8ncnd (1 + η2)2
(nc + nd ). (C12)

APPENDIX D: EVALUATING PHOTON PROBABILITY AMPLITUDE

To understand the behavior of photon detection probability distribution, we begin our analysis by evaluation of the probability
amplitude (14). Substitution of I (nc, nd , nl ) and (B3) in (14) and summing over the photon input states n1 gives

〈
n
∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !

(
αr√

2

)nc+nd (i�tκ )n

√
n!

(
2nc(1 + η2)

nc + nd

) nc
2
(

2nd (1 + η2)

nc + nd

) nd
2
√

1

1 + 4σ�2t2κ2

×
{

ei[b−a(x0−φ)]e− 2iσ�2t2κ2 (x0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x0−φ)2

2(1+4σ�2t2κ2 )

n
2∑

k=0

n!

k!(n − 2k)!

(
2σ

1 + 4σ�2t2κ2

)k

× [nc + nd − 2(a + q)]n−2k + (−1)nc e−i[b+a(x′
0−φ)]e− 2iσ�2t2κ2 (x′0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x′0−φ)2

2(1+4σ�2t2κ2 )

×
n
2∑

k=0

n!

k!(n − 2k)!

(
2σ

1 + 4σ�2t2κ2

)k

[nc + nd − 2(a + q′)]n−2k

}
(D1)

where a = ncφ
′
c,0 + ndφ

′
d,0, b = ncφc,0 + ndφd,0, q = σ [2�2t2κ2(nc + nd − 2a) − i(x0 − φ)]/(1 + 4σ�2t2κ2), and q′ is ob-

tained by replacing x0 in q with x′
0 (C6). In analysis of the probability amplitude in Sec. V A, the second term of (D1) is

exponentially small for nc = nd , and nc + nd − 2a = 0). Hence the second term is neglected in the analysis of Sec. V A. Notice
that the upper limit in summing over n is fixed by the total number of atoms in the double-well trap.

In Ref. [44], we decided that we will work within the balanced detection configuration, αl = αr , and the most probable out-
come nc, nd = (|αr |2 + |αl |2)/2. The justification for these choices becomes obvious since nc + nd − 2a = (nc + nd )(|αr |2 −
|αl |2)/(|αr |2 + |αl |2) = 0 in the balanced detection configuration. Also, in the regime |nc − nd | � nc + nd , x0 ≈ 0, and hence
q = 0. Thus these conditions combine to limit the back-action of the measurement on the quantum state of the atoms. Hence at
balanced detection, the probability amplitude simplifies. The amplitude at x′

0 is exponentially small and is neglected. Provided
that 2σ�2t2κ2

1+4σ�2t2κ2 � 1, the sum over n converges rapidly. Taking these into account one obtains the form of the probability density
(19) written in the main text.

APPENDIX E: EVALUATING EXPECTATIONS OF ATOMIC OPERATORS

Here we evaluate various expectation values of atom operators that are used in Sec. V C for finding the expectations of X̂ and
P̂, and their variances. We begin by evaluating the probability amplitude 〈n|ψnc,nd 〉 and expectations of the form 〈n|A|ψnc,nd 〉,
where A = b†

e, be, (b†
e )2. Since the x′

0 term of the Fourier coefficient (C6) is exponentially small in the region of interest, it is
neglected in the following calculations. The operator b†

e acting on the state |ψnc,nd 〉 (21) and finding its expectation in the atom
subspace gives

〈n|b†
e|ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2 (i�tκ )n−1

(n − 1)!

√
n!

P(nc, nd )

√
1

1 + 4σ�2t2κ2

×
{

ei[b−a(x0−φ)]e− 2iσ�2t2κ2 (x0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x0−φ)2

2(1+4σ�2t2κ2 )

×
n−1

2∑
k=0

(n − 1)!

k!(n − 1 − 2k)!

(
2σ

1 + 4σ�2t2κ2

)k

(nc + nd − 2(a + q))n−1−2k

}
(E1)
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where q = σ [2�2t2κ2(nc + nd − 2a) − i(x0 − φ)]/(1 + 4σ�2t2κ2). For nc, nd = (|αr |2 + |αl |2)/2 and |nc − nd | � nc + nd

the above simplifies to

〈n|b†
e

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2

√
1

P(nc, nd )

√
1

1 + 4σ�2t2κ2

×
(

2σ

1 + 4σ�2t2κ2

) n−1
2

eib(i�tκ )n−1

√
n!(

n−1
2

)
!
, for n odd, (E2)

〈n|b†
e

∣∣ψnc,nd

〉 = 0, for n even. (E3)

Similarly, following the same recipe for b†
e, the expectation value of the destruction operator be in the atom subspace becomes

〈n|be

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2 (i�tκ )n+1

√
n!

√
1

P(nc, nd )

√
1

1 + 4σ�2t2κ2

×
{

ei[b−a(x0−φ)]e− 2iσ�2t2κ2 (x0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x0−φ)2

2(1+4σ�2t2κ2 )

n+1
2∑

k=0

(n + 1)!

k!(n + 1 − 2k)!

×
(

2σ

1 + 4σ�2t2κ2

)k

[nc + nd − 2(a + q)]n+1−2k

}
. (E4)

For nc, nd = (|αr |2 + |αl |2)/2, and |nc − nd | � nc + nd the above simplifies to

〈n|be

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2

√
1

P(nc, nd )

×
√

1

1 + 4σ�2t2κ2

(
2σ

1 + 4σ�2t2κ2

) n+1
2

eib (i�tκ )n+1

√
n!

(n + 1)!(
n+1

2

)
!

, for n odd, (E5)

〈n|be

∣∣ψnc,nd

〉 = 0, for n even. (E6)

Also, the products of operators that will be used in finding the variance may be calculated in the same way. For instance, the
expectation of operator (b†

e )2 in the atom subspace is

〈n|(b†
e )2

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2 (i�tκ )n−2

(n − 2)!

√
n!

√
1

P(nc, nd )

√
1

1 + 4σ�2t2κ2

×
{

ei[b−a(x0−φ)]e− 2iσ�2t2κ2 (x0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x0−φ)2

2(1+4σ�2t2κ2 )

×
n−2

2∑
k=0

(n − 2)!

k!(n − 2 − 2k)!

(
2σ

1 + 4σ�2t2κ2

)k

[nc + nd − 2(a + q)]n−2−2k

}
. (E7)

For nc, nd = (|αr |2 + |αl |2)/2 and |nc − nd | � nc + nd the above simplifies to

〈n|(b†
e )2

∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2

√
1

P(nc, nd )

×
√

1

1 + 4σ�2t2κ2

(
2σ

1 + 4σ�2t2κ2

) n−2
2

eib(i�tκ )n−2

√
n!(

n−2
2

)
!
, for n even, (E8)

〈n|(b†
e )2

∣∣ψnc,nd

〉 = 0, for n odd. (E9)

The remainder of operators b2
e and b†

ebe may calculated following the same procedure. Note that the expectations of (b†
e )2 and b2

e
are equal, 〈ψnc,nd |b2

e|ψnc,nd 〉 = 〈ψnc,nd |(b†
e )2|ψnc,nd 〉.
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Finally for completeness, we calculate the probability amplitude 〈n|ψnc,nd 〉 (see also Sec. V A). Projecting the state |n〉 having
n atoms on the state (21), |ψnc,nd 〉, given that nc and nd have been measured gives

〈
n
∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2 (i�tκ )n

√
n!

√
1

1 + 4σ�2t2κ2

×
{

ei[b−a(x0−φ)]e− 2iσ�2t2κ2 (x0−φ)(nc+nd −2a)

1+4σ�2t2κ2 e− �2t2κ2 (nc+nd −2a)2

2(1+4σ�2t2κ2 ) e− σ (x0−φ)2

2(1+4σ�2t2κ2 )

×
n
2∑

k=0

n!

k!(n − 2k)!

(
2σ

1 + 4σ�2t2κ2

)k

[nc + nd − 2(a + q)]n−2k . (E10)

For nc, nd = (|αr |2 + |αl |2)/2 and |nc − nd | � nc + nd the above simplifies to

〈
n
∣∣ψnc,nd

〉 = e− |αl |2+|αr |2
2√

nc!
√

nd !
(αr )nc+nd

(
nc(1 + η2)

nc + nd

) nc
2
(

nd (1 + η2)

nc + nd

) nd
2

√
1

P(nc, nd )

×
√

1

1 + 4σ�2t2κ2

(
2σ

1 + 4σ�2t2κ2

) n
2

eib(i�tκ )n

√
n!(

n
2

)
!
, for n even, (E11)〈

n
∣∣ψnc,nd

〉 = 0, for n odd. (E12)
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