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The effect of quantum steering arises from the judicious combination of an entangled state with a set of
incompatible measurements. Recently, it was shown that this form of quantum correlations can be quantified in
terms of a dimension, leading to the notion of genuine high-dimensional steering. While this naturally connects
to the dimensionality of entanglement (Schmidt number), we show that this effect also directly connects to a
notion of dimension for measurement incompatibility. More generally, we present a general connection between
the concepts of steering and measurement incompatibility, when quantified in terms of dimension. From this
connection, we propose an alternative twist on the problem of simulating quantum correlations. Specifically,
we show how the correlations of certain high-dimensional entangled states can be exactly recovered using only
shared randomness and lower-dimensional entanglement. Finally, we derive criteria for testing the dimension of
measurement incompatibility and discuss the extension of these ideas to quantum channels.
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I. INTRODUCTION

High-dimensional quantum systems feature a number of
interesting phenomena, beyond what is possible for qubit
systems. For example, the effect of entanglement is known
to become increasingly robust to noise when higher dimen-
sions are considered, the robustness becoming even arbitrarily
large [1,2]. In turn, the nonlocal correlations obtained from
measurements on high-dimensional systems also feature sig-
nificantly increased robustness. Indeed, these effects offer
interesting perspectives for quantum information processing,
allowing, e.g., for quantum communications over very noisy
channels.

In this work, we consider the effect of genuine high-
dimensional steering (GHDS), which was introduced recently
[3]. The original formulation of quantum steering encapsu-
lates the essence of the Einstein-Podolsky-Rosen paradox.
This aspect was demonstrated in various works, such as
[4–7]. A possible quantum information interpretation of this
phenomenon is given via the certification of entanglement
between an untrusted party (Alice) and a trusted one (Bob) [8].
Hence steering is sometimes referred to as being a one-sided
device-independent (1-SDI) entanglement detection protocol.
The key point of GHDS is to go beyond entanglement detec-
tion by certifying the minimal dimensionality of entanglement
(specifically the Schmidt number) required for producing the
observed correlations in a 1-SDI scenario. More formally, this
approach introduces the notion of n-preparable assemblages,
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i.e., those assemblages being preparable based on any possible
entangled state of a Schmidt rank of at most n; 1-preparable
assemblages being then simply those assemblages that cannot
lead to steering. Next, one can construct a steering inequality
for n-preparable assemblages, the violation of which implies
the presence of genuine (n + 1)-dimensional steering. This
was demonstrated in a quantum optics experiment (based on
photon-pairs entangled in orbital angular momentum) report-
ing the 1-SDI certification of 14-dimensional entanglement
[3].

A natural question at this point is to understand what are
the resources required in terms of measurements for demon-
strating GHDS. Indeed, the effect of steering uses not only
an entangled state as a resource, but also a well-chosen set of
local measurements for Alice. Theses measurements must be
incompatible (in the sense of being nonjointly measurable),
but it turns out that steering has a direct connection to mea-
surement incompatibility [9–12].

The present work explores this question and estab-
lishes a general connection between GHDS and the notion
of n-dimensional simulability (or n-simulability) of high-
dimensional measurements, which was recently introduced in
[13]. This notion generalizes the concept of joint measurabil-
ity and provides a quantification of measurement incompat-
ibility in terms of a dimension. The connection we uncover
generalizes the well-known relations between quantum steer-
ing and joint measurability. Moreover, we also extend the
connection to quantum channels, in particular, the character-
ization of their high-dimensional properties. These general
tripartite connections between high-dimensional steering,
measurements, and channels allow for the results of one area
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FIG. 1. Concepts and connections that appear in this work. (a) Quantum steering scenario. (b) A set of measurements is n simulable if
they can be replaced by an n-partially entanglement breaking channel (n-PEB) followed by some measurements. (c) Illustration of the Schmidt
number (SN) of a bipartite state: the state of two five-level systems is a combination of states with only qubit entanglement, hence the overall
state has SN of at most 2.

to be directly translated in others, which we illustrate with
several examples.

II. SUMMARY OF RESULTS

We start by identifying the resources for GHDS. In par-
ticular, we show that an assemblage is n preparable if it can
be prepared via an entangled state of Schmidt number n or
if the set of Alice’s local measurements are n preparable.
Hence the observation of genuine n + 1-dimensional steering
implies the presence of both (i) an entangled state of Schmidt
number (at least) n + 1 and (ii) a set of measurements for
Alice that is not n simulable. In this sense, GHDS provides
a dimensional certification of both the entangled state and
the local measurements. Moreover, we show that there is a
one-to-one mapping between any n-preparable assemblage
and a set of measurements that is n simulable, generalizing the
existing connection between steering and joint measurability
(corresponding here to the case n = 1).

This connection allows us to import results from one
area to the other. For example, we can construct optimal
models for simulating the correlations of high d-dimensional
entangled states (the so-called isotropic states) based on
lower n-dimensional entanglement (and classical shared ran-
domness). These simulation models hold for all possible
local projective measurements on Alice’s and Bob’s side. In
this sense, these models can be considered as a generaliza-
tion of the well-known local hidden-state model of Werner
[14], where classical shared randomness is augmented with
low-dimensional entanglement. Moreover, we can translate
steering inequalities for GHDS into criteria for testing the
non-n-simulability of measurements. It is also worth noting
that different simulation models for the steering scenario were
previously presented in the continuous variable setting [15].

Finally, we obtain a dimensional characterization of quan-
tum channels via channel-state duality. In particular, we
consider channels that map the set of all measurements to
n-simulable ones and describe the corresponding Choi states.
We conclude with a number of open questions.

III. BASIC CONCEPTS AND QUESTIONS

A central notion for us will be quantum steering, see,
e.g., [16,17] for recent reviews. Here, one party (Alice) per-
forms local measurements {Ma|x} on a state ρAB, a unit-trace
positive-semi-definite matrix acting on a finite-dimensional
Hilbert space that she shares with another distant party (Bob).
The measurements are collections of matrices for which
Ma|x � 0 ∀a, x and

∑
a Ma|x = 1 for each x. Here x indexes

the measurement and a indexes the outcome. For each x, the
collection {Ma|x}a is called a positive operator-valued measure
(POVM for short). By performing her measurements, Alice
remotely prepares the system of Bob in different possible
states denoted by

σa|x := TrA(Ma|x ⊗ 1 [ρAB]), (1)

usually termed an assemblage, see Fig. 1(a). Such an assem-
blage demonstrates quantum steering when it does not admit
a local hidden state (LHS) model, i.e., a decomposition of the
form

σa|x = p(a|x)
∑

λ

p(λ|a, x) σλ, (2)

where p(a|x) is a normalization factor and p(λ|a, x)σλ is an
ensemble of states whose priors get updated upon Bob asking
Alice to perform the measurement x and her reporting back
the outcome a.

Steering represents a form of quantum correlations that
is intermediate between entanglement and Bell nonlocality
[8,18]. Specifically, there exist entangled states that cannot
lead to steering and there exist some steerable states that can-
not lead to Bell inequality violation (nonlocality). In addition,
the steering scenario is commonly referred to as one-sided
device-independent (1-SDI), as Alice’s device is untrusted but
Bob’s device is fully characterized. Since steering requires
the presence of entanglement (separable states always admit-
ting an LHS model) it also represents a 1-SDI method for
certifying entanglement. Moreover, steering is an asymmetric
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phenomenon, as there exist states ρAB for which steering is
only possible in one direction (e.g., from A to B) [19–21].

One can take the concept of quantum steering a step further
in terms of bipartite entanglement detection. Instead of only
certifying the presence of entanglement, it is possible to use
steering to characterize the dimensionality entanglement di-
mensionality, as quantified via the Schmidt number [22]. For
a pure state |ψ〉, this corresponds to the Schmidt rank (SR),
i.e., the minimum number of terms needed to express |ψ〉 as
a linear combination of product states. The Schmidt number
(SN) [22] is a generalization to mixed states, formally defined
as

SN(ρ) := min
{pk , |ψk〉}

max
k

SR(|ψk〉)

s.t. ρ =
∑

k

pk|ψk〉〈ψk|. (3)

The Schmidt number thus quantifies the entanglement dimen-
sionality in that it tells the minimum number of degrees of
freedom that one needs to be able to entangle to produce the
state, see Fig. 1(c). As an example, witnessing a Schmidt num-
ber of 3 implies that qubit entanglement, even when mixed
between different subspaces, is not enough to produce the
state.

In [3], the concept of genuine high-dimensional steering
(GHDS) was introduced, where one asks whether a given
assemblage σa|x can be produced using a bipartite state ρAB of
the Schmidt number of at most n, in which case we term the
assemblage as n preparable. In this framework, an assemblage
is LHS if and only if it is 1 preparable, as any separable state
leads to an LHS assemblage and any LHS assemblage can be
prepared with some separable state [23,24]. We note that this
is not in contradiction with the hierarchy between entangle-
ment and steering, as in this framework Alice’s dimension is
not bounded. Hence if an assemblage is not n preparable, this
guarantees that the underlying state ρAB is of Schmidt number
of at least n + 1. This represents a 1-SDI certification of entan-
glement dimensionality, illustrated in a recent quantum optics
experiment certifying up to 14-dimensional entanglement [3].

So far, the focus of GHDS is on the dimensionality of the
shared entangled state. There is, however, another resource
that is crucial for observing quantum steering, namely, the set
of measurements performed by Alice, which must be incom-
patible. More generally, there exist, in fact, a deep connection
between measurement incompatibility (in the sense of being
not jointly measurable) and quantum steering [9–11]. In par-
ticular, this implies that any set of incompatible measurements
for Alice can be combined with an appropriate state ρAB for
demonstrating steering.

This naturally raises the question of what the necessary
resources are in terms of measurements for demonstrating
GHDS. Intuitively, this should require a minimal “dimension-
ality” for the set of measurements. Below we will make this
intuition precise by using the concept of n simulability of a
set of measurements. More generally, we will establish a deep
connection between GHDS (more precisely the notion of n
preparability of an assemblage) and n simulability of a set
of measurements. This generalizes the previously known con-
nection between steering and measurement incompatibility.

A set of measurements {Ma|x}, defined on a Hilbert space
of dimension d , is said to be n simulable when the statistics
of this set of measurements on any possible quantum state can
be exactly recovered using a form of compression of quantum
information to a lower n-dimensional space. Consider, for
example, Alice (on the Moon), sending an arbitrary state ρ

to a distant party Bob (on Earth), who will perform a set
of POVMs {Ma|x} (see Fig. 1). Which POVM Bob performs
depends on some input x. The expected (target) data are given
by p(a|x, ρ) = Tr(Ma|xρ). As a resource, we consider here
the dimensionality of the quantum channel between Alice and
Bob, while a classical channel is always available for free. The
goal is then to compress as much as possible the initial state
of Alice to use a quantum channel with minimal dimension,
while still recovering exactly the target data. More formally,
we demand that

Ma|x =
∑

λ

�∗
λ(Na|x,λ), (4)

where � = {�λ}λ denotes the instrument (compressing from
dimension d to n) with classical output λ and Na|x,λ is a set
of n-dimensional POVMs performed by Bob upon receiving
the input x and the classical information λ communicated by
Alice. Here �∗

λ refers to the Heisenberg picture of �λ. A set
of measurements is termed nsimulable whenever a decompo-
sition of the form (4) can be found.

An important case is 1 simulability, i.e., when the full quan-
tum information can be compressed to the purely classical
one. This is possible if and only if the set of POVMs is jointly
measurable, i.e., Ma|x = ∑

λ p(a|x, λ) Gλ, for some probabil-
ity distribution p(a|x, λ) and a “parent” measurement Gλ, see
[25,26] for reviews on the topic. To see this, one can note that
instruments with a one-dimensional output space are POVMs
on their input space, and POVMs on a one-dimensional space
are probability distributions. A set of POVMs that is not
jointly measurable (hence called incompatible) can neverthe-
less be n simulable for some n with 2 � n � d . We note that,
although we may talk about the high-dimensional properties
of measurements, we do always mean properties of sets of
measurements. This is due to the fact that any POVM is jointly
measurable with itself and, hence, a trivial pair of measure-
ment and itself is 1 simulable.

The notion of n simulability can also be connected to
quantum channels and their dimensional properties. This re-
quires the use of a property of channels that is an analogous
Schmidt number of bipartite states. Namely, one says that a
channel � is n-partially entanglement breaking (n-PEB) if
SN(� ⊗ 1ρ) � n for all ρ [27]. Clearly, for the case n = 1
this concept corresponds to entanglement breaking channels.

This leads to an alternative formulation of n simulabil-
ity, which we will primarily use in the following sections: a
measurement assemblage Ma|x is n simulable if and only if
there exists an n-PEB quantum channel � and a measurement
assemblage Na|x such that Ma|x = �∗(Na|x ) [13].

In the rest of the paper, we will first establish precisely
the connection between n preparability and n simulability. In
turn, we will discuss simulation models for the correlations
of entangled states (of Schmidt number d) using as resource
lower-dimensional entanglement (of Schmidt number n < d),
considering all possible projective measurements. This idea
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can be seen as a generalization of the problem of simulating
the correlations of entangled states via local hidden variables
(or local hidden-state models). Finally, in the last section of
the paper, we will also extend the connection to quantum
channels and their characterization in terms of dimension.
This will provide a full tripartite connection for characterizing
dimension in steering assemblages, the incompatibility of sets
of measurements, and quantum channels.

IV. HIGH-DIMENSIONAL STEERING AND
SIMULABILITY OF MEASUREMENTS

In this section, we present in detail the structural connec-
tion between n preparability of steering assemblages and n
simulability of sets of measurements.

We start with a first result clearly identifying the resource
for GHDS. More precisely, the following theorem implies that
observing GHDS, i.e., an assemblage which is not n prepara-
ble, implies that (i) the shared entangled state ρAB has at least
Schmidt number n + 1 and (ii) the set of measurements {Ma|x}
performed by Alice is not n simulable. In other words, one
really needs both high-dimensional entanglement and high-
dimensional measurement incompatibility to witness genuine
high-dimensional steering.

More formally we can prove the following.
Theorem 1. If Ma|x is n simulable or ρAB has a Schmidt

number of at most n, then the assemblage

σa|x := TrA(Ma|x ⊗ 1 [ρAB]) (5)

is n preparable.
Proof. If ρAB has an SN of at most n, this simply follows

from the definition of n preparability. Now suppose that Ma|x
is n simulable. Then there exists a n-PEB channel � and mea-
surements Na|x such that Ma|x = �∗(Na|x ). By the definition of
the dual, we can hence write

σa|x = TrA(�∗(Na|x ) ⊗ 1[ρAB]) (6)

= TrA((Na|x ⊗ 1)(� ⊗ 1)[ρAB]), (7)

and as � is n-PEB, then � ⊗ 1[ρAB] has SN of at most n, so
σa|x is n preparable. �

It is worth noting that, for the simplest case of n = 1, the
above theorem corresponds to the well-known fact that an
assemblage constructed from a separable state or via a jointly
measurable set of POVMs always admits a LHS model. In
other words, the observation steering proves the presence of
an entangled state and an incompatible set of POVMs for
Alice.

Our next result establishes a general equivalence between
any n-preparable assemblage and a set of POVMs that is
n simulable and vice versa. The main idea is that a set
of quantum measurements Ma|x and a steering assemblage
σa|x are very similar types of mathematical objects: both are
composed of positive-semi-definite matrices and

∑
a Ma|x =

1 ∀x whereas
∑

a σa|x will be equal to some fixed state ρB =
TrA(ρAB) for all x. A direct connection can be established,
namely, that σa|x is LHS if and only if ρ

−1/2
B σa|xρ

−1/2
B is jointly

measurable (when interpreted as a set of measurements) [11].
The theorem below can be considered a generalization of this

result in the sense that the proof of [11] corresponds to the
case n = 1.

Theorem 2. Consider a steering assemblage σa|x and mea-

surements Ma|x such that Ma|x = ρ
− 1

2
B σa|x ρ

− 1
2

B , where ρB :=∑
a σa|x is of full rank. Then Ma|x is n simulable if and only if

σa|x is n preparable.
Proof. Let Na|x be a measurement assemblage and ρAB be

a state such that TrA(ρAB) = ρB. Let (·)T denote the transpose
with respect to an eigenbasis of ρB. We then have the follow-
ing equivalences:

σa|x = TrA(Na|x ⊗ 1 ρAB) (8)

⇐⇒ Ma|x = ρ
− 1

2
B TrA(Na|x ⊗ 1 ρAB) ρ

− 1
2

B (9)

⇐⇒ MT
a|x = ρ

− 1
2

B TrA(Na|x ⊗ 1 ρAB)T ρ
− 1

2
B (10)

⇐⇒ MT
a|x = �∗

ρAB
(Na|x ), (11)

where in the third line we used the fact that (ρ
− 1

2
B )T = ρ

− 1
2

B ,
as the transpose is taken in an eigenbasis of ρB, and in the last
line we invoked the form of channel-state duality from [12].

Now observe that the existence of a state ρAB in the above
with Schmidt number of at most n is equivalent to σa|x be-
ing n preparable. We can also see that there exists ρAB with
SN(ρAB) � n if and only if MT

a|x is n simulable, as such a
state corresponds to �ρAB being n-PEB, see Lemma 1 in Ap-
pendix A for details. To finalize the proof we must show that
Ma|x is n simulable if and only if MT

a|x is n simulable. This
can be seen as follows. First, note that MT

a|x defines a valid
collection of measurements. Suppose that Ma|x = �∗(Na|x )
with � n-PEB and Na|x arbitrary measurements. Then let-
ting T denote the transpose map, we have that MT

a|x = (T ◦
�∗)(Na|x ) = (� ◦ T ∗)∗(Na|x ). As � is n-PEB, � ◦ T ∗ is also
n-PEB. Hence MT

a|x is n simulable. The converse direction
follows from (MT

a|x )T = Ma|x. �
As a technical remark, note that, as for any a and x, the sup-

port of σa|x is contained within the support of ρB = ∑
a σa|x

(this follows as σa|x are all positive-semi-definite), we can still
invoke the above theorem in the case where ρB is not full rank
by restricting σa|x to the support of ρB.

Theorem 2 also allows to prove the following result, which
complements Theorem 1. This shows that for any set of
POVMs that is not n simulable, one can always find an
entangled state such that the resulting assemblage is not n
preparable. Again, this generalizes some previous results stat-
ing that any incompatible set of POVMs can lead to steering
[9,10], which corresponds to the case n = 1 of the proposition
below.

Proposition 1. If Ma|x is not n simulable, then the assem-
blage

σa|x := TrA(Ma|x ⊗ 1 |�+〉〈�+|) (12)

is not n preparable, where |�+〉 = 1√
d

∑d−1
i=0 |ii〉.

Proof. We have that

σa|x = TrA(Ma|x ⊗ 1 |�+〉〈�+|) = 1

d
MT

a|x. (13)
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By the proof of Theorem 2, if Ma|x is not n simulable, then
MT

a|x is not n simulable. Then invoking Theorem 2 with ρB =
1
d , we have that that σa|x is not n preparable. �

In the final part of this section, we show that the trade-off
between high-dimensional entanglement, high-dimensional
measurement incompatibility, and high-dimensional steering
can be made quantitative. For this, we use a specific resource
quantifiers known as the convex weight [28]. Consider, for
example, the quantification of entanglement via the weight.
For any entangled state ρ, we can measure its entanglement
through its weight, given by the following quantity:

WF (ρ) := min λ

s.t. ρ = (1 − λ)ρsep + λσ, (14)

where the minimization runs over any state ρsep that is sep-
arable and σ an arbitrary state. As expected, WF (ρ) = 0
when ρ is separable. More generally, this quantifier can apply
to objects such as states, measurements, or steering assem-
blages, with respective free sets En: the set of states with a
Schmidt number of at most n, Sn: the set of of n-simulable
measurements assemblages, and Pn: the set of n-preparable
steering assemblages. We can now state our next result, which
quantitatively illustrates the necessity of high-dimensional
measurement incompatibility and entanglement for GHDS.

Theorem 3. Given an assemblage σa|x = TrA(Ma|x ⊗
1 [ρAB]), we have the following inequality:

WPn (σa|x ) � WSn (Ma|x )WEn (ρAB).

For the case n = 1 we obtain a quantitative connection among
steering, measurement incompatibility, and entanglement.

We defer the proof of this theorem to Appendix B.

V. SIMULATING THE CORRELATIONS OF
HIGH-DIMENSIONAL ENTANGLED STATES USING

LOW-DIMENSIONAL ENTANGLEMENT

Strong demonstrations of the nonclassical correlations of
entangled states comes from the observation of the Bell in-
equality violation or from quantum steering. A long-standing
topic of research is to understand the link between entan-
glement and these stronger forms of quantum correlations,
see, e.g., [29,30]. In a seminal paper, Werner showed that
certain entangled states, referred to as Werner states, cannot
lead to a Bell inequality violation [14]. This result is based
on the construction of an explicit local hidden variable model
that reproduces exactly the correlations expected from any
possible local projective measurements on the Werner state.
Moreover, it turns out that the model constructed by Werner
is, in fact, of the form of an LHS model [as in Eq. (2), see also
Fig. 2(a)], hence these Werner states can also never lead to
quantum steering [8]. Note that these results can be extended
to general POVMs using the model of [31], which can be
shown to be of LHS form [18].

Here we revisit the above questions and propose a different
perspective, based on the ideas developed in the previous sec-
tions of the paper. Instead of considering simulation models
that involve only classical resources (classical shared ran-
domness), we consider now simulation models assisted by
entanglement, see Fig. 2(b). Of course, for this problem to

FIG. 2. Here |ψλ〉 represents some state that depends on the
shared variable λ. (a) Local hidden-state model: One aims at sim-
ulating the assemblage with a separable state. (b) n preparability:
Simulation of an assemblage using states with low-dimensional
entanglement. For a concrete realization see [13] and Sec. IV.
(c) High-dimensional entanglement and steering properties of the
isotropic state with local dimension d = 4. The SN bounds can be
found in [22] and in this work we translate known values on the
n simulability of all PVMs from [13] to thresholds on states being
such that they can only lead to n-preparable assemblages under all
projective measurements. In the figure this is referred to as the one-
sided semi-device-independent Schmidt number (1-SDI-SN) under
all PVMs. The bound for LHS models for all POVMs is from [31,32].

be nontrivial, we must demand that the entanglement used
in the simulation model is somehow weaker compared to the
entanglement of the original state to be simulated. The dimen-
sionality of entanglement (as given by the Schmidt number)
provides a good measure for this problem.

Consider an entangled state ρAB of Schmidt number d and
arbitrary local measurements (possibly infinitely many) for
both Alice and Bob. We now ask if we can simulate the re-
sulting correlations with a model involving lower-dimensional
entangled states (of Schmidt number n < d) and classical
shared randomness. Of course, building such models can
be challenging, as the model should reproduce exactly all
correlations for any possible choice of local measurements.
Nevertheless, we will see that using the ideas developed
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above, we can come up with such entanglement-assisted sim-
ulation models and moreover prove their optimality.

The main idea to construct these simulation models is to
apply Theorem 1 to a result obtained recently in [13]. These
results consisted in obtaining bounds (in terms of noise ro-
bustness) for n simulability for the (continuous) set of all
projective measurements (in dimension d) under white noise.
From Theorem 1, we obtain an equivalent assemblage (with
a continuous input x) that is n preparable. The last point is
to notice that this assemblage corresponds in fact to the one
obtained from performing arbitrary local projective measure-
ments on a shared entangled state ρAB, which takes the form
of an isotropic state, i.e.,

ρ(η′) := η′|�+〉〈+|(1 − η′)
1

d2
, (15)

where |�+〉 = 1√
d

∑d−1
i=0 |ii〉 and 0 � η′ � 1. Hence we obtain

a simulation model using only entanglement with Schmidt
number n, which reproduces exactly the correlations of some
isotropic state of dimension d × d . Interestingly, it appears
that this isotropic state can have a Schmidt number that is
larger than n.

More formally, consider the set of all projective measure-
ments (PVMs) subject to white noise

Mη
PVM :=

{
ηMa|U + (1 − η)

1

d
: U ∈ U (d )

}
, (16)

where U (d ) is the unitary matrix group, Ma|U = U |a〉〈a|U †,
and |a〉 denotes the computational basis. It was shown in [13]
that the set Mη

PV M is n-simulable if and only if η � ηd 
→n,
where the bound ηd 
→n can be calculated through integrals
defined on n-dimensional subspaces. Its exact form is reported
in Ref. [13], and we have plotted some of the values in Fig. 2
in orange dashed lines. It is also noteworthy that for η >

(d
√

n+1
d+1 − 1)(d − 1)−1 there is no simulation model [13]. By

passing the noise from the measurements onto the state (see
for example [10]), we have that:

TrA

([
ηMa|U + (1 − η)

1

d

]
⊗ 1|�+〉〈�+|

)
(17)

= TrA(Ma|U ⊗ 1 ρ(η)). (18)

Hence we reproduce exactly the assemblage expected from ar-
bitrary projected measurement on an isotropic state with η′ =
η. Moreover, it is known that SN[ρ(η)] � n + 1 if η >
dn−1
d2−1 [22]. Hence for

dn − 1

d2 − 1
< η � ηd 
→n, (19)

the resulting assemblage can be reproduced via a simulation
model involving only entangled states of Schmidt number n
(upper bound), despite the state possessing a Schmidt number
of n + 1 (lower bound). More generally, one can deduce a
general bound on the noise parameter η for guaranteeing n
preparability. We illustrated these bounds in Fig. 2(c) for the
case of dimension four. Remarkably, as the construction for
PVMs in [13] is optimal, the simulation models we obtain are
also optimal (considering all possible PVMs). An interesting
question is to understand how to extend these bounds consid-

ering all POVMs, but this is a challenging question still open
for the simplest case of n = 1.

VI. CRITERIA FOR n SIMULABILITY

The connections established in Sec. III also allow us to
translate n-preparability inequalities into criteria for n sim-
ulability. As an example, we take the set of n-preparability
witnesses presented in [3]. Such witnesses state that for an n-
preparable state assemblage {σa|x} with 2 inputs and d outputs,
one has that

∑
a,x

Tr[σa|xWa|x] � N

(√
n − 1√
n + 1

+ 1

)
, (20)

where N = 1 + 1/
√

d . The witness Wa|x consists of a pair of
mutually unbiased bases (MUBs) transposed in the compu-
tational basis, i.e., Wa|1 = |a〉〈a| and Wb|2 = |ϕb〉〈ϕb|T , where
{|a〉} is the computational basis and {|ϕb〉} is an orthonormal
basis with the property |〈a|ϕb〉|2 = 1/d for each a and b.

As an n-simulable set of measurements leads to an n-
preparable state assemblage by Theorem 1, violation of a
witness of this type in a steering scenario verifies that Alice’s
measurements are not n simulable. As an example, we take
a pair of MUBs subjected to white noise with visibility η

[similarly to Eq. (16)] on Alice’s side and the isotropic state
(15). Plugging the resulting assemblage into the witness (20),
we obtain that

η � (d + √
d − 1)

√
n − 1

(d − 1)(
√

n + 1)
. (21)

Hence, for a visibility larger than this bound, a pair of MUBs
is provably not n simulable. We note that, for the case n = 1,
we retrieve the known tight joint measurability threshold of
two MUBs subjected to white noise [33–35]. Obtaining simi-
lar bounds for complete sets of MUBs, known for n = 1 [36],
would be interesting.

VII. QUANTUM CHANNELS

An important superset of entanglement breaking channels
is that of incompatibility breaking channels [37], which are
channels � such that �∗(Ma|x ) is jointly measurable for any
Ma|x. Via channel-state duality these channels correspond,
respectively, to separable and unsteerable states (where the
direction of unsteerability corresponds to whether the chan-
nel is applied on the first or second system in the definition
of channel-state duality). The connections between high-
dimensional steering, n simulability, and n-PEB channels
motivate the following definition.

Definition 1. A channel � is n-partially incompatibility
breaking (n-PIB) if for any measurement assemblage Na|x the
resulting measurement assemblage �∗(Na|x ) is n-simulable.1

Hence, just as � ⊗ 1 maps all bipartite states to states
with Schmidt number n for � a n-PEB channel, an n-PIB

1We note that our definition here is different to the notion of
n-incompatibility breaking channels defined in [37], which denotes
channels that break the incompatibility of any n observables.
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TABLE I. Connections between channels and their Choi states.
Our work naturally extends this picture by generalizing both in-
compatibility breaking channels and unsteerable states in terms of
dimension and proving that they directly correspond to each other
through generalized channel-state duality.

Channel State Reference

Entanglement breaking Separable [38]
Incompatibility breaking Unsteerable [12,37]
n-PEB SN n [22,27]
n-PIB SDI-SN n Theorem 4

channel maps any measurement assemblage to an n-simulable
one (in the Heisenberg picture). We can also gain insight from
considering the structure of n-PIB channels and their relation
to n-PEB channels. Elaborating upon Definition 1, for � to be
n-PIB we require that for all measurement assemblages Na|x,
there exists an n-PEB channel 
 and a set of measurements
Ma|x such that

�∗(Na|x ) = 
∗(Ma|x ). (22)

Therefore, by simply taking 
 := � and Ma|x := Na|x in
Eq. (22), we immediately arrive at the following result.

Proposition 2. Every n-PEB channel is n-PIB.
It is illuminating to consider the corresponding Choi states.

For n-PEB channels, the Choi states are exactly the states
with Schmidt number n [27]. For n-PIB channels, we have
the following result.

Theorem 4. � is n-PIB if and only if ρ� only leads to n-
preparable assemblages.

Proof. Let σ = TrA(ρ�) fix the channel-state correspon-
dence. Suppose � is n-PIB, that is, for all measurements Na|x,
we have that �∗(Na|x ) is n simulable. By Theorem 2, this is
equivalent to σ

1
2 �∗(Na|x )T σ

1
2 being n preparable for all Na|x.

Via channel-state duality, this is equivalent to

TrA(Na|x ⊗ 1ρ) (23)

being n preparable for all Na|x. �
The result of the above theorem is put into context of other

similar type connections between a channel and its Choi state
in Table I. We note that our results on bounding-entanglement-
assisted simulation models for the noisy singlet state translate
directly into bounds on the identity channel under depolariz-
ing noise for being n-PIB on the restricted class of projective
measurements. This also shows that, when only projective
measurements are considered, there are channels that are n-
PEB without being n-PIB.

VIII. CONCLUSION

We uncovered deep connections between high-dimensional
versions of quantum steering, measurement incompatibil-
ity, and quantum channels, and demonstrated how a rich
transfer of information is possible between these areas. In
particular, we showed that the concept of n simulability for
sets of POVMs is equivalent to n preparability for state
assemblages in steering. This generalizes the well-known
connection between steering and joint measurability, which
simply corresponds here to the case n = 1.

We identified the resources required for observing GHDS,
in particular, that both high-dimensional measurements and
high-dimensional entanglement are necessary. In the light
of these results, we conclude that the experiment found in
[3] also demonstrates measurements in pairs of MUBs that
are highly incompatible in the sense that are they not 14
simulable.

Another direction is the idea of quantifying the degree of
steering of an entangled state via a dimension. We obtained
optimal models for isotropic entangled state, considering all
projective measurements. This can be seen as a generalization
of the well-known type of local (hidden state) models by
Werner, now allowing for low-dimensional entanglement as
a resource. In turn, this leads to a characterization of channels
that map any set of projective measurements into n-simulable
ones.

There are many exciting notions to explore that would
extend this research direction. It would be useful to have better
bounds on both n preparability and n simulability, and our
work demonstrates that any progress here can be readily ap-
plied to both notions, providing a practical bridge between the
two scenarios. Of particular interest would be to find bounds
on the isotropic state being of SDI-SN n under all POVMs,
which would directly translate into the n simulability of all
POVMs. This follows analogous lines to the n = 1 case (find-
ing LHS bounds under projective or POVM measurements)
[31].

A natural further question would be to explore these ques-
tions in the context of nonlocality [29], which can be thought
of as a fully device-independent (FDI) regime. Analogously
to the steering case, one could define a behavior p(a, b|x, y)
to be n preparable if it could have arisen from a shared state
of Schmidt number of at most n, and define a state to have
fully device-independent Schmidt number n (FDI-SN n) if it
can only lead to n-preparable behaviours. This is related to
[39], where the authors introduced the concept of dimension
witnesses to the lower bound the dimension of the underlying
state. One can quickly see in this scenario that if either of the
two parties use n-simulable measurements, then the resulting
behavior will be n preparable. Similarly, uncharacterized mea-
surements on an n-preparable assemblage can only result in
an n-preparable behavior. However, it is less clear how one
could characterize the corresponding channels whose Choi
states have FDI-SN n. In the steering case, we were able to
exploit and generalize known connections with measurement
incompatibility, but it seems that new tools may be needed to
attack this problem in the fully device-independent regime.
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APPENDIX A: GENERALIZED
CHANNEL-STATE DUALITY

Let us recall the generalized form of channel-state dual-
ity from [12]. For any fixed state σ ∈ L(HB) of full rank,
there is a one-to-one correspondence between bipartite states
ρ ∈ L(HA ⊗ HB) with marginal TrA(ρ) = σ , and quantum
channels � : L(HB) −→ L(HA). Explicitly, this is given by

ρ� := � ⊗ 1|
〉〈
|, (A1)

�∗
ρ (X ) := σ− 1

2 TrA(X ⊗ 1ρ)T σ− 1
2 (A2)

⇐⇒ �ρ (Y ) = TrB[1 ⊗ (σ− 1
2 Y σ− 1

2 )T ρ], (A3)

where �∗ is the dual of �, σ ≡ TrA(ρ) ≡ ∑
n sn|n〉〈n| in

spectral decomposition, |
〉 = ∑
n
√

sn|n〉|n〉 is a purification
of σ , and (·)T denotes the transpose in the |n〉 basis. One
can easily verify that �ρ�

= � and ρ�ρ
= ρ, hence the cor-

respondence ρ ←→ �ρ is a bijection for every fixed state
σ ∈ L(HB) of full rank. Note that, for states σ not of full
rank, we can apply the above correspondence by restricting
it to the support of σ , i.e., a subspace H′

B ⊆ HB of dimension
rank(σ ). The above correspondence is sometimes referred to
as the Choi-Jamiołkowski isomorphism [40] and the state ρ�

is often called the Choi state of the channel �.
Lemma 1. The following are equivalent.
(1) � is n-PEB.
(2) SN(ρ�) � n for any choice of the marginal state in the

generalized channel-state duality (see [12]).
(3) There exists a Kraus decomposition of �(Y ) =∑
λ KλY K†

λ such that rank(Kλ) � n for all λ.
Proof. The implication (i) �⇒ (ii) is immediate and the

equivalence (i) ⇐⇒ (iii) is proven in [27].
To show (ii) �⇒ (iii), first recall that as highlighted in

[27], any bipartite pure state |ψ〉 = ∑
i j ψi j |i〉| j〉 can be writ-

ten in the form |ψ〉 = ∑
i |i〉F |i〉, where 〈 j|F |i〉 = ψi j and the

Schmidt rank SR(|ψ〉) = rank(F ). This generalizes to mixed
states as

ρ =
∑

pλ|ψλ〉〈ψλ| (A4)

=
∑

λ

pλ

∑
i j

|i〉〈 j| ⊗ Fλ|i〉〈 j|F †
λ , (A5)

where Tr(FλF †
λ ) = 1 for all λ. One can also take rank(Fλ) �

SN(ρ) = n ∀λ. (again see [27]). Now consider

�ρ (Y ) = TrB[1 ⊗ (σ− 1
2 Y σ− 1

2 )T ρ] (A6)

=
∑
i jλ

pλTrB(1 ⊗ (σ− 1
2 Y σ− 1

2 )T |i〉〈 j| ⊗ Fλ|i〉〈 j|F †
λ )

(A7)

=
∑
i jλ

pλTrB(1 ⊗ F †
λ (σ− 1

2 Y σ− 1
2 )T Fλ|i〉〈 j| ⊗ |i〉〈 j|)

(A8)

=
∑

λ

pλ(F †
λ (σ− 1

2 Y σ− 1
2 )T Fλ)T , (A9)

where we used the well-known fact
∑

i j TrB(X ⊗ Y |i〉〈 j| ⊗
|i〉〈 j|) = XY T . Using properties of the transpose, we can now

write

�ρ (Y ) =
∑

λ

pλ(F T
λ σ− 1

2 Y σ− 1
2 (F †

λ )T ) (A10)

≡
∑

λ

Kλ Y K†
λ , (A11)

where we defined Kλ := √
pλF T

λ σ− 1
2 . As the channel �ρ is

trace-preserving, we must have that

Tr

( ∑
λ

K†
λ KλY

)
= Tr(Y ) ∀Y, (A12)

which implies that
∑

λ K†
λ Kλ = 1, and hence Kλ defines a

valid set of Kraus operators for the channel. Finally, observe
that

rank(Kλ) = min
{
rank

(
F T

λ

)
, rank

(
σ− 1

2
)}

(A13)

= rank
(
F T

λ

) = rank(Fλ) � n (A14)

for all λ, which completes the proof. �

APPENDIX B: PROOF OF THEOREM 3

Recall the definition of the following sets:
(1) En: the set of states with Schmidt number at most n;
(2) Sn: the set of of n-simulable measurement assem-

blages;
(3) Pn: the set of n-preparable steering assemblages.
We now prove the following theorem, which serves to

quantify the necessity of both high-dimensional incom-
patibility and entanglement for genuine high-dimensional
steering.

Theorem 3. Given an assemblage σa|x = TrA(Ma|x ⊗
1 [ρAB]), we have the following inequality:

WPn (σa|x ) � WSn (Ma|x )WEn (ρAB).

For the case n = 1 we obtain a quantitative connection among
steering, measurement incompatibility, and entanglement.

Proof. We first note that the sets En, Sn, and Pn are all
convex, which can be readily verified (see, for example,
[22,41])

σa|x = TrA[(Ma|x ⊗ 1)ρAB] (B1)

= [(1 − WSn (Ma|x ))]WEn (ρAB)τ (1)
a|x

+WSn (Ma|x )[1 − WEn (ρAB)]τ (2)
a|x

+ [1 − WSn (Ma|x )][1 − WEn (ρAB)]τ (3)
a|x

+WSn (Ma|x )WEn (ρAB)κa|x, (B2)

where τ
(i)
a|x is an n-preparable state assemblage for i = 1, 2, 3

and κa|x is an arbitrary assemblage. The fact that τ
(i)
a|x are

all n preparable follows directly from Theorem 1. Now note
that the coefficients of the first three terms sum to 1 −
WSn (Ma|x )WEn (ρAB), hence we can write the sum of these first
three terms as

[1 − WSn (Ma|x )WEn (ρAB)]τa|x,
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where τa|x is a convex combination of τ
(1)
a|x , τ

(2)
a|x , and τ

(3)
a|x , and

hence is itself n preparable. Putting this together, we have
that

σa|x = [1 − WSn (Ma|x )WEn (ρAB)]τa|x (B3)

+WSn (Ma|x )WEn (ρAB)κa|x, (B4)

so we see that WSn (Ma|x )WEn is a feasible solution for the
convex weight of σa|x with respect to Pn. As the convex weight
is a minimization the inequality

WPn (σa|x ) � WSn (Ma|x )WEn (ρAB).
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