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Coherence filtration under strictly incoherent operations
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We study the task of coherence filtration under strictly incoherent operations. The aim of this task is to
transform a given state p into another one p’ whose fidelity with the maximally coherent state is maximal by
using stochastic strictly incoherent operations. We find that the maximal fidelity between p’ and the maximally
coherent state is given by a multiple of the A robustness of coherence, R(p||Ap) := min{A|p < AAp}, which
provides R(p||Ap) an operational interpretation. Finally, we provide a coherence measure based on the task of

coherence filtration.
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I. INTRODUCTION

Quantum coherence is among the necessary features of
quantum mechanics for the departure between the classical
and quantum world. It is an essential component in quantum
information processing [1] and plays a central role in various
fields, such as quantum computation [2,3], quantum cryptog-
raphy [4], quantum metrology [5,6], and quantum biology
[7]. Recently, the resource theory of coherence has attracted
growing interest due to the rapid development of quantum
information science [8—12]. The resource theory of coherence
not only establishes a rigorous framework to quantify coher-
ence, but also provides a platform to understand quantum
coherence from a different perspective.

Any quantum resource theory is characterized by two fun-
damental ingredients, namely, the free states and the free
operations [13—15]. For the resource theory of coherence, the
free states are quantum states which are diagonal in a prefixed
reference basis. The free operations are not uniquely specified.
Motivated by suitable practical considerations, several free
operations have been presented [8,9,16-22]. In this paper,
we focus our attention on the strictly incoherent operations,
which were first proposed in Ref. [17] and, in Ref. [18],
it has been shown that these operations neither create nor
use coherence and have a physical interpretation in terms of
interferometry. Thus, the set of strictly incoherent operations
is a physically well-motivated set of free operations for the
resource theory of coherence.

In the resource theories, a remarkable effort has been
devoted to studying various distillation protocols [15]. The
distillation process is the process that extracts pure resource
states from a general state via free operations. For the re-
source theory of coherence, various coherence distillation
protocols were proposed. These protocols can be divided
into two classes: the asymptotic coherence distillation and
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the one-shot coherence distillation. The asymptotic coher-
ence distillation of pure states and mixed states by using
strictly incoherent operations was studied in Refs. [23-25].
To relax several unreasonable assumptions of the asymptotic
regime, i.e., unbounded number copies of identical states and
collective operations, several one-shot coherence distillation
protocols were proposed and explored [26-37].

However, the literature just mentioned and the results
therein suggested that the conditions of exact coherence dis-
tillation are too stringent. Inspired by the task of filtration of
other quantum resource theories [15,38], which is a basic op-
erational task in quantum resource theories [15], some authors
started to consider the task of coherence filtration instead.
Specifically, this task was studied under maximally incoherent
operations and dephasing-covariant incoherent operations in
Refs. [29,30]. The aim of coherence filtration is to transform
a given state p into another one p’ whose fidelity with the
maximally coherent state is maximal by using free operations.
Although some related results about pure coherent states were
obtained, the coherence filtration about mixed states under
strictly incoherent operations has been relatively unexplored.

In this paper, we address this problem completely by
developing the coherence filtration protocol under strictly
incoherent operations. To this end, we first calculate the max-
imal fidelity between p’ and the maximally coherent state and
we find that it is given by a multiple of the A robustness
of coherence, R(p||Ap), which was given in Ref. [20]. This
provides an operational interpretation to the A robustness of
coherence. Finally, we obtain a coherence measure from this
task and this further shows that the quantity R(p||Ap) can be
viewed as a coherence monotone which extends the coherence
rank to mixed states.

This paper is organized as follows. In Sec. II, we recall
some notions of the resource theory of coherence. In Sec. III,
we calculate the maximal fidelity between p’ and the max-
imally coherent state. In Sec. IV, we present several results
relating to the coherence filtration protocol. Section V con-
tains our conclusions.

©2023 American Physical Society


https://orcid.org/0000-0001-6487-4047
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.107.052424&domain=pdf&date_stamp=2023-05-31
https://doi.org/10.1103/PhysRevA.107.052424

C.L.LIU AND C. P. SUN

PHYSICAL REVIEW A 107, 052424 (2023)

II. PRELIMINARIES

To present our result clearly, it is instructive to introduce
some elementary notions of the resource theory of coherence
[9]. Let {|i)}§’:1 be the prefixed basis in the finite-dimensional
Hilbert space. A state is said to be incoherent if it is diagonal
in the basis and the set of such states is denoted by 7. Coherent
states are states not of this form. For a pure state |¢), we will
write ¢ := |p){p|. The d-dimensional maximally coherent
state has the form

l d
2 ﬁ;m (1)

A strictly incoherent operation [17,18] is a completely
positive trace-preserving map, expressed as

N
Ap) =) _KupK], @
n=1

where the Kraus operators K, satisfy not only
> KiK,=I, but also K, 7K} C TandK/IK, C I for
every K, [17,18]. One sees by inspection that there is, at
most, one nonzero element in each column and row of K,
and K, are called strictly incoherent operators. From this,
it is elementary to show that a projector is incoherent if it

is of the form P, = Zf;"m li)(i| and we will denote PP, as
a generic strictly incoherent projector. Hereafter, we will
use Ap = Z;jzl |i){(i|p|i){i] to denote the fully dephasing
channel.

With the definition of strictly incoherent operations, we
further introduce the notion of stochastic strictly incoherent
operations [27]. A stochastic strictly incoherent operation is
constructed by a subset of strictly incoherent Kraus oper-
ators. Without loss of generality, we denote the subset as
{Ki, K>, ..., K.}. Otherwise, we may renumber the subscripts
of these Kraus operators. Then, a stochastic strictly incoherent
operation, denoted as A(p), is defined by

M) = 2 KK 3)
where  {K[,K,,...,K;} satisfies Zﬁzl KK, <I.

Clearly, the state A (p) is obtained with probability
P = TT(Z,LL=1 K, pK;) under a stochastic strictly incoherent
operation Ay, while state A(p) is fully deterministic under
a strictly incoherent operation A. Here, we emphasize that
the stochastic transformation with Zﬁ:, K;Kﬂ < I means
that a copy of A;(p) may be obtained from a copy of p
with probability P = TT(Z;LL=1 KupK;)(g 1). That is, the
stochastic transformation runs the risk of failure with certain
probability.

A functional C can be taken as a coherence measure under
strictly incoherent operations, if it satisfies the following four
conditions [18]:

(C1) Non-negativity: C(p) = 0, and C(p) = 0 if and only
ifpel.

(C2a) Monotonicity: C does not increase under the action
of strictly incoherent operations, i.e., C(p) = C[A(p)].

(C2b) Strong monotonicity: C does not increase under
selective strictly incoherent operations, C(p) > Zn PnC(0n),
where p, = Tr(K,pK)), p, = K.pK] / py.

(C3) Convexity: C is a convex functional of the state, i.e.,

>, anC(pn) = C(3_, qnpy) for any set of states {p,} and any
probability distribution {g,,}.

III. COHERENCE FILTRATION UNDER STRICTLY
INCOHERENT OPERATIONS

Let us move to consider the protocol of the coherence
filtration, which can be formally presented as follows: Given
a state p, the aim of the protocol is to transform p into some
state o’ by using some stochastic strictly incoherent opera-
tions Ay, which has the maximal fidelity with the maximally
coherent state. In other words, we want to accomplish the
transformation

Ax /
p— p, 4

such that the value F (A (p), ¥y) with Ag(p) = p’ is max-
imal, where the fidelity F(p, o) is defined as F(p, o) :=

[Try/p!/20 p'/2])% [39]. Hence, F (As(p), Ya) = Tt[As(p)¥al-
With the above notions, we now present the following theo-
rem.

Theorem 1. Let A be a stochastic strictly incoherent oper-
ation. Then,

1 _1 _1
max Tr[As(p)yal = E}\max(Ap 1pApT 7). (5)
Here, for a given state p = Zij pijli)(jl, the matrix Ap =
> palid il (Ap)’% is the diagonal matrix with elements
1
_1 -3
(Ap);* = {Pi T 0 454 Apac(A) denotes the max-
0 if pj =0,

imal eigenvalue of A.
Proof. First, we show that the maximum in Eq. (5) is
always achieved by a map A, with only one term,

Alpy = XPK (©6)
s KoK’
i.e., there is
max Tr[A(p)va] = max Tr[ Ay (p)¥a]- (7)
To see this, let the form of A;(p) in Eq. (5) be
L "
_ K, pK!
Aoy = = KuPRi ®)
Tr(X ) KurK:)
By substituting Eq. (8) into Eq. (5), one obtains that
Y (Va KK [Wra)
Tr[Ay(p)ya) = SLo—— L2 )

3o Tr(K, KD

Next, let p, := (YalK,pK|¥a) and g, :=Tr(K,pK}).
Then, given a finite pair of positive numbers, (pi,q),
(P2:92)s - - - (pL, qr), one can see that

L
ZM:I Pu Pu

< max (10)
Zi:l qu

oqu
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To show this, let ” v Lu

. Itis direct to obtain the result
in Eq. (10) from the followmg ‘calculations:

L L
D Y ):0. (1)
qv n=1 n=1

Thus, the maximum in Eq. (5) can always be obtained by only
considering Ai (p), which implies the relation in Eq. (7).
Second, we show that

= maxM

L

> (—cm

p=1

Mwa(a07t 0807 (12)

max Tr[ A} ()] < y

To see this, let us consider the structure of a strictly incoherent
operator K. From the definition of the strictly incoherent op-
erator, we obtain that any strictly incoherent operator K can
always be decomposed into K = P, K’, where P, is a per-
mutation matrix and K’ = diag(ay, as, ..., ay) is a diagonal
matrix. On the other hand, it is direct to obtain that for any
permutation matrix P, there is P, |y¥y) = [Y4). With these
results, by direct calculations, we obtain

S aipiiat
i,j=1"1Fy™;
==
d)iilajlPpj

Let us further introduce a normalized vector,

1
lp) ' = ———
J2ilail?ej

where (-)' is the transpose. By substituting Eq. (14) into
Eq. (13), we obtain

Te[ Ay (p)Va] = (13)

(Ap)i(at, i, ....a%),  (14)

Ap~2pAp~?
Tr[Asl(p)w]:WI Iy Z Iy I<p)' (15)

Since  {(p|Ap~2pAPT|g) < Amax(Ap~2pAp~2),  with
Amax (A) being the maximal eigenvalue of A, we obtain that

1
Amax(Ap~2pAp~2),  (16)

maxTr A (p)¥al < 7

which is the relation in Eq. (12).
Third, we show that the upper bound in Eq. (15) can be
achieved by some Ag, 1.e., there is

1
max T A (o] = A (807 Hp207H). ()

To show this, let us denote by

|)\max> = (Clvcza"'acd)t (18)

1
d
> j=1 lc j|2
a normalized eigenvector corresponding to the largest eigen-
value of Ap’%pAp’%, i.e., there is

AP~ PAP” > M) = Max (B2 pAP ) Aar). (19)

Let us define a; =~ if pj; # 0 and a; = 0 if pj; = 0.

Then, let us choose the strictly incoherent operator as

K =diag(a;, a, ..., aq). (20)

By direct calculations, we immediately obtain

1
Tr[ Al (p)va] = m(Ap IpApTH). @D
which is the relation in Eq. (17). This completes the proof of
the theorem. [ ]

The theorem mentioned above, along with its proof, ad-
dresses the aforementioned question above: How can we
convert a given state p into a state p’ that has the highest
possible fidelity to the maximally coherent state by using
stochastic strictly incoherent operations denoted as A,? The
maximum fidelity achievable with the maximally coherent
state is determined by Eq. (5). The required operations can be
chosen based on Eq. (6) and the corresponding Kraus operator
can be selected as described in Eq. (20).

IV. RELATIONSHIPS WITH COHERENCE MEASURES

In this section, we will present several results relating to
the above theorem.

The first is that we can provide an operational interpreta-
tion of the A robustness of coherence [20], which is defined
as

R(p||Ap) :=min{A|p < AAp}. (22)

This leads to the following theorem.

Theorem 2. For a given d-dimensional density matrix p,
the maximum achievable fidelity in Eq. (5) is determined by
the A robustness of coherence. In other words, the expression
can be written as follows:

1
max Tr[A ()Yl = ER(p I Ap). (23)

Proof. To see this, we first show that supp(p) C
supp(Ap), where supp(A) means the support of A [40]. Let
the spectral decomposition of p be p = Z;zl AN (A,
where A; > 0. By the definition of support, we obtain
that supp(p) = span{|A;), [Az), ..., |A;)} and supp(Ap) =
span{|1), |2), ..., |n)} with n < d. With these notions, we
prove supp(p) C supp(Ap) by contradiction. Suppose there
exists some |A;) ¢ supp(Ap), then there is some |m) ¢
supp(Ap) while (m|A;) # 0 for some j. We further obtain that
(m|p|lm) = )\j|(m|)\j)|2 > 0. But this is in contradiction with
|m) ¢ supp(Ap). Thus, we obtain that

supp(p) C supp(Ap). 24

Next, with supp(p) C supp(Ap), one can see that p <
AAp is equivalent to

Ap ipApt <AL 25)

Further, it is direct to see that the smallest A achieving the in-
equality in Eq. (25) is Amax(Ap’%pAp’% ). By using Theorem
1, we obtain the result in Eq. (23). [ ]

We would like to stress that we adopt the term “operational
interpretation” by following Refs. [15,17,41]. This term de-
scribes a scenario in which a particular quantity or resource
measure provides a quantitative depiction of a fundamental
parameter within an operational task or a task that benefits
from the resource. In the theorem mentioned above, we can
present an operational interpretation of the A robustness of
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coherence. This interpretation demonstrates that the quantifi-
cation of filtration coherence is precisely captured by the A
robustness of coherence.

The second is that max,, Tr[A(p)y,] obtains its min-
imum if and only if p is an incoherent state and
max, Tr[As(p)¥4] obtains its maximum if and only if p is
a pure coherent state with its coherence rank being d. Here,
for a pure state ¢ (not necessary normalized), the coherence
rank of it, C,(¢), is the rank of Ag [17,42], i.e.,

C.(¢) := Rank(Ag). (26)

This arrives at the following theorem.
Theorem 3. Let p be an arbitrary d-dimensional density
matrix. Then there is

1

7 < rr}\axTr[As(p)I/fd] <1, (27)
where max, Tr[A(p)Yq] = 5 if and only if p is an incoher-
ent state and max, Tr[A;(p)¥s] = 1if and only if p is a pure
coherent state with its coherence rank being d.

Proof. First, we show that 5 < maxy, Tr[As(p)¥q]. For
the sake of simplicity, we denote

Ci(p) == max Tr[As(p)Pal. (28)

Let A’ and A be two stochastic strictly incoherent operations.
Then, by the definition of stochastic strictly incoherent oper-
ations, it is direct to examine that A} o A, is also a stochastic
strictly incoherent operation. Then, there is

Ci(As(p) < Gs(p). (29)

By using the facts that (i) the set of strictly incoherent oper-
ations is a subset of stochastic strictly incoherent operations,
(ii) any incoherent state can be obtained from a coherent state
by using strictly incoherent operations, and (iii) any incoher-
ent state can be obtained from another incoherent state by
using strictly incoherent operations, one can see that the mini-
mum of C;(p) is obtained when p is an incoherent state. Thus,
the minimum of Cy(0) can be obtained when A (p) = [1)(1].
Therefore, there is 1 < Cy(p), ie., 7 < maxy, Tr[A(p)va].
1

Then, we show that there is 5 < maxa, Tr[A(p)¥y] when

p is a coherent state. To see this, suppose p is a coherent
state, then there is some p;; # 0. Let p' := Ay(p) = %,
where K = [i)(i| + |j)(j|- By using Eq. (29), we obtain that

Cs(p") < Cs(p), with

1 o
y—_ L (p,l,' p’f)- (30)
pii + pjj \Pii Pijj

We next show that Ci(p’) > ﬁ. To this end, one can see,
from Theorem 1, that this is equivalent to showing that

AmaX(Ap’_%p’Ap’_%) > 1. One can be obtained by calcu-

lating the eigenvalues of Ap’_%p/Ap’_%. This means that
5 < maxy, Tr[As(p)¥a] and maxp, Tr[As(p)Ya]l = % if and
only if p is an incoherent state.

Next, we show that max,, Tr[A(p0)¥4] < 1. To see this,
we consider the properties of the matrix B, := Ap‘% pAp‘%.
It is direct to see that B, is a positive semidefinite matrix and
all its nonzero diagonal elements are 1. Let A; with 1 < j < d
be the nonzero eigenvalues of B,. Then there is 3, A; = d.

Thus, one can see that Ay (B,) < d. Since Apax(B,) = d if
and only if the rank of B, is one and supp(p) C supp(Ap), we
immediately obtain that the rank of p is one and its coherence
rank is d. This completes the proof of the theorem. [ ]

With the above results, we find that we can obtain a coher-
ence measure from the task of coherence filtration, which is
defined as

Cin(p) := max Tr[Ay(p)¥al — é (3D
This leads to the following theorem.

Theorem 4. The functional C,,(p) is a coherence measure
satisfying the conditions (C1)—(C3).

Proof. First, we show that C,(p) satisfies the condition
(C1). By Theorem 3, which says that max,, Tr[A(0)¥4]
> %, where the equality is obtained if and only if p is an
incoherent state, we immediately obtain that C,,(p) > 0 and

Cn(p) =0 ifandonlyif p € 1. 32)

Second, we show that C,,(p) satisfies the condition (C2b).
Let {A*} be a set of stochastic strictly incoherent operations,
whose sum ), PkA’S‘(,o) =: A(p) defines a (trace-preserving)
strictly incoherent operation. Then, by Eq. (29), we obtain
that ), PkCS(A_’Y‘(,o)) < C(p), which further implies the con-
dition (C2b), i.e.,

D RCu(AS(0)) < Culp). (33)
k

Third, we show that C,,(p) satisfies the condition (C3).
Let p; and p; be two states and p = pp; + (1 — p)p, with
0 < p < 1. For the state p, let I'y be a stochastic strictly
incoherent operation achieving the maximum in Eq. (5), i.e.,
maxa, Tr[As(p)¥q] = Tr[Is(p)¥4]. Then, one can see that

max Tr[As(p)Ya]l = Tr[s(p)¥al

= Tr{Ts[po1 + (1 — p)p2]¥a}
= pTr[[s(o)¥a]l + (1 — p)Tr[Ts(02) 4]
< pmax Tr[As(p)¥a]l + (1 — p) max Tr[As(p2)¥al.

(34)
This implies the condition (C3),

Cn(p) < pCi(p1) + (1 = p)Cu(p2). (35)

Since conditions (C2b) and (C3) imply the condition (C2a),
we obtain that C,,(p) is a coherence measure. This completes
the proof of the theorem. [ ]

We would like to point out that the quantity R(p||Ap)
can be viewed as a coherence monotone which extends the
coherence rank to mixed states. Here, we say a functional is a
coherence monotone if it satisfies the conditions (C2a), (C2b),
and (C3).

Finally, we discuss the relationship between C,,(p) and
the state transformations under stochastic strictly incoherent
operations. This leads to the following corollary.

Corollary 1. There is a stochastic strictly incoherent op-
eration Ay such that Ag(¢;) = ¢, if and only if C,(¢;) >
C.(¢2). However, for mixed states, this condition is only a
necessary one.
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Proof. By using a result in Ref. [17] which says that the
transformation is impossible when the coherence rank of the
target state is larger than that of the initial state, but other-
wise the conversion is achievable by using some stochastic
strictly incoherent operation, we then obtain that if As(¢;) =
@2, there is C,(¢1) = C,(¢2). This further implies C,,(¢1) >
Cn ((/’2)

For the mixed states case, the necessary part of this condi-
tion can be obtained from the expression in Eq. (29). Next, we
show that this condition is not a sufficient one. To see this, let
us consider the following two three-dimensional states:

L5 4 4
=—|4 5 4 (36)
I5\4 4 5
and
{1 10
;m=-11 1 ol. (37)
2\0 0 o0

By using Theorem 1 and direct calculations, we obtain that
Cnu(p1) = 0.533 > C,,(p2) = 0.333. On the other hand, let us
recall a result in Ref. [34], which says that a pure coherent
state |¢) can be obtained from a mixed state p by using
stochastic strictly incoherent operations if and only if there
is an incoherent projector IP, with the coherence rank of P pP
being greater than or equal to that of |¢). However, it is direct
to examine that there is no incoherent projector P such that the
coherence rank of IP p; IP is greater than or equal to 2. Thus, we
cannot transform p; into p, via stochastic strictly incoherent
operations. This completes the proof of the corollary. [ ]

V. CONCLUSIONS

To summarize, we have studied the task of coherence
filtration in this paper. Specifically, the aim of this task is
to transform a given state p into another one p’ whose
fidelity with the maximally coherent state is maximal by
using stochastic strictly incoherent operations. Interestingly,
we have found that this maximal fidelity between p’ and the
maximally coherent state is given by the A robustness of co-
herence R(p||Ap) in Theorems 1 and 2. Thus, we provide the
A robustness of coherence using an operational interpretation.
Furthermore, we obtain a coherence measure from the task of
coherence filtration in Theorems 3 and 4. Finally, we discuss
the relation between C,,(p) and the state transformations un-
der stochastic strictly incoherent operations in Corollary 1.

In passing, we would like to point out that strictly incoher-
ent Kraus operators can always be constructed by the system
interacting with an ancilla, and a general experimental setting
has been suggested based on an interferometer in Ref. [18]
and an experimental implementation of it has recently been
presented in Ref. [43]. Thus, our scheme of coherence fil-
tration can be experimentally demonstrated by using the
setup in [43].
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