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We derive the area theorem for light pulses interacting with an inhomogeneously broadened ensemble of
two-level atoms in a single-mode optical waveguide and present its analytical solution for Gaussian-type modes,
which demonstrates the significant difference from the formation of 27 pulses by plane waves. We generalize this
theorem to the description of photon echo and apply it to the two-pulse (primary) echo and the revival of silenced
echo (ROSE) protocol of photon echo quantum memory. We implemented ROSE protocol in a single-mode
laser-written waveguide made of an optically thin crystal Tm**:Y3Al;0,, . The experimental data obtained
are satisfactorily explained by the developed theory. Finally, we discuss the obtained experimental results and

possible applications of the derived pulse-area approach.
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I. INTRODUCTION

The coherent interaction of a light pulse with resonant
atomic ensembles plays a significant role in modern optics
and quantum technologies [1—4]. These interactions often
pose nonlinear character, study of which is a difficult the-
oretical task. The pulse-area theorem [5] provides a simple
but powerful tool for general analysis of nonlinear coherent
light-atoms dynamics in self-induced transparency [5], optical
solitons [6], superradiance [7], photon echo in optically dense
media [8-10], to name a few. The approach was developed
for propagating plane light waves that interact with atoms in
free space. Recent progress in integrated quantum photon-
ics [11-14] motivates the study of the coherent interaction
between light pulses and resonant atomic ensembles in opti-
cal waveguides, where the development of waveguide optical
quantum memory (QM) attracts growing attention [15-20].

The goal of an optical QM is to store quantum states
of light for subsequent on-demand retrieval at an arbi-
trary time [21-26]. QM is a vital component for numerous
quantum technologies, such as long-distance quantum com-
munications [4,27,28], quantum state preparation [29], and a
synchronization unit for optical quantum processing [24].

Great promises are associated with the photon-echo-based
optical QM in crystals doped with rare-earth ions (REI) [23]
that have a long lifetime of quantum coherence at optical and
microwave transitions. Such optical QM has advantages in its
multiplexing capacity for storing a large number of temporary
light modes and demonstrates high efficiency in REI-doped
crystals, for example, 58% in the cavity assistant scheme [30]
and 69% in the free space [31], which are comparable to
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the 76% efficiency of single-mode storage achieved with QM
protocol based on electromagnetically induced transparency
in REI-doped crystal [32].

Currently, there is growing interest in the implementa-
tion of photon echo QM in optical waveguides [16,18,33—-35]
doped by REIs which seem as a convenient platform for im-
plementation of on-chip QM. Quantum storage in REI-doped
waveguides was demonstrated in experiments on heralded
single-photon storage [36,37], on-demand qubit storage [19],
and frequency-multiplexed storage [38]. All of the above
experiments are based on the scheme of reversible photon
echo in an optically dense medium [39—41], realized for in-
homogeneous broadening in the form of a periodic narrow
atomic frequency combs that is called AFC protocol [42].
There is a particular interest in the revival of silenced echo
(ROSE) protocol [43,44] for implementation of optically con-
trolled on-demand QM with low quantum noise background
in atomic ensemble with naturally inhomogeneous broadening
and narrow homogeneous lines that is embedded in an optical
waveguide.

Recently the ROSE protocol was implemented in the
SIEW3* 1 Y,8i05 crystal with the type-II single-mode laser-
written waveguide [35]. This type of the waveguide supports
propagation of light modes with only one polarization. At the
same time, light modes of arbitrary polarization can propagate
in a type-IIl waveguide. Such type-III depressed cladding
single-mode waveguides were fabricated by femtosecond
laser writing technique in the crystal Tm?*t:Y;Al50,, [45].
Therefore, it is desirable to implement the ROSE protocol in
this waveguide, which is the subject of experimental studies
of this work.

The mentioned need for a highly efficient implementa-
tion of photon echo QMs and its integration with waveguide
schemes makes it relevant to develop a general theoretical

©2023 American Physical Society
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FIG. 1. Spatial scheme of interaction of light pulses with an
ensemble of two-level atoms in a single-mode optical waveguide.
G(A/Ay,) is an inhomogeneous broadening with linewidth Ay, ¢
and v, are the speeds of light in free space and in the waveguide;
f(ry) is a membrane function of light field in the the single-mode
waveguide.

approach for describing the coherent interaction between light
and atoms in optical waveguides. The approach should prop-
erly simulate the application of intense control laser fields,
e.g., w pulses, that induce nonlinear dynamics in resonant
atoms.

Since the McCall-Hahn work [5], it was discovered that
the most general patterns of linear and nonlinear interaction
between light pulses and coherent two-level media can be de-
scribed by the area theorem [1,6,7]. The area theorem was also
applied to the description of photon echo in optically dense
media [8,9,46,47], in Fabry-Perot resonator [10], as well as it
was applied for studies of photon echo CRIB protocol in free
space [48] and for description of cavity assistant ROSE proto-
col [44]. Tt is worth noting that in recent experiments [44,47],
it has been found that in media with a symmetrical form of
inhomogeneous broadening, the behavior of the pulse area of
the echo signal almost flatly reproduces the behavior of the
amplitude of echo signals. It makes this approach universal for
describing linear and nonlinear behavior in various scenarios
of photon echo, as well as photon-echo-based QM protocols
in optically dense resonant media.

In this work, we derive the waveguide pulse area (WPA)
theorem for the resonant interaction between light pulse and
two-level atoms in a single-mode optical waveguide (see
Fig. 1). We found the analytical form of the WPA theorem,
demonstrating significant differences in a formation of stable
2 pulses compared to the well-known McCall-Hahn pulse
area theorem [5]. Then we generalize WPA theorem for the
echo signal emission and apply it for description of the two-
pulse (primary) photon echo and ROSE protocol of photon
echo QM. We present experimental results on ROSE protocol
in a laser-written waveguide of a Tm3t crystal: Y3 AlsOy5.
Then we discuss the obtained experimental data using the
WPA theorem, focusing on the factors leading to a negative
impact on the efficiency of the QM protocol implementation
and outlining the possible applications of the developed theo-
retical approach to other problems.

II. WAVEGUIDE PULSE-AREA THEOREM

A. Maxwell-Bloch equations in single-mode waveguide
and pulse-area theorem

We derive the equations of motion by starting with the
Hamiltonian Hjy, which is composed of Hamiltonian of

noninteracting two-level atoms H, with inhomogeneously
broadened resonant transition, Hamiltonian of waveguide
light modes H ¢, and an interaction Hamiltonian between the
atoms and waveguide modes in dipole and rotating-wave ap-
proximations Vfa:

Hy=H, + Hy + Vy,. (1)

We consider the free atomic Hamiltonian to contain several
types of two-level atoms with different dipole moments of
resonant transition d,,. It is a typical case with rare-earth ions,
where active ions may substitute for host atoms at different
positions in a crystal, leading to several (M) groups of atoms
with different dipole moments [49]. The free atomic Hamilto-
nian is

3

| St

%>

m=1 j=1

(@0 + Aj)0Y,. 2)

~

where N,, is a number of atoms within mth group, wy is
the carrier frequency of the light field coinciding with the
center of the line of the optical atomic transition (see Fig. 1),
a{’m, 03 s 03’!,” are standard set of Pauli matrices related to
the jth two-level atom from mth group, A ; is detuning of jth
atom from the carrier frequency.

The Hamiltonian of the waveguide light mode propagating
along the z direction is [50-52]

ﬁf = h/dz aT(z)|:w0a(z) — ivga%a(z):|, 3)

where v, = %—“EJ is a group velocity (see Fig. 1), B =

V2 (w0) — /A2, k(w) = n(w)w/c, n(w) = J/e(), e(w)
is an electric permittivity of dielectric medium and A being
a critical waveguide wavelength [53], a(z) [a'(z)] is bosonic
annihilation (creation) operator of light field mode at given
coordinate z with commutation relation [a(z), &7 (z))] = §(z —
7). The operators are expressed with a help of their one-
dimensional Fourier image a(k):

a(z dk & P2q(k). 4)

1
L
V2
The electric field of the waveguide mode [54], taking into
account their structure in an optical waveguide, has the form

E(r) = ieEy f(r1)a(z)e? + He., (5)

where Eo f(r,) is a single-photon electric field amplitude [2]
at the point r in the transverse plane of the single-mode
waveguide with reference frame being chosen as r/ =1/ +
zje;. f(r1)is a membrane function of the light mode [53,55],
e is a polarization vector of the light field, Ey = (280'2‘("0‘10) )2,
hi is reduced Planck’s constant, S is the cross section of the
light beam, and gy is the electric permittivity of vacuum,
respectively [2]. We assume that permittivity of the dielectric
medium is constant and does not change over the bandwidth
of interest.

The interaction Hamiltonian between the atoms and the
waveguide mode in the rotating-wave approximation takes the
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form
M Ny '
Vie=—= Z Z Qom(r)o’ 4" (z)e P + He., (6)
m=1 j=1

where 07, = 3(07,, £ ioy,) are the isospin flip operators
for jth atom of mth group, €,,(r}) = Q,f(r}) is a cou-
pling constant between jth atom of mth group and waveguide
mode with €2, = Ey(d,, - e)/h being a single-photon Rabi
frequency of jth atom located at r/. The membrane function
f(rp) determines the dependence of the interaction constant
of an atom on its position r in the transverse plane of the
waveguide. For sake of simplicity but without losing general-
ity, we assume f(r ) to be a real-valued function.
We introduce slowly varied operators

ap(z, 1) = i~ Fqa(z, 1), 7
T ) = G (@), (8)
Oz’im(t) _ e—za)ot-&-tﬁz&% m(t)’ 9)

with the same commutation relations as a(z, t), 67! (), and
o +’m(t), respectively. The index pina,(z, t) 1ndlcates name of
the studied pulse for further echo analysis, i.e., p = (s, 1, 2, e)
correspond to signal, first control, second control, and echo
pulses, respectively.

The resulted Heisenberg equations for the slowly varied
operators are

P 5 . M N,
<8t +Uga )ap(z == Z Z Qo, m(rL)G_ w(1)8(z — zj),
m=1 j=1
(10)
367, o a i i j
Y = _lAjU_,m - EQO.m(rL)aP(Zjv t)0—37m7 (11)
067 ,, i
o =iA;6],, + 290m(rL)a (Z,,l)03 m (12)
8aj171 j 1 27 27
= = =02 06, = a4y, 08] ] (13)

It is worth noting that at relatively large number of atoms with
negligible small change of the population [0 , (1) = o3, (10)],
the system of Eqgs. (10)—(13) is linearized. Such conditions
are often used in different photon echo quantum memory
schemes [23,56,57], where their solutions can be found for
the arbitrary quantum states of lights.

The operators in Egs. (10)—(13) can be simplified in
classical limit of light field into c-number equations on
average values of the operators by a proper splitting of two-
particle correlators. For an atomic ensemble with large N,
and the waveguide mode being in coherent state we replace
the product of operator by a product of their mutual average
values [1,58]

(@D 0o, 1) = @, r>><a;;m<t>>, (14)

@Dy ol ), 0) = @D Mol ), 0) (19

For further convenience we switch to real-value equations by
separating the constant phase shift ¢y and amplitude from
the averaged field operator {dy(z,t)) = ao(z,t)e and in-
cluding the phase shift in the atomic operators Ui,m(t) =
e Pad, 1), 0l @) =ePoy_ (1). Finally, by switching
to the components of Bloch vector for j,, atom

v () = i{[og_ () — o, ,()]). (16)
ul (1) = ([og_ () + odr (D]), (17)
wi, () = (o)), (18)

we get the following system of equations:

M N, Q
_ ZZ Om( J_) J ([)(S(Z _ Zj), (19)
m=1 j=1
J
a”g”t(” =-Zul - Ao, 20)
(1) _ —Z v (1) + Al (1)
ot
+ Qo,m(ll)ap(zj, Hw! (1), (21)
J
awé’;(t) = — Q0 () )ay(z. V), (22)

where we have added phenomenologically the decay constant
yw describing nonresonant losses of the waveguide modes and
the decay constant of atomic phase relaxation y = 2/T; (see
Appendix A, where the decay constants y,, and y are intro-
duced together with the related Langevin forces). Although
Egs. (19)—(22) do not describe all the quantum properties
of light and atoms, they are sufficient for analyzing the effi-
ciency, coherence, and spectral properties of optical QM for
weak light fields.

Next, we derive a pulse-area theorem for general descrip-
tion of the nonlinear properties of coherent interaction of
light pulse with two-level medium in a single-mode optical
waveguide. The presence of several dipole moments makes it
difficult to define the total pulse area of the atomic ensemble.
Hence, instead of pulse area, we define envelope area of
the field that is agnostic to the presence of several dipole
moments

1>3>61¢
0,(z) = / dtay(z,1). (23)

0

We assume that pulse duration of the light pulses 8¢ is sig-
nificantly shorter than the phase relaxation time of the atomic
transition (y 8ty < 1). By integrating Eq. (19) over a duration
of the light pulse from its beginning 7o to its end similarly
to [1,5] and using formal solution r},(t) = vy, (t) + iu;,(¢) of
Egs. (20)-(22) with initial condition v},(f9) = 0, w, (1) =
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wp, we get the equation for the envelope area

>8t
(az ),,(z) Re:ZZQOm(‘l)/ /dtr,{,(t)}S(z—zj)

m=1 j=1

LT Q(z)m(ll) >y 1~y 2N~
—Re ZZ dt dte 4 ay(zj, thwl ") §8(z — z)). (24)

m=1 j=lI

1>>0tf dr .

Taking into account that a,(z;, t 3> 6t5) = 0, we can extend the limits of integration over time from f

.—>th dt’ ft det ...

— )0,(z) =Re i%gém(ri) 1 /oodt’a( L Ow! (1) $8(z — z7)
8z 0 )¢ 4o, y/21ia, ), ‘&t Ty

toft:Odt....

By changing the order of integration further fto dt fto dt'.. and performing integration over ¢ we find

m=1 j=1
Q3 ,(r *
_ZZ 2)/ Om( l)z / dt/()[p(Z] t)wj (t )S(Z_ZJ) (25)
=S (v + A))

The coupling constant between an atom and light mode €2 ,,(r ) is contained in the equations for the components of the
Bloch vector (19), (21), (22) and in the equation for the envelope area (25). For further convenience the summation of an
arbitrary function F,,(r’ , z;, A}, t) over the atoms in continuous limit may be approximated as an integration

N,
m . A
ZE?l(ria Z]’Aj5t)8(Z_Z])=10m/dAG<A )/dxdyEn(rla ZvAvt)5 (26)
in N

j=1

where S is a cross section of the waveguide, p,, = sz_S, is a density of mth atomic group with L being length the waveguide. For

sake of simplicity we assume the identical inhomogeneous broadening profiles G(AA) for different atomic groups with linewidth
Ajp. Substituting Eq. (26) in (25) we get

; vG(3;)
(az g) ,(2) = Z a2 /dxdyszom(m/dA : )szo,n(u)f Ay, (. 2, ALY, (2T)

For large enough inhomogeneous broadening (A, > y) smgle—atom spectral response is assumed to be delta function
m = §(A). If there is not any initial coherence v;,(fy) = 0, the solution for resonant atomic coherence in Egs. (21) and (22)
is

1>3>01¢ ) )
Qo,m(ll)/ di'ap(z), 1Y wn(rL, 2, A =0,1") = vu(ry,z, A =0,0)[; = w),(to) sin[Oy, p(rL, 2)], (28)
to

(

cuss several examples of the application of WPA theorem to
Gaussian and Gaussian-type profiles of the waveguide modes.

where ©,, ,(ry,z) = Q0,,(r1)0,(z) is a conventional pulse
area of mth atom located at a point with coordinates (r, z).
Substituting the initial condition for population wi(fo) = —1
and using §(A) in Eq. (27), we get the following equation for
the envelope area 6,,(2):

B. Gaussian mode

The solution of Eq. (29) strongly depends on the transverse
properties of the waveguide modes. In the simplest case of a
plane wave, where the field amplitude is spatially homoge-
neous in the cross section [f(r ) = f,(r.) = 1], we get an
atomic function containing just the sum of the known terms
corresponding to various dipole moments (see also [59]):

0 Yu
<az+2_g)9 (2) = —(6,), (29)

where

M
(O,) = %’" /S dxdy Q,,(r1)sin[®,, ,(r1,2)]. (30)
m=1

M
Ss"l Qm .
. . . . O, =) Sin(Q0,)- (31)
The atomic function ®(6,) describes the contribution of the — 2
.. s : _ 7G0)pom
total polarization within the fiber cross section s’" 2’ For M = 1 the derived Eq. (30) is reduced to the well-known
where for large A, we can use G(3-) = —,,( azian- Equa-  McCall-Hahn pulse-area theorem for the light pulse propa-

tion (29) represents waveguide pulse-area (WPA) theorem,
which is an analog of the pulse-area theorem for two-level
atoms interacting in general waveguide mode. Below, we dis-

gation in free space [1,5]. In the limit of large optical depth
the pulse area of the input pulse tends to ®(sg,z > 1) —
2nm for the initial pulse area of 2n — 1)m < ®(0) < 2n +
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FIG. 2. (a) Pulse area ©,(z) of McCall-Hahn area theorem [5] versus optical depth szz for different input pulse areas [0,(0) : w &=
0.1,37 £0.1, 57 £0.1]; (b) pulse area ©,(z) of WPA theorem (39) versus optical depth sz for different input pulse areas [©,(0) :
2r —0.2,4mr — 0.2, 6 — 0.2]; the optical densities of atomic ensembles in the waveguide and in free space are assumed to be equal.

D)z as it is shown in Fig. 2(a). Here, », = na*Q2, =

m 2 . . .
%Hdm - e)|7 is a resonant absorption coefficient of mth

atomic group and S = ma® with a being a radius of the
waveguide.

For the transverse light mode with a Gaussian membrane
function

the integration over the cross section in Eq. (30) gives the
following equation on the envelope area:

(e se=-2

For Gaussian mode WPA theorem shows that a%Gp(z) < 0 for
2nmw < Oy, < 2(n+ ) withn € {0,1,2,...}and ©,, , =
2,0, being conventional pulse area of the mth resonant atoms
without spatial dependence as if the mth atoms were located in
the center of the waveguide. At the same time, %91,(1) = 0 for

(x* 4+

2a? (32)

fry) = fo(ry) =exp {—

0

S sin? (Q2,,0,,/2)
9z

Qb2

Yw

T (33)

O, p = 2nm and negligibly weak nonresonant losses (% <

1). In other words, if the initial pulse area ©,, ,(0) is less
than 27, at the output the pulse area decreases to zero. This
fact distinguishes the WPA theorem from the McCall-Hahn
theorem [5], where 27 pulse is formed even if ©,, ,(0) > 7.

Similarly as in the plane-wave case, in the limit of small
pulse area Eq. (33) is reduced to the linearized Lambert-Beer
equation

3 Vv <
2.0 = —§<v—g —l—;%m)é’;(z), (34)
with exponential solution
0,(z) = 0,(0)e™**/?, 35)

where o = Z— + Zf;’:l s, 1S a total absorption coefficient.
In the case of only a single atomic type, i.e., M =1 and

O, p(2) = ©,(2), Eq. (33) is simplified to
0 w
(2o

0z 2u,
C. Gaussian-type modes

The other remarkable example is application of WPA the-
orem to the interaction of light pulse with two-level atoms in
a typical single-mode optical fiber. The membrane function
of a quasilinearly polarized mode in the single-mode fiber is
often described by a zero-order Bessel function [55]. Here, we
consider two possible cases for filling the fiber with two-level
atoms. In the first case [fi(ry)], the atoms are evenly dis-
tributed inside the fiber core, and in the second case [f>(r,)],
they are also located in the fiber cladding, filling the entire
fiber volume evenly. The membrane functions of light modes
in these two cases are

sin” (©,/2)

0,/2 (36)

Jo(ury /a), rL<a
firy) = { 37
0, r.>a
Jo(ury /a), r. <a s
)= LW Ko(wry /a), 1> a %)

where Jy(x) is Bessel function of the first kind, Ky(x) is mod-
ified Bessel function of the second kind, u is the normalized
transverse phase constant, w is normalized transverse atten-
uation constant (propagation constant), and a is a fiber core
radius.

We compare properties of these Gaussian-type modes to
the derived Gaussian mode assuming presence of uniformly
distributed single atomic species. We numerically integrate
the right-hand side of Eq. (30) for fi »(r;) and f,(r,). The
resulted functions Z—id@ 1,2(8,) describe the contributions of
the total polarization in the equation for given envelope area
as it is in Fig. 3. The Gaussian and Bessel modes give very
similar results for their atomic functions ®,(6,) and ®,(6,),
which are greater than zero for any z. A significantly no-
ticeable difference between these two functions occurs only
starting from the second minimum at ® = 47, where the
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FIG. 3. The atomic functions ®, ; »(®) for Gaussian, Bessel, and
Bessel core membrane functions f, 1 2(ry ).

function ®,(6,) becomes nonzero. When atoms are uniformly
distributed only inside the fiber core, the function ®,(6,)
has the form of a damped oscillatory function. Similarly to
the McCall-Hahn area theorem, the branching points of the
solution also appear at ©, ~ 1.257, ©, ~ 3.757x,..., where
the solution of pulse area ®,(z) increases from the branching
points to the values of 2.5 and 4.57. The similar quantitative
and qualitative behaviors of ®,(6,) and ®,(6,) allow to use
the analytical solution of the Gaussian mode for description
of the both cases at ©,(0) < 4.

D. Evolution in optically dense medium

We study the evolution of the pulse area in a waveguide
with Gaussian mode and optically dense medium. For a single
atomic group and negligibly weak nonresonant absorption
Luz <« 1, the exact analytical solution of Eq. (36) is

2v,
kgl
Tn(®p(z)) = 7;1(®p(0)) - 729 (39)
where T,(®)) is given by
. (© ® ®
7,(8,) =In [sm (7[’)] — 7’1 cot 7[’ (40)

Analytical solution of Egs. (39) and (40) clearly reveals dis-
tinctive features of pulse-area evolution in the optically dense
single-mode optical waveguides. Figures 2(a) and 2(b) show
the behavior of the pulse areas for the McCall-Hahn area
theorem and for the WPA theorem, respectively. According
to McCall-Hahn theorem [5], 27 pulse are generated for ini-
tial pulse area m < ©,(0) < 27 as shown in Figs. 2(a). In
contract, WPA theorem states that formation of 27 pulse in
the single-mode waveguide is possible only for ®,(0) > 27 n
withn e {1,2,...}.

The former fact is simply explained by asymptotical behav-
ior of the pulse area. For the initial pulse area within a range
2nm < ©,(0) < 2(n + )7 the derivative becomes negative
a%@,,(z) < 0 that results in asymptote To(©,(z > ;') —
In[®,(z)/2)]. According to Eq. (40), for n = 0 the pulse area
evolves asymptotically

Op(z> s ") = OO =2 (41)

while forn=1,2, ...,

1
®p(Z > %1_1) = 27m<1 + ) — 27n.

22 T,(0,(0)
42)

Remarkably, the asymptote of ®,(z > >~ !) for n#0
does not have an exponential character and slowly converges
compared to the solution ®,(z > %1_1) for n = 0. Similarly,
the formation of 27 pulse in the waveguide occurs at almost
10-fold larger optical depth than for plane wave as depicted in
Figs. 2(a) and 2(b). The formation of the second and subse-
quent 277 pulses in the waveguide is also shifted into region of
larger optical depth. One reason for that is the weaker interac-
tion between the waveguide mode and atoms away from the
center of the waveguide. In principle, this reduction may be
compensated by an effective increase of the coupling constant
via the decreased group velocity of the light modes v, < ¢
[see comments to (31)] and stronger mode confinement in the
waveguide.

For the pulse areas close to 2w n, attenuation will be caused
only by nonresonant losses with ®(z) ~ 27n exp{—%}.
Such pulses will persist the longest solitonlike propagation
for weak nonresonant losses (%ﬁ « 1). However, at large
deviations of the signal pulse area from 2w n the contribution
of resonant interaction in bringing the pulse area to 2z (n — 1)
becomes dominant. Such an evolution is to be repeated until
the light field is completely absorbed.

The presence of several different dipole moments d,, and,
accordingly, different pulse areas ®,, , significantly change
the behavior of the pulse area. The formation of relatively
stable 27 pulses becomes possible, probably, only if the con-
dition ©,, , = 2n7w is met for each atomic group m. A detailed
study of the implementation of such scenarios for the forma-
tion of 27 pulses is beyond the scope of the current analysis.

III. MULTIPULSE EXCITATION AND ECHO
SIGNAL EMISSION

A. Pulse-area theorem of echo signal in single-mode waveguide

Here we apply the WPA theorem to the description of the
photon echo in an ensemble of two-level atoms uniformly
distributed in the volume of a single-mode waveguide. We
assume that the signal pulse is launched at time r = 0 and its
interaction with two-level atoms is governed by WPA theorem
that is described in Sec. II. After signal an additional control
pulse with a delay of 7 is applied to the medium. The delay
is assumed to be much longer than the signal pulse duration
(T > 81).

The signal pulse affects on the initial atomic population
Wy, s(r1, z) that changes the initial conditions in the equa-
tion for the envelope area of the control pulse. With the help
of Egs. (19)-(22), Eq. (29) is modified accordingly to reflect
the initial atomic population

M
3 yw Sm
(5 + 2 Jor - 2 J ey nteiymn .0

x sin[®,, 1(r, z)], (43)
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where wm,s(rJ_v 7) = —cos [(H)m,s(rj_’ 21, @m,s(rl, 7) =
Qo.m(r1)0(z) is the pulse area of the signal pulse for an
atom located at the point (r_, z). The pulse area of signal can
be expressed by previously derived (39) for Gaussian-type
membrane function.

Next, we derive an equation for the envelope area 6,(z)
of the simple two-pulse (primary) echo. Following the same
procedure as with derivation of WPA theorem we integrate
the equation for the field amplitude over time. The echo is
expected at ¢ = 27, thus, the integration is reasonable to start
from the moment of time before the echo atr = 3t /2 and fin-

ish after echo irradiation t = 57/2: 6,(z) = 35:/22 dt a.(z,1).
Since the echo signal is time separated from other light pulses,
we carry out the integration as in Sec. II and take into account
the initial atomic polarization that results in the following

equation for the envelope area 6, of the echo pulse:

0 Yu
— 16
< * 2vg> ¢
.
= Z—’”/dxdy Qom(rL)
m=1 2 S

1
X {zr(r9 Tv .. )Pm(rj_’ Z) COSZ <§®m,€(rJ_7 Z))

+ Wy (ry, 2)8In[@y, ¢ (ry, z)]}, (44)

where ©, .(r1, z) = Q0,,(r1)0.(z), Pu(ry,z) is the source
of the echo being the phasing part of the polarization of the
mth atomic ensemble taken at the central frequency, w,,(r_, z)
is the nonoscillating part of the population of mth atomic
ensemble at the central frequency [9,46,47]. Note that in the
case of plane waves f(r.)=1 and y, = 0, the analytical
solution of Eq. (44) for M =1 is found using substitution
0.(z) = —0 arctan u(z). This solution shows that the pulse area
of each echo signal ®, = Q¢6,(z) does not exceed w and
decreases to zero at high optical depth [9].

The term I'(r, 7, ... ) describes the phase relaxation in the
interval between signal pulse and echo pulse. As previously,
the influence of phase relaxation during the relatively short
interaction time between light pulses and the polarization is
neglected for a simple integration [9]. At the same time, the
phase relaxation in the interval between the pulses and the
echo pulse is included. For sake of simplicity, the exponential
relaxation factors I'(...) = e~@*/™)" for primary echo and
e~@7/Tw)" for ROSE signal are used [60], where x is the fitting
power factor. It should be emphasized that various decoher-
ence mechanisms, particularly depending on the level of atom
excitation, may require specific study. One such mechanism is
the effect of instantaneous spectrum diffusion [61,62].

B. Pulse area of two-pulse (primary) photon echo
and all subsequent echoes

Below we analyze the solution of Eq. (44) for the two-pulse
(primary) echo and the pulse area of all subsequently induced
echoes in an optically dense two-level medium under the
assumption of weak phase relaxation [['(r, T, Ty, O 1, B) =
1]. First, we consider the case of two copropagating pulses
as illustrated in Fig. 4(a). The initial conditions of the

k
1
_ —_—
k2 kc
(b)
S
kl ke
k

FIG. 4. Spatial schemes and temporal sequences of light pulses
in (a) the primary echo, (b) the revival of silenced echo (ROSE)
protocol.

envelope equation contain the components of atomic in-
version w,,(ry,z) = wh (ry, z) and coherence P,(r,,z) =
PI¥(r_, z), which are expressed as

— o8[O 5(r 1, 2)] o8[Oy, 1(r L, 2)],
m1(rL,2).  (45)

The only difference between the expressions in Egs. (45)
and similar solutions for a plane wave [9,46] is the depen-
dence of the pulse areas on the transverse coordinate r . We
integrate the atomic response along the transverse plane of
the waveguide in the same way as in Eq. (33). The resulted
equation for the envelope area of echo pulse is

M
0 Yw Xn F(I7 TM’ )
0, = I 1 (65, 61, 0,
(Bz+2vg) ZSZ,,,{ 2 m(0s. 61, 6)

wpe(rlv Z) =

PX(ry,z) = sin ©,,,(r., z)sin’ (1O

- m(ee;es;el)}v (46)

where

sin (Q,,6,/2)
Qn0s/2

- m(es; 91 ) -

Ix,m(esa 91 s ee) = + Sm(es; ee)

Sm (653615 0e), (47)

1 22: sin? (@16, + (—1)"6,1/2}

OO0 =3 L a8, g2

n=1
Sn(0p;0,4:0,)

-1yl

n=1 [=1

nlfp + (=1)"0, + (= 1)'6,1/2}
Qulb, + (—1y0, + (=1)'6,1/2

(49)

For a single dipole moment type the resulted pulse areas of the
input signal pulses ®;(z), control pulse ®;(z), primary echo
®,(2), and the total pulse area of all echoes @y , are depicted
in Fig. 5. As seen in Figs. 5(a) and 5(b), the pulse area of
the primary echo pulse ®,(z) experiences growth reaching its
maximum and then decreasing to zero. The pulse area of the
all echoes ®y .(z) is defined as the difference between the
total pulse area ®x(z) and individual pulse areas of the signal
and control pulses ©O(z), ®;(z) as in [8], where the evolution
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FIG. 5. Pulse areas for single atomic group M = 1 of signal pulse ®,(z) (green dashed line), first control pulse ®,(z) (black short dashed
line), primary echo ®,(z) (red solid line), and all echo pulses Oy .(z) (blue dotted line). (a) ®,(0) + ©(0) < 2x, (b) 27 < O,(0) + ©,(0) <
4. Inset conceptually illustrates formation of an 27 -echo sequence in the waveguide at some moment of time with total pulse area Oy, , = 27,
where 7 is a time interval between the two exciting pulses, ¥, is a group velocity weakened by the light interaction with two-level atoms.

of total pulse area ®x(z) is described by Eq. (36) with initial
pulse area ®x(0) = ©4(0) + ©(0).

Figure 5(a) shows that if the initial total area ®x(0) is less
than 27, then the pulse area of all echo signals Oy .(z) tends
to zero at large optical depth z >> 1/s¢. In contrast, if ©x (0) >
27, then the pulse area of all echo signals Oy .(z > 1/5)
tends to 27, as it is seen in Fig. 5(b). This behavior does not
coincide with the prediction of McCall-Hahn area theorem,
where the threshold of the total area is & for the 27 pulse
formation [see Fig. 2(a)]. It is also seen in Figs. 5(a) and 5(b)
that in both the cases the primary echo amplitude increases
with the optical density approaching its maximum without
reaching to 2w. At large value of optical depth the primary
echo gradually decays to zero. The growth of the pulse area to
its maximum and its subsequent attenuation to zero is valid for
each of the subsequent echoes, which is a common property of
WPA theorem and free space theory [46,47]. The total pulse
area is the sum of the pulse areas of several echo signals
generated sequentially in a medium since total pulse area of
all pulses tends to 27, if ®x(0) > 27. Thus, the sequence of
generated echoes in a single-mode waveguide behaves as a
single 27 pulse, as in case with plane waves [9] and we indi-
cate it in Fig. 5(b) as a 2-echo sequence (see also discussion
in Appendix A about the 27 -pulse excitation in a single-mode
waveguide).

Following the approach [9,10] and using one-dimensional
Eq. (44) with corresponding expressions for the phasing po-
larization and initial atomic inversion, it is also possible to
get equations for an envelope area of an arbitrary echo signal,
which can be easily solved numerically. Below, we developed
photon echo WPA theorem to the photon echo in ROSE pro-
tocol [35,43,63].

IV. ROSE PROTOCOL IN A LASER-WRITTEN
WAVEGUIDE CRYSTAL

A. Waveguide pulse-area equation of ROSE signal

ROSE is echo protocol for quantum storage being closest
to the convectional two-pulse echo. If implemented properly,

it suppresses unwanted quantum noise that appears at primary
echo emission. The spatial and temporal schemes of ROSE
protocol are shown in Fig. 4(b). In ROSE protocol a two-level
medium is first excited by a weak signal pulse at time ¢ = 0.
Two 7 pulses are applied to medium at + = t and 37 that
forms an echo att = 4t. The control pulses should propagate
in the opposite direction with respect to the direction of the
signal pulse to mitigate generation of the primary photon
echo.

For signal, echo, first, and second 7 pulses we use indices
(s, e, 1,2), respectively. The pulse area after the weak signal
and first 7 pulse are described by Egs. (39) and (40) (where
to make replacements: z — (L — z) and 6;(0) — 6;(L)), due
to negligibly small pulse area of the signal. Since the first
control pulse has a pulse area close to 7 it strongly affects
the propagation of the second control pulse (p = 2). In this
case, similarly to [8], we get the following equation for the
envelope area 6, of the second control pulse:

£
:ﬁ=—2§£M®%Mm
m=1

x €o8[O,, 1(r1, 2)]sin[O,, »(r 1, 2)].
(50

By using Gaussian membrane function in Eq. (50) and per-
forming the calculation similar to the derivation of Egs. (33)

and (46), we get
Yw
0 Vg, —
+ 2vg>

( )=

where S,,(6,;6,) is given in Eq. (49). For the particular case
of weak second control field (€2,,6, < ), Eq. (51) transforms
into the linear equation for 6,:

(

0
- 2 S (02:01).
az

Q, (G

>

m=1

0 w
3

1 M
dz 2Ug>92(z)=_EmZ::l%M[@m,l(Z)]QZs (52)
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where 1,(0,, 1(z)) is a changed absorption coefficient of mth
atomic group [©,, 1(z) = 2,6,(2)]:
Sin[Op,1(2)]  sin® [O,1(2)/2] }
Om,1(2) [Om1(2)/21* |

J{m[®m,l (Z)] = Xy {2

(53)

where  2,(®,; - 0) =13, and ,(®,;) <0 for
tan(®,,,1/2) > Oy 1, 1.e., for ®,, 1 > 2.3311. In this condition
the second control pulse is amplified, if nonresonant losses are
weak, y,L < 1. If ©,(0) < 27, the amplification of second
pulse ®,(z) is replaced by its attenuation to zero at large
optical depth z > 1/s¢. As in the case of the primary echo,
the pulse area of ROSE protocol ®,.(z) experiences growth
to a maximum and decrease to zero at large value of optical
depth. The evolution of the envelope area 6,(z) in ROSE
sequence is described by Eq. (44), where the initial atomic
population w,,(r;,z) = wi/(r;,z) and phasing coherence
Pu(ry, z) = Pf(ry, z) are [44]

2
wpe(r, ) = cos[@,(ry, 2)] [ [ coslO p(rL. 2)]
p=1

= — o8[Oy, 1(ry, 2)]cos[@, o (ry, 2)],

2
1
Py(r, 2) = Qo u(r,)05(0)e /> [ ] sin® <§ O (T, z)>,
p=1
(54)
where cos [®,, s(r1,z)] = 1 and

Sin ®m,s(rJ_v Z) = ®m,s(rJ_9 Z) = QO,m(rl)es(o)e_OlZ/Zv (55)

with pulse areas ©,, ,(r |, z) = Q0,,(r1)0,(z) (p =1, 2) be-
ing close to  for highly efficient quantum memory ROSE
protocol. In the studied counterpropagating geometry “a%”
should be replaced by “—a%” in Egs. (33) and (43), when
considering the second control pulse [see Eqgs. (50), (51), and
(52)]. At the same time, the efficiency of echo signal retrieval
does not depend on the direction of its radiation due to the low
optical density.

We note that 6, 6;, 6, in (44), (45), (54) can be found
according to Egs. (33) and (43) for the forward and backward

propagation of the control pulses (with replacement “%” by

“_ 8%”). Similar as with Eqs. (52) and (53), we find that
the absorption coefficients »,[®;(z2); ®,2(z)] in (B6) can be
positive or negative, thereby leading to absorption or ampli-
fication of the echo signal. The last case is not suitable for
QM due to quantum noise in the echo signal. For generality,
in Appendix B, we provide equations for the pulse area of
ROSE echo signal for arbitrary intensities of the signal and
control fields in the waveguide with optically dense medium.

In our experiment, both control laser pulses have phase
and amplitude modulations [44] that provide a uniform spec-
tral and spatial excitation of atoms in the central part of the
waveguide cross section, allowing a significant increase in the
efficiency of the echo’s signal emission.

B. Experimental setup

We implement ROSE protocol in the waveguide that being
laser written in Tm>*:Y3AlsO;, crystal with Tm>* doping

of 0.01% and dimensions 2 x 9 x 19.5 mm. The crystal is
one of the well-known crystals, convenient for testing and
development of optical QM protocols [44,64]. Simplified ex-
perimental setup is depicted in Fig. 6(a). Laser light from a
single-mode fiber is coupled into a single waveguide by an
objective (Edmund Optics ELWD 10x 59877) on one side
and an aspheric lens (Thorlabs A280TM-B) installed in a
cryostat from another side of the crystal with an efficiency
of 30%. Light is detected by an avalanche photodetector
(APD, Thorlabs APD120A /M) connected to an oscilloscope
(Tektronix DPO7104C) or a single-photon counting module
(SPCM, Excelitas SPCM-AQRH). The crystal is glued with
silver paste to a cold finger and placed in a closed-cycle
cryostat (Montana Instruments Corp.) with a temperature of
3.2 + 0.1 K. Crystallographic axes of the crystal are oriented
with respect to crystal edges, as it is shown in the inset
of Fig. 6(a), where oy = 11.3°, Bg = 4.3°, and yp = 0° are
conventional Euler rotation angles.

The type-III depressed cladding single-mode waveguides
were produced by a femtosecond laser writing technique in
Tm**:Y;AlL50,, crystal [45]. Each waveguide is composed
of 18 elliptical tracks with axes of 2 and 8§ wm around a
core with diameter of 18 um. The femtosecond laser pulses
change the refractive index of the elliptical tracks by ~1073
that confines the light within the inner core. Propagation
losses for vertical polarization (parallel to 2 mm edge of the
crystal) is 0.66 dB/cm, for horizontal polarization (parallel to
9 mm edge) is 1.13 dB/cm. Totally 20 one type-III single-
mode waveguides have been written in the crystal along Z
axis. Since the exact difference in refractive index An is
unknown, we perform finite-difference time-domain simula-
tion of the eigenmodes for different values of An [65]. If
An > 2 x 1073 the waveguide supports symmetrical Gaus-
sian mode with half-width at half-maximum of ~5.5 wm for
both axes as shown in Fig. 6(b). At lower values of An the
mode becomes elliptical with the widths for orthogonal axes
being different more than two times. At the same time, the
experimentally measured modes have symmetrical Gaussian
character that witnesses the actual width of the waveguide
mode to be ~5.5 um. Hence, further on we assume the width
of @ = 5.5 um in membrane function f,(r,).

It should be noted that recent studies have conducted exper-
iments on the implementation of photon echo AFC protocol in
waveguides fabricated by the same technology [16,18,33-35].
Whereas the cited publications used type I, type II, and type
IV waveguides, we present type III waveguides in this work.
The advantage of type III waveguide is a support of arbitrary
polarization in a waveguide mode.

The continuous wave titan-sapphire laser (Tekhnoscan
TIS-SF-777) is tuned to 3Hg(0) —3 H4(0) optical transition
of Tm*" (A & 793.365nm). Two acousto-optic modulators
(AOMs) are used to sample microsecond-scale pulses for per-
forming primary echo measurements and the ROSE protocol.
The outputs of AOMs are spatially filtered by single-mode
fibers and sent parallel to the long edge of the crystal
(19.5 mm) in counterpropagating geometry. The linearly po-
larized signal is routed via 50:50 beam splitter to the APD for
intensity monitoring as a reference and to the crystal, as shown
in Fig. 6(a). After passing through the quarter-wave plate the
beams are circularly polarized.
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FIG. 6. (a) Simplified experimental scheme, where IF is an interference filter, Obj is an objective, also there is one more objective installed
inside the cryostat on the left side of the crystal, D is a diaphragm, AOM is an acousto-optic modulator, BS is nonpolarizing beam splitter,
PBS is polarizing beam splitter, A /4 is quarter-wave plate, A/2 is half-wave plate, APD is an avalanche photodiode, SPAD is a single-photon
avalanche photodiode, ap = 11.3°, Br = 4.3° are conventional Euler rotation angles. (b) Simulated full width at half-maximum a of the
laser-written waveguide eigenmode at different values of the refractive index contrast 107 < An < 8 x 1073 between the elliptical tracks and
the core. The red dashed and blue solid curves correspond to widths along two orthogonal axes x and y, respectively. Two inserts show the
color map of normalized spatial distribution of the eigenmode’s intensity for An = 1073 and An =4 x 1073,

Tm?>* ions substitute yttrium ions in six (M = 6) crystallo-
graphically equivalent but orientationally inequivalent sites of
Y3Als0,; crystal. The light beams with circular polarization
interact with all these sites. The Rabi frequency of optical
transition €2, = Eo(d,, - €)/h is larger for the third and fourth
sites. In order to make the pulse area of the control pulses to be
close to 7 for the atoms in wider spectral range, we use phase-
modulated control laser pulses. The theoretical modeling of
the control pulse Rabi frequencies and phase modulation is
given by the relations (see also Appendix B)

Qu(t, 1) = Qup1(t —t1,7L) + Qua(t —t2,r1), (56)
where

Qup(T —11,11) = Ay p(r — 11,1 )e BT (57)

: Xm,p(rJ_) e
A, (L, = , 58
s N TYLTA (58)

: B

B,(t)= A+ n;tp tanh(z/5t,), (59)

where T =1 + 2/vg, X, p(*1) = Xoum,pSfe(rL/a).

The parameters of the control pulses negligibly change in
an optically thin medium, so that we can approximate the Rabi
frequency of the control fields: €,,.,(r, ) = Qo (r1)a,( +
z/c) [where p =1, 2, a,(t + z/ve) = (G,(2, 1)) is a classical
value]. The maximum CW optical power of the control beam
before cryostat is 9 mW. The parameters B8, and §t, are
responsible for the frequency sweep range and the pulse dura-
tion, respectively and are chosen in the range 8,/ = 1-7 and
(278t,)~" = 140-400 kHz. The input pulse, its transmitted
portion, and the ROSE signal are measured by APD/SPADI1
and APD/SPAD?2, respectively, as shown in Fig. 6(a).

Figures 7(a) and 7(b) show the experimental data on the
storage of the weak input light pulse with the waveguided
ROSE protocol. Timing of the input signal, two control pulses,

and the echo is presented in Fig. 7(a). The input signal
light pulse with Gaussian waveform and full width at half-
maximum duration of 1 us is launched at ¢t = 0. The rephasing
pulses are shown at + = 7.5 us and ¢t = 22.5 ps measured
by a detector in the reference channel of rephasing beam.
The recovery efficiency 0.5% of the input pulse is achieved
for a storage time of 30 us. It should be noted that for the
used geometry, the absorption value ¢L = 0.12 and the co-
herence time of the optical transition Ty = 63 us (x = 1.82),
the maximum efficiency of the ROSE pulse is limited by
Nmax = (aL)?e%Le247/Tu)" (with 47 being the storage time),
bearing in mind two ideal control & light pulses. According
to this estimation, the maximum achievable efficiency in our
optically thin crystal iS pmax = 0.76%. Below we analyze
the experimental data obtained for the ROSE protocol in a
waveguide using (44), (54), and (55) taking into account the
experimental parameters of the medium, signal pulses, and
modeling the parameters of the control pulses by Egs. (56)—
(59).

C. Theoretical discussion of experimental results

In our experiment, the inhomogeneous broadening of the
resonant optical transition is larger than the spectrum of the
control pulses (A, > dw 2, see also Fig. 1), and the spectrum
width of the signal pulse was even smaller (Sw, ~ 81, <
dwi ). As depicted in Fig. 7(a), in this regime the temporal
shape of the echo signal reproduces the temporal shape of
the signal pulse. Hence, the realized protocol fulfills spec-
tral conditions for the efficient implementation of the photon
echo QM [41,66,67]. The reproduction of temporal profile
in the echo allows to apply the pulse-area approach with
Egs. (44), (45), and (54) to describe the basic patterns of the
realized ROSE protocol.

For a negligibly weak pulse area of the input signal pulse
the probability of exciting the atoms P;; after the first chirped
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FIG. 7. (a) The signal of the revived silenced echo magnified by 25 is shown at time 30 us (orange curve) obtained in the waveguide in
Tm>":Y;3Al50,;, crystal. The rephasing pulses are shown by the blue dotted curve. At = 0, us input pulse and transmitted part are shown by
black and red dashed curves, respectively. (b) The retrieval efficiency of input pulse (black squares) and effective coherence time 7, of optical
transition (red circles) of the waveguide optical memory versus intensity of two identical rephasing pulses I = I} = I,. The theoretical fits with
Eq. (65) (black solid line) and plane-wave theory (blue dashed line) are presented.

pulse (p = 1) is calculated using the analytical solution [68]
(see also Appendix C):

Yy o1 e
sin §®m,p(rl) = sin E(I—‘»m,p(rl) + cos ECD,7LP(I‘J_)

x tanh? (é>
2

where @, p(r1)is an effective pulse area of chirped pulse for
resonant atoms (A =0), p=1,2, &, ,(r1) = [X,ﬁ’p(u) —

(60)

B 212 with the same chirping being used for both control pulses
:Bp = :3

Assuming negligible change in the parameters of the con-
trol laser pulses in the optically thin medium, Eq. (44) is
adopted for the envelope area of the echo 6,:

3y Ny
—+ 26, = —m/ddemr
(8z 2vg> mX:; 7 J dxdyih. (ry)
X {Zr(rv T, TMv ®7 ,B)Pm(rL’ Z)

+ wm(rj_s Z)QO,m(rL)ee}s (61)

where P,(r;,z) and wy,(ry,z) are given in Egs. (54)
and (55) (see also Appendix C), I'(r,t,Ty,0,8)=
et /Tn)" exp{—275"5 ) characterizes the phase relaxation
of resonant atoms located in a cross section of the waveg-
uide with a coordinate r,; an additional phase relaxation
time Ti(r ., ®, B) is determined by the relaxation processes
depending on the location of the atom in the waveguide (pulse
areas © and 8 determine the degree of atomic excitation in all
atomic groupsm = 1, ..., M).

To study the echo pulse area with Eq. (61), it is neces-
sary to independently determine the phase relaxation factor
I'(r, 7, Ty, ©, B). The properties of ['(r, 7, Tys, ©, B) are ex-
tracted from experimentally measured dependence of the

ROSE signal decay at different intensity of the control pulses.
The obtained results show that the effective phase relaxation
time 7; of the ROSE signal depends on the intensity of the
control pulses, as depicted by the red circles in Fig. 7(b). We
fit the dependence of effective relaxation time 7;(I, 8) (red
dotted line in this figure) on the intensity / of the control
pulses at the given phase modulation 8. The intensity of the
control pulses reduces the phase relaxation time of the optical
coherence by about 1.5 times (from 67 to 42 us) for the
concentration of Tm>* 0.01 at.%, which is an order of magni-
tude less than in the well-known experiments [62], where the
additional attenuation of the echo signal is explained by the
influence of the spectral diffusion effect observed earlier.

Taking into account the obtained experimental data, we
limit ourselves to the effective constant of phase relax-
ation 1/7T;(I, B). Determination of the phase relaxation time
Ti(r., ©, B) requires the a more detailed theory that takes into
account the features of phase relaxation in an optical waveg-
uide, the inhomogeneous distribution of the intensity of the
control fields and the additional experiments, which is beyond
the scope of this work and will be carried out somewhere else.
It is also worth noting that the created waveguides remain
imperfect and it will be necessary to take into account the
influence of the defects created in them. At the same time,
we note that the defects that appear in the waveguide do not
dramatically reduce the phase relaxation time [69], which
preserves the hope for further use of the waveguides under
study.

If the parameters of the two control laser pulses are identi-
cal ©,,,(r;,z) = ©,,,(r1, z), the solution of (61) is

e~ @A, (1, ©, &, 7)6,(0)

(aw - Ol)

O.(z,E, 1) =2

X (e_%"‘Z - e_%“wz),

(62)
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where A, (1,0.8,7) =3, Aow(l, 0.6, 7), =y, +
anl: | ¥m,w 18 an absorption coefficient for echo pulse:

A, w 2%" /dx dy Q(z),m(rL)COSZ[@m,I(rL)]a (63)
S

2t
Ao, ©,&,T) =&, exp { —m} fS dxdy Q5 ,,(r1)
x sin* <%®m,1(n)), (64)

where Ap (I, ©, &, T) describes the averaged over the waveg-
uide cross-section response of mth atomic group, which con-
tributes to the amplitude of ROSE signal and A, (1, ©, &, 1)
gives a total response from all the atomic groups. Remarkably,
the observed averaged phase relaxation factor exp{—TA (2,’ ﬁ)}
in Eq. (64) leads to nonexponential temporal decay. From
Eq. (62), we get for the envelope area 0, at the crystal output
(z = L) in optically thin atomic ensemble («L < 1, o, L <

1)
0.(L,1,0,&,7)=e /M9 (0)A,(I,0,& T)L. (65)

The function A, (I, ©, &, T) together with e=“*/T)" describes
the influence of the transverse structure of the waveguide light
modes, intensity, and chirping of control pulses, as well as the
intensity-dependent phase relaxation exp{— #’,m}.

The experimental dependence of the ROSE signal on the
intensity of two identical control laser pulses is presented in
Fig. 7(b). The experimental data are satisfactorily fitted by
6.(L, 1,0, 8, , (Stp)|2 from Eq. (65) with 8/ =7, 7t = 8.5,
dt, = 3 and Gaussian membrane function with single type of
atomic dipole moment. The relatively large value of 8/m =7
is the best fit to the experimentally realized envelope of the
control pulses with their smaller central part of the pulses
compared to its fronts. A similar theory for plane waves, i.e.,
of the uniform intensity in the cross section, is presented in
Fig. 7(b). As it is seen from the comparison between the
two theoretical curves, the echo signal for the control fields
with a plane wave has sharper maximum. The echo signal
then decreases faster due to the influence of phase relaxation
that is proportional to the intensity of the control field. The
experimentally observed echo signal has a longer plateau in
the maximum region, which is consistent with the theoreti-
cal curve based on the WPA theorem. This behavior of the
echo is apparently due to the compensation of growing phase
relaxation by an increase in the number of atoms that are
excited by 7 pulses in the cross section of the waveguide at
larger intensities of the control pulses. The relatively small
difference in the theoretical curves is also due to the weak
phase relaxation.

We conclude that instantaneous spectral diffusion is mainly
responsible for the drop in the efficiency of the echo signal.
There is a slight difference between the experimental data and
the theoretical dependence of echo on intensity of the control
pulses. The difference may be attributed to a number of rea-
sons, including an approximate description of the dependence
of phase relaxation on the intensity of the control pulses. At
the same, the quadratic dependence of the echo signal on
intensity of the control pulses before the maximum indicates
presence of phase modulation in control laser pulses.

V. CONCLUSION

In this work, we derive the waveguide pulse area (WPA)
theorem for the interaction of light pulses with an inhomoge-
neously broadened two-level medium in a single-mode optical
waveguide. We present an analytical solution to this theorem
for a mode with a Gaussian intensity profile. Possibility of
2m-pulse formations for fundamental Gaussian and Gaussian-
type (Bessel) light modes was shown. The formation of these
27 pulses and their main properties is compared to prediction
of the McCall-Hahn area theorem [5]. The formation of 27
pulses in a single-mode fiber raises the question of the spatial-
temporal structure of the resulting light pulses, which is the
topic of special research.

Next, we develop the WPA theorem for studies of photon
echo in the single-mode waveguide and apply it to analyze
the two-pulse (primary) photon echo and the full sequence of
generated echo signals after two-pulse excitation. It is possible
to form a sequence of echo signals with a total pulse area
of 2m. It coincides with the results obtained for the plane
waves [8,9]. However, the initial total pulse area of the two
exciting pulses should exceed 27, and not 7, as in the case
with plane wave.

We use the WPA theorem for the description of the ROSE
protocol in a single-mode waveguide and implement this pro-
tocol in an optically thin single-mode laser-written waveguide
in Tm**:Y;AlsO4, crystal. The observed recovery efficiency
of input pulse for a storage time of 30 ps was 0.5% that
corresponds to 65.7% of maximum possible value at given
optical depth. In these experiments, we observed considerable
influence of the control laser pulse’s intensity on the phase
relaxation of ROSE signal in a crystal with the lowest con-
centration 0.01% of Tm** ions in a Tm>*:Y3Al50, crystal.
Despite the use of rephasing pulses with amplitude and fre-
quency modulation, the retrieval efficiency still decreases with
an increase in the control pulse’s intensity.

The theoretical analysis with WPA theorem allows to sat-
isfactorily explain the obtained experimental data. It was
experimentally shown that the waveguide nature of the inter-
action between light fields and atoms manifests itself in an
echo signal even for an optically thin atomic medium. The
decrease in the echo signal with a growth in the intensity
of the controlling laser pulses is explained by a decrease in
the phase relaxation time, which could be explained by the
effect of instantaneous spectral diffusion. In order to highly
suppress the negative effect of instantaneous spectral diffusion
for the implementation of QM on photon echo, one can use the
crystals with even lower concentration of the atoms, which
is necessary for the QM protocols in high-quality optical
resonators [70]. It is worth noting that not only the presence
of pure dephasing and instantaneous spectral diffusion [62,71]
limits the efficiency of the ROSE protocol in the waveguide,
but also the difficulties in achieving an ideal control laser
pulse providing uniform distribution of working atoms in the
waveguide cross section. Fabrication of the waveguides with
the active atoms within close proximity of waveguide mode’s
center is of a great interest for subsequent research.

The performed studies demonstrate the convenience of
WPA theorem for describing nonlinear interaction, genera-
tion, and propagation of 27 pulses and the photon-echo-based
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QM protocols in single-mode optical waveguides. Moreover,
the developed approach may also be applied for studies of
these effects in other waveguides. It is worth noting that
practically all photon echo QM protocols can be implemented
in a three-level media, where new opportunities appear for
quantum processing with signal fields [72] and for developing
new methods for generating quantum states of light [57,73].
The derived WPA theorem could be a useful method for
accounting for nonlinear effects and related phenomena in
various photon echo QM protocols in waveguides with three-
level media, where the possibility of quantum storage on
long-lived electron-nuclear spin quantum transitions poses
new challenges.
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APPENDIX A: HEISENBERG-LANGEVIN EQUATIONS
OF LIGHT AND TWO-LEVEL ATOMS IN SINGLE-MODE
WAVEGUIDE

For a more general description of the interaction be-
tween a light pulse and two-level atomic ensemble in
a single waveguide, we will introduce the interaction of
waveguide modes with their environment, where the to-
tal Hamiltonian H, in Eq. (1) is supplemented by two
members and takes the form H = H, + H, +V;,f, where
H,="h Zn; f dwnwan (a)n)b(a)n) is the Hamiltonian of the
local spatial bath modes (N, is its number) and Vfb =
Ry, fé" (z)e B, + Hee. [where B, = [ dw,b(w,), f, is
a coupling constant of field mode with bath modes at z,,, below
we assume f, = f for simplicity] is interaction of bath modes
with the light field modes; interaction with local reservoir
modes leads to the irreversible attenuation of the light modes,
in particular, when they are scattered on the inhomogeneities
of waveguide walls.

Using A, we derive a Heisenberg-Langevin equation for
the field mode operator do(z,t) following the derivation
of Eq. (10) and use the well-known input-output formal-
ism [2,74] for calculating the relaxation terms and Langevin
forces:

8+ + 9 ao(z, 1)
— 4+ ao(z,
ot T 2 T Ush, )0

. M Ny
l . . R
= E Z Z Qo,m(ri)ﬁi’m(l‘)(S(z - Zj) + Ywbin(z, 1),

m=1 j=I

(A

where Eq. (Al) differs from Eq. (10) by an appearance
of the relaxation term %&o(z,t) and Langevin force
bin(z.1) = =i, [ f* 37, Balt — —o0)eenmen)i 71§ (7 —

z2) (where (bin(z,1)) =0, [bi(z, )b (,1)] =8(z —7')

8(t —t’)), coupling constant Qo,m(l‘i), and group velocity v,

are discussed after Eq. (1), y,, = 22| f|?p is a loss rate of

waveguide modes related to the Langevin force (o = N, /L,
= length of the waveguide).

The local operators 5-ao(z, ) and bin(z, 1) describe the
light decay in the Wavegulde and Langevin forces in the con-
tinuous medium, where l;in(z, t) is determined by the input
local fields B(a)n, t — —o00). Therefore, by introducing local
noise operators 130ut(z, t) att — oo similarly to the resonator
input-output approach [74], we get the following local rela-
tion:

bin(z, 1) — bow(z, 1) = \/Yuwio(z, 1). (A2)

The relation (A2) is useful for describing the absorption of
a light pulse and can be applied to consider echo signals
in waveguides where the absorbed signal is localized in the
excited (bath) modes of the medium (waveguide) and can be
recovered from them by controlled rephasing. Together with
field (A1), we similarly derive Heisenberg-Langevin equa-
tions for the resonant atoms [2], limiting ourselves only to
taking into account the influence of weak phase relaxation:

aaf’m . j
=~ (y2 4B,
i . , .
- EQ(),m(ri)aO(Zja [)0—31,,,1 + \/?Fj,m» (A3)
aoi.m . j
= = (y/2 =Bl
+ ZQom(l‘L)&O(Z,,t)%er\/— ime (A4)
003, ; INT i _g j
S — 190,41 007 — a0l 00 ,]. (AS)

Equations (A3)—(AS5) of jth atom contain only pure dephasing
decay constant y with related Langevin forces ,/y F; F;,,(¢) and
VYE! (@) [where (Fj()F (1)) = 8; 78(t —1)] that are as-
sumed to be identical for all the atoms, A;(t) = A; +6A(1),
Aj and §A;(¢) are the static and ﬂuctuatmg frequency offsets
of jth atom, where A; are inhomogeneous broadened by
spectral distribution G(AAM), and Ay, is a linewidth [1].

Introducing the density operators of photon number
I (2, 1) = al (2 1)ap(z, 1) and atomic inversion &3(z,t) =
Zm 12 " &;m(t)S(z — z;) and using Egs. (Al) and (A5)
we get the following waveguide equation for these operators,
describing the behavior of the energy flow:

3 (L, + 363) + ved.0y, = —vul, + VM

where the two-particle operator M b = &I,(z, Dbin(z, 1) +
H.c., the quantum mechanical average of which is zero due
to the independent nature of the noise operator l;in(z, t) and
(bin(z, 1)) = 0. Equation (A6) is valid for arbitrary constants
of light-atom interaction, so it hides a specific dynamics under
study. In the case of spatially localized 27 excitation (27 -echo
sequence in Sec. III), the analytical solution of the field and
atomic operators takes the form IAI,(L t)= fp(é ), 63(z,t) =
63(&), which satisfy the equation

(A6)

63(§) = 63(—00) + 2(% - 1>[fp(«§) — I,(—00)], (A7)

8
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under the conditions of negligible relaxation, where &3(—00)
and fp(—oo) are the initial atomic and field operators, & =
t— vig ¥, is a group velocity of the light-atoms (polariton)
packet which is less than initial group velocity v, of light
without atomic medium and should be found as a result of
solving a system of Eqgs. (10)—(13) [i.e., Egs. (A1)—(AS) not
containing relaxation terms]. It is worth noting the exact ana-
Iytical solution of the quantum Maxwell-Bloch Egs. (10)—(13)
with the identical constants of the light-atom interaction [75],
demonstrating the possibility of quantum 27 solitons. How-
ever, Egs. (A6) and (A7) also indicate the possibility of
propagation of light pulses at a constant group velocity even
in the presence of a spread of the constants of light-atom
interaction.

Equations (A1)—(AS) should be solved for the stages of
storage and retrieval of the fields in arbitrary quantum states.
In the main part of work we focus on the consideration
of the classical light fields, moving from the field oper-
ators Q,(z,1) to the ¢ numbers a,(z,t) = e ?(a,(z,1)) =
e (Ez;(z,t)), p (s;1;2;¢) index indicating signal, controls,
and echo pulses (see comments to Eq. (13) and omitting the
Langevin forces [(hin(z, 1)) = 0O]). At the same time, it should
be noted that the semiclassical Maxwell-Bloch equations can
be applied to describe the coherent interaction between light
fields weakened to a single-photon level with atomic me-
dia [see also comments after Eq. (13)]. A number of basic
properties of optical quantum memory protocols, such as the
efficiency of signal pulse storage and the accuracy of its re-
trieval, can be also analyzed.

APPENDIX B: ROSE PROTOCOL IN OPTICALLY
DENSE WAVEGUIDE

Here we assume that the signal and control fields have
the same carrier frequency and do not have additional phase
modulation. Using w;/(r, z) and P,’(r |, z) in (44) together
with phase relaxation function I'(r, 7, Ty, ®;2) we can per-
form general analysis of nonlinear pattern in ROSE-pulse area
behavior. In the simplest case of negligible spatial dependence
of phase relaxation [i.e., I'(r, 7, 12, ®12) =I'(7, T3, ... )], we
can perform integration and subsequent analytical calculation
of (44) similar to (43) and to get the following equation for
the envelope area of ROSE pulse:

M
0 Vi sy [ T(z, Ty, ...)

06= Ismesv099,03
(az+2vg> ;Qm{ 4 m(Bs: 61, 62, 6e)

—Sm(96;91;92)}, (BI)

where a source of echo signal
Lm0y, 01, 6, 6,)
= 396,(2) + Su(6s36) + S (653 613 62)
— Sn (053 6¢301) — S (653 0e3 62) + Sin(0y3 6,3 015 02),
(B2)

envelope areas 6;12.(z) are all the functions of z, we
also have taken into account that the signal pulse is weak

ngs(z) <L 7T
S (01;02;63)

1 G sin? (ulb + (=165 + (—1)"651/2)
T4 ZZ Q,,(0; 4+ (—1)"0, + (—1)"63)/2

’

n=1 m=1

2 2 2
1
S0 02365308 =2 > 3 )
n=1 m=1 p=1
SN (10 + (=10 + (=1)"603 + (=1)"0a1/2)

Qu[01 + (=1)"0, + (=1)"03 + (=1)P04]/2
(B3)

Equation (B1) is still a nonlinear equation on 6,. In the
case of atomic medium with limited optical density and
weak input signal pulse, this equation reduces to the lin-
ear equation where €2,,6,(z) < . Neglecting the terms with
(26.)> < min (B1), we get

M

0 Yw X

— 4+ — 6. = I(t, T, ..
(3z+2vg> ;{48’2 (.72

. )Is,m(em 9017 902)

m

1
- Ezm(ecl 5 902 )96 } ) (B4)
where Is,m(ew 91 ) 02) = Is,m(es’ 01 ) 925 0)
Is,m(esv le 92) = ngs - Sm(es; 01)
_Sm(ex;92)+2Sm(9x;91;92)» (BS)

and the absorption coefficient for echo signal due to the inter-
action with mth atomic group is

2 ([ sin [, + (—1)"6)]
s (61302) = 6 ) { Qi1 + (=165

_sin? [2,(6) + (=1)"62)/2] }
2(Q (61 + (=1)62)/2)?

Equation (B4) is used in the main text.

n=1

(B6)

APPENDIX C: EXCITATION OF ATOMS
BY CONTROLLING CHIRPED PULSES

Here following the work [68], we consider the excitation
of two-level atoms by two chirped control pulses. In the in-
teraction picture, the equations for atomic amplitudes in the
ground C,(¢) and excited C| (¢) states are

(ql(t)>=i< 0 sz(t)) <Cl<t))’ n
G (1) 2\Q*(1) 0 G (1)

with initial state C,(t — —o0) = 1, C1(t - —o0) = 0, where

Q) =1 — 1) +2(1 —12)

— [Al(t)e—iB](t) + Az([)e_iBZ(t)]e_iA(t_l‘O), (C2)
(o Jo ™
Ap() = nt, cosh[(r —1,)/7,] €3
B,(t) = n—” tanh[(t —1,)/7,], (C4)

Tp
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where the index p = 1, 2 corresponds to the first and second
control pulse, and A,(¢) is a Rabi frequency of the chirped
pulses. We assume that the Rabi frequency is also a function of
transverse coordinate r 1 : x,(r1) = xp0f(ry); ¢, is constant
phase; B,,(p) describes frequency modulation; A is an atomic
frequency offset, 7, is a temporal duration of p control pulse,
Xp and B, are the amplitude and frequency chirp of pth control
pulse, and f(r ) is a spatial shape in the cross section of
light beam. Below, we have taken into account a Gaussian
membrane function of the Rabi frequency for each control
field: x,(rL) = xp.ofe(ry).

By taking into account that the chirped pulses are not
overlapped with each other (1), <t —ty, 1, — #;), we can
solve Egs. (C1) one by one. For each pulse the solution of (C1)
can be written in terms of hypergeometric functions where it
is convenient writing C,() via the variable

z1(t) = H{1 + tanh[( — 1;)/7:1}, (C5)

i.e., Cy(t) = Cy(z1) and determining the phase of the first light
pulse ¢; by setting B;(t) = ft:) dt'B;(t"). The atomic ampli-
tudes after the action of first control pulse (starting at t = ;)
are described by

Ci(z) = APzl FD(z)), (C6)

Ca(z1) = C(t0)F % (1), (C7)

where we introduced an abbreviated notation for the hyperge-
ometric functions:

F@p) =Fay+1—cpby+1—c,.2=cp.zp). (C8)

FP*(zp) = F*(ap, by, cp. 2p) = F (@}, b, €5, 2,),  (C9)

(= zyi)ille—fcl)cz(fo)exp{ (A - f—T])(to - fl)}
(C10)
The values a,, b,, ¢, can be found in [68]:
w=5:l0G-8) =) ©
=gl (G -#) i)
cp= %[1 n i@] (C13)

Interaction with the first pulse ends for t+ —#; > t; when
z1 — 1 and the amplitudes C 12(z = 1) are set unchanged. The
probability to find atom in the excited state after the action of
the first pulse [for the initial state |C,(#p)] = 1 in (C7)] is

Pit)) =Pt >t + 1) = |Ci(1)]* = sin*(©,/2),
(C14)
where

ROl

42|l — ¢,
_sin®(®,/2)Ch*(B,/2) + cos*(®,/2)Sh*(B,/2)
) Ch(BR) (Bt

= sin*(0,/2)

)

(C15)

where CD[,:(X[%—ﬂz)% and (C14) and (C15) are also
used to define the nutation angle of two-level atom
Op=1 = O1(A, By, ®;) caused by the action of the first
pulse. By using (C15), we can easily calculate |.7-'1(2)(1)|2
and the probability of atom to stay on the ground level
Pyt > 1+ 1) = [Co(t > 1)) =GP = |FP (D =

1 = |Co(1)]? = cos*(01/2), so we get

Gt > 1) = F2*(1)
= cos(0;/2) exp{—iti (A, x1, B1, T1)},

where (A, x1, B1, 1) = —i In{F”(1)/ cos(©1/2)}.
Interaction with the second control pulse occurs at #, with
sufficiently large time delay after the first control pulse #, —
t; > 11. Let us choose a moment of time in the middle be-
tween the control pulses 1, = 142 Using (C1) for ¢ > t,, and
moving to new amplitudes C;o(t) = Co(t) exp{—éA(tm —
t9)}, Cro(t) = Cl(t)exp{%A(tm —1y)}, we can describe the
interaction with the second pulse similarly to the interaction
with the first pulse. Here we get the following system of
equations for atomic amplitudes C; o(¢) and C, o(¢) (¢t > t,),
which takes into account the phase change of the second pulse
at the moment of the beginning of interaction with the atom:

Cio() =£ 0 Qo —1,)\ [Cr0()
GCoo(t) 2\ Q5 —ty) 0 Go®))’

(C16)

(C17)
with initial amplitudes
. i
C2,0(tm) =C2(1)CXP{——A(fm —lo)}, (C18)
C1o(tm)—C1(1)eXP{ Aty — to)}, (C19)

where 2, (¢t — t,,) is given in Eqs. (C2)—(C4), and the constant
phase of the second light pulse ¢,.

Similarly to the interaction with the first pulse, we move
to the new time variable scale zp = %(l + tanh[(t — £,)/12])
and find solutions of Cpo(f > #,,) = C,0(z2) for the initial

conditions C‘,,,O(O) =Cpoltn):
Cr.0(z2) = Cro(tn) FSP(22) + AP 22 FiP(z2),  (C20)
Cr0(z2) = Coo(tn)F¥ () + APV2 CEM (), (C21)
where
: —ipy 13
Al = ¢ T o o ilA - 22 )@, —m)!,
m(l— o) 2.0(tm) €Xp §1 p— ( 2)
(C22)
; i) ﬂ
AGY = LC tm - A——2 -
27— ) 1,0(tm)exp y—i ( 2) (-
(C23)

The probabjlity of the atomic excitation Py (t,) = Pii[t >
B+ )]=|Coz = 1)|? after the interaction with two con-
trol pulses will be

Pii(t) = |Cro(D))* =
+ |ASPFED D) + [6Peon(t2) +c.c.l,

C1ota) F2 (D)
(C24)
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where we have

|CLoltn) FO)]? = sin®(©1/2) cos?(@,/2),  (C25)

AP FD )P = sin%(0,/2) cos* () /2), (C26)
and interference term
(12)x =(2)
Spcoh(IZ) = Cl,O(tm)Az fz (1)
= exp{i[dp + @21 + Ay — )]}
R WA )
4r2(1 — )1 —¢)

where §¢ is a random phase that is acquired by an atom
during the time interval #, — #; of free evolution due to the
interaction with bath fields, @, = @ — @i, ¢,, and con-

FOMFD ), (€C27)

stant phases of pth control pulses are defined by setting
Bi,(t) = ft;tm dt'B,(t") as follows: @, = ¢ + n’s—f'l(to — 1),
@ =@+ L2(t,, —1). In (C27) we also used Cyo(tn) =
Cr(D)exp(§ Al — 1)}, Ci(1) = AP F{V (1), and C,0(t) =
G expl— Al — 10)}, Co(1) = FP* (D).

In the particular case of identical two control pulses (x; =
X2, B1 = B2, T| = Tz, and ®] = O, respectively), we get

Pii(t2; 02 = ©)

= 1sin® O {1 + cos[8¢ + 241 + A, — )]}, (C28)

where ¢ is given in Eq. (C16) and the durations of the control
pulses are defined by t; » = 8¢1 7 in the main text.
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