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Spin-orbit interaction of light: When twisted light meets twisted metasurfaces
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Singular optics and metamaterials are both fascinating branches of modern optics. While the twist of vortex
beams in phase and polarization leads to singularities, the twist of metasurfaces also leads to extraordinary
properties in both optics and electronics. Here we present the spin-orbit interaction of a vortex beam reflected on
twisted few-layer hyperbolic metasurfaces. As a result, the spatial Imbert-Fedorov (IF) shift and photonic spin
Hall effect (PSHE) shift are investigated. We find that the spatial IF shift versus twist angle is symmetrical about
the l = 0 shift and it is symmetrical about the origin for opposite twist angle with opposite topological charge.
In addition, the PSHE shift versus twist angle is also symmetrical about the l = 0 shift. The shifts are enhanced
with increasing topological charge and show a pretty different dependence on the twist angle when the incident
beam is in different polarization state. These findings provide a different perspective for further investigations of
twisted light and twisted metasurfaces.

DOI: 10.1103/PhysRevA.107.043502

I. INTRODUCTION

In the field of interaction between light and matter, three
important aspects may come into view: The polarization of
light, the optical wave front of light, and the structure of
materials [1,2]. The polarization and wave fronts of light
can be evident through studies of the vortex beam. The
optical vortices of the vortex beam are characterized by the
topological charge which is equal to the number of wave-front
branches near the singular point [3,4]. Since the vortex beam
carries intrinsic orbit angular momentum (OAM) that comes
from the screw phase dislocation aligned with the optical axis,
it had caught plenty of attention and been explored in fields
including optics, electronics, and acoustics [5–10]. General
methods generating vortex beams include the spatial light
modulator, cylindrical lens, spiral split, and metasurfaces
[11–15]. With vortex beams being widely applied in optical
communications, image processing, material processing, and
the manipulation of light, the method of manipulating optical
properties such as topological charge [16], polarization,
and the phase of the vortex beam is of great importance
[17–21]. Therefore, shifts of the beam with OAM have been
a focused topic [22,23]. Within the spin-orbit interaction of
vortex beams [24], Goos-Hänchen shifts and Imbert-Fedorov
shifts of the vortex beam were investigated [25–27], as
well as the spin Hall effect of the vortex beam [28–30]. In
addition, the Doppler shifts of the beam-carrying OAM were
investigated [31,32]. Generally, the shifts were considered for
the light beam reflected on homogeneous materials [33,34] or
transferring in free space [24,29].

In recent years, stacked two-dimensional (2D) materials
with a relative twist angle between each layer have become
a focal point [35–38]. For example, the photonic spin Hall
effect (PSHE) of twisted bilayer graphene has shown a unique

*hailuluo@hnu.edu.cn

dependence on the twist angle and frequency because of the
moiré pattern, which comes from the twist and interlayer
interaction of graphene layers [39]. In addition to the 2D
atomic crystals, metasurface, an artificial 2D nanostructured
material [40,41], exhibits extraordinary properties in both
optics and electronics, showing new features with twisted
structures [42–48]. When the metasurfaces are stacked in few-
layer structures instead of a monolayer, the applicability of
metasurfaces is then greatly improved [49–51]. The few-layer
structure of metasurfaces is able to provide more degrees of
freedom for the manipulation of the polarization state and
phase of light, which makes it obtain an ultrasensitive opti-
cal response to the twist between each layer as well as the
interlayer refractive index.

Here, we investigate the spin-orbit interaction between
the vortex beam and twisted hyperbolic metasurfaces, which
manifests as a spatial Imbert-Fedorov (IF) shift and PSHE
shift. We propose a simple model to describe the conductivity
and reflection coefficients of the twisted metasurfaces. The
results show that the shifts are dependent on the twist angle
and symmetrical about the l = 0 shift for opposite topological
charge. As examples, twisted bilayer and trilayer metasurfaces
are taken into consideration in the demonstrations. The shifts
are enhanced near the Brewster angle and are within the wave-
length range, which can be detected in current experiment
capabilities. Also, for a fixed incident angle and frequency,
the shifts are closely related to the twist structure and robust
for complex backgrounds. The interaction between twisted
light and twisted metasurface leads to the unique symmetry
properties of IF shifts and PSHE shifts, which holds great
potential in the application of vortex beams and many other
twisted 2D materials.

II. THEORETICAL MODELS

We begin by analyzing the interaction system depicted in
Fig. 1(a). A vortex beam of topological charge l and frequency
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FIG. 1. (a) Schematic representation of the vortex beam reflected
at the twisted metasurfaces with the corresponding spatial IF shift
and PSHE split. (b) Front-view-rendered image of the twisted meta-
surfaces. The direction of the conductivities are also shown. (c,d)
Real part and imaginary part of the conductivity along (σx) and across
(σy) the main axis of the metasurface, respectively.

ω propagating in a vacuum impinges at incident angle θi on
the twisted metasurfaces. For convenience, the background
and interlayer materials are assumed to be free space, but the
asymmetric refractive index of the backgrounds can be also
captured by generalizing the formulations. The angular spec-
trum of the incident beam presented in the local coordinate
system can be expressed as [26]

Ẽi = [ f p̂xi + fŝyi ]̃ui,

ũi = Clw0

2

[
w0(−ikix + sgn[l]kiy)√

2

]|l|

× exp

[
−w2

0

(
k2

ix + k2
iy

)
4

]
, (1)

where ũi is the angular spectrum of the vortex beam, Cl =√
2/(π |l|!) is the normalization constant, and w0 is the beam

waist. Here, the polarization state of the incident beam is de-
termined by the complex unit vector f̂ = f p̂xi + fseiξ ŷi where
fp and fs are real-valued amplitudes corresponding to the
vertical and horizontal polarization states, respectively, where
ξ is the relative phase shift between these two components.

The expression of the reflected angular spectrum of the
incident beam can be obtained by enforcing the reflection law
and Fresnel’s equations for each component of the incident
beam, as well as the paraxial approximation. Here, the reflec-
tion coefficients and the reflected beam components can be
written as [52] [

Ẽ p
r

Ẽ s
r

]
=

[
rpp rps

rsp rss

][
Ẽ p

i

Ẽ s
i

]
, (2)

where we introduce boundary conditions krx = −kix and kry =
kiy. In addition, the Taylor series expansion based arbitrary
angular spectrum components is also included.

Therefore, the reflected beam can be easily obtained as

Ẽr = fp

[
rpp − ∂rpp

∂θi

krx

k
+ (rsp − rps)kry

k
cot θi

]̃
ur x̂r

+ fs

[
rps − ∂rps

∂θi

krx

k
+ (rpp + rss)kry

k
cot θi

]̃
ur x̂r

+ fp

[
rsp − ∂rsp

∂θi

krx

k
− (rpp + rss)kry

k
cot θi

]̃
ur ŷr

+ fs

[
rss − ∂rss

∂θi

krx

k
+ (rsp − rps)kry

k
cot θi

]̃
ur ŷr . (3)

The shifts for different circularly polarized components of the
reflected beam can be obtained by calculating the centroid of
the intensity distribution. The total shift can be expressed in
terms of the spatial IF shift of the entire beam and the PSHE
shift of different polarization states as

�±
r = �IF ± �±

PSHE. (4)

Here, the spatial IF shift �IF can be obtained by [25,34]

�IF =
∫∫

∂kry |Ẽr |2dkrxdkry∫∫ |Ẽr |2dkrxdkry
. (5)

Then, for linearly polarized incident beams fp = 1 and fs = 0,
the spatial IF shift can be simplified to

�IF = −lRe[α1] + Im[α2]

k(|rpp|2 + |rsp|2)
, (6)

where

α1 = rpp

∂r∗
pp

∂θi
+ rsp

∂r∗
sp

∂θi
,

α2 = rpp(r∗
ps − r∗

sp) cot θi + rsp(r∗
pp + r∗

ss) cot θi. (7)

With the same method, the shift �±
r for the right- and left-

circular polarized reflected beams can be obtained by

�±
r =

∫∫
∂kry |Ẽ±

r |2dkrxdkry∫∫ |Ẽ±
r |2dkrxdkry

. (8)

Here, Ẽ+
r and Ẽ−

r represent the right-circular and left-circular
polarized reflected beams, respectively. Then the PSHE shift
can be obtained as

�±
PSHE = �±

r ∓ �IF, (9)

where

�±
r = lRe[β±

1 β±∗
3 ] − Im[β±∗

1 β±
2 ]

|β±
1 |2 , (10)

and

β±
1 = rpp ∓ irsp,

β±
2 = − (rps − rsp) cot θi

k
± i

(rpp + rss) cot θi

k
,

β±
3 = 1

k

(
−∂rpp

∂θi
± i

∂rsp

∂θi

)
. (11)
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To numerically evaluate the spatial IF shift and PSHE
shift arising from the reflection on the twisted metasurfaces,
one needs to obtain the reflection coefficients of the twisted
metasurfaces. Making use of the generalized transfer matrix
formalism for arbitrary anisotropic 2D layers, the reflection
coefficients of the twisted metasurfaces can be obtained by
components of the transfer matrix.

The reflection coefficients are closely related to the con-
ductivity tensor σ̂ of each hyperbolic metasurface layer shown
in Fig. 1(b), which consists of a 2D uniaxial plasmonic ar-
ray. Each single-layer hyperbolic metasurface shown in the
figure without any twist can be expressed as [53]

σ̂ =
(

σx 0
0 σy

)
. (12)

The conductivity describes the resonant interaction between
individual scatterers in the plasmonic layer. It can be obtained
in local response approximations with a Lorentzian form as

σx,y = σ∞
x,y + Ax,yiω

ω2 − �2
x,y + iωγx,y

, (13)

where �x,y and γx,y are the resonant frequencies and corre-
sponding bandwidths along and across the main axis, Ax,y

are the corresponding oscillator strengths, and σ∞
x,y are the

responding background conductivities caused by a nondipole
response or finite thickness of a plasmonic layer. The dimen-
sionless conductivity owning to the realistic parameters that
correspond to a thin plasmonic array is shown in Fig. 1(b).
The parameter settings of the plasmonic metasurface in arbi-
trary units (a.u.) are σ∞

x,y = 0.2i, Ax,y = 0.2, �x = 1, �y = 1,
γx,y = 0.02.

Then the reflection coefficients can be obtained through a
transfer matrix of the twisted system. In additin, the formalism
used to describe the optical properties can be also used for
other twisted hyperbolic metasurfaces [54]. Here, the effective
conductivity of each single twisted metasurface layer can be
obtained considering a twist angle ϕ along the main axis as

σ̂ϕ =
(

σx 0
0 σy

)
ϕ

=
(

σpp σps

σsp σss

)
. (14)

The twist between the metasurface and the main axis leads
to the nondiagonal response σps,sp, which is not a result of the
intrinsic chirality or magnetism of the plasmonic metasurface.
Details about the components of the effective conductivity and
transfer matrix below are demonstrated in the Appendix. With
the effective conductivity of each twisted metasurface layer
derived above, the transfer matrix that connects the electric
fields of the first layer with the electric fields of the N th layer
can be obtained from the boundary conditions as⎛⎜⎜⎜⎜⎝

E+
p1

E−
p1

E+
s1

E−
s1

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
T11 T12 T13 T14

T21 T22 T23 T24

T31 T32 T33 T34

T41 T42 T43 T44

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

E+
pN

E−
pN

E+
sN

E−
sN

⎞⎟⎟⎟⎟⎠. (15)

The detailed expressions of the effective conductivity and
transfer matrix are demonstrated in the Appendix. Therefore,
the reflection coefficients can be expressed in terms of the

FIG. 2. (a) �IF of twisted bilayer metasurfaces versus the inci-
dent angle. The inset shows the twisted bilayer metasurfaces and
the definition of twist angle. (b) �r of twisted bilayer metasurfaces
versus the incident angle. (c) �IF of twisted trilayer metasurfaces
versus the incident angle. The inset shows the twisted trilayer meta-
surfaces and the definition of the two twist angles. (d) �r of twisted
trilayer metasurfaces versus the incident angle. The topological
charge is set as l = 1, 2, 3, respectively. The frequency is set as
ω = 1.2, with twist agnle ϕ = 30◦, ϕ1 = 30◦, and ϕ2 = 60◦.

transfer matrix elements as [53,55,56]

rpp = T21T33 − T23T31

T11T33 − T13T31
, rps = T41T33 − T43T31

T11T33 − T13T31
,

rsp = T11T23 − T13T21

T11T33 − T13T31
, rss = T11T43 − T13T41

T11T33 − T13T31
. (16)

III. RESULTS AND DISCUSSION

Now we consider the spatial IF shift and the PSHE shift
on the twisted metasurfaces in two different conditions, in
which the twisted bilayer and trilayer metasurfaces are taken
into consideration, respectively. Since the thickness of the
interlayer between different metasurface layers we consider
is large enough, the interaction between the adjacent layer is
ignored. The insets in Figs. 2(a) and 2(c) illustrate a clear
view of the structure of the twist angle for twisted bilayer
and trilayer metasurfaces. For the twisted bilayer metasur-
faces, the twist angle is determined as the angle between the
respective x axes of the adjacent metasurface layer. As for the
twisted trilayer metasurfaces, the twist angle is determined
as the angle between the twisted layer and the first layer.
Here the twist angle for twisted trilayer metasurfaces is set
as ϕ2 = 2ϕ1.

Figures 2(a) and 2(c) demonstrate the relationship be-
tween the incident angle and the spatial IF shift �IF for the
p-polarized incident vortex beam. The influence of another
degree of freedom, that is, the topological charge l is also
shown. Figures 2(b) and 2(d) show the total shift �r depen-
dence on the incident angle as well as the topological charge
for the p-polarized incident vortex beam. The results show
that the shifts are in the wavelength scale and have a clear
dependence on the incident angle as well as the topological
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FIG. 3. (a) Real and imaginary parts of parameter α2 versus twist
angle. (b) Real and imaginary parts of reflection coefficients rps and
rsp. (c) Spatial IF shifts of twisted bilayer metasurfaces versus the
twist angle for p-polarized beam and topological charge l = 0, ±3.
(d) Spatial IF shifts of twisted bilayer metasurfaces versus the twist
angle for s-polarized beam and topological charge l = 0, ±3.

charge. With the change of incident angle, the shifts show
similar evolution for different numbers of layers of the twisted
metasurface. Although the dependence on the incident angle
can be observed for any incident angle, a better view is offered
in the range 60◦ < θi < 90◦.

For the fixed twist angle ϕ = 30◦ in twisted bilayer meta-
surfaces and ϕ1 = 30◦ in twisted trilayer metasurfaces, �r

shifts have maximum value with the incident angle increas-
ing, where the frequency is ω = 1.2. Although for different
topological charges the amplitude of the shifts differ from
each other, they contain similar evolution trends. It can be
observed from the figures that the shifts are slightly enhanced
when the topological charge increases from l = 1 to l = 3.
In the condition of twisted trilayer metasurfaces and l = 3,
the maximum �r can reach the value of 15λ. The total shift
that is one order of magnitude larger than the wavelength
of incident light that can be observed in a narrow range of
incident angle, which approaches the true Brewster angle of
the twisted metasurfaces.

In Fig. 3 we show the spatial IF shifts of twisted bilayer
metasurfaces in a fixed incident angle θi = 70◦ and frequency
ω = 1.2 for different topological charge and varying twist
angle from −90◦ to 90◦. In addition, the parameters related to
the shifts are shown for the analysis of the symmetry property
of the shifts. As an important part of the spin-orbit interaction,
spatial IF shift has unique properties when considered in a
twisted metasurface system.

Figures 3(c) and 3(d) show that the spatial IF shifts of both
incident polarization states are symmetrical about the l = 0
shifts for opposite topological charge in a fixed twist angle,
which can be expressed as

�IF(ϕ, l = c) − �IF(ϕ, l = 0),

= �IF(ϕ, l = 0) − �IF(ϕ, l = −c). (17)

Here c is a constant and c �= 0. This symmetry property is
consistent with previous works with proper adjustment [26].
It can be observed that the IF shifts for p-polarized show
slight differences when the metasurface is twisted in different
directions, which results from the OAM of the incident beam.
Although not shown in the figures, the total shifts �r have
a similar symmetry property to the IF shifts, which can be
expressed as

�r (ϕ, l = c) − �r (ϕ, l = 0)

= �r (ϕ, l = 0) − �r (ϕ, l = −c). (18)

Since the spatial IF shift vanishes when the twist angle is 0
and the topological charge is 0, the spatial IF shifts of opposite
twist angle and opposite topological charge are symmetrical
about the origin, that is,

�IF(ϕ, l ) = −�IF(−ϕ,−l ). (19)

This symmetry property can be predicted from the parameter
α2 as shown in Fig. 3(a), in which the real and imaginary
parts of α2 are symmetrical about the origin. In addition, the
symmetry may originate from the reflection coefficients as
shown in Fig. 3(b) and the effective conductivities that are not
shown here.

The minus sign in Eq. (19) in front of �IF on the right
side represents the shift is in a different direction. Considering
the symmetry is relative to the l = 0 shifts, changing the sign
of the topological charge only changes the direction of the
shifts relatively. Since changing the sign of the twist angle
only affects the value of the shifts, this leaves the direction
of the shifts relatively unchanged. This results in the minus
sign in Eq. (19). Although the symmetry can be expanded to
arbitrary opposite topological charges, only the condition of
l = ±3 is demonstrated in Fig. 3. It provides a good method
for the identification and modulation of the twist angle and the
topological charge.

In spite of the topological charge and twist angle, fre-
quency is also a key factor of the interaction between the
vortex beam and twisted metasurfaces. The PSHE shifts of
the right-circular polarized beam for different frequency are
presented in Figs. 4(a) and 4(b). Here, the solid line refers
to l = 3 and the point dashed line refers to l = −3. With
the frequency increasing, the variation of the shifts becomes
flatter. For a better view of the symmetry of the PSHE shifts,
the frequency is set as ω = 1.2 in Figs. 4(c) and 4(d). Dif-
ferent from the spatial IF shifts, the PSHE shifts are only
symmetrical about the l = 0 shift. Although the shifts of the
p-polarized beam and s-polarized beam differ in the amplitude
and variation trend, the symmetry property is consistent.

Next we turn our attention to another factor that also plays
a role in the spin-orbit interaction of twisted light and twisted
metasurfaces. When the layer of the twisted metasurfaces is
increased to 3 and more, the twist structure can be pretty
complicated with different twist angle combinations. Here, we
only expand it to the trilayer system for a simple but clear
enough demonstration of the impact of the twist structure.
Figure 5 plots the dependence of the spatial IF shifts and
PSHE shifts of twisted trilayer metasurfaces with the twist
angles ϕ1 and ϕ2 of the system.
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FIG. 4. (a), (b) PSHE shifts of twisted bilayer metasurfaces ver-
sus the twist angle for p-polarized and s-polarized incident beams,
respectively. Here the solid lines refer to topological charge l = 3 and
point dashed lines refer to topological charge l = −3. The frequency
is ω = 1.0, 1.2, 1.4. (c), (d) PSHE shifts of twisted bilayer metasur-
faces versus the twist angle for p-polarized and s-polarized incident
beams, respectively. Here the topological charge is l = 0, ±3 and
frequency ω = 1.2.

It could be noticed that specific twist structures can give
rise to maximum or minimum value of the spatial IF shifts
and the PSHE shifts. That means the shifts can be easily
controlled by just adjusting the structure of the twisted meta-
surfaces without changing any other parameters. The multiple
combinations of the twist angles and different dependence of
the shifts on the twisted metasurfaces make the spatial IF shift
and the PSHE shift more flexible. Combined with each other,
the spatial IF shift and PSHE shift have full information of
the twist angle, which means the twist angle can be measured
from the shifts. Although it is hard for one to obtain a simple-
enough expression for the twist angle using the IF shifts and

FIG. 5. (a), (b) Spatial IF shifts of twisted trilayer metasurfaces
dependence with the twist angles ϕ1 and ϕ2. (c), (d) PSHE shifts of
twisted trilayer metasurfaces dependence with the twist angles ϕ1 and
ϕ2. The topological charge is set as l = 3.

PSHE shifts, the shifts enables a complete determination of
the twist structure of the twisted metasurfaces.

IV. CONCLUSION

In conclusion, we investigated the spin-orbit interaction
between the vortex beam and twisted hyperbolic metasurfaces
with bilayer and trilayer structures. By deriving the reflection
field of the incident vortex beam on the twisted metasur-
faces via the angular spectrum method, we demonstrated the
spatial IF shift and PSHE shift of twisted light interacting
with twisted metasurfaces. The resulting shifts are in the
wavelength scale and carry clear fingerprints of the twisted
metasurface structure, which show a clear symmetry property
with the twist angle and topological charge. Our results show
that the twist properties of light and metasurfaces can be a
good tool for the metrology of each other.
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APPENDIX: EFFETIVE CONDUCTIVITY
AND TRANSFER MATRIX

Here we derive the effective conductivity of the twisted
metasurfaces and the transfer matrix. The conductivity of a
monolayer metasurface that consists of a 2D uniaxial plas-
monic array is demonstrated in Eqs. (12) and (13). Therefore,
for a twisted metasurface layer with twist angle ϕ along the
main axis, the effective conductivity can be obtained through
coordinate transformation as

σ̂ϕ =
(

σpp σps

σsp σss

)
=

(
cos ϕ − sin ϕ

sin ϕ cos ϕ

)(
σx 0
0 σy

)(
cos ϕ sin ϕ

− sin ϕ cos ϕ

)
,

with

σpp = σx cos2 ϕ + σy sin2 ϕ,

σps = (σy − σx ) cos ϕ sin ϕ,

σsp = (σy − σx ) cos ϕ sin ϕ,

σss = σx sin2 ϕ + σy cos2 ϕ. (A1)

The effective conductivity of the twisted second layer or third
layer metasurface can be then obtained according to the twist
angle.

With the effective conductivity of each layer, the transfer
matrix for the adjacent layer of the twisted metasurfaces can
be obtained through the boundary conditions. The bound-
ary conditions on the twisted metasurfaces for both the
p-polarized and s-polarized beams can be expressed as

E+
s1 + E−

s1 = E+
s2 + E−

s2, (A2)

(E+
p1 + E−

p1) cos θ1 = (E+
p2 + E−

p2) cos θ2, (A3)
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1

Z1
(E+

p1 + E−
p1) = (σppE+

p2 cos θ2 + σpsE
+
s2 )

+ 1

Z2
(E+

p2 + E−
p2), (A4)

1

Z1
(E+

s1 − E−
s1 ) cos θ1 = (σssE

+
s2 + σspE+

p2)

+ 1

Z2
(E+

s2 − E−
s2 ) cos θ2. (A5)

Here, θ j is the incident angle in the corresponding medium
and Zj is the impedance of the medium. Through solving the
boundary conditions the transfer matrix can be obtained as⎛⎜⎜⎜⎜⎝

E+
p1

E−
p1

E+
s1

E−
s1

⎞⎟⎟⎟⎟⎠ = T1,2

⎛⎜⎜⎜⎜⎝
E+

p2

E−
p2

E+
s2

E−
s2

⎞⎟⎟⎟⎟⎠, (A6)

with

T1,2 = 1

2

⎡⎢⎢⎢⎢⎣
Z1
Z2

(
a+

1 a−
2

a−
1 a+

2

)
Z1σps

(
1 0
1 0

)
cos θ2Z1σsp

(
1 0

−1 0

)
Z1
Z2

(
b+

1 b−
2

b−
1 b+

2

)
⎤⎥⎥⎥⎥⎦,

a±
1 = 1 ± cos θ2Z2

cos θ1Z1
+ cos θ2Z2σpp,

a±
2 = 1 ± cos θ2Z2

cos θ1Z1
,

b±
1 = ± cos θ2 + Z2

Z1
± Z2σss,

b±
2 = ± cos θ2 + Z2

Z1
. (A7)

Then the transfer matrix can be easily expanded to an arbi-
trary number of layers by multiplying the transfer matrix that
connects each other as

T1→N+1 = T1→2Td1 T2→3TdN−1 TN→N+1, (A8)

with

Tdj =

⎛⎜⎜⎝
e−ikz j d j 0 0 0

0 eikz j d j 0 0
0 0 e−ikz j d j

0 0 0 eikz j d j

⎞⎟⎟⎠. (A9)

Here, the factor Tj→ j+1 can be obtained from T1→2 by replac-
ing the refractive index and the effective conductivity. The
total transfer matrix of a twisted N layers system, as shown
in Eq. (15), can be obtained with effective conductivity from
the above formula.
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