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It is well established that the noise correlations measured by time-of-flight imaging in cold-atom experiments,
which correspond to the density-density correlations in the momentum space of trapped atomic gases, can probe
the spin structure factor deep in the Mott-insulating regime of SU(2) Hubbard models. We explicitly derive the
mathematical relation between the noise correlations and the spin structure factor in the strong-interaction limit
of SU(N) Hubbard models at any integer filling p. By calculating the ground states of one-dimensional SU(N)
Fermi-Hubbard models for 2 < N < 6 with use of the density-matrix renormalization-group method, we confirm
the relation numerically in the regime of strong interactions U >> t, where U and ¢ denote the on-site interaction
and the hopping energy. We show that the deviation between the actual noise correlations and those obtained
from the spin structure factor scales as approximately (#/U)? for p = 1 at intermediate and large lattice sizes on

the basis of numeric and semianalytic arguments.
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I. INTRODUCTION

The SU(N) symmetry group plays an important role
in many areas of physics [1], with SU(2) and SU(3) be-
ing particularly relevant for quantum electrodynamics and
chromodynamics, respectively [2]. More recently, the ex-
perimental realization of fermionic SU(N) symmetry in
optical-lattice systems loaded with ultracold atoms, utilizing
the nuclear spin degrees of freedom of alkaline-earth(-like)
atoms [3-7], has led to renewed relevance of prior inves-
tigations into the many-body properties of SU(N) Hubbard
and spin models. For the SU(N) Fermi-Hubbard model, the
equilibrium phase diagram has seen a number of theoretical
investigations [8—18]. In the Mott-insulating regime of strong
repulsive interactions for commensurate integer fillings, the
charge gap is open and the low-energy sector of the Hub-
bard Hamiltonian is described by the SU(N) Heisenberg spin
model. In this regime, previous theoretical studies have pre-
dicted a variety of magnetic phases, such as unconventional
Néel ordered phases [19,20], dimerized phases [11,21,22],
plaquette ordered phases [23-25], and the coexistence phase
of the dimer and Néel orders [26].

In general, observing magnetism inside the Mott-insulating
states requires the cooling down to very low temperatures.
Very recently, the Mott-insulating states for N = 6 have been
successfully cooled down to temperatures as low as T =~
0.1t /kg, where ¢ is the hopping energy, due to the Pomer-
anchuk cooling mechanism [6]. Since such a temperature
is low enough for magnetic correlations to start developing
over a long distance [27], it is now important to measure
long-range spin-spin correlations in experiments. Spin-spin
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correlation functions at an arbitrary distance have been mea-
sured in the case of N = 2 with alkali-metal atoms [28] by
means of quantum-gas microscope techniques, which allow
for addressing the atom number at a single-site resolution.
However, while considerable effort has been made to develop
similar techniques for alkaline-earth(-like) atoms [29-32], it
is still difficult to measure spin-spin correlation functions in
the Mott-insulating states.

An alternative way to access long-range spin-spin cor-
relations is to analyze the density-density correlations in
momentum space. It has been shown that they are closely
related to the spin structure factor, which is a Fourier trans-
form of the spin-spin correlation function, in the Mott limit
for SU(2) Hubbard models [33]. The density-density correla-
tions in the momentum space of a trapped ultracold gas can
be obtained by measuring the noise correlations of the atom
density after a time-of-flight expansion following the release
of the gas from the trap [34—38]. While several papers have
made reference to a more general relation between the spin
structure factor and the noise correlations in the SU(N) Hub-
bard model in passing, e.g., Refs. [39—41], citing Ref. [33],
none of them have explicitly shown this mathematically. In
this paper we demonstrate the mathematical relation between
the two quantities for Mott states at arbitrary integer filling o
and investigate the validity of the formula for finite interac-
tions, away from the Mott limit, analytically and numerically.
The numerical calculations away from the perfect Mott limit
focus on the SU(N) Fermi-Hubbard model with 2 < N < 6
in one dimension, which we simulate utilizing density-matrix
renormalization-group (DMRG) theory [42].

The paper is structured as follows. In Sec. II we intro-
duce the SU(N) Hubbard model and define the SU(N) spin
operators in terms of the creation and annihilation operators.
We then introduce the spin structure factor and the noise
correlations. In Sec. III we derive the mathematical relation
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between the noise correlations and the spin structure factor
for the Mott-insulating states in the strong-interaction limit.
We then outline the schematic corrections expected at finite
interactions from perturbation theory. In Sec. IV we investi-
gate numerically the one-dimensional SU(N) Fermi-Hubbard
model for 2 < N < 6 using DMRG theory. We investigate
strong interactions for which the relation is expected to hold
and smaller interactions where it is expected not to hold.
We also probe the deviation as a function of the interaction
strength and compare it with that obtained by the perturbation
theory. In Appendix A we give a more thorough exposition
of the second-order degenerate perturbation theory. In Ap-
pendix B we outline how the numerical results were obtained
utilizing the ITensor library.

II. MODEL AND RELEVANT CORRELATION FUNCTIONS

We consider the SU(N)-symmetric Hubbard model on a
hypercubic lattice with L? sites, where d corresponds to the
spatial dimension. The Hamiltonian is given by

H Z—t(c lCam+HC)+ anl ﬂlcﬂlcalv (1)
o, (l,m) Otﬂl

where (I, m) denotes the sum over nearest neighbors and
the indices correspond to the d-dimensional index I =
(L, ..., 1z). The SU(N) Hamiltonian has N flavors, each with
their own set of creation and annihilation operators él ; and
Cu.1, Where o denotes the flavor. The commutation relations
for the creation and annihilation operators determine whether
the system is fermionic or bosonic. Note that we consider both
fermionic and bosonic cases for analytical calculations shown
mainly in Sec. III, whereas numerical simulations in Sec. IV
are presented only for the fermionic case, which is directly
relevant to experiments with alkaline-earth(-like) atoms in
optical lattices. In both cases the Hamiltonian commutes with
SU(N) rotations generated by the N2 — 1 linearly independent
generators

Y- Zé;,Ta*}ﬂ@,g,,, )
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where Tof p correspond to the matrix elements of the funda-
mental matrix representation of the SU(N) generators defined
by the commutation relation
(1A, 78] = ABTC 3)
Here c B is a structure constant, which in the case of SU(2) is
the fully antisymmetric Levi-Civitd symbol €2f. We employ
the normalization Tr(T47T8) = 845 /2. These generators can
be understood as generalized spin operators in analogy with
the usual definition of spin in SU(2) systems.
A useful way to probe the spin ordering of the Hubbard
model is the spin correlation function which measures the
spatial spin correlations as

Si,m) =

> (81385 4)

A

Using the relation
1
Z Tf,gT}f*g = —<8a68ﬁy — ﬁéaﬂsy(g), (5)

the spin correlation function can be written in terms of the
particle operators as
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For SU(N)-symmetric states, ($i'S4) = (SESE) is satisfied for
all A and B. The spin-spin correlations can then be fully deter-
mined from the diagonal spin operators and the full spin-spin
correlation function can be found from the simple expression
(using any two different flavors o and )

caany N*—1
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The spin structure factor is defined as the Fourier transform of
the spin-spin correlation function

~ 1 . A A
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Here k = (ky, ..., kg) = (2"‘” 2"d”) where ny, ..., ny

are integers, are the remprocal lattlce momentum vectors.
The spin-spin correlations are straightforward to calculate
numerically using Eq. (7). While this quantity has been mea-
sured experimentally in the case of N = 2 by means of the
quantum-gas microscope techniques for alkali-metal atoms
[28], it is not the case for N > 2, which requires the use of
alkaline-earth(-like) atoms, thus far. Accessing the density-
density correlations in the momentum space of a trapped
ultracold gas, however, is more straightforward by measuring
the noise correlations of the atom density after a standard
time-of-flight expansion of the gas [33-38]. Based on the ex-
plicit relation between the two quantities, for convenience, we
hereafter call the density-density correlations in the momen-
tum space the noise correlations. The full noise correlations
are given as a sum over the flavor-resolved noise correlations

Gk, k') =" G plk. k), )
o,p

with the latter defined as
Gaplk, k') = (Ao xiig ) — (Aai) (fig ), (10)

where k and k' are the reciprocal lattice momentum vectors.
These can also be calculated in terms of the Fourier transform
of the real-space one-body density matrix and four-point cor-
relation function
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While the noise correlations are experimentally accessible, the
evaluation of four-point correlation functions is more chal-
lenging numerically than the simple two-point correlations
required for the spin-spin correlation function.

III. ANALYTIC RESULTS

A. Noise correlations and the spin structure factor
in the Mott limit

For the Mott-insulating states corresponding to p/N filling
(where p=1,2,...,N — 1), a relation between the noise
correlations and the spin structure factor can be derived. We
consider a lattice consisting of L¢ sites, with d correspond-
ing to the spatial dimension. Any Mott state can be written
as a linear combination of the restricted set of Fock states
|¥) =), culp) that fulfill the constraints ) (ulfig1lp) =

,o% and ) {(ulfiqsl) = p. Note that this also implies

that Y, (W [fes[¥) = p% and 3, (¥ |Aes|¥) = p. Angular
brackets will be used as a shorthand for expectation values
with respect to a Mott state |y/) in the rest of this section.
These constraints are sufficient to derive the relation and are
obeyed by both fermionic and bosonic Mott states. As the
effective spin Hamiltonian for the two cases is different, the
spin structure factor will display different physics, but it will
always be related to the noise correlations by the formula we
derive below. For expectation values with respect to a Mott
state, the one-body density matrix can only have nonzero
contributions when I = m (other terms would connect to Fock
states outside the restricted set), i.e.,

(@] 1Cam) = (et} S1m: (12)

while the four-point correlation function can only have contri-
butions whenl =1'andm =m’ orl =m' andm =1, i.e.,

<6Zv.lé“ql/é;3,méﬂqm’> = <ﬁi¥,lﬁﬂ,m>81,l’8m,m’(1 - Sl,m)
+ 81 S (€5 ey wlpr).  (13)

Here the factor 1 — &, on the first term prevents double
counting of the I =1' =m = m' case. Some of these terms
(depending on the integers o and N) will be zero for fermions
due to the Pauli exclusion principle, but this is not important
for the following derivation. In order to relate the noise cor-
relations to the spin structure factor, rearranging the ordering
of the particle operators is necessary. Utilizing the bosonic or
fermionic commutation relations, we can rewrite Eq. (13) as

@ 12l mCom) = (P afpm)S 1 Smam (1= S.m)
+ 81 Sy (N4EL 1808 )
= N{fa1)S1m + (e 1)da,p), (14
where n = 1 for bosons and = —1 for fermions. To evaluate
G(k, k'), we sum over the flavors Za 5 From Eq. (6) this

means that the second term on the rightlhand side of Eq. (14)
is related to the spin-spin correlations as

oA At oA A 1 A oA
;;(lecﬂ,lcﬂ,mca,m> =2 ; (S?S,?J + ﬁ ;(na,lnﬂ.m>~
| (15)

Evaluating all the Fourier transforms in Eq. (11), we find
/ 14
Gopin(k, k') = 77/0<]v + U)Sk,k’

L
L4
As we want to quantitatively probe this relation away from
the ideal Mott limit, we label the noise correlations obtained
via this formula Ggpin(k, k') in order to distinguish them
from the noise correlations obtained by directly evaluating
Eq. (11), which can have contributions beyond the Mott sector
for finite U/¢t. The SU(N)-independent contribution to the §
function n?p = p at k — k' = 0 can be removed by starting
with a normal-ordered four-point correlation function which
corresponds to subtracting ) ", & ' (ns.x) from the noise cor-
relations. Doing this more clearly elucidates the effect of N at
k — k' = 0 when we compare the numerical calculations. We
will therefore compare G(k,k') = Gk, k') — ", 8 (Nak)
with

+ <—;7N —p+ %’75(1: - k/>>. (16)

2
s

Gspin(k, k/) =n N
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If we invert Eq. (16) and insert the relation between the
density distribution after a time-of-flight experiment and the
momentum distribution in the initial state of a trapped atomic
gas [33], the spin structure factor can be determined in terms
of the experimentally measurable density noise correlation
Gror(r — 1), where r and v’ correspond to the spatial coor-
dinates after the time of flight. The formula is given by

- . pLiT ,
SQr) — Q) = - [WGTOF(" —r)

P 1
- (ﬁ + 77>5Q(r),Q(r') + 17(1\7 + 77/0)],

(18)

where W = kit /agm, with agy corresponding to the width of
the Wannier state on the lattice and m to the mass of the
particles. Here Q(r) = mr/ht describes the correspondence
between the real-space location after the time of flight and
the lattice momentum in the initial state.

B. Deviation from the perfect Mott limit

While the above formula is exact in the Mott limit, experi-
ments are performed at a finite value of U/t and it is therefore
important to understand how the true noise correlations de-
viate from the result obtained from the spin structure factor
as the interaction strength is lowered. For this purpose, we
investigate the absolute difference §Gpin(k, k') = |G(k, k') —
Gopin(k, k')|. From the application of second-order degener-
ate perturbation theory (see Appendix A), we can show that
this difference will have contributions proportional to (¢ /U )",
where n is a positive integer. Ignoring terms with n > 2, it can
be written as

’

2
t t
SGspin(k, k/) = ESGspin.l(k» k/) + (E) ‘SGspin,Z(k’ k/)

19)
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where
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a,y,(l,m)

Here |y{/) corresponds to the ground state of the effective
Hamiltonian (Heisenberg model) at the value U in units of ¢,
while |,,,) contains the correction to the ground state from
excited states of the effective Hamiltonian and

~

Ky 1m = (@} 6y m+He) (22)

corresponds to the nearest-neighbor hopping terms for
flavor y.

As we show in Appendix A, the first-order term can be
simplified as many of the matrix elements cancel out, but it is
difficult to obtain a universal, simple, and analytic expression
for SU(N). In the next section we will discuss the corrections
in more detail based on numerical simulations.

IV. NUMERICAL SIMULATIONS

In this section we investigate the one-dimensional SU(N)
Fermi-Hubbard model, evaluating the ground-state properties
with use of the DMRG algorithm [42] implemented with the
ITensor library [43]. One way to simulate the SU(N) Fermi-
Hubbard model utilizes a lattice size equivalent to the physical
size of the system with a large local Hilbert space containing
all possible single-site occupations similar to Ref. [14]. An-
other strategy, which we employ in our simulations, considers
a larger effective lattice size but a smaller local Hilbert space,
instead representing different flavors by sublattices necessitat-
ing beyond-nearest-neighbor hopping, similar to Ref. [7]. See
Appendix B for a more detailed breakdown of our simulation
method.

All calculations in this section are for a fixed equal number
of particles of each flavor. The effective lattice size utilized
in the calculation scales with N and the inclusion of beyond-
nearest-neighbor hopping terms means that the required bond
dimension scales quickly with the lattice size. The ground-
state properties are well converged for a bond dimension of
400 for SU(2)-SU(5) and 800 for the SU(6) simulations. Our

method is not that practical for elaborate SU(5) and SU(6)
simulations as the achievable system sizes that can be calcu-
lated in a reasonable time frame are relatively small (L = 15
and 18 in our simulations), but the results are nevertheless
useful for checking the validity of the relation between the
spin structure factor and the noise correlations. For fermions
n = —1, which according to Eq. (16) means that peaks in the
spin structure factor will be observed as antipeaks in the noise
correlations.

A. Strong interactions: Mott-like states

The integer Mott states can be observed for commensu-
rate lattice sizes L = N, 2N, ... and strong repulsion U/t.
In order to investigate the relation derived in Sec. IIT A, we
calculate G(k — k') directly utilizing Eq. (11) and compare it
with Gspin (k — k') of Eq. (17), where the spin structure factor
is calculated based on Eq. (7). To illustrate that the formula
works for various combinations of N and p, we investigate
the fermionic case of Eq. (1) for 2 < N < 6 and at different
fillings. As p = m and p = N — m display the same physics
due to particle-hole symmetry [44], however, we only show
plots for p < N/2.

These plots are shown in Fig. 1. Details about the system
size for each model are contained in the captions. Visually, it
is clear that the two calculations give similar results. The small
difference can be attributable to the fact that the system is not
in the perfect Mott limit, even at U/t = 20. The difference is
largest for p > 1 in the SU(5) and SU(6) models, suggesting
that a larger U/t is required for the ground state to become
Mott-like in these cases.

The main result of this section is the approximate confir-
mation of Eq. (17) at large U/t. The physics for different
N and p has been thoroughly investigated in terms of the
Heisenberg model [44], which describes the charge-gapped
Mott limit well. Here we briefly summarize the features of
the noise correlations and hence the spin structure factor (see
Ref. [44] for more details). For p = 1 or N — 1, the Heisen-
berg model predicts N — 1 gapless SU(N) modes resulting
in sharp peaks located at k = 1%,71 and WT( in the spin
structure factor, which we observe as antipeaks. For N = 5
and p = 2, a gapless phase is also expected. These antipeaks
are harder to discern, but are still present in our calculations.
For %’ =2 in the SU(4) and SU(6) cases, a gapped dimerized
phase is expected and the spin structure factor displays a
broadened peak at k = m consistent with faster off-diagonal
decay at longer distance (exponential decay is expected at
long distances in larger systems). For N = 6 and p = 2, the
system is also gapped, but due to the small system size in
our calculations, the antipeak looks as sharp as in the gapless
cases. In fact, it was shown in Ref. [44] that a system size on
the order of L = 50 was required to change the concavity of
the peak. The location of the antipeaks in all cases corresponds
to 2kr, where kr is the Fermi momentum [16].

B. Weaker interactions

While the formula seems relatively accurate for U/t = 20,
a more thorough investigation as a function of the interaction
strength is required. Towards this end we first investigate the
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FIG. 1. Plot of G(k — k') calculated directly through the noise correlations (11) (red solid line) and Gspm(k — k') obtained from the spin
structure factor using Eq. (17) (blue striped line) for the ground state of the U/t = 20 Fermi-Hubbard model. The SU(2) calculations are done
at L = 50, SU3) and SU(4) at L = 24, SU(5) at L = 15, and SU(6) at L = 18.

qualitative features of the noise correlation and spin structure
factor for a smaller value of U/t =5, where the formula is
not expected to hold in general, following up with a quanti-
tative investigation of the discrepancy between G(k — k') and
Gpin(k — k') as a function of U /1.

For N = 2, a Mott-insulating state is the ground state for
any positive U in the thermodynamic limit [16]. For N > 2
and p = 1 the system is a metallic N-component Luttinger
liquid with one gapless charge mode and N — 1 gapless
SU(N) modes below a finite critical interaction Uc [8,14,16].
For U > Uc the system displays the same phases as in the
Mott limit. The transition is predicted to be of the Kosterlitz-
Thouless type and we therefore do not expect to discern a
sharp distinction between the two for the lattice sizes con-
sidered in this paper. At half filling a charge density wave
phase of N-mers is predicted for U < 0 with a Kosterlitz-
Thouless type of transition at U = 0 to a gapped dimerized
phase for U > 0 with an exponentially slow opening of the
charge gap [11]. In Fig. 2 we plot the same as in Fig. 1,
but for a relatively small interaction U/t = 5, where we ex-
pect the Mott-limit relation to no longer be applicable. It is
clear that the effective interaction strength is decreased as
N is increased, that is, for N =2 and 3 the system is still
relatively close to the Mott-limit results, while the results
are substantially different for N > 3. This is consistent with
previous investigations [8,14,16] which suggest that the crit-
ical value of Uc increases with N. In general, Eq. (17) is
no longer quantitatively accurate; however, both G(k — k)
and the Gspin(k — k) display antipeaks at the same location

(twice the Fermi momentum). The antipeaks are much more
pronounced for G(k — k'), which in all cases display sharper
peaks. This includes the N/p = 2 case where Gspin(k — k)
still displays a much broader antipeak.

Here Gspin(k — k'), which is based on the spin structure
factor, only probes the SU(V) excitations, while the full noise
correlations also probe the charge excitation and the general
narrowing of the antipeaks may be related to the closing of the
charge gap at smaller interactions. Indeed, even the half-filling
case which is charge gapped at any U > 0 in the thermody-
namic limit is essentially (charge) gapless at small U at the
considered system size due to the exponentially slow opening
of the gap.

In order to better understand how valid Eq. (17) is for
weaker interactions, we need to quantify how the full noise
correlations, which include the charge sector, differ from the
pure spin sector contribution calculated via the spin struc-
ture factor. To do this, we investigate the absolute difference
8Gypin(k, k') = |G(k, k') — Gspin(k, k)|, averaging the values
away from &y y, that is,

2n(L—1)/L

2

(k—k"y=2m /L

1

AGigin = T— 5Gpin(k — k). (23)

To simplify the required calculations and discussion, we
restrict ourselves to p = 1. In Fig. 3(a) we plot AGgy, as
a function of U/t for N =2, 3, and 4, where L = 24 (we
choose the same system size to make the most accurate
comparison). The deviation is well approximated by (/U )?
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FIG. 2. Plot of G(k — k') calculated directly through the noise correlations (11) (red solid line) and Gspm(k — k') obtained from the spin
structure factor using Eq. (17) (blue striped line) for the ground state of the U/t = 5 Fermi-Hubbard model. The SU(2) calculations are done
at L = 50, SU3) and SU(4) at L = 24, SU(5) at L = 15, and SU(6) at L = 18.

for all N in U/t € [10, 20]. The deviation for smaller values
of U/t grows somewhat slower, but it is clear that at U/t = 5
(corresponding to Fig. 2), the deviation is significant, with
more than an order of magnitude difference from the results at
U/t = 20. However, the proportionality constant grows larger
with N, consistent with interactions being effectively weaker.
The small proportionality constant for SU(2) is the reason
why Eq. (17) still gives relatively good agreement with the
full noise correlations for SU(2).

- we. . (a)
o L AL
Bt SR
5 nsU@) oy e el
"’. >>~>. -
q » SU(3) IR
~~
PRER-Ve) "oy
5 10 15 2

The most striking aspect of this result, however, is
the apparent vanishing of the first-order contribution, with
the second-order contribution dominating the deviation. In
Appendix A we analyze the first-order correction and analyt-
ically show that many of the matrix elements cancel out. For
identical bosons, one can analytically show that the contribu-
tion of the first-order terms scales as 1/L, while numerical
evaluation of the relevant matrix elements suggests that it
entirely disappears for SU(2) fermions. In Figs. 3(b)-3(d) we

) |,,:““~~ b .‘L:24
: 10 ~~t~‘~~ ( ) }L:lo
1017 ¢ o I, >, |

(G RN ‘*L 4"'

.......................... M
............ " ’
................... RPN
............ A2 V0e o
| ‘g
10° | ‘
. 10 19 »

FIG. 3. (a) Plot of AGy, as a function of U for N = 2, 3, and 4 at L = 24. (b)—(d) Plots of LA Gy, as a function of U for different lattice
sizes: (b) SU(2) for L = 4, 10, 24, (c) SU(3) for L = 3,9, 24, and (d) SU(4) for L = 4, 8, 24. The dashed lines are proportional to (t/U)?,

while the dotted lines are proportional to ¢ /U .
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plot the deviation for N = 2, 3, and 4 at different system
sizes, scaling the results with L to make the sizes comparable.
We see that the (t/U)? scaling indeed holds at small system
sizes for SU(2), consistent with the vanishing of the first-
order terms. For N > 2, the numerical results suggest that the
situation is similar to identical bosons, with smaller system
size leading to a scaling closer to ¢ /U, but the second-order
contribution dominating at larger system sizes, because the
first-order contribution decays faster with the system size L.

For intermediate lattice sizes and finite values within exper-
imental range, which are roughly L 2 20 and U/t 2 10 [6],
the second-order contribution is therefore the most important.
The (¢+/U)? scaling of the deviation is highly specific to the
noise correlations and results in Eq. (17) being more accurate
at finite U/t than one would naively expect.

V. CONCLUSION

We have investigated the relation between the noise cor-
relations and the spin structure factor for SU(N) models,
deriving an exact relation for Mott states at arbitrary inte-
ger filling on a square lattice in any dimension for bosons
and fermions. We have investigated this relation numerically
in one-dimensional SU(N) Fermi-Hubbard models for 2 <
N < 6. These results suggest that the formula is reasonably
accurate in all cases for large interaction U/t and we have de-
termined that the expected deviation for finite interaction U /¢
at intermediate and large system sizes scales as (z/U)?, with
the first-order error being negligible. Our results are relevant
for experimentally probing SU(N) magnetism in currently
available cold-atom experiments as they suggest that the spin
structure factor can be determined through time-of-flight mea-
surements for realistic finite interactions U /t.
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APPENDIX A: PERTURBATIVE ANALYSIS OF THE
ERROR AS A FUNCTION OF ¢ /U

We write the Hamiltonian as

A =R +R, (A1)
Ut
Hy = 3 Z Ca,lcﬁ.lclg’lca’l’ (A2)
a,pB.l
K = —f Z(é;,lé)/*m =+ HC) = —t ZKy,l,mv (A3)
y.(Lm) v.{.m)

considering the hopping terms 7' as a perturbation on top
of Hy. The ground-state manifold exactly corresponds to the
Mott states as defined in Sec. III A. It is well known that the
effective Hamiltonian obtained from second-order degenerate

perturbation theory is the SU(N ) Heisenberg model, but in this
Appendix we are interested in the state correction which can
be used to calculate the correction to a given observable (in
our case the noise correlations). The ground-state correction
for a system where degeneracy is lifted at second order is
given by

Vo) =)+ D _ag |[v))
J#0
Z (@IT|v)
= @ilAO19) — (W [AO])

19j). (A4

Here |1p(§f ) is the ground state of the effective Hamiltonian,
while |1ﬁ}1) are exited states of the effective Hamiltonian and
|¢p;) describes the states in the complement to the ground-state
manifold D, i.e., the non-Mott states. The coefficients in the
second term are not important for our calculation but can be
found in standard course materials for degenerate perturbation
theory, for example, Ref. [45]. Indeed, as the first two terms
describe the part of the ground state which is within the Mott-
restricted region and is captured by Eq. (16), the expectation
value with respect to |y ) = 19§) + 2,20 a}}}hﬂ}’) should
correspond to the result obtained by Eq. (16). What we focus
on here is the deviation from this.

It is clear that the hopping terms connect |y§) only
to states that differ from the Mott state [which has a
total energy Lp(p — 1)U/2] by having p—1 and p +1
total occupations at a pair of neighboring sites (total en-
ergy of [(L—Dp(p—D+(+2(p+1D+(p—1Dip—
2)]U/2). This means that the energy difference, which appears
in the denominator of the third term on the right-hand side of
Eq. (A4), is always —U. In addition, the intermediate states
correspond exactly to those obtained by applying the hopping
terms to the ground state of the effective Hamiltonian and we
can write the state as

o) = Vo) + 7 2 Ryamlyl)  a5)
(I.m)

Taking the expectation values of the relevant operators (and
noting that the momentum distribution is flat in the Mott limit,
ie., Y, (fiq k) = p), we can write the first- and second-order
contributions in 7 /U to the noise correlations as in Egs. (19)—
21).

It is possible to simplify the calculation of these consid-
erably, further using our knowledge of the Mott states. In
particular, we will focus on the first-order contribution, which
is analytically tractable and the numerical calculations in the
main text suggest that it becomes insignificant for many phys-
ical situations of interest. To simplify the discussion, we will
assume a one-dimensional system, but similar results should
be obtainable in three dimensions with the only difference
being more hopping terms corresponding to more neighbors.
In one dimension, the hopping terms can be written as

ZKy,I,n = Z(é;,néa,nJrl + é;nﬂéa,n)(sl,n
v, (l.n) v, {l.n)

= @ lanst + ) plan).  (A6)
n
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In order to evaluate the first-order correction to the noise
correlations, we must evaluate the first-order correction to the
one-body density matrix and four-point correlation function.
To simplify the notation, we shorten (Y |-+ YY) to (---)
in the following derivation. The one-body density matrix is
relatively simple, with the only possible nonzero contribu-
tions (the rest would connect to non-Mott states) being for
[=0I+1landl =1 —1,1ie.,

A A 5 i AT A At N
E Ca,lca,l’ E Ky,n = E (<Ca’]ca,l+lCy,l+1cy,l>8l,l’—l
ny o,y

[

+ (&) 18wl 2y i)811)

o, 416,16y, 1 Cy 1+170L1+1)-
(A7)
For the four-point correlation to give nonzero contribu-
tions, we must always pair an annihilation operator at a site
with a corresponding creation operator at the same site, al-
though it can be of a different flavor, in order to stay within
the restricted Mott space. There will be two types of possible

nonzero contributions. One of these corresponds to having a
number operator of a flavor on one site, that is,

At A At a4 -t
E Co1CairCg ,Com E ]K%n
a=p ny

_ A A AT A AT A
- Z (<Cu¢,lcasl+1Cﬂ,mcﬁqmcl+1,ycl,y>8m,m’81,l’71
a.B.y

AT A At A At a4

+(Cy 141€aCh 1y CpmC, 1Cy 14 1)mam 1141
A A AT A At A

+ <caglca,lcl3,mcﬂ,m+lcy’m+1Cy,m>8l,l’8m,m’—l

+ <e;,,éa,,é;;,m+laﬂ,me;,may,mﬂ)3,,,,3,,,,,,1,“ Y4
(A8)

J

These can be simplified, as any Mott state is an eigenstate
of the operator D, fig 1| ¥Mott) = £|¥Mor) (With an eigenvalue
which is site independent). Using the commutation relations,
we can move the number operator in the first two terms to the
right-hand side, which results in the extra terms

D 8] ylars1€y 14 16p.08m
a.p

+ (5;,5a,1+15;,,+15,3,1)31+1,m)3m,m'51,1'71
+ ((é;z+15a,1373,15ﬁ,1+1>5m,1

— (@} 11 CatCly 125110811 ) S1 111 ).

Taking the Fourier transform of these terms results in zero
as the positive and negative terms cancel out. Evaluating the
number operator, the Fourier transform over the remaining
terms can be written as

1% —ik At A A ~ ik AT PO N
T E (€78, Cait1C) 111 Cya) +€7(E, 11 1CaiC) By i)
La,y

ikl At A o R ik At A
+e! (Cl,lca,lJrlc)l/JJr]Cy,l) +é' <C‘;’[+1ca,lc;lcy,l+l>)-
(A9)

This corresponds to the value obtained from the Fourier trans-
form of the two-point correlation function multiplied by p and
these terms therefore cancel out in Eq. (20) (the calculations
so far holds for both bosons and fermions). This means that
the only contribution to the first-order correction comes from
the second type of contribution to the four-point correlation
function, the one which pairs operators of different flavor on
the same site. This contribution is given by

B

1 ) , . .
E E (k' —k ki PN A A At oA —ik
12 (1 - 8[,m - 81,m+1) [el(m ) )(el (Cl,l_HCa,mclygymcﬂ,lc;lcy,l—&-l> +e
IR a,B.y

(62,/6a,mé;,méﬂ,l+l6;,/4_16)/,1))

AT

—im—DK—k) (i AT A AT A AT A oAt A At A At A
+ e DEEO LT 8o 1) 1 Coml) By ant) + €Y e i18) ol 1 )] (AL0)

where the factor 1 — §;,, — 8; .+ takes care of double counting terms that were already counted in the evaluation of the first
contribution.

Unlike the other terms, these are dependent on the specific model and filling. All results so far can essentially be applied to
the simple one-component Bose-Hubbard model as well [a slight change in Eq. (A4) is required as the Mott-limit ground state
is nondegenerate but the end result will have the same type of matrix elements], for which the matrix elements in Eq. (A10) can
be evaluated analytically in terms of the Mott state |pp - - - p). This results in a first-order contribution

1
SGBON(k k') =4p2p* +3p + 1) Z[cos(k) + cos(k)] — cos(k)Six|.

spin, 1

(Al1)

Note that the contribution away from k = k’ scales as 1/L and the first-order contribution is therefore going to become less
important as the system size increases. For p = 1 in the SU(2) case and p = 2 in the SU(4) case, numerical evaluation of the
matrix elements using exact diagonalization shows that

(6Z,méa,l+l6;,[6ﬂ,m6;,1+16y,1> = _<6;l+1éa,még,méﬂ,lé;léy,l+l)
and

A A AT A At oA _ _yat A At oa A A
(Ca,mca,lclg_pr]Cﬁ,mc%lcy,/le) = <Ca7lcot,mcﬁ,mcﬂ,l+lCy’[Jrle,l)v
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which results in a purely imaginary contribution to the Fourier
transform and therefore a zero contribution to the first-order
term, i.e.,

GV (k, k') = 0.

spin, 1

(A12)

The numerical calculations in the main text supports this, as
the deviation is still determined by the second-order term,
even for small lattice sizes. For p = 1 in the SU(3) and SU(4)
cases, the first-order correction does not vanish, but the calcu-
lations presented in the main text indicate that the behavior
is similar to that of single-component bosons. That is, the
first-order contribution is dominant at smaller lattice sizes,
but the second-order contribution becomes dominant at larger
lattice sizes, indicating that the first-order contribution scales
inversely with the lattice size.

APPENDIX B: NUMERICAL REPRESENTATION OF SU(N)
UTILIZING MATRIX PRODUCT STATES AND TENSOR
NETWORKS

In order to numerically investigate the SU(N) Fermi-
Hubbard model, we utilize the ITensor library. Within the
standard library the representation of spinless fermions and
spinful electrons on a lattice is already efficiently imple-
mented. We therefore build on top of this and represent
the N-component Hubbard model in terms of these building
blocks. For even N, we utilize the two-component electron
representation built into the library with distinct sublattices
corresponding to different flavors. For example, the SU(6)
model is represented by the one-dimensional Hamiltonian

v AT A AT A
H=—1t Z(C¢,jc¢,j+3 +¢) ;¢ j+3 +He)
J

3L-2
+U E E (ﬁu,jﬁv.j-ﬁ-l + ﬁ;t,j+lﬁv,j+2 + ﬁu,jﬁv,j-k—Z)
wv j=1,4,...
+U Y Ay iy B
JiF#Y

where u, v =1, |. If we name the sublattices A, B, and C,
the flavors correspond to Ay, Ay, By, B, C;, and C,. The
SU(4) model can be represented in a similar way, but is sim-
pler as only two sublattices are required. For the SU(3) and
SU(S) calculations, we utilize a system of spinless fermions
with three sublattices or five sublattices, i.e., for SU(3) the
Hamiltonian is given by

A=—1) ¢e;5+He
J
3L-2
+U Y (i + Ao +ijhin),  (B2)
j=14,...
with the flavors corresponding to the A, B, and C sublattices.
In order to calculate the four-point correlation functions
(6’; léa’lf;'m@ﬁ,m» in the matrix product state representation,
an ordering in terms of lattice indices, as the operators are
sequentially applied to the state, must be assumed. We there-
fore split the four-point correlation function into expectation
values over different operator sequences where fermionic

anticommutation rules have been applied when rearranging
the original sequence in terms of increasing index.

We consider the normal-ordered four-point correlation
function as this minimizes the number of matrix elements that
we are required to calculate. Note that the noise correlations
can be obtained from the Fourier transform of this function by
adding 8¢, gdk i (R k), as We saw in the main text. We will con-
sider Py, jx = (6;6;16 ;Cx) for spinless fermions as an example;
the correlations can be calculated in exactly the same way for
either the 1 or | components of the SU(2) fermions, while the
results for mixing 1 and | components is similar, but more
nonzero terms are required. The correlation functions of the
full SU(N) model are obtained by considering the calculated
correlation function on and between the sublattices defined
in the above Hamiltonians. For the SU(N) symmetric case,
we therefore only need to calculate it for one computational
component 7.

For arbitrary values of /, m, j, and k, we can enumerate
all the matrix elements required for the calculation of the
four-point correlation function in the ITensor library. If all
site indices are different [ # m # j # k there are 24 possible
ways to arrange them, for example. Note that the number of
elements that we are required to calculate reduces drastically
due to the properties of the four-point correlation function,
namely,

Pimjk = Pjkim = Puixj = Pijmi (B3)

Puijkt =Pimkj = Pjkmi = Prjim = —Pimjk, (B4)

which means that these eight elements can be obtained by
calculating one of them (this means we only have to consider
three out of the 24 possible arrangements when | # m # j #
k, for example). Additionally, Py, = Punii = 0, as these in-
volve the sequential application of two creation or annihilation
operators to the same site. When all indices or three indices
are equal, there is therefore no contribution to the four-point
correlation function. In the case of two indices being equal,
any term of the form Pigmn = Pk 1S likewise zero. The
remaining terms are given by

P = (&]¢iele) forl=m < j=k, (BS)
Piyg = (&j¢i¢ler) forl=m < j <k, (B6)
Pjjm = (¢]enéie;) forl <m < j=k, (B7)
Pijj = (¢]¢ieje) forl <m=j <k. (BS)

The first term corresponds to four matrix elements, while the
remaining terms correspond to eight matrix elements using the
symmetries of the four-point correlation function.

When all indices are different and assuming [ <m < j <
k, we get the terms

P = (€]8) ¢5¢0), (B9)
Pijm = —(&]ent;00), (B10)
Pk = — (2] ent;é)), (B11)

all of which correspond to eight matrix elements. We
are therefore left with the need to manually write code
for evaluating seven expectation values in ITensor (which
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corresponds to 52 matrix elements due to symmetries). The
full correlation function is obtained by iterating over the lat-
tice indices as Y, SN _ Zl};m S ;- Note that the number

of expectation values required grows proportionally to L* and
the numeric costs therefore grows relatively quickly with the
lattice size.

In order to implement this in ITensor, the correct imple-
mentation of Jordan-Wigner strings is also necessary as the

fermionic operators are implemented as hard-core bosonic
operators. Overall, the implementation is somewhat involved
and to ensure the validity of our results we check that the
four-point correlations are identical to those obtained from
exact diagonalization calculations in small systems [for ex-
act diagonalization calculations it is simpler to represent the
SU(N) system in terms of sequential lattices corresponding to
each component].
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