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Precision theoretical determination of electric-dipole matrix elements in atomic cesium
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We compute the reduced electric-dipole matrix elements (1S ,||D||n'P;) withn =6,7andn’ =6,7,...,12
in cesium using the most complete to date ab initio relativistic coupled-cluster method which includes singles,
doubles, perturbative core triples, and valence triples. Our results agree with previous calculations at the
linearized single double level but also show large contributions from nonlinear singles and doubles as well
as valence triples. We also calculate the normalized ratio §,,, = (1 //2)(nS, 2D P 2) [ (nS1 211D Ps2)
which is important for experimental determination of matrix elements. The ratios &, display large deviations
from the nonrelativistic limit which we associate with Cooper-like minima. Several Appendices are provided
where we document the procedure for constructing finite basis sets and our implementation of the random-phase

approximation and Brueckner-orbitals method.
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I. INTRODUCTION

Gauging the accuracy of theoretical determinations of
atomic parity-violating (APV) amplitudes [1-9] generically
requires experimental knowledge of three key atomic proper-
ties: (i) electric-dipole matrix elements, (ii) magnetic-dipole
hyperfine constants, and (iii) atomic energies. While the ac-
curacy of the calculations can be evaluated based on the
internal consistency of various many-body approximations
and the convergence patterns with respect to the increasing
complexity of these approximations, the theory-experiment
comparison for known atomic properties remains the key. In-
deed, the exact calculations for many-electron atomic systems
cannot be carried out in principle, thus leaving the possibility
of unaccounted systematic effects. Even for one-electron sys-
tems, since the theory is formulated as a perturbation theory
in the fine structure constant «, the electron-to-nucleus mass
ratio, etc., there are always some unaccounted higher-order
contributions. Then, only a sufficiently accurate experiment
can provide an “exact” answer.

In '33Cs, where the most accurate to date APV experiment
[10] has been carried out and new experiments [11,12]
are planned, the current goal for ab initio relativistic
many-body calculations stands at 0.1%. As we survey
the available experimental data, it becomes clear that the
weakest links in the theory-experiment comparison are
experimental £1 matrix elements (energies are known with
high spectroscopic accuracy and the '*3Cs ground-state
hyperfine splitting is fixed to an exact number by the
definition of the unit of time, the second). The accuracy
of available experimental E1 matrix elements is reviewed
below, but it is no better than 0.1%. Although Ref. [13]
reported 0.05% accuracies for the (7S;,2||D||7P;) matrix
elements, their determination is indirect and relies on
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theoretical input. More accurate is a direct determination of
the ratio of matrix elements. Rafac and Tanner [14] directly
measured the ratio of the cesium D-line transition strengths,
[{6p P3/2|1D1165 %1 /2)1>/1(6p *P1 12| I1DI165 7S 2) |*=1.9809(9),
which translates into a 0.05%-accurate measurement of
the ratio of E1 reduced matrix elements. The absorption
spectroscopy measurement of the ratio (in contrast to
matrix elements) mitigates certain systematic effects, such
as dependence on laser power, beam size, collection
efficiencies, and detection sensitivities. Another ratio,
(755121ID116pP3/2) /(5281 plIDI6pPr 2y = 1.5272(17),
was recently measured using a two-color, two-photon
excitation technique [15].

Motivated by these experimental developments, the pri-
mary goal of this paper is to examine the behavior of the
normalized ratio of reduced dipole matrix elements connecting
the initial nS;,, state to the two fine-structure components
n'P Js

£ = 1 (nSy12|IDI|n'Ps2) 0
T2 (nS1pl DI P )

We will examine the behavior of the ratio &, ,, as a func-
tion of the final state principle quantum number n’ while
fixing the initial state. We have chosen the renormalization
factor of 1/ /2 so that in the nonrelativistic limit Enw — 1.
Generically, one would expect the relativistic correction to be
~(aZ)?, which evaluates to 0.16 for Cs. However, we find
that the normalized ratio (1) can substantially deviate from
1, signaling a complete breakdown of such an expectation.
Moreover, we find that the ratio (1) substantially depends
on many-body effects included in the calculations. Such sig-
nificant deviations are known in photoionization processes
for alkali-metal atoms (see, e.g., Ref. [16] and references
therein), where the ground state nSj,; can be ionized into
either the P, or P3;; channel. Due to a phase shift be-
tween the ¢P3; and ¢P;; continuum wave functions of the
outgoing electron with energy ¢, a situation may arise that
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the nSy/, — &P, transition amplitude vanishes, while the
nS12 — &P3; amplitude does not. In this case, the ratio (1)
based on discrete-to-continuum matrix elements becomes in-
finite. This is the origin of the Cooper minimum [17,18] in
photoionization cross sections. While in our case of bound-
bound transitions, the Cooper minimum does not occur per
se, similar logic applies to explaining large deviations of &, ,/
from 1.

To explore the sensitivity of the ratio (1) to correlation
corrections, we use a variety of relativistic many-body meth-
ods ranging from the random-phase approximation (RPA) and
Brueckner-orbital (BO) methods to the more sophisticated
coupled-cluster (CC) techniques.

The secondary goal of this paper is to compile electric-
dipole (E'1) matrix elements (nS;,||D||n'P;) with n=6,7
and n’ = 6-12. Our relativistic CC calculations are complete
through the fifth order of many-body perturbation theory
[19,20] and include a large class of diagrams summed to
all orders. As such, these are the most complete ab initio
relativistic many-body calculations of E1 matrix elements in
Cs to date. To this end we extend our earlier coupled-cluster
CCSDVT calculations [5] to the next level of computational
complexity. The CCSDvT method includes single and double
excitations of electrons from the Cs Xe-like core and single,
double, and triple excitations of the valence electron. Here
we amend the CCSDvT method with perturbative treatment
of core triples: we will use the CCSDpTvT designation for
this method, with pT emphasizing the perturbative treatment
of core triple excitations.

Our compilation of E'1 matrix elements is anticipated to be
useful in a variety of applications ranging from determining
atomic polarizabilities, light shifts, and magic wavelengths
for laser cooling, trapping, and atom manipulation in atomic
clocks [21-28], to evaluating the long-range interaction co-
efficients C¢ and Cg needed in ultracold collision physics
[29,30], and finally to suppressing decoherence in quantum
simulation, quantum information processing, and quantum
sensing [31,32]. In addition, our matrix elements can lead to
more accurate theoretical determination of the 6S1,, — 7512
parity-violating amplitude Epy and transition polarizabilities.
The vector transition polarizability is needed to extract Epy
from experimental results [10], whereas the theoretical value
for Epy facilitates the inference of more fundamental quan-
tities such as the electroweak Weinberg angle [33-35] and,
thereby, improves precision probes of the low-energy elec-
troweak sector of the standard model of elementary particles.

Experimentally, the (6S;,2||D||6P;) matrix elements are
the most accurately known, through a variety of techniques,
including time-resolved fluorescence [36,37], absorption
[38], ground-state polarizability [39,40], and photoassocia-
tion spectroscopy [29,41,42]. The relative uncertainties in
these experiments are ~0.1%. Direct absorption measure-
ments of (6S,,||D||7P;) yielded results differing at the
< 1% level [11,43,44], while a more recent experiment
comparing the absorption coefficient of the 6S, — 7P;
transitions to that of the more precisely known 6S;, —
6P1/2 line obtained <6S1/2||D||7P1/2) and <6S]/2||D||7P3/2)
with uncertainties of 0.1% and 0.16%, respectively [45].
The (781,2||D||7P;) matrix elements were determined [46]
by combining a measurement of the DC Stark shift of

the 78, state [47] with the theoretical value for the ra-
tio of matrix elements (751/2| |D| |7P3/2)/<7Sl/2| |D| |7P]/2)
with uncertainties of 0.15%. An updated measurement
of the 7S, DC Stark shift [13] reduced the uncer-
tainties in (7S1,2||D||7P;) to 0.05%. The (7S;,2||D||6Ps)
matrix elements were determined from the measured life-
time of 7S;,, [48] and the theoretical value for the ratio
(751/2||D||6P3/2>/(751/2||D||6P1/2> [46,49,50], with uncer-
tainties ~0.5%. More recently, the 7S, lifetime and the ratio
(7S1211DI|6P3/2) / (7S1,211D||6P; ;2) were remeasured with a
better accuracy resulting in an improved 0.1% uncertainty in
the (7S1,2||D||6P;) matrix elements [15]. To the best of our
knowledge, high-precision experimental results for £1 matrix
elements involving states with higher principle quantum num-
bers are lacking.

There were many theoretical determinations of E'1 matrix
elements in Cs (see comparisons in the later sections of this
paper). Here we review the ones that are closely related to
our CC methodology. In the context of atomic parity viola-
tion [5], the (nSi,2||D||n’P; ;) matrix elements with n = 6,7
and n’ = 6,7, 8, 9 were calculated using a coupled-cluster ap-
proach which included nonlinear singles, doubles, and valence
triples (CCSDvT) with an accuracy at the level of 0.2%. A
broader study [27] of several Cs atomic properties, including
lifetimes, matrix elements, polarizabilities, and magic wave-
lengths, presented a comprehensive list of nSi, — n'Pi2 32
matrix elements with n = 6-14 and n’ = 6-12. Although E'1
matrix elements between states with lower principle quantum
numbers had estimated uncertainties around a few percent,
the uncertainties in those involving higher principle quantum
numbers were ~20%. It is worth pointing out that the CC
method used in Ref. [27] is the linearized version of the
CC method limited to singles, doubles, and partial triples
(SDpT), to be contrasted with our more complete CCSDpTvT
method employed in the present work. The CCSDvT method
of Ref. [5] was also less complete as it did not include treat-
ment of core triple excitations.

This paper is organized as follows. In Sec. II, we present
a summary of the methods employed in our computations of
E1 matrix elements in Cs. Numerical results are tabulated an
discussed in Sec. III. The paper presents several Appendices
where we document our methods of solving the many-body
problem, such as the construction of Dirac-Hartree-Fock basis
sets (Appendix A) and Brueckner orbitals (Appendix B), as
well as the basis-set implementation of the random-phase
approximation (Appendix C). These techniques were used in
several earlier papers by our group and documenting them not
only facilitates a reproduction of our results, but can be also
useful for the community. Unless specified otherwise, atomic
units, |e| = m, = h = 1, are used.

II. THEORY

In this section, we discuss several ab initio relativistic
many-body methods we use to compute the E1 matrix el-
ements. These include the lowest-order Dirac-Hartree-Fock
(DHF) method, the random-phase approximation (RPA), the
Brueckner-orbital (BO) method, the combined RPA(BO)
method, and several levels of approximation within the
CC method. We also present details of computing “minor”
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corrections: Breit, QED, semiempirical, and numerical basis-
extrapolation corrections.

A. Basics

We begin by considering the Dirac Hamiltonian of
the atomic electrons propagating in the nuclear potential
Zi Vaue (7). Here, i ranges over all the N = 55 electrons of
the Cs atom. The full electronic Hamiltonian H may be de-
composed into

H=7) ho()+Ve

ho(i) = co; - p; + mec*B;

+Vnuc(ri)+hW(ri)+U(ri)v
) DL N
=5 ) T — ri),

2#], lr; — ] -

where U(r;) is chosen to be the conventional frozen-core
VN=1 DHF potential as it dramatically reduces the number
of many-body perturbation theory (MBPT) diagrams. For
brevity, we suppressed the positive-energy projection opera-
tors for the two-electron interactions (no-pair approximation).
See the textbook [51] for further details.

As usual, we assume that the energies &; and orbitals ;
of the single-electron DHF Hamiltonian %y are known. In
Appendix A, we discuss the construction of the DHF B-spline
basis sets used in our numerical work. These basis sets ap-
proximate the spectrum of %y and are numerically complete.
With the complete spectrum of %, determined, the many-body
eigenstates W of H are then expanded over antisymmetrized
products of the one-particle orbitals y/;. In MBPT, one obtains
these eigenstates by treating the residual e™-e~ interaction
V. as a perturbation. Second quantization and diagrammatic
techniques considerably streamline the MBPT derivations.
To this end, we first express Eq. (2) in terms of aiT and aq;,
the creation and annihilation operators associated with the
one-particle eigenstate v; of hy. We will follow the index-
ing convention that core orbitals are labeled by the letters at
the beginning of alphabet, a, b, c, ..., while valence electron
orbitals are denoted by v, w, ..., and the indices i, j, k, . ..
refer to an arbitrary orbital, core or excited (including valence
states). The letters m, n, p, ... are reserved for those orbitals
unoccupied in the core (these could be valence orbitals).

In the second quantization formalism, the DHF Hamilto-
nian Hy and the residual e”-e~ interaction read

Hy=_e&iNlala),

1 .
Ve=3 > gijuNlajdiaa)), 3)
ijk
where N[-- -] denotes normal ordering of operator products
and the Coulomb matrix elements are
d 3 r 1d 3/‘ 2

——— Y )Y Y)Y (). (@)

8ijkl =
Ir; — 1y

The zero-order wave function may be expressed as
|\I’,SO)) = aIlOC), where |0.) represents the filled Fermi sea of

the atomic core (quasivacuum state). We are interested in a
matrix element of a one-electron operator Z =), j zijaja g
between two valence many-body states |W,,) and |W,), Z,,.
The first-order contribution to the Z,,, is given by

Z0) =(WP1Z|UO) =20y + 800 ) 2aa (5)
a

For the E1 matrix elements, the sum over core orbitals van-
ishes due to selection rules, and Z!!) reduces to the DHF value
of the matrix element, z,,,.

The second-order MBPT correction to matrix elements
reads

gwavnzna
g —p+w ©
an a n

@) _ Zan8wnva
Z =2

— Eq— & — @

where w = &, — &, and &;ji = &iju — &ijik-
One may separate the third-order correction Z) into dif-
ferent classes of diagrams [52]

R Y S R SN

The RPA and BO terms are discussed in Secs. IIC and II B.
These corrections typically dominate the third-order contri-
butions. Expressions for the structural radiation (SR) and
normalization (Norm) terms can be found in Ref. [52]. We
do not, however, include the SR and Norm diagrams in our
MBPT calculations. Their contributions, as well as higher-
order ones, are more systematically accounted for in the CC
approach described in Sec. IID.

Fourth-order diagrams Z{Y have been computed in
Refs. [53,54]. These are subsumed in the CCSDvT method
and we do not compute them explicitly. We are not aware of
any work tabulating the fifth-order MBPT contributions. Due
to the exploding number of diagrams with increasing MBPT
order, such contributions are more elegantly accounted for
using all-order diagrammatic summation techniques.

Diagrammatic techniques enable summing certain classes
of diagrams to all orders. For example, the RPA method,
discussed in Sec. II1C, incorporates the second-order Z(2),
third-order Z3:RPA and all higher-order diagrams of the similar
topological structure. Similar considerations apply to the BO
method (see Sec. IIB). The CCSDvT (and, by extension,
the more sophisticated CCSDpTvT) method sum even larger
classes of MBPT diagrams to all orders. The CCSDvT method
is complete through the fifth order of conventional MBPT
[19,20]; it starts missing certain diagrams in the sixth order.

Finally, as a matter of practical implementation, the MBPT
expressions, like Eq. (6), involve summations over the core
and the excited orbitals. Each orbital ; is characterized by a
principal quantum number #;, orbital angular momentum ¢;,
a total angular momentum j;, and its projection m;. The sums
over the magnetic quantum numbers m; are carried out ana-
lytically using the rules of Racah algebra. Although the sums
over j; are infinite, they are restricted by angular momentum
selection rules which reduce the number of surviving terms.
Moreover, the sums over total angular momenta converge well
and, in practice, it suffices to sum over a few lowest values of
Jji- The sums over the principal quantum numbers »; involve,
on the other hand, summing over the infinite discrete spectrum
and integrating over the continuum. In the finite-basis-set
method, employed in our work, these infinite summations are
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replaced by summations over a finite-size pseudospectrum
[55-58].

The basis orbitals in the pseudospectrum are obtained by
placing the atom in a sufficiently large cavity and imposing
boundary conditions at the cavity wall and at the origin (see
Ref. [58] for further details on dual-kinetic-basis B-spline
sets used in our paper). For each value of j;, one then finds
a discrete set of 2M orbitals, M from the Dirac sea and
the remaining M with energies above the Dirac sea thresh-
old (conventionally referred to as “negative” and “positive”
energy parts of the spectrum in analogy with free-fermion so-
lutions). This enables a straightforward implementation of the
positive-energy spectrum projection operators in the no-pair
approximation.

If the size of the cavity is large enough, typically about
40ag /Z.sr where ay is the Bohr radius and Z. is the effective
charge of the core felt by the valence electrons, the low-lying
basis-set orbitals map with a good accuracy to the discrete
orbitals of the exact DHF spectrum obtained with the conven-
tional finite-differencing techniques. Higher-energy orbitals
do not closely match their physical counterparts due to con-
finement and discretization (see Sec. III and Appendix A).
Nevertheless, since the pseudospectrum is numerically com-
plete, in the sense that any function satisfying the boundary
conditions imposed by the cavity can be expanded in terms of
the basis functions, it can be used instead of the real spectrum
to evaluate correlation corrections to states confined to the
cavity. Theoretically, in the limit where the cavity size and
the number of basis functions, M, go to infinity, one recovers
the physical problem. The increasing computational cost as-
sociated with increasing M means, however, that in practice,
finite but reasonably large values of cavity radius and basis-
set size are chosen and numerical errors due to these finite
values are estimated by extrapolating to the infinite basis (see
Sec. IIE 5 for more details). From now on, all single-particle
DHEF orbitals ; are understood to be members of a finite basis
set. Details on our construction of the B-spline basis set are
presented in Appendix A.

B. Brueckner-orbital method

Qualitatively, the BO correction accounts for a process
where the valence electron charge polarizes the atomic core,
inducing a dipole and higher-rank multipolar moments in the
core. The valence electron is then attracted by the induced
redistribution of charges in the core, reducing the size of the
valence electron’s orbit. This process is included in a generic
model-potential formulation by adding a relevant self-energy
operator X(r) to the valence electron Hamiltonian

EMP(r) = —a/(2rY), (8)

with «. being the electric dipole polarizability of the core.
Note that since X™P(r) diverges at small distances, higher
multipole contributions are needed for states with low orbital
angular momenta and may be more systematically accounted
for in a more involved many-body formulation of the self-
energy operator. For example, to second order, the matrix
element of ¥ between arbitrary orbitals i and j is given

by [59]

221(12) (80) — Z 8aimn8mnaj + Z 8miab8abmj (9)

b
amn €a0 — Emn abm Em0 — Eab

where g and g are the Coulomb matrix elements as defined in
Eq. (4) and after Eq. (6). Here we use the shorthand notation
&i,.i, = &i, + &;,, with g9 being some reference energy (see
Appendix B for details). We employ Eq. (9) in our calcula-
tions. In particular, the diagonal matrix elements X,,(e,) are
simply the second-order MBPT correction to the energy of
valence state v. The multipolar expansion of X®)(¢,) in the
limit of the valence electron being far away from the core
recovers the model potential expression (8).

The Brueckner orbitals # and corresponding energies are
determined by solving the eigenvalue equation with both the
DHF Hamiltonian A and the self-energy operator ¥ included:

(ho + =@ (g0))u = £*u. (10)

Our numerical approach to solving this eigenvalue equation is
discussed in Appendix B; we solve the matrix eigenvalue
problem using the DHF finite basis set. With the BO orbitals
determined, the matrix element is simply (u,|z|u,), which
includes the DHF value, third-order Z$)-B© contribution, and
higher-order corrections.

C. The random-phase approximation

Detailed introductions to the formalism of the RPA can be
found in Refs. [60,61]. The RPA is a linear-response theory
realized in the self-consistent mean-field (DHF in our case)
framework. Qualitatively, it accounts for the screening of the
externally applied electric field (e.g., a driving laser field oscil-
lating at the transition frequency w) by the core electrons. The
RPA formalism is an all-order method and offers a distinct
advantage of being gauge independent in computations of
transition amplitudes.

The third-order RPA term in Eq. (7) is structurally similar
to Z{2) and can be grouped with it. It may be shown that
topologically similar diagrams exist in higher-order MBPT
corrections [62]. When all these diagrams are included, one
obtains the RPA corrections similar in form to second-order
Eq. (6). In the RPA, one first computes the “core-to-excited”
matrix elements zRP* and ZRPA (RPA vertices) [52],

RPA E Z'bm ga mno E ga7l l:
Ep 8m

Ep — Em —
Z gnbamzmb (11)
&y —em+w
bm

Once the RPA vertices are obtained, the RPA matrix element
between two valence states is given by

Z gnmab
ZRPA = Zou + § bm
Ep — Em —

RPA 5 5 RPA
Z gwnva ngnaz

ZRPA an + na ) 12

we ;ea—en—a) ~ &q — &0+ O (12)

Our numerical finite-basis-set implementation of the RPA is
described in Appendix C.

An iterative solution of Egs. (11) recovers the conven-

tional MBPT diagrams order-by-order, but starts missing
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contributions in the third order. Among the missing third-
order diagrams, the dominant correlation correction is usually
ZB3)BO coming from Brueckner orbitals (see Sec. II B). To
include the important BO correction in the RPA framework,
we will also use a basis of Brueckner orbitals (instead of the
DHF orbitals) in solving the RPA equations; we will denote
such results as RPA(BO). The conventional RPA results using
the DHF basis will be denoted RPA(DHF).

D. The coupled-cluster method

The task of accounting for higher-order MBPT corrections
can be systematically carried out by means of the CC method
[63,64], which we discuss in this section. Ultimately, we will
employ the CCSDvVT and the CCSDpTvT methods which are
known to be complete through the fourth order of MBPT
for energies and through the fifth order for matrix elements
[19,20].

We begin by going back to the second-quantized form of
the full electronic Hamiltonian H, Eq. (3):

H=Hy+G

= ZEN[a a]l+ = Zgl/klN aja’ azak] (13)

ljkl

It may be shown that the exact many-body eigenstate |W,)
of H may be represented as

|W,) = Nlexp(K)] | W ”)
= (1 +K+ %N[K2] 4o ) e, 14)

where |W(?) is the lowest-order DHF state and the cluster
operator K is expressed in terms of connected diagrams of
the wave operator [65]:

K=S.4+D.+T.+S,+D,+T,+---

- meaa a, + 2' Z pmnaha Cl 2 Abla

mnab

E Pmnrabe amana, acapdy

mnmbc

+ Z Pty + = N Z Prnnvaty, @ aty

m##v mna

+ Py Z pmnrvabamanarabaaav +--- (15)
! mnrab

Here S,, D,, and T, (S., D., and T.) are the valence (core)
singles, doubles, and triples, expressed in terms of the creation
and annihilation operators alT and a;. By substituting Egs. (14)
and (15) into the Bloch equation specialized for univalent sys-
tems [54], we obtain a set of coupled algebraic equations for
the cluster amplitudes p. We solve the CC equations numeri-
cally using finite basis sets, obtaining, as a result, the cluster
amplitudes p and the correlation corrections to the valence

electron energies, 8E,.
The explicit form of these equations depends on the level of
approximation at which one chooses to operate. For example,
one may truncate expansion (15) at doubles and expansion

(14) at the term linear in K. The resulting linear singles-
doubles approximation is conventionally labeled “SD”. If one
chooses to retain only singles and doubles but all nonlinear
terms in Eq. (14), one obtains the nonlinear singles-doubles
approximation, labeled “CCSD”. Contributions from core
triples may be partially accounted for by considering their per-
turbative effects on core singles and doubles, corresponding
to the “CCSDpT” method. In this work, we will employ both
the “CCSDvT” and “CCSDpTvT” methods, which include the
valence triples, corresponding to the term 7, in Eq. (15), on
top of the core CCSD and CCSDpT. The topological structure
and explicit form of the Bloch equations in these approxima-
tions may be found in Refs. [20,66].

Once the cluster amplitudes p and thus the many-body
wave functions for two valence states v and w have been
obtained, one may evaluate the £'1 matrix element between
w and v using

(W, Y, dijala;|W,)
(W, [0, ) (0, [,)

Dy, = (16)
where d;; = (i|d|j) are the single-electron E1 matrix ele-
ments. The corresponding expressions for different contri-
butions to Dy, are given in Refs. [50] and [19]. Note that
these expressions include only linear single, linear double, and
linear triple contributions to D,,,. Additional modifications to
D,,, due to the nonlinear single and double terms in the CC
wave functions are accounted for by the “dressing” of lines
and vertices [67]. See Sec. I1 E 2 for more details.

E. Other corrections
1. Semiempirical scaling

Since our most complete CCSDpTvT method is still an
approximation, we miss certain correlation effects (due to our
perturbative treatment of core triples and omission of core and
valence quadruple and higher-rank excitations). This is the
cause of the difference between the computed and experimen-
tal energies. To partially account for the missing contributions
in calculations of matrix elements, we additionally correct the
CCSDpTvT wave functions using a semiempirical procedure
suggested in Ref. [3].

This approach is based on the observation that there exists
a nearly linear correlation between the variations of correla-
tion energies and matrix elements in different approximations.
This linear dependence is due to the effect of self-energy
correction, which gives rise to one of the dominant chains
of diagrams present in both matrix elements and energies.
For example, for triple excitations, the corrections S,[7,] and
S8E,[T,] (in the notations of Ref. [19]) arise from the same
diagram and the modification of singles due to triples (S,[7])
propagates into the calculation of the matrix element.

More specifically, a dominant contribution to the majority
of matrix elements comes from the BO-like term involving
valence singles (following the notation of Ref. [50]):

ZzS)Lv) = Zzwmpmv + Zinv Pmw - (17)

m

One may connect the CC Z{) diagram to a BO-basis matrix

element (uy,|zlu,) via uy =, Pmo¥m, With p,, being the
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expansion coefficients over DHF basis set {1,,} (see Sec. I B).
Missing corrections to Z{) due to higher-rank CC excitations
may be partially accounted for by improving the values of
the valence single coefficients p,,,. This is achieved by noting
that the correlation energy and single amplitudes are closely
related. Indeed, the self-energy operator X defined in Sec. II B

is connected to the valence singles via
(811 _8m+8EEC)pmv = X, (18)

where (SEUCC is the correlation energy computed at the given
level of CC approximation (and approaches true value of
correlation energy in the complete, yet practically unattain-
able for Cs, treatment). Notice that the role of SESC on the
left-hand side of Eq. (18) is suppressed as typically |[ESC| «
ley — &m|. More importantly, the diagonal matrix element of
¥ is the correlation correction to the energy of valence state
v, SESC = ¥,,. As a result, contributions from higher-order
diagrams to the right-hand side of Eq. (18) are similar to those
to the correlation energy.

This observation suggests rescaling the valence single co-
efficients as [50]

) SES™
Py = Pmv cree (19)

SECC’
where 8E; and SEC are the experimental and computed
correlation energies at a given level of CC approximation,
respectively. Note that a consistent definition of the experi-
mental correlation energies requires removing the Breit, QED,
and basis extrapolation corrections (see Sec. IIES5 below)
from the experimental energy, i.e.,

(SESXP[ — Esxpt _ EII)DHF _ 8E§reil _ (SESED _ 8E5xtrapol'
(20)
We have removed basis extrapolation correction SES"*"'
from energy because the extrapolation correction to matrix
elements is computed separately.

It is worth emphasizing, however, that the linear scaling of
matrix elements with correlation energy is only approximate
and can be used in the semiempirical fits only to a certain
accuracy. For example, as will be discussed in Sec. III, scaling
at the singles and doubles (SD) level generally does not nec-
essarily produce a result compatible with that obtained using a
more complete method, say CCSDvT or CCSDpTVT, partially
because these methods include additionally a direct valence
triples correction to matrix elements (systematic shifts in the
language of experimental physics). Similarly, the self-energy
corrections do not affect the dressing of matrix elements (see
Sec. IIE 2). Nor can it capture the distinctively different QED
corrections to the energies and matrix elements. We refer the
reader to Ref. [20] for further justification and discussion
of caveats of the semiempirical scaling in the CC method
context.

2. Dressing of matrix elements

Once one has obtained the CC amplitudes by solving the
CC equations [and rescaling the single amplitudes as per
Eq. (19)], one may proceed to computing the matrix element
D,,, by substituting Eq. (14) into Eq. (16). Notice that the CC

wavefunction (14) includes an exponential of the cluster oper-
ator K, |¥,) =1+ K + %N[Kz] +--- )a:';|0v). Dressing of
matrix elements refers to the inclusion of nonlinear terms in
the above expansion into the computations of matrix elements.
In general, there is an infinite number of such contributions
even if the cluster operator K is truncated at a certain number
of excitations. A procedure [67] for partially accounting for
nonlinear contributions to matrix elements proceeds by ex-
panding the product CC of the core cluster amplitude C =
Sc + D; + - - - into a sum of n-body insertions. Among these,
the one- and two-body terms give the dominant contributions.
The former generates diagrams with attachments to free par-
ticle and hole lines while the latter generates diagrams with
two free particle (hole) lines being coupled. Summing these
diagrams to all orders gives the particle and hole line dressing
as well as the two-particle and two-hole RPA-like dressing.
The summations over the resulting infinite series of diagrams
are implemented by solving iteratively a set of equations for
the expansion coefficients of the line and RPA-like dressing
amplitudes. For more details, see Ref. [67].

3. Breit corrections

The Breit interaction corrections to the E'1 matrix elements
and energies are computed using the MBPT formalism and
numerical approaches documented in Ref. [68]. Briefly, we
generate two basis sets, one using the conventional VV~!
DHF potential and the other, the V¥~! Breit-DHF potential.
The Breit-DHF potential, in addition to the DHF potential,
includes the one-body part of the Breit interaction between the
atomic electrons in a mean-field fashion. The generation of the
DHF basis sets is discussed in Appendix A; we use identical
basis-set parameters for both the DHF and Breit-DHF sets. We
then carry out the RPA(BO) calculations using these two dis-
tinct basis sets (see Sec. I C). For the Breit-DHF basis set, we
additionally include the two-body (residual) Breit interaction
on an equal footing with the residual Coulomb interaction.
The Breit correction then is simply the difference between
the two RPA(BO) results. Our numerical results are consistent
with Breit corrections to E 1 matrix elements listed in Table III
of Ref. [5].

4. QED corrections

The QED corrections to E1 matrix elements were calcu-
lated using the radiative potential method, as developed in
Refs. [69,70]. In that approach, an approximate local poten-
tial is included into the atomic Hamiltonian, which accounts
for dominant vacuum polarization and electron self-energy
effects. The potential is included into the DHF equation and
gives an important contribution known as core relaxation,
which is particularly important for states with £ > 0 [70-72].
The corrections for (6, 7S||D||6, 7P;) were published recently
in Ref. [72]. The authors of Ref. [72] have provided us with
their results for the QED corrections to both energies and E'1
matrix elements. Note that the so-called vertex corrections to
E'1 matrix elements were not included in the calculations of
Ref. [72]. These corrections are expected to be small, due to
the “low-energy theorem” [69], and account for up to a quarter
of the total QED corrections in Cs. As a result, the estimated
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uncertainty associated with the use of the radiative potential
for evaluating QED corrections to E'1 amplitudes is at 25%.

5. Basis extrapolation correction

We perform our calculations using a basis comprising
single-particle atomic orbitals with a finite number of orbital
angular momenta and a finite number of B-spline basis-
set functions for each partial wave. The basis functions are
also confined within a cavity of finite, albeit large, radius.
Although the finiteness of the basis greatly facilitates the
efficiency of numerical procedures, it inevitably introduces
some numerical errors into the final results compared to the
ideal case where the cavity size, the angular momenta of the
orbitals, and the number of splines per partial wave tend to in-
finity. For a particular atomic property f (f can be the removal
energy or the electric dipole matrix element), the finite-basis
corrections to f may be estimated by approximating f with a
function of the maximum orbital angular momentum £, the
number of splines per partial wave, M, and the cavity radius
Rcqv, and then extrapolating f (£max, M, Reav) to the case where
all three parameters approach infinity.

We determine the dependence on £.,,x by computing f
in the relatively computationally inexpensive SD approxi-
mation with varying £.,.x while keeping M and R.,, fixed.
We then form the quantities g(€max) = f (€max) — f Cmax — 1),
which represent how much f varies as £.,x increases by
one unit. The function g(I) is estimated by fitting to g(I) =
[=*(a + b/l + c/1?) with fitting parameters a, b, and c. The
correction 8 fp,, = f(00) — f(€max) is then approximated by
Zzoizmax +1 &(). Similarly, the dependence on M (or Re.y) is
determined by computing f in the SD approximation with
varying M (or R.y) and while keeping £n.x and R, (or
M) fixed. The difference h(M) = f(M) — f(M — AM) [or
J(Reav) = f(Reay) — f(Reay — ARcay)] is formed and fitted to
h(M)=M*(a+b/M +c/M?) [or j(R) =R *(a+b/R+
c/Rz)]. The corrections 6 fy = f(oo0) — f(M) and éfg,, =
f(00) — f(Reay) are approximated by h(M + AM) + h(M +
2AM) +--- and j(Rcav + ARcav) + j(Rcav + 2ARcav) + -,
respectively. The total basis extrapolation correction is the
sum of the three individual corrections, i.e.,

8 foasis = 0 feme + 0/ + S fRery - (21)

We point out that § f;,is often at least an order of magnitude
larger than 6 f; and § fz_, for our basis sets.

cav

III. NUMERICAL RESULTS AND DISCUSSIONS

In the previous section, we have presented the theoretical
basis for several methods employed in our estimates of the E 1
matrix elements (1S, ,»||D||n'P;) withn = 6,7 and n’ = 6-12
in Cs. Numerical results for energies are presented in Tables -
II1, those for £1 matrix elements in Tables IV-VII, and those
for the normalized ratios &, ,, in Tables VIII and IX. In these
tables, the final results of our computations are taken as the
CCSDpTvT values with all the additional corrections (scaling,
dressing, Breit, QED, and basis extrapolation) added.

In our calculations, we employed a dual-kinetic-balance
B-spline basis set which numerically approximates a complete
set of single-particle atomic orbitals. In order to accurately
approximate orbitals with high principle quantum numbers,

TABLE I. Removal energies (in cm™') of 6S;/, and 75, states
in Cs in various approximations: (i) Dirac-Hartree-Fock (DHF),
(i1) Brueckner orbitals (BO), (iii) linearized coupled-cluster ap-
proximation with singles and doubles (SD), (iv) coupled-cluster
approximation with singles and doubles (CCSD), (v) coupled-cluster
approximation with singles and doubles and perturbative treatment
of core triples (CCSDpT), (vi) coupled-cluster approximation with
singles and doubles and full treatment of valence triples (CCSDvT),
and (vii) the most sophisticated coupled-cluster approximation with
singles and doubles, perturbative treatment of core triples, and full
treatment of valence triples (CCSDpTvT). The final results are ob-
tained by adding CCSDpTvT and “Other corrections” entries.

6512 7812
DHF 27954 12112
BO 31804 13023
SD 31844 12944
CCSD 31459 12884
CCSDpT 31486 12889
CCSDvT 31305 12852
CCSDpTvT 31332 12858

Other corrections

Breit 2.6 0.3
QED -21.5 -5.0
Basis extrapolation 12.6 2.7
Final result 31326(154) 12856(31)
Uncertainty (%) 0.49 0.24
Experiment [73] 31406 12871
Difference (%) —0.26 —0.12
Difference (o) —0.52 —0.48

we use a large basis set containing M = 60 basis functions
for each partial wave. The basis functions are generated in
a cavity of radius R,y = 250 a.u. which ensures that high-n
orbitals, whose maxima lie far away from the origin, are
not disturbed by the cavity. We test the suitability of our
one-electron basis functions by comparing their correspond-
ing energies, hyperfine structure constants, and E1 matrix
elements with those obtained using the finite-difference so-
lutions of the free, i.e., without cavity, DHF equations (see
Appendix A). All differences are < 0.01%. We note that the
basis set used in Ref. [27] yielded single-electron E'1 matrix
elements for high-n’ states differing from the DHF values
at the level of 1%. Since Ref. [27] estimated the final un-
certainties in these matrix elements at the level of 20%, the
unphysical nature of the basis employed is irrelevant. For the
purpose of our work, however, ensuring that the high-n’ basis
functions faithfully represent their physical counterparts is
essential for controlling numerical accuracy.

Basis functions with £;,,x < 7 partial waves are used for
the RPA, while in the BO and RPA(BO) approaches, only
partial waves with £,x < 5 are included due to the higher
computational costs. In the CC approaches, basis functions
with £, < 5 are used for single and double excitations,
while for triples we employ a more limited set of functions
with £« < 4. Additionally, excitations from core subshells
[4s, ..., 5p] are included in the calculations for triples, while
excitations from core subshells [1s, . . ., 3s] are neglected. For
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TABLE II. Removal energies (in cm™!) of nP; ; states for n = 6-12 in Cs in various approximations. See Table I caption for explanation

of entries.

6P1/2 7P1/2 8P1/2 9P1/2 10P1/2 11P1/2 12P1/2
DHF 18791 9222.6 5513.3 3671.4 2621.1 1965.3 1528.2
BO 20290 9681.2 5718.4 37814 2687.1 2008.3 1558.4
SD 20413 9686.7 5716.4 3779.1 2685.3 2006.6 1556.4
CCSD 20230 9641.9 5698.0 3769.6 2679.7 2003.1 1554.0
CCSDpT 20238 9644.5 5699.1 3770.3 2680.1 2003.3 1554.2
CCSDvT 20187 9630.7 5693.2 3767.2 2678.3 2002.2 1553.4
CCSDpTvT 20195 9633.2 5694 .4 3767.8 2678.7 2002.4 1553.6

Other corrections

Breit -7.1 2.5 —1.1 -0.6 —-04 -0.2 -0.2
QED 1.1 0.4 0.2 0.1 0.1 0.0 0.0
Basis extrapolation 35 1.0 0.5 0.2 0.1 0.1 0.1
Final result 20193(43) 9632.1(11.4) 5694.0(4.7) 3767.5(2.5) 2678.5(1.4) 2002.3(0.9) 1553.5(0.6)
Uncertainty (%) 0.21 0.12 0.08 0.07 0.05 0.05 0.04
Experiment [73] 20228 9641.1 5697.6 3769.5 2679.7 2003.0 1554.0
Difference (%) —-0.18 —0.09 —0.06 —0.05 —0.04 —0.03 —0.03
Difference (o) —0.82 —0.79 —0.76 —0.79 —0.85 —0.77 —0.82

each partial wave, only 52 out of 60 splines are included.
Basis-set extrapolation corrections to infinitely large £y.x, M,
and R,y are added separately. To estimate these corrections,
SD calculations with £,.x = 4,5,6,7, M = 40, 60, 80, 100,
and R,y = 100, 150, 200, 250 a.u. are performed as discussed
in Sec. I[TE 5.

We carried out computations on a nonuniform grid defined
as In(r[il/ro + 1) + agr[i] = (i — 1)h with 500 points. With
ro = 6.96x107° a.u., a, = 0.50528, and h = 2.8801x 10"
a.u., there are 11 points inside the '*3Cs nucleus. The nuclear
charge distribution is approximated by a Fermi distribution
Pnuc(7) = po/(1 + exp[(r — c¢)/a]), where py is a normal-
ization constant. For '33Cs, we used ¢ = 5.6748fm and
a = 0.52338 fm.

Our results for the removal energies are presented in
Tables I, II, and III. It may be observed that our calculations
consistently underestimate the removal energies. The theory-
experiment agreement improves with increasing principal
quantum numbers, as expected, since orbitals with higher n do
not penetrate the atomic core as strongly as those with lower
n. Such a qualitative argument becomes more explicit by
considering the expectation values (first-order corrections) of
the model-potential self-energy operator (8), Z™P-(r) oc 1/r%.
The uncertainties in the final results are taken as quadrature
sums of those in the CC approximation and the Breit, QED,
and basis extrapolation corrections. We estimate the system-
atic uncertainties in the CC approximation as the difference
between the CCSDpTvT and CCSDpT values, representing

TABLE III. Removal energies (in cm™!) of nPs, states for n = 612 in Cs in various approximations. See Table I caption for explanation

of entries.

6P3/2 7P3/2 8P3/2 9P3/2 10P3/2 11}’3/2 12P3/2
DHF 18389 9079.2 5445.9 3634.4 2598.7 1950.7 1518.2
BO 19733 9495.6 5633.4 3735.4 2659.4 1990.2 1545.7
SD 19835 9500.5 5631.8 3733.4 2657.8 1988.8 1544.3
CCSD 19669 9458.7 5614.3 3724.5 2652.6 1985.5 1542.0
CCSDpT 19676 9461.0 5615.4 3725.0 2652.9 1985.7 1542.1
CCSDvT 19632 9448.5 5610.0 37222 2651.2 1984.6 1541.4
CCSDpTvT 19639 9450.8 5611.0 37227 2651.6 1984.9 1541.6

Other corrections

Breit —-0.8 —-0.4 -0.2 —0.1 —0.1 0.0 0.0
QED 0.1 0.0 0.0 0.0 0.0 0.0 0.0
Basis extrapolation 3.5 1.1 0.5 0.3 0.1 0.1 0.1
Final result 19642(37) 9451.5(10.2) 5611.3(4.4) 3722.9(2.3) 2651.6(1.3) 1985.0(0.8) 1541.7(0.5)
Uncertainty (%) 0.19 0.11 0.08 0.06 0.05 0.04 0.03
Experiment [73] 19674 9460.1 5615.0 3724.8 2652.8 1985.6 1542.1
Difference (%) —0.16 —0.09 —0.07 —0.05 —0.05 —0.03 —0.03
Difference (o) —0.87 —0.84 —0.84 —-0.82 —-0.92 —-0.75 —0.80
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TABLE IV. Reduced electric-dipole matrix elements (6S;,,||D|[nP; ;) (in atomic units, a.u.) for n’ = 6-12 in Cs with various approxima-

tions. See Table I caption for explanation of entries. The notation x[y] stands for xx 10”.

651, — 6P ) TP 8P 9P ), 10P; 11P; ), 12P; ),

DHF 5.2777 3.7174[—1] 1.3262[—1] 7.1742[-2] 4.6735[-2] 3.3731[-2] 2.5952[-2]
RPA(DHF) 4.9744 2.3872[—1] 0.4983[—1] 1.3121[-2] 0.2197[-2] 0.1679[—-2] 0.3118[—2]
BO 4.7250 4.4414[—1] 1.8142[—1] 10.601[—2] 7.2457[-2] 5.3975[-2] 4.2430[—2]
RPA(BO) 4.3909 3.0269[—1] 0.9402[—1] 4.4344[-2] 2.5708[-2] 1.6871[—-2] 1.2019[-2]
SD 4.4806 2.9655[—1] 0.9060[—1] 4.2257[-2] 2.4291[-2] 1.5841[—2] 1.1240[—-2]
CCSD 4.5535 3.0274[—1] 0.9285[—1] 4.3478[-2] 2.5079[-2] 1.6395[—2] 1.1645[-2]
CCSDpT 4.5480 3.0299[—1] 0.9301[—1] 4.3587[—2] 2.5157[-2] 1.6455[-2] 1.1693[—-2]
CCSDvT 4.5098 2.7138[—1] 0.7314[—1] 2.9477[-2] 1.4421[-2] 0.7912[-2] 0.4678[—2]
CCSDpTvT 4.5042 2.7163[—1] 0.7330[—1] 2.9583[-2] 1.4498[—2] 0.7971[-2] 0.4725[-2]

Other corrections

Scaling —0.0101 0.0280[—1] 0.0155[—1] 0.0858[—2] 0.0547[-2] 0.0580[—2] 0.0361[—2]
Dressing 0.0017 0.0065[—1] 0.0040[—1] 0.0277[-2] 0.0210[—2] 0.0167[-2] 0.0137[-2]
Breit —0.0010 0.0189[—1] 0.0107[—1] 0.0712[-2] 0.0523[-2] 0.0407[—-2] 0.0328[—2]
QED 0.0035 —0.0225[—1] —0.0131[—1] —0.0882[—2] —0.0652[—2] —0.0509[—2] —0.0413[-2]
Basis extrapolation —0.0017 0.0050[—1] 0.0032[—1] 0.0221[-2] 0.0165[—-2] 0.0130[—2] 0.0106[—2]

3.077(61)[-2]
2.0

4.29(68)[—2]°

3.2337) -2

1.529(42)[-2] 0.875(38)[—2]

2.7

2.48(50)[—21°

1.62(8)[—2]"

4.4

1.62(39)[—2]°

0.957(46)[—2]"

0.524(27)[-2]
52

1.15(32)[—2]°

0.627(30)[—2]"

Final result 4.4966(52) 2.752(18)[—1] 0.753(10)[—1]
Uncertainty (%) 0.12 0.65 1.3
Other results 4.5052(54)* 2.776(75)[—1]*
4.535(77)°  2.98(19)[—11° 0.92(10)[—11°
4.535°¢ 2.79[-1]° 0.81[—1]¢
4.510¢ 2.80[—1]¢ 0.78[—1]¢
4.494¢ 2.75[-1]¢
Experiments 4.5012(26)F 2.7810(45)[—11¢ 0.723(44)[—11"
4.5010(35)" 2.789(16)[—1]'.
4.5097(45)  2.757(20)[—11*
4.5064(47) 2.8412D[—11™
4.4890(65)° 2.742(29)[—1]°
4.5116(78)¢ 2.83(10)[—11"
4.5057(91)4
4.504(4)"
4.508(4)°
4.505(47)
Weighted average  4.5035(14)  2.7822(42)[—1]
Difference (%) —0.15 —1.1 4.2
Difference (o) —-1.3 —1.6 0.67

—47
—0.41

—5.6
-1.0

—8.6
—-14

—16
25

aReference [74]; PReference [27]; Reference [46]; 9Reference [3]; “Reference [49]; fReference [76]; £Reference [45]; "Reference [37];
iReference [11]; iReference [36]; ¥Reference [43]; 'Reference [29]; ™Reference [77]; "Reference [38]; °Reference [44]; PReference [39];

dReference [42]; 'Reference [78]; *Reference [40]; ‘Reference [41].

higher-order terms that are missed by the CCSDpTvT approx-
imation. The relative uncertainties in the QED corrections are
estimated at the level of 25% [72]. We take a conservative
estimate of the uncertainties in the Breit and basis extrapola-
tion corrections at 50%.

Our results for the reduced E£1 matrix elements (nSi ||
D||n'Py) are compiled in Tables IV, V, VI, and VII. The
uncertainties in the final results are taken as quadrature sums
of those in the scaling, Breit, QED, and basis extrapolation
corrections. We assume that the uncertainty in the scaling
correction is half its value, representing higher-order terms
that are missed by the CCSDpTvT approximation. We assume
that the uncertainties in matrix element dressings are already
accounted for in the scaling uncertainties. Indeed, at any level
of the CC approximation, the dressing corrections account for
a large class of the most important diagrams arising from non-

linear CC contributions to matrix elements. As a result, it is
expected that missing contributions to matrix elements come
from neglecting higher-order diagrams in computing the CC
amplitudes themselves, i.e., terms (partially) accounted for by
the semiempirical scaling. Again, the relative uncertainties in
the QED corrections are estimated at the level of 25% [72] and
we assume a conservative estimate of the uncertainties in the
Breit and basis extrapolation corrections at 50%. We note that
since the QED, Breit, and basis extrapolation corrections are
generally smaller than the semiempirical scaling ones, the un-
certainties in the latter make up most of the overall uncertainty
budget. The relative roles of these “other corrections” to the
uncertainties of our results may be understood further by ex-
amining their contributions to the matrix elements themselves.

The higher-order terms that are missed by the CCS-
DpTvT approximation, represented by the scaling corrections,

042809-9



H. B. TRAN TAN AND A. DEREVIANKO

PHYSICAL REVIEW A 107, 042809 (2023)

TABLE V. Reduced electric dipole-matrix elements (65 ,,||D||n’Ps/,) (in atomic units, a.u.) for n’ = 6-12 in Cs with various approxima-
tions. See Table I caption for explanation of entries. The notation x[y] stands for xx 10".

651, — 6P;), TPs), 8P, P, 10P5), L1P;), 12P5),
DHF 7.4264 6.9474[—1] 2.8323[—1] 1.6582[—1] 11.359[-2] 8.4797[-2] 6.6791[—-2]
RPA(DHF) 7.0131 5.0875[—1] 1.6648[—1] 0.8280[—1] 5.0362[-2] 3.4443[-2] 2.5408[-2]
BO 6.6251 8.0698[—1] 3.6037[—1] 2.2047[—1] 15.480[—2] 11.731[-2] 9.3300[—2]
RPA(BO) 6.1740 6.0914[—1] 2.3686[—1] 1.3289[—1] 8.8212[-2] 6.4364[-2] 4.9843[—-2]
SD 6.3026 6.0083[—1] 2.3174[—1] 1.2960[—1] 8.5908[—2] 6.2645[-2] 4.8510[—2]
CCSD 6.4045 6.1071[—1] 2.3565[—1] 1.3185[—1] 8.7425[-2] 6.3754[-2] 4.9358[—2]
CCSDpT 6.3966 6.1098[—1] 2.3580[—1] 1.3195[—1] 8.7495[-2] 6.3807[—2] 4.9400[—2]
CCSDvT 6.3476 5.6727[—1] 2.0802[—1] 1.1212[—1] 7.2360[—2] 5.1742[-2] 3.9480[—2]
CCSDpTvT 6.3394 5.6740[—1] 2.0814[—1] 1.1220[—1] 7.2419[-2] 5.1786[—2] 3.9516[-2]
Other corrections

Scaling —0.0146 0.0355[—1] 0.0184[—1] 0.013[—1] 0.0686[—2] 0.0871[—2] 0.0702[—-2]
Dressing 0.0023 0.0096[—1] 0.0059[—1] 0.0042[—1] 0.0319[-2] 0.0254[—-2] 0.0209[—2]
Breit —0.0011 0.0051[—1] 0.0029[—1] 0.0019[—1] 0.0138[—2] 0.0107[—-2] 0.0086[—2]
QED 0.0052 —0.0251[—1] —0.0152[—1] —0.0104[—1] —0.0776[-2] —0.0609[—2] —0.0495[-2]
Basis extrapolation —0.0024 0.0052[—1] 0.0035[—1] 0.0025[—1] 0.0188[—2] 0.0149[-2] 0.0122[-2]
Final result 6.3288(75)  5.704(19)[—1] 2.097(10)[—1] 1.1332(72)[—1] 7.297(41)[—2] 5.256(47)[—2] 4.014(38)[—2]
Uncertainty (%) 0.12 0.34 0.49 0.63 0.56 0.89 0.95
Other results 6.3402(79)* 5.741(89) [—1]*

6.382(79)*  6.01(26)[—1]° 232(1D[—11°  1.297(96)[—11°  8.60(7D[—-2]° 6.27(56)[—2]°  4.86(46)[—2]°

6.382¢ 5.76[—1]¢ 2.18[—1]¢

6.347¢ 5.76[—1]¢ 2.14[—1]¢

6.325¢ 5.83[—1]¢
Experiment 6.3350(6)" 5.7417(57)[—118  2.11(8)[—1]8 1.15(7)[—1]¢ 7.22(34)[—2]18  5.29(46)[—2]¢  3.98(19)[—2]¢

6.3349(48)"  5.780(7)[—1]

6.3403(64)Y  5.759(30)[—1]¥

6.3425(66)'  5.856(50)[—11™

6.3238(73)" 5.83(10)[—1]°

6.345(5)° 5.96(21)[—1]#

6.332(6)1

6.350(10)"

6.340(13)°

6.327(28)"

6.340(63)"
Weighted average  6.3352(6) 5.7580(44)[—1]
Difference (%) —0.10 —-0.93 —0.62 —1.5 1.1 —0.65 0.85
Difference (o) —0.8 -2.7 —0.16 —-0.24 0.23 —0.07 0.18

aReference [74]; "Reference [27]; “Reference [46]; Reference [3]; *Reference [49]; 'Reference [76]; ¢Reference [45]; "Reference [37];
iReference [11]; iReference [36]; XReference [44]; 'Reference [29]; ™Reference [43]; "Reference [38]; °Reference [77]; PReference [40];
dReference [78]; "Reference [39]; SReference [42]; ‘Reference [79]; "Reference [41].

are quite small, as may be expected if one consid-
ers the convergence patterns of the matrix elements
with increasing complexity of CC approximations. Indeed,
Figs. 1 and 2 show the diminishing of contributions from
higher-order diagrams: although nonlinear core singles and
doubles and valence triples contribute significantly, core
triples and dressing effects are generally small. More specif-
ically, for (6Si,2||D||nPy/2), core triples account for < 1%
and dressings < 2% of the final results. For (65} 2||D||nPs2),
their contributions are < 0.1% and < 0.5%, respectively. For
(7S1211D||nP1 2), the core triples contribution is S 0.2% and
dressings are < 0.1%. For (7S),,2||D|[nPs/2), both contribu-
tions are < 0.1%. Scaling accounts for up to 7% of the final
result in (6S1,2||D||nPy/2), up to 2% in (65 2||D||nP3/2), and
up to 0.6% in (7S1,2||D||nPy). Note also that although not

shown in Tables IV-VII, we also computed the scaling correc-
tions to the CCSDvT matrix elements and, reassuringly, found
that the CCSDpTVT scaling corrections are generally smaller
than the CCSDVT scaling corrections, further confirming the
convergence of our results with increasing complexity of the
CC approximations.

In terms of the Breit, QED, and basis extrapolation
corrections to (nSi,2||D||n'Py), generally speaking, they
become more and more important as n’ increases. For
(6S1,2]1D||nPy/2), they grow from a few 0.01% for n =6
to a few percent for n = 12, while for (6S;,,||D||[nPs/;) and
(781,21|D||nPy), the growth is less dramatic, from a few hun-
dredths of a percent for n = 6 to a few tenths of a percent
for n =12. We also mention in passing that the relative
roles of Breit and QED corrections in (nS,,||D||n'Pi ) are
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TABLE VI. Reduced electric-dipole matrix elements (7S ,,||D||n’P; ;) (in atomic units, a.u.) for n’ = 6-12 in Cs with various approxima-
tions. See Table I caption for explanation of entries. The notation x[y] stands for xx 10”.

781 — 6P, ) TP 8Py, 9P ), 10Py /> L1P; ) 12P; ),
DHF 44131 1.1009[1] 9.2117[—1] 3.3720[—1] 1.8332[—1] 1.1944[—1] 8.6149[-2]
RPA(DHF) 4.4494 1.0921[1] 8.6912[—1] 3.0076[—1] 1.5576[—1] 0.9758[—1] 6.8225[-2]
BO 4.1945 1.0263[1] 10.080[—1] 3.9870[—1] 2.2756[—1] 1.5320[—1] 11.303[-2]
RPA(BO) 42232 1.0175[1] 9.5622[—1] 3.6260[—1] 2.0034[—1] 1.3166[—1] 9.5406[—2]
SD 4.1952 1.0253[1] 9.2901[—1] 3.4658[—1] 1.8956[—1] 1.2374[—1] 8.9261[—2]
CCSD 4.2502 1.0298[1] 9.4069[—1] 3.5176[—1] 1.9263[—1] 1.2582[—1] 9.0782[-2]
CCSDpT 4.2497 1.0292[1] 9.4155[—1] 3.5228[—1] 1.9299[—1] 1.2608[—1] 9.0988[—2]
CCSDvT 4.2527 1.0308[1] 9.2122[—1] 3.3906[—1] 1.8342[—1] 1.1870[—1] 8.5035[-2]
CCSDpTvT 42522 1.0302[1] 9.2210[—1] 3.3960[—1] 1.8379[—1] 1.1897[—1] 8.5246[—2]
Other corrections

Scaling —0.0081 —0.0011[1] 0.0383[—1] 0.0150[—1] 0.0078[—1] 0.0090[—1] 0.0471[-2]
Dressing 0.0000 0.0000([1] 0.0033[—1] 0.0023[—1] 0.0017[—1] 0.0014[—1] 0.0111[-2]
Breit 0.0049 —0.0003[1] 0.0342[—1] 0.0195[—1] 0.0131[—1] 0.0096[—1] 0.0754[-2]
QED —0.0045 0.0007[1] —0.0423[—-1] —0.0244[—1] —0.0165[—1] —0.0122[—1] —0.0957[-2]
Basis extrapolation  0.0001 —0.0003[1] 0.0083[—1] 0.0051[—1] 0.0035[—1] 0.0026[—1] 0.0207[—2]
Final result 4.2446(49) 1.0292(6)[1] 9.263(28)[—1] 3.414(14)[—1] 1.8475(88)[—1] 1.2002(74)[—1] 8.583(52)[—2]
Uncertainty (%) 0.1 0.060 0.30 0.41 0.48 0.62 0.60
Other results 4.239(18)*  1.0297(23)[1]"

4.243(12)°  1.031040)[11°  9.142D)[—11"  3.49(10)° 1.908(60)[—11°  1.247(44)[—11>  9.00(35)[—2]°

4.243¢ 1.0310[1]¢

4.236¢ 1.0289[1]¢

4.253¢ 1.0288[1]°
Experiment 4.249(4)f 1.0325(5)[1]8

4.233(22)"  1.0308(15)[1]
Weighted average 4.248(4) 1.0323(5)[1]
Difference (%) —0.09 —0.30
Difference (o) —0.62 —4.0

aReference [74]; "Reference [27]; ‘Reference [46]; Reference [3]; *Reference [49]; fReference [15]; ¢Reference [13]; "Reference [48];

iReference [47].

noticeably more pronounced than those in (1S, ||D||n'P;/2).
The qualitative reason for this is due to the more relativis-
tic character of the p;,, orbitals as compared to the ps3;
orbitals.

Although correlation effects on removal energies become
less and less important with increasing principal quantum
number, the same cannot be said, however, for all matrix
elements. Indeed, Tables IV and V show very large correlation
corrections to (65 ,2||D||nP;) for n > 9. Electron correlation,
however, appears to have minimal effects on (7S ,2||D||nPy),
as may be observed from Tables VI and VII. This may be qual-
itatively understood by noting that computing (1S > ||D||n'P;)
involves integrating products of wave functions which oscil-
late up to some point on the radial grid. Larger n generally
means more oscillations happening further away from the
origin. A result is that if n and »’ are very different, |nS; ;)
and |n'P;) have disparate numbers of oscillations that happen
at different places so their product oscillates for the whole
integration range, thus yielding contributions that cancel in-
stead of add to each other. This cancellation means that
the integral depends delicately on the exact details of the
wave functions, and small correlation corrections to the wave
functions themselves could result in large corrections to the
matrix elements. Other related features appear in Tables IV

and V: the RPA(DHF) approximation is particularly inade-
quate for (651/2||D||10P1/2> and (651/2||D||11P1/2> and the
BO approximation seems to be doing poorly for all higher n.
These artifacts are results of cancellations between the DHF
and RPA contributions to the matrix elements, which become
evident in detailed analyses of different contributions to the
final CCSDpTVT results.

Using the values of (nS),||D||n'P;), we computed the
normalized ratio of reduced E'1 matrix elements &,,, connect-
ing the nS),, state to the two n'P; fine-structure states [see
Eq. (1)]. The &,,, results are collected in Tables VIII and IX.
The uncertainties in the final results for &,,, are also taken to be
half the semiempirical scaling corrections. Note that we do not
estimate the uncertainty for £,,, by adding the uncertainties for
(nS12||D||W Py j2) and (nS;,,||D||n'Ps;;) in quadrature since
they are not necessarily independent, given that the two matrix
elements involve the same 1S, state.

From Table IX, one observes that the ratio &;, increases
relatively slowly with increasing n, and that it remains quite
close to the nonrelativistic value of unity. Table VIII for
&6.n, on the other hand, tells a very different story. The ratio
&.n grows rapidly with increasing n, reaching & 1, &~ 5.4.
This peculiarity may be understood by investigating the be-
haviors of the (6S;,2||D|[nP1/2) and (6S,2]|D||nPs2) matrix
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TABLE VII. Reduced electric dipole matrix elements (7S, ,,||D||n'P3,) (in atomic units a.u.) for n’ = 6—12 in Cs with various approxi-
mations. See Table I caption for explanation of entries. The notation x[y] stands for x x 10".

781 = 6P;), P35, 8P3), 9P3, 10P3, 11P5), 12P3);
DHF 6.6710 1.5345[1] 1.6049 6.4748[—1] 3.7372[—1] 2.5345[—1] 1.8800[—1]
RPA(DHF) 6.7122 1.5227[1] 1.5340 5.9752[—1] 3.3579[—1] 2.2328[—1] 1.6321[—1]
BO 6.4422 1.4234[1] 1.7498 7.5067[—1] 4.4817[—1] 3.1033[—1] 2.3333[—1]
RPA(BO) 6.4699 1.4118[1] 1.6799 7.0160[—1] 4.1100[—1] 2.8083[—1] 2.0914[—1]
SD 6.4235 1.4237[1] 1.6439 6.7941[—1] 3.9582[—1] 2.6957[—1] 2.0036[—1]
CCSD 6.4975 1.4299[1] 1.6584 6.8588[—1] 3.9967[—1] 2.7220[—1] 2.0228[—1]
CCSDpT 6.4972 1.4290[1] 1.6595 6.8662[—1] 4.0018[—1] 2.7258[—1] 2.0258[—1]
CCSDvT 6.4973 1.4318[1] 1.6325 6.6860[—1] 3.8704[—1] 2.6239[—1] 1.9435[—1]
CCSDpTvT 6.4969 1.4309[1] 1.6336 6.6935[—1] 3.8755[—1] 2.6277[—1] 1.9465[—1]
Other corrections

Scaling —0.0106 —0.0018[1] 0.0043 0.0234[—1] 0.0094[—1] 0.0139[—1] 0.0108[—1]
Dressing 0.0001 0.0001[1] 0.0005 0.0032[—1] 0.0024[—1] 0.0019[—1] 0.0016[—1]
Breit 0.0015 —0.0001[1] 0.0010 0.0056[—1] 0.0038[—1] 0.0028[—1] 0.0022[—1]
QED —0.0054 0.0010[1] —0.0047 —0.0284[—1] —0.0195[—1] —0.0146[—1] —0.0115[-1]
Basis extrapolation —0.0001 —0.0004[1] 0.0008 0.0055[—1] 0.0039[—1] 0.0029[—1] 0.0023[—1]
Final result 6.4824(55) 1.4297(10)[1] 1.6355(25) 6.703(14)[—1] 3.8755(73)[—1] 2.6346(81)[—1] 1.9519(63)[—1]
Uncertainty (%) 0.085 0.067 0.16 0.21 0.19 0.31 0.32
Other results 6.474(23)*  1.4303(33) [1]!

6.480(19)°  1.4323(6D[11°  1.620(35)°  6.80(14)[—11"  3.962(88)[—11°  2.698(65)[—11°  2.006(73)[—11°

6.479¢ 1.4323[1]¢

6.470¢ 1.4293[1]¢

6.507¢ 1.4295[17°
Experiment 6.489(5)f 1.4344(7)[1]#8

6.47931)"  1.4320(20)[1]
Weighted average 6.488(5) 1.4341(7)[1]
Difference (%) —-0.10 —0.31
Difference (o) —0.85 —3.8

aReference [74]; "Reference [27]; “Reference [46]; Reference [3]; *Reference [49]; fReference [15]; ¢Reference [13]; "Reference [48];

iReference [47].

elements themselves. From Tables IV and V, it appears that
(6S1,21|D||nPy/2) is approaching zero as n increases while
(6S1,2/|D||nPs/2) remains finite. This situation is similar to
that of Cooper minima [17,18], wherein the photoionization
matrix element from the atomic ground state to the continuum
&Py, state vanishes at a smaller continuum energy ¢ than that
to the continuum &P, state.

The previous comments on the various contributions to the
matrix elements also apply to the ratio &, ,,. In particular, the
disparity in the Breit and QED corrections to the two nP; fine-
structure components discussed above immediately translates
into the ratios &, ,,, whose relative Breit and QED corrections
are similar to those of (nS,2||D||n’Pi/2). The spuriously large
values for & 19 and & 1; in the RPA(DHF) approximation are
due to the poor results from using the RPA(DHF) to estimate
(651,211DI110P;12) and (612 D|[11P; o).

In Figs. 3-10, our computed values for the reduced E'1
matrix elements are compared against existing experimen-
tal results as well as previous calculations. The convergence
patterns for &, and &7, with increasing complexity of the
coupled-cluster approximation are shown in Figs. 11 and 12.
In Figs. 13-15 our values for the normalized ratios &g,
&7, and &; ¢ are compared against existing experimental re-
sults and previous calculations. The experimental weighted

averages and uncertainties are computed using
2

>_i%i/0;
2 9

> i 1/0

where x; and o; are the central value and uncertainty of each
measurement.

When comparing our values with previous theoretical re-
sults, it is worth bearing in mind that the computations in
Refs. [3,27,46] were performed at the SD and SDpT level,
with semiempirical scaling included. A comparison of our
SD results, both bare and with semiempirical scaling (not
shown in Tables IV-IX) and the values quoted in these earlier
works shows excellent agreement. As a result, the differences
between our results and earlier ones represent an improve-
ment due to our accounting for higher-order terms in the
CC approximation, most prominently nonlinear singles and
doubles and valence triples. The improvement is noticeable in
all cases and is significant for (6S1,,[|D||nPy2) with n > 9.
This also shows that the semiempirical scaling approach is
only approximate and can only partially recover contributions
from higher-order diagrams, as noted in Sec. IIE 1. Indeed,

X

(22a)

o

(22b)
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TABLE VIII. Normalized ratios of electric-dipole matrix elements £, = (1/+/2)(6S; 21D Ps2) /{681 2||D]|n' Py jp) for n' = 6-12 in
Cs in various approximations. See Table I caption for explanation of entries. In the nonrelativistic limit, §,, = 1 whereas relativistic and

many-body effects cause &,/ to deviate significantly from 1.

6 7 9 10 11 12
DHF 0.99499 1.3215 1.5101 1.6344 1.7186 1.7776 1.8198
RPA(DHF) 0.99691 1.5070 2.3624 4.4622 16.209 14.506 5.7621
BO 0.99146 1.2848 1.4046 1.4706 1.5107 1.5368 1.5549
RPA(BO) 0.99426 1.4230 1.7814 2.1191 2.4263 2.6977 2.9324
SD 0.99465 1.4326 1.8087 2.1687 2.5008 2.7963 3.0518
CCSD 0.99455 1.4264 1.7946 2.1443 2.4650 2.7497 2.9971
CCSDpT 0.99452 1.4259 1.7927 2.1406 2.4593 2.7419 2.9873
CCSDvT 0.99526 1.4781 2.0111 2.6896 3.5480 4.6243 5.9676
CCSDpTvT 0.99521 1.4771 2.0079 2.6819 3.5321 4.5939 5.9137
Other corrections

Scaling —0.00006 —0.0059 —0.0242 —0.0454 —0.0962 —0.2396 —0.3221
Dressing —0.00001 —0.0010 —0.0050 —0.0141 —0.0325 —0.0628 —0.1184
Breit 0.00005 —0.0087 —0.0251 —0.0551 —0.1066 —0.1831 —0.3124
QED 0.00004 0.0055 0.0198 0.0501 0.1058 0.1927 0.3467
Basis extrapolation 0.00000 —0.0013 —0.0051 —0.0131 —0.0280 —0.0519 —0.0949
Final result 0.99523(4) 1.4656(55) 1.968(18) 2.604(38) 3.375(78) 4.25(16) 5.41(25)
Uncertainty (%) 0.0040 0.37 0.93 1.5 2.3 3.8 4.5
Other results 0.9951(1)* 1.464(25) [1]'

0.995° 1.425° 1.791° 2.138° 2.452° 2.737° 2.988"

0.995¢ 1.460° 1.903¢

0.995¢ 1.455¢ 1.940¢

0.995¢ 1.499¢
Experiment 0.99521(23)f 1.4599(28)¢ 2.06(15)! 2.52(33)! 3.15(22)! 3.91(39) 4.49(30)!

0.9952(6)" 1.4654(86)'

0.9952(11) 1.502(17)%

0.9941(14)! 1.485(18)™

0.9952(15)" 1.45127)°

0.9961(18)P 1.489(74)'

0.9952(23)4

0.9950(29)"

0.994(1)°

0.995(1)"

0.995(14)"
Weighted average 0.99517(20) 1.4619(26)
Difference (%) 0.006 0.25 —4.6 34 7.1 8.7 21
Difference (o) 0.28 0.61 —0.64 0.26 0.98 0.81 2.7

aReference [74]; "Reference [27]; Reference [46]; IReference [3]; “Reference [49]; fReference [14]; ¢Reference [45]; "Reference [76];
iReference [11]; iReference [37]; *Reference [43]; 'Reference [36]; ™Reference [44]; "Reference [29]; °Reference [77]; PReference [38];
dReference [39]; 'Reference [42]; *Reference [78]; ‘Reference [40]; “Reference [41].

although not shown in Tables IV-IX, we also computed the
scaled E1 matrix elements at the SD, CCSD, and CCSDvT
levels. As shown in Fig. 16, the scaled SD and scaled CCSD
results are generally incompatible with the more complete
scaled CCSDvT and scaled CCSDpTvT values.

Our results for (6,7S1,2/|D||6,7P;) agree well with
those of Ref. [74], which were obtained using the atomic
many-body perturbation theory in the screened Coulomb in-
teraction (AMPSCI), more colloquially known as the all-order
Feynman technique. We remind the reader that AMPSCI
involves summing to all orders perturbative series with re-
spect to the screened Coulomb interaction, in contrast with
the CC method, wherein the perturbative series are with re-
spect to electron correlation. The Feynman technique thus
misses certain diagrams with singles, doubles, and triples, but,

on the other hand, includes some diagrams with quadruples
not present in our CCSDpTvT calculations. We note that
although earlier Feynman-technique values of Ref. [49] for
(6S1,211D116, 7P3/2) and (7S1,2||D||6P;) disagree with ours,
they also disagree with the more recent results of Ref. [74].

Overall, our results agree well with or are close to
experimental data, except for (6S;,||D|[12P,2) (16% or
2.50 away), (6512||D||7P32) (2. 70 away), (7S1,2||D||7P12)
(4.00 away) and (7S;,2||D||7P3/2) (3.80 away). We point
out, however, that with these disagreements, except for
(6S1,21|DI|12Py2) which proves difficult due to strong can-
cellations making its value very small, the theory-experiment
agreement is acceptable in terms of percentage.

In relation to the determination of the APV amplitude
in Cs, the relevant E'1 matrix elements are those between
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TABLE IX. Normalized ratios of electric-dipole matrix elements &7 ,, = (1/ V2)(78, 2|IDI|7' Psy2) /(181 2||D||n' Py ) for n’ = 6-121in Cs in
various approximations. See Table I caption for explanation of entries. In the nonrelativistic limit, &,,, = 1 whereas relativistic and many-body

effects cause &,/ to deviate significantly from 1.

6 7 8 9 10 11 12
DHF 1.0689 0.98561 1.2319 1.3577 1.4415 1.5003 1.5429
RPA(DHF) 1.0667 0.98593 1.2481 1.4048 1.5244 1.6180 1.6916
BO 1.0860 0.98069 1.2274 1.3313 1.3926 1.4324 1.4597
RPA(BO) 1.0833 0.98112 1.2423 1.3682 1.4506 1.5083 1.5501
SD 1.0827 0.98188 1.2512 1.3861 1.4765 1.5405 1.5872
CCSD 1.0810 0.98188 1.2466 1.3788 1.4671 1.5298 1.5756
CCSDpT 1.0811 0.98179 1.2463 1.3782 1.4662 1.5287 1.5743
CCSDvT 1.0803 0.98218 1.2531 1.3944 1.4921 1.5631 1.6161
CCSDpTvT 1.0804 0.98214 1.2527 1.3937 1.4910 1.5618 1.6146
Other corrections

Scaling 0.0003 —0.00019 —0.0019 —0.0013 —0.0027 —0.0035 0.0000
Dressing 0.0000 0.00007 —0.0001 —0.0003 —0.0005 —0.0007 —0.0008
Breit —0.0010 0.00022 —0.0038 —0.0068 —0.0090 —0.1144 —0.0123
QED 0.0002 0.00002 0.0021 0.0040 0.0058 0.0057 0.0084
Basis extrapolation 0.0000 0.00001 —0.0005 —0.0009 —0.0013 —0.0013 —0.0020
Final result 1.0799(5) 0.9823(1) 1.2485(22) 1.3885(36) 1.4833(50) 1.5523(60) 1.6080(66)
Uncertainty 0.049 0.014 0.18 0.26 0.33 0.39 0.41
Other results 1.0800(11)* 0.9822(1)!

1.0797° 0.9823° 1.2531° 1.3795° 1.4683° 1.5299° 1.5761

1.080°¢ 0.982°¢

1.080¢ 0.982¢

1.082¢ 0.983¢
Experiment 1.0799(12)f

aReference [74]; PReference [27]; ‘Reference [46]; ‘Reference [3]; *Reference [49]; 'Reference [15].

6,751,> and nP) , states. From Tables IV and VI, we observe
that the main contributions, coming from (6S;,2||D||6P; ),
(781,21|DI|6P1/2), and (7S1,2||D||7P1,2), have uncertainties
~0.1%. While other E1 matrix elements involving Py, states
with higher principle quantum numbers have larger uncertain-
ties, their values are at least an order of magnitude smaller
than those of the three main terms. As a result, the effective
uncertainties arising from these “tail” terms are all sub-0.1%.
It is worth noting also that the largest uncertainty of 5.2%
in (6S1,2||D|[|12P1,») is only half the uncertainty of the “tail”
terms estimated in Ref. [5]. As a result, although we do not
claim that a determination of Epy (‘*3Cs) using the E 1 matrix
elements quoted in this work will have a ~0.1% uncertainty,
such a level of accuracy is clearly reachable. Achieving this
goal will be the subject of our future work based on a parity-
mixed (PM) CC approach [9], where the artificial separation
of contributions to Epy into “main’ and “tail” terms is circum-
vented. The results of the current paper will serve as gauges
for the accuracy of the PM-CC approach. We note in passing
that a new evaluation of Epy aiming at a 0.1% uncertainty
must also account for the contribution from neutrino vacuum
polarization, which was recently estimated to be at the level
of ~1% [75].

We end this section with a few words on the computational
cost associated with the different approximations employed.
DHF, RPA, and BO are negligibly inexpensive. The SD com-
putations take around 1/4 core-hour for Sy, and Py, states

and around 1 core-hour for P/, states. CCSD computations
cost around 2.5 core-hours for S}/, and P/, states and around
5 core-hours for Ps), states. Calculations involving valence
triple excitations are quite expensive: on our computer server
with 160 cores, S/, and Py, states take around 8 real-time
hours per state and P3, states take around 22 real-time hours
per state. The inclusion of perturbative core triples does
not drastically increase the computational cost compared to
CCSD and CCSDvT.
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APPENDIX A: DETAILS OF CONSTRUCTING
THE B-SPLINE FINITE BASIS SET

The B-spline basis set is one example of the finite basis
sets, the workhorse of numerous atomic structure and quan-
tum chemistry codes. The B-spline basis set was popularized
by the Notre Dame group [51,55,80] and since then has found
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FIG. 1. Convergence patterns for the (6S,,,||D||nP,/,) matrix el-
ements with increasing complexity of the coupled-cluster method.
The pattern for n > 8 is similar to that forn = 7. Forall 6 < n < 12,
the convergence pattern for (6S,,,||D||nPs;;) is similar to that of
(6S1,211D||nPy2).

numerous applications in high-precision relativistic atomic-
structure calculations, especially those based on many-body
perturbation theory (MBPT). The power of the finite basis sets
lies in the ability to carry out summations over intermediate
single-particle orbitals. Such summations are ubiquitous in
numerical implementations of MBPT formalism. Since an
exact atomic single-particle spectrum consists of a numerable
yet infinite set of bound states and an innumerable set of
states in the continuum, the combined set contains an infi-
nite number of eigenfunctions and is simply impractical in
numerical implementations. A finite basis set is a numerical
approximation to the exact eigenspectrum, replacing it with a
numerically complete yet finite-sized set.

The procedure for constructing a finite basis set is as fol-
lows. First, we confine the atom to a spherical cavity of radius
Rax- Then the exact single-particle spectrum becomes count-
able as the continuum is discretized, yet the confined atomic
spectrum still contains an infinite number of eigenstates. To
make the basis finite, the orbitals are expanded over a numeri-
cally complete set of support polynomials, the B splines in our
case [51,55,80]. Finally, the single-particle Dirac Hamiltonian
is diagonalized in this finite-sized Hilbert space, producing the
desired eigenspectrum that is now finite.

One of the technical drawbacks of the original Notre Dame
B-spline implementation [55] is the occurrence of the so-
called spurious states, which do not map into the physical
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FIG. 2. Convergence patterns for the (7S, ,,||D||nP;,) matrix el-
ements with increasing complexity of the coupled-cluster method.
The pattern for n > 9 is similar to that forn = 8. Forall 6 < n < 12,
the convergence pattern for (7S, ,,||D||[nPs;;) is similar to that of
(781,211D|nPy 2).

states of the Hamiltonian. This drawback was rectified with
the introduction of the dual-kinetic-balance (DKB) bound-
ary conditions [57] for B-spline sets. The original work [57]
focused on the hydrogenlike systems and then the DKB con-
struction was extended to DHF potentials for multielectron
atoms [58]. In our calculations, we use the DKB B-spline basis
sets described in Ref. [58].

In this paper, we carry out computations for uncharacter-
istically large principle quantum numbers (up to n = 12). In
the basis-set construction described above, even if the cavity
radius is large, Rmax > ao, only the lower-energy orbitals
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FIG. 3. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(6S1,21|1D||6P1 ») with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).

map into the single-particle states of an unconfined atom,
with higher-energy orbitals no longer fitting into the cavity.
Then the mapping of basis-set orbitals to “physical” orbitals
corresponding to an unconfined atom becomes spoiled. We
now discuss our strategy for selecting Rax.

To ensure the correct mapping of the basis-set orbitals
to physical ones, we carry out a supporting finite-difference
calculation. The starting point of our calculation is the frozen-
core DHF method. The finite-difference method is based on a
numerical integration of the DHF equation on a sufficiently
large grid to fully accommodate the desired atomic DHF
orbitals [51]. In other words, the finite-difference method
provides the reference results for an unconfined atom. The
B-spline basis-set construction method solves the same DHF
problem but in a cavity. We vary the cavity radius Rp,x and
compare the energies and other supporting quantities, such as
the transition amplitudes, of our target basis-set orbitals with
the finite-difference results.

We presented such a comparison for the DHF eigenener-
gies in Fig. 17. Here the B-spline basis set contains M = 60
basis functions per partial wave (B splines of order k = 9)
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FIG. 4. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(6S121IDI|[7P,2) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 5. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(6S1,211D||6P3,) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 6. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(6S1,211D||7P3,,) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 7. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(78121ID||6P, )2) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 8. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(78121IDI|[7P,2) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).

Dzuba et al. (1989) |- <o
Blundell et al. (1992) <
Safronova et al. (1999) <&
Safronova et al. (2016)
Roberts et al. (2022) - I |
Bennet et al. (1999) - I
Toh et al. (2019) -

—eo—

Weighted expt. average —eo—

6.45 6.465 6.48 6.495 6.51
(78121IDII6P3)2) (a.u.)

FIG. 9. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(781,211D||6P3,2) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 10. Comparison between our computed value (vertical line
+ uncertainty band) for the reduced electric-dipole matrix element
(78121ID|[7P3)2) with existing experimental (e) and theoretical (¢)
results. The experimental results are ordered from the top down with
decreasing uncertainties. The weighted average and uncertainty are
computed using Egs. (22).
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FIG. 11. Convergence patterns for the normalized ratio &, =
(1/«/5)(6S1/2 [|D||nPs)2)/(6S1,2||D||InP; ;) with increasing complex-
ity of the coupled-cluster method. The pattern for n > 8 is similar to
thatof n = 7.

generated in a cavity of radius Rp,x = 250 a.u. We plot
the fractional difference between the basis-set and finite-
difference eigenenergies and find the agreement to be better
than 0.015%. As expected, the difference between the basis
set and “physical” orbital energies worsens with increasing
principle quantum numbers, i.e., with the increasing spatial
extent of the orbitals. By using the same basis set, we also
investigated the electric- and magnetic-dipole matrix elements
between atomic orbitals. The basis-set values for the matrix
elements differ from their finite-difference counterparts by
up to 0.1% for orbitals involving large n values. We notice
that a larger cavity radius, such as Rp,x = 500a.u., does not
necessarily lead to a better numerical accuracy, because the
resulting larger grid step size results in a poorer B-spline grid
coverage. To fix this, one should increase M, the number of B
splines used in the basis-set generation, as well as the B-spline
order k. Increasing M, however, leads to larger basis sets and,
thereby, a polynomial M" increase in computational time (the
power y depends on a specific many-body scheme, with the
steepest scaling for our most sophisticated CC calculations).
The same observation applies for k. Our basis set, as described
in Sec. III of the main text, is a compromise between nu-
merical accuracy and computational time. To further improve
our numerical accuracy in basis-set-based many-body calcu-
lations, we replace the lowest-order DHF values of matrix
elements with those computed using finite-difference orbitals.
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FIG. 12. Convergence patterns for the normalized ratio &;, =
(l/ﬁ)(7S1/2||D||nP3/2)/(7Sl/2||D||nP|/2) with increasing complex-
ity of the coupled-cluster method. The pattern for n > 9 is similar to
that for n = 8.

APPENDIX B: CONSTRUCTING FINITE BASIS SET
OF BRUECKNER ORBITALS

An introduction to the Brueckner orbital (BO) method was
given in Sec. II B of the main text. The second-order expres-
sion for the self-energy operator X was given by Eq. (9). The
goal of this Appendix is to show that one may generate a BO
basis set from a DHF finite basis set, described in Appendix A,
by using basis rotation. Such a generated BO set retains all the
numerically useful properties of the original DHF basis set,
but has the extra advantage of producing important third-order
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FIG. 13. Comparison between our computed value (verti-
cal line + uncertainty band) for the normalized ratio & ¢ =
(1/«/5)(6S1/2||D||6P3/2)/<6S1/2||D||6P1/2> with existing experimen—
tal (o) and theoretical (¢) results. The experimental results are
ordered from the top down with decreasing uncertainties. The
weighted average and uncertainty are computed using Egs. (22).

correlation corrections unobtainable with a DHF basis set in
an RPA calculation, as discussed in Sec. II C.

By construction, the DHF basis orbitals v; satisfy the
eigenvalue equation

hove = 2% vy (B1)

The DHF basis is numerically compete, orthonormal, and of
finite size M. Notice that we attached the label DHF to the
energies; in Eq. (9) that label was suppressed. We would now
like to find solutions to the BO eigenvalue equation with the
self-energy operator X included:

(ho + 2)u = eu. (B2)

Since the DHF set {vx} is numerically complete, we can
expand the solution u in terms of the DHF basis orbitals as
u =), cyv. By plugging this expansion into Eq. (B2) and
using the orthonormality of {v;}, we arrive at

Z (0" 8k + Tt ) = €°° Z CrSmk s (B3)

k k
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FIG. 14. Comparison between our computed value (verti-
cal line + uncertainty band) for the normalized ratio & ; =
(1/ﬁ)(6S1/2||D||7P3/2)/(6S|/2||D||7P1/2) with existing experimen-
tal (o) and theoretical (¢) results. The experimental results are
ordered from the top down with decreasing uncertainties. The
weighted average and uncertainty are computed using Egs. (22).
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which may be cast in matrix form as

MPBO¢ = ¢8O¢, (B4)
where
iy + ePHF 2 Xim
21 T 4 PHE L Xom
MBO —
2 m2 S + et
(B5)
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FIG. 16. Comparison between the semiempirically scaled (sc.)
E'1 matrix elements at different levels of the coupled-cluster approx-
imation. The error bars, representing the scaling uncertainties, are
taken as half the difference between the scaled and unscaled values,
i.e., |SD — SD(sc.)|/2 and so on.
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FIG. 17. Fractional differences |(e*t — &f4')/e"4| between the
DKB B-spline basis set and finite-difference (f.d.) Dirac-Hartree-
Fock eigenenergies ¢; for several angular symmetries as functions
of the principle quantum number. Basis-set parameters: number
of splines for a fixed angular symmetry is M = 60, cavity radius
Riax = 250 a.u., and B-spline order k = 9.

By solving this equation we find the M BO eigenvalues £B°

and the corresponding eigenvectors of expansion coefficients
c. Using these expansion coefficients we can assemble the
desired Brueckner orbitals as u = Zk Cr V.

The numerical implementation of this method may be sig-
nificantly sped up by using angular reduction as follows. We
begin by writing

giju = Y JL(ijkDXL(ijkD), (B6a)
L

Zija = Y JL(jkDZL(ijkL), (B6b)
L

where

J(ijkl) = Z(_szmwfm,
M

Ji L g\(Ji L J
x <—mi -M mk> <—mj M ml)' (B7)
The quantity X; (i jkl) is expressed in terms of the reduced

matrix element of the normalized spherical harmonic Cy(f)
and the Slater integral Ry (i jkl) as

X (ijkl) = (=" (il ICL |1k e | Crl e R GijkL), - (BS)

where « is the relativistic angular quantum number that
uniquely encodes both the total angular momentum j and
the orbital angular momentum ¢, k = (£ — j)(2j + 1). The
quantity Z; (ijkl) may be expressed in terms of X (ijkl) via
the recoupling formula

Z(ijkl) = XL (ijkl)
Jv Ji L .
+ L]{". . )X (ijlk), B9
§L,j[ ](11 ; L) L(Gjlk),  (BY)
where [L] = 2L + 1 and (ﬁ j’/

Using the angular decompositions (B6), we may write the
matrix elements of the second-order self-energy operator (9)

If,) is the 6j symbol.
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as
2:ij = 5:(,/{_,- (Sm,-m_,

Z (—1)mtintiatii Xr (aimn)Z; (mnaj)

amn.L [L’ Jz] €a0 — Emn
—1 JmtJitjat e V4 HX, b
. Z ) 1(miab)X; (abmj) . (BI0)
abm [L, ji] Emo — Eab

where [L, j;] = [L][j;] = QL + 1)(2j; + 1). Notice the an-
gular selection rules enforced by the § symbols, reflecting
the fact that the self-energy operator is a scalar. The matrix
MBO may then be rearranged into a block-diagonal form, with
each block corresponding to a different x value. Solving the
eigenvalue equation (B4) is thus equivalent to diagonalizing
these blocks individually.

To speed up the computations of the self-energy matrix
elements (B10) further, we introduce a kernel (here and below
the angular symmetry of the block is fixed)

n_ (Kpp(r,T")  Kpo(r, 1)
Koy = <KQp(r, ¥ Koo(r.r))"
so that the self-energy matrix elements can be assembled from
the large (P) and small (Q) components of the Dirac bispinors
as

(B11)

/ , P/‘(r/)

Xij = [ drdr'(P(r), Qi(r)K(r, )| - . (B12)
;)

A straightforward but somewhat tedious derivation results

in the following expressions for the kernels (X and Y stand
either for P or Q):

1 K(amn,L) , r/
Kyy(r, 1) = —— Ky )
[L, .]l] amn. L €a0 — Emn

K(ume) r
by K

&
abm,L mo —

(B13)

Remember that the angular symmetry here is fixed, x; = «;.
The two subkernels appearing in the sums are, explicitly,

K)((‘;,m"’l‘)(r, r') = Hy (mnai)X,(r)v,(am; r)

X {HL(mnaj)Yn(r/)vL(am; r')

NS i, L
+IL] ZHmnman{ j j.f L/}
—

m

x Y, (¥ (an; r/)}, (B14)

and

K™D (r, ') = Hy (mjab)Y,(r' Y, (am; ')

X {H,_ (miab)Xy(r)v(am;r)

+IL] ZHL(zmab){J’ Jo LL}

— Ja

x X, (r)vy (bm; r)}, (B15)

where

H(abed) = (=1)" (ka||Cr|liec) (k| Cr | lica), (B16)

and vy (bm; r) is the screening potential,
/ rk / ! / /
v(ij;r) = fdr rkﬁ[l’i(r WP (r) + 0i(r)Q;(r)],

with the conventional definitions r. = min(r, r’) and r. =
max(r, r').

To reiterate, we start by generating the DHF finite basis
set on a certain radial grid, as described in the main text.
Then, for a fixed symmetry «, we tabulate the four elements of
the kernel (B13) on the grid with the help of formulas (B14)
and (B15). All the evaluations are carried out with the DHF
finite basis set. This is the most time-consuming part of the
calculations. Then, with the tabulated kernel, we compute the
matrix elements (B12) of the self-energy matrix and solve the
eigenvalue equation (B4). This provides us with the desired
BO spectrum and corresponding eigenvectors of expansion
coefficients of the BO orbitals over the original DHF basis. We
normalize these eigenvectors to guarantee that the BO basis
set is orthonormal. Finally, with these expansion coefficients,
we assemble the BO basis-set functions.

Finally, we turn to the question of how to choose the
reference energy gp. Since we are diagonalizing the BO
Hamiltonian Hpyr + X for each individual angular symmetry
k (172, P1j2, P32, ---), we can pick different values of &g
for different «. However, within each « block, gq is fixed.
Because we are interested in the low-energy valence states, in
the calculations reported in this paper, we fix &g to the lowest
valence electron DHF energy for a given «; e.g., for Cs 51,
states we pick &9 = &6 and for py,; states we pick &9 = &¢p, ,,
and so on.

APPENDIX C: FINITE-BASIS-SET IMPLEMENTATION
OF THE RANDOM-PHASE APPROXIMATION

An introduction to the random-phase approximation (RPA)
can be found in Sec. I C. The focus of this Appendix is to
describe an efficient numerical finite-basis-set implementation
of the RPA method. As a starting point, we reproduce for-
mula (11) from the main text. We are interested in computing
matrix elements of a one-electron operator Z = ), z, where
the sum goes over all the electrons. The RPA-dressed matrix
elements (vertices) are

RPA 3
ZRPA =7 + Z gmnab + an 8mban
ma
ma Ep—Ep—® & —E&+w
ZRPA~

Z:;EA _Zam+z< bn ganmb + b 8abmn >7 (Clb)

Ep—Ep — @ Ep—Ent+w

>, (Cla)

where o is the frequency of the perturbation driving the transi-
tion, which, in our case, is the w — v transition: w = &,, — &,.
Notice that these RPA-dressed matrix elements are defined
between the core (a) and the excited (m) orbitals. The matrix
elements between the two valence orbitals are given by the
second-order expression in terms of the above RPA-dressed
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matrix elements,

am gwmva

RPA _
wy Eq— Em — @
an a m

Clearly, we need to first find the RPA-dressed vertices
ZRPA and ZRPA| Usually, the set of equations (C1) is solved
iteratively (see, e.g., Ref. [52]), with subsequent iterations
recovering higher and higher orders of MBPT. In practical ap-
plications, however, sometimes the convergence is poor. Here
we present a method to determine the RPA-dressed vertices
in one shot, avoiding the iterations altogether. Our method
also offers computational advantages when calculating matrix
elements for multiple transitions.

We start by defining the following auxiliary quantities:

Z ngma ma ) (CZ)
8[11

ZRPA
Xmag = —————, (C3a)
Ea—Emtw
ZRPA
Mg = —————, (C3b)

g — Em — @

with which Eqs. (C1) for the RPA-dressed vertices can be
recast into the form

Zma = _(8m — & — w)Xma - Z (angbmna + n:bgnmba)s

bn
(C4a)
Zam = — (& — €4 + w)r];;m + Z (n:bgnabm + Xnb&banm)-
bn
(C4b)

This system of equations for x,, and n, is linear. It is
inhomogeneous with the driving term (—Zz;q, —Zam ). We can
find the solution of this inhomogeneous set of equations by
first solving the eigenvalue problem

(gm - Sa)Xma + Z ( gbmnanb + gnmbun;,kb)’ (Csa)
nb

- Sa)ﬂ;k,m + Z (gnabmn:b + ZpanmXnp), (C5b)
nb

D Xma =

wﬁfna = (Sm

to obtain the eigenpair {w,, x/,, (n4,)*}. The eigenfrequen-
cies w, can be interpreted as frequencies of particle-hole
excitations of the atomic closed-shell core.

There are two relevant properties of the eigensystem
(C5): symmetry and orthonormality. First, by examining
Eqgs. (C5), one concludes that for every eigenfrequency
w, there is an eigenfrequency of opposite sign —w,,. Sec-
ond, the two corresponding eigenvectors are related: if the
triple {w,,, (x},, (n',)*)} belongs to the eigensystem, so does
its negative-frequency counterpart {—w,,, ((n%,)*, x%)}. Fur-
ther, the eigenvectors satisfy the orthonormality condition

D Uona (i)™ = (mha) ] = sign(@)8,0.  (C6)

Once the eigenvalue problem, Egs. (C5), is solved and we
obtain a set of eigenvalues w” and eigenvectors (2 , (nk,)*),
we search for a solution of the inhomogeneous equations as
an expansion over the complete set of eigenvectors

Xma Xrlnta
=Y ¢ L) (C7)

Substituting this expansion into Egs. (C4), one obtains

Z( _ )C Xrlnla _ Zma (CS)
a ®— W)y, _(n#m)* =\.. |

Multiplying from the right by ((x,.,)*, n,,,) and using the or-
thogonality relation (C6), one finds the expansion coefficients

1 12z
C,,' = &(CD) Z [(Xy;ntu)*zmu + nf/:,azam]- (C9)

w — W,
H ma

Finally, returning to the definitions of ¥, and 7,, and
introducing

S”' = Z [(Xrlnla)*Zmll + UﬁaZam], (ClO)
we arrive at the desired RPA-dressed vertices
A sign(w")
ZRA — (6, — &0 + @) XM: w_—%suxj,;a, (C11)
RPA sign(w*) oo\
ZoA = (64— &m — ©) ; ————Sulnh, (C12)

w

The final step is the angular reduction of the above ex-
pressions. Without losing generality, we assume that the
one-electron operator Z is an irreducible tensor operator of
rank J. We also fix its M, the spherical tensor component. We
remind the reader that RPA describes particle-hole excitations
of a closed-shell core. Such excitations by an operator Z
necessarily required the excitation total angular momentum J
and its projection M. The parity of the particle-hole excitation
must be the same as of the operator Z. Thereby, we can in-
troduce the following parametrization using the conventional
Clebsch-Gordan coefficients,

a a JM
Xntasiy = Y, (=1 CIM o Yonas (C13a)
my,myg
a— Mq -] M .] M
Yatamiy = Y (—1fmmetI=Mel=M e - (C13b)
my, Mgy

where (a — «,,) denotes an excitation channel, e.g., 15, —
p3,2 for the electric-dipole operator (/ =1 and odd parity).
Notice the additional phase factors and negative magnetic
quantum numbers for core orbitals (see Ref. [51] for justi-
fication). The reduced coefficients X, y—,,) and Y, a—«,) DO
longer depend on the magnetic quantum numbers.

Carrying out the summation over the magnetic quantum
numbers in the eigenvalue equations (C5), we arrive at their
reduced form for the coefficients X, «,) and Y, —«,)»

O Xma—ry) = (Em — €a)Xma—ry)
(-1 )[;;/»1—117 Zi(bmna)X,p—x,)
nb
+ Zb %zj(nmba)YnM,,» (Cl4a)
ey = (En — 0 e
+Y %ZJ(bmna)Yn(b%Kn)
nb
+3 [j—] S (b X,y (C14D)
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It is worth remembering that the normalization condition in
the X — Y space differs from the conventional normalization.
The former reads [see Eq. (C6)]

S (el = |mi’) = sign(@), — (€15)
which translates into
Z <|Xr/rf(a~>l(m) ’ - |Yn/1i(a~>/<m)|2) = Sign(a)“), (C16)

ma

Additionally, the symmetry property of the eigensystem now
reads as follows: for every pair {w,, Kt i) Ymaso)))
there is a negative eigenfrequency  counterpart
n Iz
{_wﬂ’ (Ym(a—m,,,)’ X_m(a—n(,”))}'. .
Furthermore, using the Wigner-Eckart theorem, we arrive
at the RPA-dressed reduced matrix elements,

. R
<m||ZRPA||a) = (84 — &m + @) Z % ®
"

_ m(b—«,)°
w (,()M

(C17a)

(@||ZRM Im) = (g4 — em — @)(=1)"F/

. 4R
x Z%y# (C17b)

©—w, m(b—k,)’
m

where the “residuals” R, are defined as

RV- = Z (X:{b—mn)<n||z”b> + (_I)J"_jb+JYnlzb—>K,l)<b||Z||n))'
nb
(C18)

This concludes the derivation of our method. Some fur-
ther simplifications are possible, like reduction to positive
frequency summations, and we leave these straightforward
steps to the reader. Beyond offering a one-shot solution to
the RPA equations, our approach is beneficial in evaluating
matrix elements for multiple transitions. Indeed, if one stores
the eigenvectors (Xlitb_m y Yn’(‘b_) «))> the eigenvalues w,, and
the residuals R,,, then the dressed matrix elements are easily
assembled for any given driving frequency w.

Finally, a numerical evaluation of the derived expressions
requires single-particle orbital basis sets. In the main text,
we use both the DHF and BO finite basis sets. These were
described in Appendices A and B, respectively.
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