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Spin squeezing plays a crucial role in quantum metrology and quantum information science. Its generation
is the prerequisite for further applications but still faces an enormous challenge since the existing physical
systems rarely contain the required squeezing interactions. Here we propose a universal scheme to generate
spin squeezing in coupled spin models with collective spin-spin interactions, which commonly exist in various
systems. Our scheme can transform the coupled spin interactions into squeezing interactions and reach the
extreme squeezing with Heisenberg-limited measurement precision scaling as 1/N for N particles. Only constant
and continuous driving fields are required, which is a requirement that is accessible to a series of current realistic
experiments. This work greatly enriches the variety of systems that can generate the Heisenberg-limited spin
squeezing, with broad applications in quantum precision measurement.
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I. INTRODUCTION

Squeezed spin states (SSSs) are entangled quantum states
of collective spins with reduced quantum fluctuations in one
spin component perpendicular to the mean spin direction, due
to the quantum correlation between spins [1-4]. The reduced
quantum fluctuations allow them to surpass the so-called stan-
dard quantum limit with measurement precision scales as
1/N'/? for N particles [5-9], which is permitted by the coher-
ent spin states (CSSs). Thereby, the SSSs are the key resources
in the field of quantum metrology, which have significant
applications in high-precision measurements [2,3,10-21].
Due to their close relationship with quantum correlation,
they also serve as a significant witness to reveal the many-
particle entanglement, which has attracted extensive research
interests during the past few decades [22-33]. Since their
preparation is the prerequisite for further applications, many
efforts have been made to produce the SSSs, mainly in two
categories of platforms: atom-light interactions [15,34-42]
and nonlinear atom-atom interactions, e.g., Bose-Einstein
condensates (BECs) [13,14,22,27,43,44].

Among the category of atom-light interaction platforms,
one method of generating spin squeezing is by transferring
the squeezing from squeezed light to the spin system [34,45—
47]. It is straightforward but limited by the transfer effi-
ciency and the performance of light squeezing. Besides, some
proposals use photon-mediated spin-spin interactions gener-
ated in an optical cavity to obtain SSSs [48,49], in which
case superradiance is the main restriction on the achievable
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squeezing. Quantum nondemolition measurement is another
experimentally feasible way to generate spin squeezing
[7,50-54], but the acquired squeezing is not deterministic and
therefore strongly depends on the performance of the pho-
todetector [18,55]. For the nonlinear atom-atom interaction
platform, two well-known mechanisms, i.e., one-axis twist-
ing (OAT) and two-axis twisting (TAT), can deterministically
generate the spin squeezing [1,4,56—61]. Interparticle interac-
tions in BEC lead to OAT dynamics in certain circumstances,
which has been realized in several experiments to create
metrologically useful squeezing [13,14]. Studies in trapped
ions [31,62,63] and superconducting qubits [64-66] also wit-
ness OAT interaction and use it for entanglement generation.
Though the OAT squeezing has been experimentally demon-
strated in these systems, the squeezing degree only scales
as o< 1/N?/3, which is still far from the Heisenberg-limited
measurement precision. In contrast, the TAT squeezing can
provide a fascinating squeezing degree scaling as o 1/N,
which can reach the Heisenberg-limit measurement preci-
sion, but its generation remains a great challenge since the
interaction form is not found naturally in current realistic
physical systems [40,40,56-61,67-70]. For certain existing
interactions with weak squeezing ability or without squeezing
ability, utilization of pulse sequences is shown to possibly
induce engineered OAT or TAT Hamiltonians [71-75]. Sev-
eral other theoretical schemes are devoted to transforming
the OAT interaction into a TAT type to approach the ulti-
mate Heisenberg limit [56-59,61]. However, either special
experimental systems or complicated designs are required in
these proposals. Therefore, it is essential to explore feasible
schemes capable of realizing Heisenberg-limited squeezing
with commonly existing systems and easily implementable
designs.

©2023 American Physical Society
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Here we propose a universal scheme to produce
Heisenberg-limited spin squeezing in generic coupled spin
systems with collective spin-spin interactions by continuous
drivings. An effective OAT interaction can be induced by
simply applying a constant direct-current (DC) field, leading
to strong spin squeezing. We can further obtain the TAT spin
squeezing with an additional continuous alternating-current
(AC) field, and the Heisenberg-limited measurement precision
is ultimately achieved. Unlike schemes such as those reported
in Refs. [76,77], which require an intrinsic spin-squeezing
interaction that can be enhanced through drives, our scheme
focuses on generating spin squeezing from a collective inter-
action that does not intrinsically result in spin squeezing. As
a result, our scheme largely enriches the variety of systems
that can realize or enhance spin squeezing. Meanwhile, unlike
previous studies, our approach only needs a constant field to
generate effective OAT interaction and a additional contin-
uous driving to generate effective TAT interaction, which is
favorable for experimental implementation.

II. SYSTEM MODEL

A broad category of coupled spin systems can be univer-
sally described by the collective interaction Hamiltonian

Hpy = ZM guSuJ;La (D

where g, (u =x, y, and z) denotes the coupling strength
between the two subsystems for different spin components,
described by the collective spins (or pseudospins) S and J,

respectively. The operators are defined as S, = ZkN;l U;ii /2

and J, = 22\21 oj(klz /2, denoting the collective spin com-
ponents, with as(k/i and oj(k; being the corresponding Pauli

matrices for the kth spin-1/2 (or two-level) particle. They
can also describe the Stokes operators of light, which are
related to the differences between the number operators of
the photons polarized in different orthogonal bases [4,18].
The operators satisfy the SU(2) angular momentum commu-
tation relations [S;, S;] = ig;jxSx and [J;, J;] = ig;jxJy, where
gijk (i, j,k =x,y,z) is the Levi-Civita symbol. The above
model can be used to describe the atom-light interaction
system [9,55], the spin-exchange interaction system, the
dipole-dipole interaction system, etc. The corresponding typ-
ical interaction Hamiltonians are H, = gS,J,, H, = g(S:J; +
Syty + 8:J;), and Hz = g(SoJx + SyJy — 2S.J;), as illustrated
in Figs. 1(a), 1(b), and 1(c), respectively.

Considering the practical applications, we focus on the
spin squeezing of one subsystem, e.g., spin S. The interaction
Hamiltonian (1) does not contain the intraspecies nonlinear
interaction form like Sﬁ and thus is not able to generate the
OAT interactions. We apply constant DC driving fields on both
subsystems, generally described by

HPC = QJ, +Q's.. )

driv

Here Q and Q' denote the magnitudes of homogeneous fields
along the z axis applied on spins S and J, respectively.
Thereby, the total Hamiltonian becomes Hioy = Hin + HLS,,
which is demonstrated to be equivalent to an effective OAT
form o S? in the following.
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FIG. 1. Schematic diagram of coupled spin systems and spin
squeezing via constant drivings. (a) Schematic diagram of the
atom-light interaction system with Faraday magneto-optic rotation.
(b) Schematic diagram of the spin-exchange interaction between
two spins. (¢) Schematic diagram of the dipole-dipole interaction
between two spins. (d) Evolution of the quantum state for spin §
at the time instants denoted by the vertical gray dashed lines in panel
(e), represented by the Husimi Q function on the generalized Bloch
spheres. (e) The blue, green, and orange dashed curves respectively
present the free evolution of the squeezing parameters £ for spin
S under the Hamiltonians H;, H,, and H; as defined in the main
text. The red solid balls denote the results of our scheme with H,
under constant drivings, compared with the effective OAT interaction
(5) (black solid curve). The vertical gray dashed lines mark time
instants of ¢ = tin/4, tmin/2, 3tmin/4, and tyn, With fn, being the
optimal squeezing time of OAT. The parameters are N, = 50, N; =
50, and A/g = 50. The initial state is the product of coherent spin
states polarized along the y axis for spin S and along the z axis for
spin J.

To be specific, the mechanism of inducing OAT spin
squeezing is analogous to that of electron-phonon interaction
in condensed matter physics, in which the effective electron-
electron interaction is mediated by the phonons (lattice
vibrations). In our scheme, the spin J acts as an intermediary
(analogous to the role of phonons) to induce the intraspecies
interaction in the spin S (analogous to the role of electrons).
The effective intraspecies interaction in spin S can be derived
by performing the Frohlich-Nakajima transformation (FNT)
[78,79] with U = ¢° on the total Hamiltonian of the coupled
spin system as

Her = ¢ *Hiwe® = Hi, + (Hin + [Hgi,. S])

driv driv®

+ H(Hi + [HDS. S]). S} + LHine, ST+ . 3)

Choosing an appropriate S = —ify,SyJ, — i0),SyJ,, with 6,
and 6,, being undetermined coefficients, so that the first-
order term Hiy + [HDS, ST almost vanishes, the Hamiltonian

is simplified as Heg =~ H£§ ~+ [Hint, S1/2. The commutator
[Hine, S] contains the quadratic terms Si, thus being able to
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generate the OAT spin squeezing (see Appendix A for detailed
derivations).

Furthermore, the initial state of spin J is chosen to be a
CSS polarized along the z axis, i.e., the eigenstate of J, with
eigenvalue N;/2, where N; is the corresponding particle num-
ber. During a short time evolutlon the operators describing
the spin J can be approximately replaced by their expectation
values in the initial state. As a result, the Hamiltonian becomes

Hei = fS. + pS? + 457, )

where f, p, and g are functions of €2 and €' (see Appendix A).
The appropriate combination of € and €’ can make f = 0,
eliminating the linear term in Eq. (4). When p = ¢ (the case
is similar when p or ¢ is 0), Eq. (4) is reduced to a pure OAT
Hamiltonian:

HYT = xerS?, Q)

with the effective nonlinear interaction strength y.g =
—g%/(2A). Here A = 2(Q2 — Q')/(Nj;) is a parameter charac-
terizing the difference between the magnitudes of two external
fields. The condition p = g can be satisfied when g, = g, =
g. Note that the sign and the magnitude of the interaction
strength x.r can be easily modulated by adjusting the mag-
nitudes of fields 2 and ', which allows our scheme to be
directly applied in the twisting echo protocol proposed in
Refs. [80,81] that is robust against detection noise.

III. NUMERICAL INVESTIGATION OF SQUEEZING
DYNAMICS

Now we investigate the evolutions of the quantum state
with constant drivings. Demonstrated by the Husimi Q rep-
resentation on the generalized Bloch spheres, the isotropic
variance of the initial CSS of spin S is continuously redis-
tributed and reduced in a certain direction, indicating the
spin squeezing, as is shown in Fig. 1(d). The degree of spin
squeezing is usually quantified by the squeezing parameter
g2 = 4(AS¢)§HH/N [1], where (ASL)mm is the minimum of
the fluctuation (AS)* = (S7) — (S1)? for the spin compo-
nent perpendicular to the mean spin direction. We compare
the squeezing parameters for free evolution under the three
Hamiltonians H,, H,, and Hz, and for the evolution of H, with
constant drivings, as shown in Fig. 1(e). It clearly shows that
our scheme largely improves the squeezing properties. Note
that applying constant drivings on Hamiltonians H; and Hj
would also lead to the improvement of the OAT squeezing.

According to the previous conclusion of OAT squeezing
[82] and based on the obtained effective interaction coefficient
Xeft, We derive the optimal spin squeezing parameter and the
corresponding squeezing time as

2
1/N\ 3
2 s
a2 == s tmin &
Smm 2 ( 3 )

The validity of effective OAT squeezing is further demon-
strated in Fig. 2. The evolution of the squeezing parameter
with constant drivings agrees well with the corresponding
effective OAT Hamiltonian (5), as is shown in Fig. 2(a).
The power-law scalings given in Eq. (6) are also verified in
Figs. 2(b) and 2(c).
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FIG. 2. The effective OAT spin squeezing under Hamiltonian H,
with constant DC driving fields. (a) Evolution of the spin squeezing
parameter &2 of our scheme with constant drivings (red solid balls),
compared with that of the corresponding effective OAT Hamiltonian
(5) (black solid curve). Panels (b) and (c) demonstrate the optimal
spin squeezing parameter &2, and the corresponding squeezing time
tmin s functions of the particle number N; (red solid balls). The blue
solid lines are predicted by Eq. (6). The parameter 2 = 50N, g, with
particle numbers given in each subgraph.

Although Eq. (4) shows that both S7 and S exist, the tuning
ranges of parameters p and g are not broad enough to directly
obtain the effective TAT interaction with the form o (Sl2
S]2~). This imperfection can be overcome by adding an addi-
tional continuous AC driving field, e.g., Hé?l% A cos(wt)S,,
with A and o being the amplitude and the frequency of the
driving field, respectively. The total driving terms including
HDC and HJ become

driv
Hgiy = QJ, + Q'S, + A cos(wt)S,, (7)

and the total Hamiltonian then becomes H,,, = Hint + Hgriy-
Now we apply two transformations on the total Hamiltonian,
one is the same FNT as described by Eq. (3), the other
is Ui(t) = exp[—ifo H(ﬁg(r)dr]. Then the Hamiltonian can
be simplified as Hy =~ [(p + ¢)/2 — (¢ — p)Jo(2A/w)/21S? +
[((p+q)/2+ (q— p)Jo(ZA/w)/Z]SyZ, where J,(z) is the nth
Bessel function of the first kind. Therefore, when A/w is
properly chosen, H; will be a TAT Hamiltonian under the
condition (p — 2¢g)(2p — q) = 0. For other cases, e.g., p = ¢,
the continuous AC driving field can be applied along the y

direction with HAS = A cos(wt )Sy, which yields

driv

HT = (52 - 5)). @®)
where x.f is the same as the OAT case (see Appendix B for
detailed derivations).

To verify the validity of our TAT scheme, we numeri-
cally study the evolution of the spin squeezing parameter
of Hamiltonian (1), coupled with the total driving (7), com-
pared with the effective TAT Hamiltonian (8). As is shown
in Fig. 3(a), the evolution of the spin squeezing parameter
under our scheme agrees well with that of the effective TAT
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FIG. 3. The effective TAT spin squeezing under Hamiltonian H,
with DC and AC driving fields. (a) Evolution of the spin squeezing
parameter £2 for coupled spin systems with drivings (red solid balls)
and for the effective TAT Hamiltonian (8) (black solid curve), com-
pared with the OAT spin squeezing (blue dashed curve) governed
by Hamiltonian (5). (b) and (c) The optimal spin squeezing séin and
the optimal squeezing time #,,;, as functions of the particle number
N; for the TAT scheme with drivings (red solid balls), compared with
the effective TAT results (blue solid curves). The black dashed line in
panel (b) corresponds to &2, = 1.8/N,. The parameter A/g = 100,

and the particle numbers are given in each subgraph.

Hamiltonian dynamics, performing much better than the OAT
spin squeezing. As the effective interaction strength of TAT
spin squeezing is obtained in Eq. (8) (xefr/3), the power-
law scalings can be approximately obtained according to the
standard TAT squeezing [56]:

2~ 1.8 o 3A In(4N;)

min — Ns s tmin — gsz .
They are also verified in Figs. 3(b) and 3(c). Therefore, adding
both DC and AC driving fields will finally transform the initial

interaction (1) into the TAT interaction, with squeezing degree
up to the Heisenberg-limited measurement precision.

€))

IV. DISCUSSION ON PARAMETER IMPERFECTIONS

Considering the realistic experimental system, we investi-
gate the influence of parameter imperfections. On one hand,
during the derivation of effective interaction, the magnitudes
of © and Q' should satisfy the constraint f = 0 in order to
eliminate the linear term in the effective Hamiltonian. Here we
investigate the influence of the deviation of Q or @ from their
ideal values, keeping the value of the other one unchanged.
The deviations are quantified by the relative error, defined
as & = (Q — Qigeal)/ Ridea for 2 and &’ = (" — 101/ el
for €/, respectively. As shown in Figs. 4(al)—4(d1) (the first
column), the evolutions of the spin squeezing parameters &2
deviate from the ideal cases to some extent, but the squeezing
is not much degraded. The optimal squeezing is insensi-
tive to the deviations for OAT squeezing while it is slightly
sensitive to the deviations for TAT squeezing, as shown in
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FIG. 4. The influence of parameter imperfections. The first row
[panels (al)—(a3)] shows the effective OAT spin squeezing under
different deviations of €2, denoted as e. The second row [panels
(b1)—(b3)] shows the results for the deviation of ', denoted as &'.
The third [panels (c1)-(c3)] and fourth [panels (d1)—-(d3)] rows are
the corresponding results of the effective TAT spin squeezing under
different ¢ and &', respectively. The deviations ¢ and &" and relative
error § are defined in the main text. For the first column [panels (al)—
(d1)], the dotted red, solid blue, and dashed green curves correspond
to (al) e = —0.5, 0, and 0.5; (b1) &’ = —1, 0, and 1; (c1) e = —0.3,
0, and 0.3; and (d1) & = —2 x 1073, 0, and 2 x 107>, respectively.
The parameters are A/g = 50 for OAT and A /g = 250 for TAT spin
squeezing, and the particle numbers are Ny = N; = 40.

Figs. 4(a2)—4(d2) (the second column) with the relative error
of the optimal squeezing parameter § = (§2,, — £2..0)/E2im0-
This is due to the fact that the effective TAT squeezing needs
the rotation of the twisting axis, which is susceptible to the
linear term in the total Hamiltonian. Nevertheless, it still stays
within the relative error of 10% for relatively large deviations,
as shown in Figs. 4(c2)—4(d2). Therefore, our scheme is over-
all robust to the deviation from the ideal combination of €2
and Q'. The optimal squeezing times fn;, increase linearly
as the deviation of 2 increases, but are not sensitive to the
deviation of €'. This is because ye is in inverse proportion to
A x (2 — '), and Q is assumed to be much larger than Q'
in the plots.

On the other hand, we investigate the influence of A on
the effective spin squeezing, as is shown in Fig. 5. Over-
all, the best attainable squeezing &2. becomes better with
the increase of A [Figs. 5(a2) and 5(b2)], while the optimal
squeezing time t,;, also increases [Figs. 5(a3) and 5(b3)].
Specifically, given the particle numbers, when the value of A
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FIG. 5. Spin squeezing under different A. The top row [panels
(al)—(a3)] demonstrates the evolution of the spin squeezing param-
eter £2 under different A, the optimal spin squeezing &2, , and the
optimal squeezing time f,;, as functions of A, for the OAT spin
squeezing. The bottom row [panels (b1)—(b3)] shows the results for
the TAT spin squeezing. For the first column [panels (al)-(b1)], the
solid red, dashed orange, dotted blue, and dash-dotted green curves
correspond to (al) A/g =5, 10, 15, and 20 and (a2) A/g = 50, 100,
150, and 200, respectively. The horizontal dashed lines denote the
optimal spin squeezing achieved by a standard OAT squeezing in
panels (al) and (a2) and a standard TAT squeezing in panels (b1) and
(b2). The particle numbers are Ny = N; = 40.

is larger than a certain value, the best attainable spin squeezing
can achieve the optimal spin squeezing for the corresponding
effective OAT or TAT spin squeezing, as shown in Figs. 5(a2)
and 5(b2). Approximately, it requires A/g > 10 for OAT
squeezing and A/g > 50 for TAT squeezing, which shows
that the condition for realizing TAT squeezing is relatively
more stringent than that for realizing OAT squeezing, and
the required squeezing time seems to be longer. Nevertheless,
the above discussions are limited by the particle numbers due
to the constraint of numerical computation resources. Since
the optimal squeezing time #.,, scales as In(4Ny)/N; for TAT
squeezing, for very large Nj, the required squeezing time will
not need to be too long.

V. CONCLUSION

In summary, we have proposed a universal scheme to
generate the effective OAT and TAT spin squeezing in a

J

broad category of coupled spin systems with the collective
interaction Hamiltonian Hi, = ) 1 8uSuJyu, by applying only
constant and continuous drivings, which are simple to im-
plement. Both the best attainable spin squeezing and the
corresponding optimal time as functions of particle number
are demonstrated to satisfy the power-law scalings of OAT
or TAT squeezing. In particular, Heisenberg-limited measure-
ment precision can be reached in such coupled spin systems.
Furthermore, our scheme is demonstrated to be tolerant of the
parameter imperfections of the driving fields. This work offers
the opportunity to realize Heisenberg-limited spin squeezing
in a variety of coupled spin systems that are common in
realistic physical systems.
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APPENDIX A: DERIVATION OF THE EFFECTIVE
SQUEEZING HAMILTONIAN

Starting from the total Hamiltonian

Ho = QJ. + Q'S. + ZguS/LJm
m

(Al)

we perform the Frohlich-Nakajima transformation (FNT) to
obtain the squeezing Hamiltonian.
To be specific, we introduce a unitary transformation,

U=¢, (A2)
where
S = —i(OxyScJy + 0y SyJy). (A3)
The Hamiltonian is then transformed into
H' = e SHe®
= Ho + [Hior, S1+ 3[[Hiot, S1, ST+ ... (A4)

We calculate the commutator [H;y, S] as

[Htol» S] = Q[Jz’ _i(exysx-]y + nySny)] + Q/[SZ, _i(exnyJy + nySny)] + [ngXJx + gySy-]y + gZSZ‘]Z’ _i(ex)’sx‘])’ + O}WS)'JX)]
= —(Qny + gny/)Sxe + (eyx + eny/)Sny + gxexyS)%JZ - gyeyxs}%Jz + gxenyszz - gyexysz]f

+ gzexy(_SszJx + SnyJz) + gzeyx(SzSny — Sz,

and we further obtain

(A5)

[[Hlota S]v S] = _(nyQ + nyQ,)OxyS)%[Jxa _ijy] + (9)‘)(9 + eny/)gxy[S" _in]Jj
— (OuyQ + 03 Q)0 [Sy, —iS) V7 + (0,52 + Oy Q)00 S [y, —ide] + . ..

—(OyQ + 0,200, S2T. — (0,2 + 04,20y, ST}
— (O + 0,205, ST7 — (O R+ 00y Q0 S0 4+ -+

(A6)
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Substitute them into Eq. (A4) and we get

H = QJ, + 'S, + (g« — 0yQ — 0,28y + (8 + 00 Q2 + 0,2, Jy + 8.5:J,
+ [gr — 50 Q + 6,,2)]0,57 ). — [8y + 30 + 65y Q)04 | S}

+[gx_

500 Q + 0,205 ST7 — [8y + 30, Q + 0,0, ]S-I}

+ gzexy(_SszJx + SnyJz) + gzeyx(SzSny - SxeJz) + e (A7)

In the spirit of FNT, we require

8x — eny - nyQ/ = Os
g + 6, Q + 0,2 =0,

which leads to

82+ g,
Oy = ST

The expression of H' now becomes

H = QJ. +Q'S. + 2.5.J. + £2+ 882 ()

Q2 _Q2 ’

S+ 88,2,

2(92 _ Q/Z) X<z

+ 8x8:80 + gyng/

Qz — Q’2 (_SszJx + S)'Jsz) -

In order to ignore higher-order terms safely, the derivations
above require

gN;s
— 1 and
Q_ <

gN;

=L« All
QO < (A1D)

When focusing on the evolution of subsystem S, we choose
the initial state of subsystem J as the coherent spin state
along the +z axis, i.e., | (t = 0)); = |z), and we assume it
is almost unchanged during evolution. Then we can replace
the operators of subsystem J with their expected values:

0y N
(o) = <Jy> = (Jsz> = (Jsz> =0.

After that, we finally obtain the effective Hamiltonian for the
subsystem S:

Her = fS. + pS; + 48, (A13)
where
P L VA [(& +£)Q +2¢.69]
- 2g1 J 8(92 — Q,z) 8y y 8x8y s
— N](giQ + gxng/) _ Nl(g%Q + gxng/)
4(92 _ 9/2) > 4(92 _ Q/Z)

(Al4)

For three typical interactions, H; = gS.J;, H, = g(S:J; +
SyJy +8.J;), and Hz = g(S,J; + S,J, —2S.J;), the corre-

888 + 8x8:8
92 _ Qrz

(A8)
_ ng + ng/
"= gro g (A
EV+eeQ. , &L+
z —SZJ)C Y e
2(92 _ 9/2) y 2(92 _ Q/Z) 2(92 _ Q/Z) y
(S:Sydy — Sy + -+ - . (A10)

(

sponding effective Hamiltonians are

i / gZQ/Nj 2
Higr = | Q' — S22 — ) Sz + Xiefi Sy
r ., 1 FQN; ,
Hoerr = _Q + EgNj - m}sz + x2ettS:,  (A1S)
[ / gZQ/NJ' 2
Hiepp = _Q —gN; — r—9) 8.+ XzeftS7 s
with  the effective interaction  strengths  xier =

FON;/[A4Q* — QD)) and  xoerr = Xzett = —&°N;/[4(2 —
Q). For H, and H;, we have used the identity
S;+58} =58> — 582 =s(s+ 1) — 57 and ignored the constant
terms. The linear term o S; can be eliminated by choosing
appropriate magnitudes of the driving fields to make f = 0,
and then all three effective Hamiltonians are reduced to pure
OAT Hamiltonians HQAT = XeffoL.

APPENDIX B: GENERATION OF THE EFFECTIVE TAT
HAMILTONIAN WITH CONTINUOUS DRIVING

An effective Hamiltonian with the form pS? + ¢S can be
obtained by adding constant DC driving fields in coupled spin
systems, as shown in Appendix A. If p = —¢q or p = 2q or
p = q/2 s satisfied, the effective TAT interaction o< (S} — S7)
(i, j = x, y, ) can be obtained. Unfortunately, considering the
condition of Eq. (A11), the tuning ranges of parameters p and
g are not broad enough to directly obtain the effective TAT
interaction. This imperfection can be overcome by adding an
additional driving field. As suggested in Refs. [56,58], we
could transform an OAT Hamiltonian into an effective TAT
Hamiltonian by using a pulsed or continuous driving. Here
we provide a general scheme to transform any Hamiltonian
of the form pS)% + qS)Z, into a pure effective TAT Hamiltonian
with continuous driving.
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If (p—29)2p—¢q) >0, we add a continuous AC field

along the z axis and get
H = pS; + ¢S, + AS cos . (B1)
In the interaction picture defined by

[Y1(2)) = Uiy (1)),

. (B2)
Hy = U (t))HoUi (1),

where

Hy = pS; +4S;.

1
Ur = exp <—1/0 AS; cos wrdr) (B3)

A
=exp|—i—S;sinwt |,
w
we can obtain

2A
Prq_4-p " cos [ — sinwt | |$?
2 2 w
2A
|:p q p cos (— sin wt>j|Sy2
w

q-—

+

p . (24 .
sin | — sinwt )(SSy + 5,5), (B4)
w

where we have used €#5:S,e75% = S, cos¢ — S, sin¢ and
€95:5,e7%5% = S, cos ¢ + S, sin .

Now we apply the Jacobi-Anger expansion e?%"¢ =
Zn__ooJ ()™, where J,(z) is the nth Bessel function of
the first kind, and only keep the zero-order term with n = 0

(rotating-wave approximation), and the Hamiltonian becomes

—p (24
PN A el SN EEAT
2 2 w
+ 24
+[¥+‘12”10( )}sf,. (BS)

This approximation requires w < Ny(p + q).

The Hamiltonian H; can be rewritten by adding a con-
stant term, —[(p 4 ¢)/2 — (¢ — p)Jo(2A/w)/2]S* or —[(p +
q)/2+ (g — p)JO(ZA/a))/2]SZ, which leads to

- 24
1 = q—p( 2 )2 | 2L 1y (2 g2
2 2 w
24 24
H? = (p— )| — Sf— pra . a=r, ()¢,
2 2 w N

(B6)

The effective TAT Hamiltonian is obtained when setting
Jo(2A/w) = £(p+ @)/[3(q — p)] [+ for (1) and “=" for
(2)], that is,

OH_PTtq, o @
Heff = T(Sy - Sz)’
" B7)
g =P )
If (p—29)2p—¢q) <0, we may add a continuous AC
field along the y axis. The Hamiltonian is equivalent to
H' = —qS? + (p — q)S + AS, cos wt. (B8)

With similar analysis, we find the effective TAT Hamiltonian
is obtained when Jy(2A/w) = £(p — 2q)/3p, and the result is

M _P=29,0 «

Héff - 3 (Sx - Sy)’ (B9)
@ _P—2q

Héff = (Sz2 - S‘z)
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