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Making entangled photons indistinguishable by a time lens
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We propose an application of quantum temporal imaging to restoring the indistinguishability of the signal and
the idler photons produced in type-II spontaneous parametric down-conversion with a pulsed broadband pump.
It is known that in this case, the signal and the idler photons have different spectral and temporal properties. This
effect deteriorates their indistinguishability and the visibility of the Hong-Ou-Mandel interference, respectively.
We demonstrate that inserting a time lens in one arm of the interferometer and choosing properly its magnifica-
tion factor restores perfect indistinguishability of the signal and the idler photons and provides 100% visibility
of the Hong-Ou-Mandel interference in the limit of high focal group delay dispersion of the time lens.
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I. INTRODUCTION

Classical temporal imaging is a technique of manipulation
of ultrafast temporal optical waveforms similar to the manip-
ulation of spatial wavefronts in conventional spatial imaging
[L,2]. It is based upon the so-called space-time duality or
the mathematical equivalence of the equations describing the
propagation of the temporal pulses in dispersive media and the
diffraction of the spatial wavefronts in free space. Temporal
imaging was first discovered in purely electrical systems, then
extended to optics [3], and later converted into all-optical
technologies using the development of nonlinear optics and
ultrashort-pulse lasers [4-6]. In the past two decades, clas-
sical temporal imaging has become a very popular tool for
manipulating ultrafast temporal waveforms with numerous
applications such as temporal stretching of ultrafast wave-
forms and compression of slow waveforms to subpicosecond
time scales, temporal microscopes, time reversal, and optical
phase conjugation.

One of the key elements in classical temporal imaging is
a time lens which introduces a quadratic time phase modula-
tion into an input waveform, similar to the quadratic phase
factor in the transverse spatial dimension, introduced by a
conventional lens. Nowadays, optical time lenses are based on
electro-optic phase modulation (EOPM) [4,7,8], cross-phase
modulation [9,10], sum-frequency generation (SFG) [11-15],
or four-wave mixing (FWM)[16-19]. A temporal magnifica-
tion factor of the order of 100 times has been experimentally
realized.

Quantum temporal imaging is a recent topic of research
which brings the ideas from the spatial quantum imaging
[20-22] into the temporal domain. Quantum temporal imag-
ing searches for such manipulations of nonclassical temporal
waveforms which preserve their nonclassical properties such
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as squeezing, entanglement, or nonclassical photon statistics.
Some works have already been published on this subject.
Schemes for optical waveform conversion preserving the
nonclassical properties such as entanglement [23] and for
aberration-corrected quantum temporal imaging of a coherent
state [24] have been proposed. Spectral bandwidth compres-
sion of light at a single-photon level has been experimentally
demonstrated by SFG [25] and EOPM [26-28]. Temporal
imaging in the single-photon regime has been demonstrated
with an atomic-cloud-based quantum memory [29,30]. Quan-
tum temporal imaging has been demonstrated for one photon
of an entangled photon pair by SFG [31] and for both photons
by EOPM [32]. Quantum temporal imaging of broadband
squeezed light was studied for SFG [33-35] and for FWM-
based [36] lenses. In Ref. [37] it was demonstrated that a
time lens can preserve nonclassical effects such as antibunch-
ing and sub-Poissonian statistics of photons. In Ref. [38] a
temporal magnification of two weak coherent pulses with a
picosecond-scale delay by FWM was reported.

In this paper we consider the application of quantum tem-
poral imaging to the light produced in frequency-degenerate
type-II spontaneous parametric down-conversion (SPDC)
pumped by a pulsed broadband source. This type of SPDC
was considered in Refs. [39-41]. In particular, it was demon-
strated that the temporal and spectral properties of the signal
and the idler down-converted photons can be significantly
different in the case of a pulsed pump. This difference affects
the indistinguishability of these photons and consequently
deteriorates the visibility of the Hong-Ou-Mandel interference
[42]. One could try to increase the indistinguishability by in-
serting a spectral filter in one of the arms of the interferometer.
However, this filtering will result in additional losses of the
SPDC light. We suggest a nondestructive way of increasing
the indistinguishability by using a time lens in one of the arms
instead of a filter. We demonstrate that by choosing properly
the magnification factor of the temporal imaging system, one
can achieve unit visibility in the Hong-Ou-Mandel interfer-
ometry, thus reestablishing the perfect indistinguishability of
the photons. We consider the case of two spectrally entangled
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FIG. 1. Scheme for generation of photon pairs and observation of their second-order interference. A pump pulse impinges on a nonlinear
crystal cut for type-II PDC. Two subharmonic pulses appear as ordinary and extraordinary waves in the crystal. The pump is removed, while
two subharmonic pulses are separated by a polarized beam splitter (PBS). Polarization of the ordinary pulse is rotated by a half waveplate.
Subsequently, the ordinary pulse passes through a temporal imaging system, composed of an input dispersive medium, a time lens, and an
output dispersive medium. The delay of the extraordinary pulse §t is controlled by a delay line. The pulses interfere at a beam splitter (BS)
and are detected by single-photon detectors. A coincidence is registered if both detectors fire in the same excitation cycle.

photons only. Such photons become indistinguishable from
one another after the time lens; however, they remain entan-
gled and therefore distinguishable from other photons having
the same spectral and temporal shapes. Note that applications
of single photons in boson samplers [43,44] and quantum net-
works [45-47] require that the photons are indistinguishable
and disentangled.

We employ a more realistic treatment of the time lens with
respect to a usual approach found in the literature. Precisely,
instead of considering the field transformation by the time
lens using a local time in a reference frame traveling with the
group velocity, we use the absolute time in the laboratory ref-
erence frame. This description allows us to evaluate correctly
different time delays in the interferometric scheme used for
observation of the Hong-Ou-Mandel effect. We clarify the role
of the synchronization condition between the pulsed photon-
pair source and the time lens and investigate the sensitivity
of the visibility of the Hong-Ou-Mandel interference with
respect to the precision of this synchronization.

The paper is organized as follows. In Sec. II we describe
the SPDC process with a pulsed broadband pump and pro-
vide the corresponding Heisenberg equations. We evaluate
the spectra and the average intensities of the signal and the
idler waves. We also describe the time lens and different
time delays in the interferometric scheme. In Sec. III we
evaluate explicitly the coincidence counting rate in the Hong-
Ou-Mandel interferometer and investigate the visibility of the
interference pattern as a function of various physical parame-
ters of the problem. In Sec. IV we summarize our results and
give a short outlook for future work.

II. SECOND-ORDER INTERFERENCE OF PHOTON PAIRS

The scheme for the generation of photon pairs and obser-
vation of their second-order interference is shown in Fig. 1.
It consists of several parts, which are described separately

below. A quantum description of the field transformation in
each optical element is done in the Heisenberg picture, instead
of the Schrodinger picture traditionally employed for such
schemes [39,40,42,48-50], because the time-lens formalism
is developed in the Heisenberg picture [34,35]. In addition, the
Heisenberg picture formalism provides a natural extension to
the high-gain regime of parametric down-conversion (PDC),
where multiple photon pairs are created at once.

A. Parametric down-conversion

The model for the description of single-pass pulsed PDC
in a x® nonlinear crystal in the Heisenberg picture is
developed in Refs. [51-56] and here we adopt its single-
spatial-dimension version. We consider a crystal slab of length
L, infinite in the transverse directions, cut for type-II collinear
phase matching. We take the x axis as the pump-beam propa-
gation direction and choose the z axis so that the optical axis
(axes) of the crystal lies (lie) in the xz plane.

The pump is a plain wave polarized in either the y or z
direction. In the time domain, it is a Gaussian transform-
limited pulse whose maximum passes the position x = 0 at
time t = #o. Its central frequency is denoted by w,. The pump
is treated as an undepleted deterministic wave and is described
by a c-number function of space and time coordinates. The
positive-frequency part of the pump field (in photon flux units)
can be written as

E(+)(l, .X) — / a(Q)eikp(Q)x—i(wp-f-Q)ld_Q’ (l)

4 2

where Q2 represents the frequency detuning from the cen-
tral frequency and the integration limits can be extended to
infinity. The pump spectral amplitude «(€2) is nonzero in
a limited band only and does not depend on x, since the
pump is undepleted. All variations of the pump wave in
the longitudinal direction are determined by the wave vector
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kp(R2) = np(wp, + Q)(wp + 2)/c, where npy(w) is the refrac-
tive index corresponding to the polarization of the pump and
c is the speed of light in vacuum.

We assume that the pump pulse is a transform-limited
Gaussian pulse of full width at half maximum (FWHM) t,,
that is,

2

where 7, = 24/2In20; and Ej is the peak amplitude. From
this equation and Eq. (1) we find

E[(7+)(t’ O) = E()e—(t7t0)2/40127ia),,t’

a(Q) = EO\/_Ee—QZ/4Q§+iQIU’ 3)
2,
where Q, = 1/20;.

As a result of the nonlinear transformation of the pump
field in the crystal, a subharmonic field emerges. In the case
of frequency-degenerate type-II phase matching, considered
here, there are two subharmonic waves with the central fre-
quency wg = wp/2, polarized in the y (ordinary wave) and
z (extraordinary wave) directions. These waves are treated
in the framework of quantum theory and are described by
Heisenberg operators. The positive-frequency part of the
Heisenberg field operator (in photon flux units) can be written
in the form of a Fourier integral

El(:r)([’ x) = /Eu(g’ x)eik#(ﬂ)xfi(woJrQ)tg’

where €,(€2, x) is the annihilation operator of a photon at
position x with the frequency wgy + 2 and polarization along
the y axis for the ordinary (1 = 0) wave or along the z
axis for the extraordinary (1 = e) one and k,(2) = n,(wy +
Q)(wo + 2)/c is the wave vector, with n,(w) the refractive
index corresponding to the polarization w. The evolution of
this operator along the crystal is described by the spatial
Heisenberg equation [57]

“4)

(@0 = 1160, G, 5)

where the spatial Hamiltonian G(x) is given by the momentum
transferred through the plane x [58] and equals

+00
G(x) = x / ES @ 0EMN (1, x)E(, x)dt + Hee.,

oo
(6)
where x is the nonlinear coupling constant and £ [(,’)(t, X) =
E{P*(1,x) is the negative-frequency part of the field. Sub-
stituting Egs. (1), (4), and (6) into Eq. (5), performing the
integration, and using the canonical equal-space commutation
relations [58,59]

[€,(R,x), €](Q, X)] = 278,82 — Q). (N
we obtain the spatial evolution equations
dey(£2, ’ ’ i ! /
dele ) ; 0 _ Kfo((Q + Q) (Q, 0)e A @Gy
X
®)
de (22, ; A ,
Ee(d )C) —x / O((Q + Q')E(E(Q’,x)e’A(Q’Q)de ,
X

where « =ix/2mh is the new coupling constant and
A(Q, Q) = k(2 + Q') — ko(2) — k(') is the phase mis-
match for the three interacting waves.

In the low-gain regime, where the pump amplitude is
sufficiently small, we can solve Eq. (8) perturbatively, by
substituting E;(Q,, x) — €, (€', 0) under the integral. In this
way, we obtain, for the fields at the crystal output,

€,(R, L) = ¢,(22,0) + KL/O[(Q + Q)
x €/ (2, 0)D(Q, Q)dY,

€(Q L) = €,(2,0) + KL/O[(Q +Q)

x €/ (Q,0)D(Q, Q)d, 9)
where L is the crystal length and
D(Q, Q) = 2D 260nc[A(Q, QHL/2]  (10)

is the phase-matching function. Substituting these solutions
into Eq. (4), we obtain the field transformation from the crys-
tal input face to its output one. To write this transformation in
a compact form, we define the envelopes of the ordinary wave
at the crystal input and output faces as Ag(t) = E{7)(z, 0)e/®”
and A;(t) = ESD (1, L)@ =KD respectively, and those of
the extraordinary wave at the same positions as By(t) =
EM(t, 00" and By (1) = EM (1, L)el @' ~*D) respectively.
Here kg = k,(0). Using this notation, the field transformation
in the crystal has the form of an integral Bogoliubov transfor-
mation

A(t) = /UA(t,t/)Ao(t’)dt’+/VA(t,t/)B$(t/)dt’, (11)

Bi(t) = /Ug(t,t/)Bo(t/)dt/+/V3(t,t/)A2;(t/)dt’, (12)

where the Bogoliubov kernels are

UA(Z t/) — /ei[k{,(Q)—kg]L+iQ(t/—T)d_Q (13)
s oo
Vit 1)) = /ei[kl,(Q)—kB]L—i(Q’t’+Qt)J(Q Q/)deQ/ (14)
b b 2” b
Us(t, 1) = /ei[kg(Q)—kg]L-&-iQ(t’—r)d_Q’ (15)
2
Va(t t’) _ /ei[kg(Q’)ka]L7i(Q’t+Qt’)J(Q Q/)deQ/ (16)
b 9 27":
and
J(Q, Q) =kLa(Q+ Q)D(2, Q) (17)

is the joint spectral amplitude (JSA) of the two generated
photons, or the biphoton [60].

B. Spectral and temporal shapes of the photons

The spectra of the ordinary and extraordinary waves are
Su(Q) = (eZ(Q,L)eM(Q,L)), where u = o, e. Substituting
the solutions (9), applying the commutation relation (7), and
setting to zero all normally ordered averages at x = 0, we
obtain

SO(SZ)=271/|J(Q, QH2d (18)

and a similar expression for S,(2) with J(2, Q) replaced by
J(Q, Q).
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To find these spectra analytically, we make two approxima-
tions. The first one is the approximation of linear dispersion in
the crystal. This means that we consider only linear terms in
the dispersion law in the crystal, which is justified for a not-
too-long crystal [39,61]. Thus we write k, (2) ~ kg + k;LQ,
where k;l = (dk,/dQ2)q— is the inverse group velocity of
the wave u = p, o, e in the nonlinear crystal. In this way we
obtain A(R2, Q)L/2 ~ 1,2 + 1.2/, where 7, = (k;, —k)L/2
and 7, = (k, — k;)L/2 are relative group delays of the ordi-
nary and extraordinary photons with respect to the pump at
half crystal length and we have also assumed a perfect phase
matching at degeneracy, k) — k) — k{ = 0.

The second approximation is the replacement of the sinc(x)
function by a Gaussian function having the same width at half
maximum e*"/2% | where o, = 1.61 [56,61]. Applying both
approximations, we write

(1,82 + TEQ/)Z

d(Q, Q) ~ -
( ) exp( 207

+i(t,Q2 + ‘L'EQ/)>.
(19)

Substituting Egs. (3), (19), and (17) into Eq. (18) and a similar

expression for S.(£2) and performing integrations (see Ap-

pendix A), we find

A 27‘[Pb 6_92/203
oy ’

where the spectral standard deviation of the ordinary photon

1S
[or+ 20202
V20t =1l

that of the extraordinary photon o, is obtained by a replace-
ment 7, <> 7., and

Su(82) = (20)

21

O, =

2 2
P, = / J(Q, Q))2dQUd = Y2m(eLEy) o (22)
Qph'e — Tl
is the probability of biphoton generation per pump pulse.

In Fig. 2 we show the modulus of the JSA for a 8 barium
borate (BBO) crystal of length L = 2 cm, pumped at 405 nm
by Gaussian pump pulses with a FWHM bandwidth Ax = 0.2
nm, similar to the experimental setup of Ref. [41], but with a
longer crystal and longer pump pulses. The pump bandwidth
corresponds to €2, = 0.98 rad/ps or 7, = 1.21 ps. Using the
Sellmeier equations for the ordinary and extraordinary refrac-
tive indices of BBO [62], we find the angle between the pump
and the optical axis 0, = 41.42° for a frequency-degenerate
collinear phase matching, 7, = 0.76 ps and t, = 2.68 ps. For
these conditions, we find o, = 1.48 rad/ps and o, = 0.71
rad/ps, which give the ratio o,/0, = 2.1, showing the asym-
metry in the spectral bandwidth of two generated photons.

The temporal shapes of the photons are given
by their average intensities (in photon flux units)
L,(t) = (EC(t, L)ESP(t, L)). For the ordinary photon,
from Egs. (11), (13), and (14) we obtain

Io(l) — 2i / ei[k,,(Q’)—kU(Q)]L-H'(Q—Q’)tdQ as’
T

x / T, QNI Qd. (23)

J(Q,Q'
. @)
qk
S 4 —0.9
%D |
. — 2,
(=}
3 —0.7
()
T =
o
S =05
5 "2
$—
=
£ -4: 0.3
8]

_67‘

- —‘4 —‘2 0 2 4 6 0.1
Ordinary detuning Q/Q,

FIG. 2. Normalized contour plot of the JSA for two photons
generated in a 2-cm-long BBO crystal pumped at 405 nm. The tilted
shape of the JSA indicates the frequency-time entanglement between
the photons. The bandwidth of the ordinary photon is more than two
times higher than that of the extraordinary one.

With the help of the same approximations as above, we find
(see Appendix A)

(1) = e~k L2005 (24)

P,
V2w Aty

where the temporal standard deviation of the ordinary photon

is
[0 +217Q7
e (25)

At, = )
20,82,

while that of the extraordinary photon Az, is obtained by a
replacement t, <> t,. We note that the ratio of the temporal
widths of two photons is equal to the inverse of that of their
spectral widths: Az, /At, = o,/0,.. For the above example of a
BBO crystal, we find At, = 0.61 ps and Az, = 1.28 ps.

We note also that for both photons

+00 400 dQ
/ I(ndt = / Su(@)7— = h. (26)
—c0 0 b4
and since 1, (¢) has the meaning of the photon flux, Eq. (26)
justifies the interpretation of P, as the probability of biphoton
generation in one excitation cycle.

For a sufficiently narrowband pump, when 7,2, < oy,
the temporal standard deviations of the ordinary and ex-
traordinary photons are approximately the same and equal
to 1/2Q2, = o;, which simply means that the down-converted
photons have a probability to appear until the pump pulse is
inside the crystal. The spectral standard deviations of both
photons are the same in this case and equal to the continuous-
wave (cw) spectral standard deviation

OS
—’
V2|t — 1|

which gives o,y = 0.59 rad/ps for our example of a BBO
crystal.

27)

Ocw =
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FIG. 3. Schematic representation of the generation of two pho-
tons, ordinary (0) and extraordinary (e), by type-II PDC from a
pump pulse (p) in a crystal with quadratic nonlinear susceptibility.
For a broadband pump, the generated wave packets may be much
longer than the pump pulse. In a crystal with positive dispersion, the
generated photons travel at a higher group velocity in comparison to
the pump and advance the pump pulse at the output.

However, when the above condition is not satisfied and,
in addition, the group velocities of the ordinary and extraordi-
nary waves are significantly different, the durations and delays
of the two generated photons are different too, as shown
schematically in Fig. 3. The peak of the single-photon wave
packet polarized in the direction p = o, e passes the output
face of the crystal at time fy + 7, + kl’LL, while the peak of
the pump pulse passes this face at time 7y + k;)L. The relative
delay with respect to the pump is thus —r,,; it is negative in a
crystal with a positive dispersion, where the group velocity de-
creases with frequency, which means that the down-converted
photons advance the pump pulse. The relative delay between
the photons can be easily compensated by an optical delay
line. Still, the difference in wave-packet duration is a serious
problem for observing a Hong-Ou-Mandel interference of
them. The photons are partially distinguishable in this case
and, as a consequence, the Hong-Ou-Mandel interference of
these photons exhibits a degraded visibility [39-41]. A time
lens can be used for temporal stretching of the shorter wave
packet, as shown in the following sections.

C. Temporal imaging system

The interferometer we consider includes a single-lens tem-
poral imaging system in its arm where the ordinary wave
propagates. Such a system realizes a temporal stretching or
compression of a waveform similar to the action of an ordi-
nary single-lens imaging system in space. It consists of an
input dispersive medium, a time lens, and an output dispersive
medium. To understand its action on the field, it is instructive
to apply the quadratic approximation for the dispersion law as
follows.

An optical wave with a carrier frequency wgy passing
through a transparent medium experiences dispersion char-
acterized by the dependence of its wave vector k(€2) on the
frequency, which we decompose around the carrier frequency
in powers of Q2 = w — wy and limit the Taylor series to the
first three terms

k(Q) ~ ko + kyQ + 2k 22, (28)

where kg = k(0), k; = (dk/dS2), is the inverse group veloc-
ity, and k{ = (d*k/dQ2?),, is the group-velocity dispersion
of the medium at the carrier frequency wy. The effect of the
first-order term of this series is the group delay by the time
k(’)l , where [ is the length of the medium, as has already been
discussed in the previous section. The second-order term of
this series is responsible for the spreading of the initial wave-
form, which is characterized by the group delay dispersion
(GDD) D = k{ji. The input and output dispersive media of the
temporal imaging system have GDDs Dj, and Dy, respec-
tively. A time lens is a device realizing a quadratic-in-time
phase modulation of the passing waveform. It can be realized
by an EOPM (electro-optical time lens) or by a nonlinear
medium performing SFG or FWM (parametric time lens). In
both cases, a time lens is characterized by its focal GDD Dy.
The condition of single-lens temporal imaging reads

1 1 _ 1
Din Dout B Df

(29)

and is similar to the thin lens equation. When this condition
is satisfied, the output waveform is a magnified version of the
input one with a magnification M = —Dy/Diy-

Transformation of the field envelope operator in the tem-
poral imaging system can be found in Refs. [33,35], where
it is written in the delayed reference frame (see also Ref. [6]
for its classical form). Here we rewrite this transformation in
absolute time as

_1 X
Az(tour + Afout) = We'A’fut/2MDfAz<tin + Afy),  (30)

where A,(¢) and Asz(t) are field envelopes at the input and
output of the temporal imaging system, respectively. Here f,
is the time corresponding to the center of the temporal field
of view [36], a time axis (similar to the optical axis of a
spatial imaging system). This time is determined by the time
of passage of the modulating signal in an EOPM or by the time
of passage of the pump pulse in a parametric time lens. Cor-
respondingly, #o, is the central time of the image waveform.
It is related to #, as fou = fin + t4, Where £, is the group delay
time in the temporal imaging system. In addition, Aty and
Aty, are times relative to the centers of the object and image,
respectively; they are related by a scaling Aty = M Atyy.
For practical use, we rewrite Eq. (30) as

-1 . t — to
A3<r)=—rMe’(’_’“‘)Z”MD"Az(tom—td+ M) 31)

where t,, and #; can be considered as constants specific to
a given time lens. Equations (30) and (31) are obtained in
several approximations, the two most important being that of
the Fraunhofer limit for the dispersion and that of an infinitely
large temporal aperture T of the time lens. The first approx-
imation mentioned requires that D > 1/4c, as shown in
Appendix B. The second one requires that the FWHM of
the stretched pulse does not surpass the temporal aperture,
i.e., 2/2In 2 Aty < Ty, where Aty = |Diy|o, is the temporal
standard deviation of the pulse stretched in the first disper-
sive medium, as also shown in Appendix B. While the first
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requirement sets a lower bound for o,, the second one sets
its upper bound. We obtain from Eq. (29) and the definition
of magnification that D;, = D¢(M — 1)/M. Therefore, we can
write both bounds as

M? TimM*

4
. . 32
D2 — 12 <% = Did — 1812y (32)

The bounds are compatible if

41n2)2DX(M — 12
T G DM =17 (33)

M?2

As mentioned in the Introduction, a time lens can be realized
by an EOPM or a nonlinear optical process, such as SFG or
FWM. An SFG-based time lens always changes the carrier
frequency of the signal field and is therefore unsuitable for
the case of two photons having the same carrier frequency,
considered here.

For an EOPM-based time lens, the temporal aperture is
given by Ty = 1/2x fir, where fi; is the operating radio fre-
quency of the phase modulator, while the focal GDD is
D¢ = T} /Omax, Where Oy is the maximal achievable phase
shift, limited by the damage threshold of the modulator crys-
tal [1,2,6]. Thus, Eq. (33) implies 62_ > 7.7(M — 1)*/M?,
which is feasible for modern EOPM-based time lenses, where
a value of 6,,x = 25rad has been reported [26], and for a
magnification |M| > 1, which we consider in the setup of
Fig. 1. Taking this value of the maximal phase shift and fif =
40 GHz [26,46], we obtain Ty =4 ps and Dy = 0.64 ps’.
For a magnification M = —2.1, required for the case of the
previous section, we obtain from Eq. (32) the conditions o >
0.28 rad*/ps* and o, < 1.8 rad/ps. Both these conditions are
satisfied by the BBO source considered in the previous sec-
tion. We note that a Fresnel time lens based on an EOPM with
a nonsinusoidal driving current provides a higher temporal
aperture for fixed 6,.x and Dy [27,28].

Frequency-degenerate FWM is technically more compli-
cated but provides a wider range of possible focal GDDs
and temporal apertures. In a FWM-based time lens, a pump
pulse of FWHM duration 7 passes through a dispersive
medium with GDD D, and acquires a FWHM duration T, =
4In2|Dp|/79, which constitutes the temporal aperture. The
focal GDD is given by Dy = —D,/2 [2]. Taking realistic
values 7p = 0.1 ps, D, = —44 ps? [19], and M = —2.1, we
obtain from Eq. (32) the conditions o > 0.0002 rad*/ps*
and o, < 16 rad/ps. Both these conditions are satisfied with
very wide margins by the BBO source considered in the pre-
vious section.

D. Coincidence detection

We define the position of the output mirror of the interfer-
ometer as x = x4 and assume that the detectors are placed just
after it at the same position. The field operators at detectors
D1 and D2 are given by

L 1 . .
EP@) = E[E,Eﬂ(z,m +END — 1, x),

. (34)
ENN @) = —=[EP, x) — EXV (0 — 1, 1),

5

2

where t, = 1,0 4+ 8, with t,¢ the time delay experienced by the
extraordinary wave in the interferometer and dt the additional
delay introduced for this wave.

The probability of detecting one photon at detector D1 at
time #; and one photon at detector D2 at time ¢, is

Pio(t1, 12;87) = (BT )ET (1) ESY (1)E (1))
= [(ESV)EN @) P+ oY, (35)

where £ = kLEj) < 1 is the smallness parameter of the low-
gain regime of PDC. The average coincidence counting rate is
given by [39]

1 T
R.(61) = T // dtidt, Py (11, 123 87), (36)
0

where T is the coincidence detection time.

E. Relative delays

Uniting the transformations presented above, we need to
take into account relative delays between the parts of the
interferometric setup shown in Fig. 1. In doing this, we need
to remember that the field envelope travels in a dispersive
medium at the group velocity, while the central frequency
component travels at the phase velocity. In air, these two ve-
locities practically coincide, but in a dense dispersive medium,
they may be significantly different, which results in the ap-
pearance of a phase shift for the field amplitude.

In this way, we write A>(¢) = A;(f — t12), where ;5 is the
delay between the point x; = L (PDC crystal output) and
point x, (temporal imaging system input). Also, we write
E(t, x4) = As(t — t34)e” " +19 where 134 is the delay be-
tween the point x3 (temporal imaging system output) and point
x4 (interferometer output mirror), while ¢ is a phase caused
by the difference of the phase and group velocities in the
media of the temporal imaging system. We do not write this
phase explicitly, because it does not affect the second-order
interference picture, as we show below.

For perfect interference, we expect that the total delay
of the ordinary wave matches that of the extraordinary one.
The ordinary wave emerges when the pump pulse enters
the nonlinear crystal. In a crystal with positive dispersion,
the subharmonic travels at a higher group velocity than the
pump. This means that the ordinary wave is a longer pulse,
advanced with respect to the pump pulse (see Fig. 3). The
center of this ordinary pulse is generated when the peak of
the pump pulse passes the crystal center, which happens at
time 7o + k,L/2. We recall that k, = 1/v, is the inverse of
the group velocity v, of the pump. Thus, the center of the
ordinary pulse leaves the crystal at time 7o + k,L/2 + k,L/2
and arrives at the exit interferometer mirror, point x4, at time
tho = fo + k[/,L/Z + k)L/2 +t13 + tg + t34. Similar reasoning
gives the time of arrival of the center of the extraordinary
pulse t4o =to + k,L/2 + k,L/2 + t,0. A perfect interference
is expected to occur at #4, = t4,, Wherefrom

K L/2 4ty + 14+ taa = k,L/2 + ty. 37)
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Another important relationship is the synchronization con-
dition for the photon pair source and the modulator. The center
of the temporal field of view (time axis) f, is expected to
coincide with the center of the ordinary pulse, arriving at the
time lens

tn = to + k;,L/z +k)L/2 + 115 + 5t, (38)

where 6¢ is a time shift, describing a possible synchronization
imprecision. Now Egs. (11), (12), (31), (34), and (35) repre-
sent a closed system of equations, allowing us to express the
fields on the detectors through the vacuum fields at the PDC
crystal input and calculate the average coincidence counting
rate defined in Eq. (36).

J

Piy(t, 1;81) =

4|M|

e N2 A th — 134 — 1,
— itha—ton)”/2MD; / Uy <ly + —M ot ) Vp(t — 1, t)dt'

where 1, = toy — 14 — 2.

Substituting the expressions for the Bogoliubov kernels
(13)—(16) into Eq. (39) and the obtained expression into
Eq. (36), extending the limits of integration over ¢; and #, to
infinity [39], and using the relations for relative delays (37)
and (38), we obtain

R(67) = 201 = pin(87)1, (40)
2T

DV
! / / / / dQdQdQ'dQ”
Q,JTP;,

x [J(Q, 2H(Q", @)
2 2
Q/// _ Q_” _ Q/
M

{iMDf |:<SZ
X exp > i

x expli(Q — Q") — i(Q — Q)87 — 8t)]

where

pin(87) =

(41)

is the conditional probability of destructive interference of
two photons under the condition that they are generated. By
destructive interference we mean, in the spirit of Ref. [42],
the case where both photons go to the same beam-splitter
output. The expression (41) looks complex, but with a simple
argument we can prove that it is real. Indeed, if we interchange
the variables © and Q' with Q” and ", respectively, then the
expression becomes complex conjugate. At the same time, the
change of variables should not change the integral; therefore,
we conclude that pi, (87) is real. At sufficiently high values of

J

III. ANALYTICAL CALCULATION OF THE AVERAGE
COINCIDENCE COUNTING RATE

In this section we calculate the average coincidence count-
ing rate, bringing together the relations for different parts of
the interferometric setup, obtained in the preceding section.
To this end, we express the fields in Eq. (35) via the vacuum
fields Ao(¢) and By(r) with the help of Egs. (11), (12), (34),
and (31) and the relations for the field envelopes, discussed in
Sec. IIE. Then we transform the obtained expression to the
normal form using the commutation relations (7) and leave
only the c-number terms, since the normally ordered correla-
tor for the vacuum field is zero. In the lowest (quadratic) order
of £ = kLEy < 1, we obtain

2 1 — 13y — 1
et(tl t34—tour)” /2M Dy [ UB(tZ —t,, l/)VA <ty + out’t/ dt’

M

2
. (39)

(

|6t| and |67 — &t|, the function under the integrals in Eq. (41)
oscillates very fast with the frequency and its integral is close
to zero. Thus, at a high enough delay, the probability of in-
terference tends to zero and the total number of coincidences
TR, (£00) tends to P, /2, as expected since each photon can be
reflected or transmitted at the beam splitter with a probability
%, giving four possible combinations, two of which result in a
coincidence.

The quadruple integral (41) can be made Gaussian with the
help of the Gaussian approximation for the phase-matching
function (19), already employed in Sec. II A to calculate the
spectral and temporal shapes of the ordinary and extraordinary
waves. In this approximation, the integration can be taken
analytically by the multidimensional Gaussian integration for-
mula

00 n1/2
/ e—uTAu/2+ivTuan — |:f127[[)\1i| / e—vTA"v/Z’ (42)
. et

where u and v are two n-dimensional column vectors, while
A is an n X n symmetric matrix.

To simplify the notation, we introduce dimensionless de-
lays, relating them to the pump pulse duration 7,

2Q 2v/In2z,, 0,e
To,e = f pfo,e = n-ot S 1034‘[ . . (43)
Oy Oy Tp Tp

and a dimensionless focal GDD D = ZQIZ,Df.

To transform Eq. (41) with the phase-matching func-
tion approximated by Eq. (19) into the matrix form of
Eq. (42), we identify n =4, u=(Q,Q,Q", Q")7, v=
(8¢t, 8t — 81, —8t, 8t — &t)T, and

1+ T2 —iD/M 1+ T,T, 0 iD
_ 1+ T,T, 1+ T} +iDM —iD 0 (44)
- 202 0 —iD 1+ T?+iD/M 1+ T,T,
iD 0 1+ T,T, 1+ T? — iDM
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We notice that the third and fourth elements of the vector v
are equal to the first and second ones taken with the opposite
sign. This allows us to simplify the quadratic form on the
right-hand side of Eq. (42) significantly. Let us denote the
inverse of A by IT and write it in a block form

n= (g na) )
where I1;; are some 2 x 2 matrices. Now we introduce a two-
dimensional column vector w = (8¢, 8t — 87)7 and write
viA"lv = wiTw, 46)
where I" is a 2 x 2 matrix
['=Tly; — [y — Moy + Ma. 47)

With the help of Mathematica 12, we find

2 2 1 _
ro o 1+T7+MF. 1 T6€0 MF g
-1 -T,T,— MF, 1+T;+F;
where
Te - To 2
,_ETR o)
4916, det A
T, —T,)* M?F, F_
det A = ¢ " (4 ), (50)
16S2§) D?
and
D*[(1 £ M)? + (T, £ MT,)?
g, = DAEMY +( 1 1)
M*(T, — T,)*
Thus, we finally obtain
|Te - T0|Df e_wTrw/z. (52)

m(87) = 2
P Q2/det A

Let us show that both eigenvalues of I" are positive for any
values of the parameters T, T,,, D, and M. First, we find

detT = v(T, — T0)2<1 + , (53)

M?F,_F_ )
which is obviously positive. Then we write the characteristic
polynomial in the form

f) =A% — (Ty; + )i +det T, (54)

where I';; are the elements of the matrix I". This function rep-
resents a parabola with a vertex at Ag = (I'1; 4+ I'»)/2, which
is positive, where f(xg) = —(I'1; + F22)2/4 — F122, which is
negative. This means that the parabola intersects the f = 0
axis at two points, one of which is positive. The second
eigenvalue is positive too since the determinant is given by
the product of eigenvalues. As a consequence, at high delay
87, pint(67) tends to zero, as anticipated above.

The average coincidence rate reaches its minimum at some
delay 8tmin. This delay corresponds to the minimal value of
the quadratic form w/ 'w and can be found by taking its

derivative with respect to 67 and setting it to zero:

IgF)
8Tmin = | 1 + =— )4t. (55)
"2
The visibility of the Hong-Ou-Mandel interference picture
is defined as the ratio of the dip to the coincidence rate at a
high delay:

_ Re(00) = R(btmin) _ _
= R.(c0) = Pint(8Tmin)» (56)

1%
where we have used the expression for the average coinci-
dence rate (40) and the fact that p;,(oco0) = 0, established
above. Below we analyze the visibility for the cases of perfect
and imperfect synchronization.

A. Perfect synchronization

At perfect synchronization of the PDC pump pulse and the
time axis of the time lens, 6¢ = 0 and therefore, from Eq. (55),
8Tmin = 0. The interference probability is

2D

e
T, — T,|\/T + M?F.F_D?

—F225T2/2, (57)

pa(dt) =

where

14+T?+F,
[y =402, ———2 " 58
2= e T MR FD? (58)
With varying magnification, the visibility pfnst(O) reaches
its maximum at the minimal value of the function g(M) =

M?F, F_. Equalizing its derivative to zero, we find the optimal

magnification
[P Lk (59)
TN T2 T T A

where Az, and Af, are the standard deviations of the temporal
shapes of the ordinary and extraordinary waves, respectively,
found in Sec. II A. The minimal value g(Mqy) = 4D*/(T, —
T,)> and therefore the optimal visibility at perfect synchro-
nization is

pPs 2D

VOpt = .
V(T =T, +4D?

From a physical point of view, the optimal magnification,
given by Eq. (59), is completely clear and expected. It corre-
sponds to the ratio of the temporal widths of the ordinary and
extraordinary photons, i.e., at the optimal magnification, the
duration of the stretched ordinary photon equals the duration
of the extraordinary one. The minus sign in Eq. (5§9) corre-
sponds to the inversion of the temporal waveform, which does
not affect the visibility, since the photon has a symmetric tem-
poral shape and we are considering a perfect synchronization,
where the center of the photon coincides with the center of the
field of view of the time lens.

When the focal GDD of the time lens is high enough so
that the relation D? > (T, — T,)? /4 or

(60)

2
D; > 10252 61)
pYew
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0.6
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0.2

0.0

Magnification |M|

FIG. 4. Interferometric visibility plotted at perfect synchroniza-
tion as a function of the magnification |M| for different values of
focal GDD. The source parameters are as in Sec. II B. The maximal
visibility is reached at the optimal magnification, corresponding to
the ratio At,/At, = o,/0,.

holds, the visibility approaches unity (see Fig. 4). At a lower
D, the interference is not perfect because a time lens adds
a residual chirp to the stretched ordinary pulse, which does
not match perfectly the extraordinary one, notwithstanding
having the same duration and the temporal intensity shape.
This chirp tends to zero as Dy tends to infinity, as can be
seen from Eq. (31). For the examples considered in Sec. I1C,
we obtain the values of 4DfQ230;;, equal to 0.55 and 650 for
EOPM and FWM based lenses, respectively. We see that the
FWM-based lens considered satisfies the condition (61), while
the EOPM-based lens considered does not reach the limit
D — oo and allows one to obtain only a limited visibility of
(1+1/0.55)"12 =0.6.

The limit of M = 1 and Dy — oo corresponds to a lensless
setup, where the imaging transformation (30) reduces to a
translation in time. In this limit we find

2

Vi+ (T + T,

We see that for a lensless setup, the width of the Hong-Ou-
Mandel dip is independent of the pump spectral width, while
the visibility is maximal in the cw limit (€2, — 0), where it
is equal to one, and degrades with the growing pump spectral
width [39,40]. In Fig. 5 we show the coincidence rate in the
cw limit, its degraded version for a pulsed pump, and the
interference picture restored by a time lens with a sufficiently
high focal GDD.

We see in Fig. 5 that the dip of the restored interference pic-
ture is much wider than that of the case of the cw pump. This
might appear paradoxical, because the cw limit corresponds to
long pump pulses, e.g., nanosecond scale, which produce long
subharmonic pulses, as discussed in Sec. II B, while a short
pump pulse produces subharmonic pulses of the same scale,
picosecond in the considered example. It might be expected
that longer pulses have a longer correlation time. However,
that is not the case; the correlation time (standard deviation
of the interference dip) in the lensless cw limit is equal to
Tew = O.SO'C:V] , as follows from Eq. (62), and is unrelated to the
pump pulse duration. For a pulsed pump and in the presence
of a lens, the correlation time is Tpyied = F;zl/ 2, as follows

672062‘”812 .

plire:tlsless (8 T ) — (62)

—_
W
T

----- - no lens, cw pump no lens, pulsed pump

time lens, D=0.2 time lens, D=10

—_
(=]

Bt e e e e 1 ¢ Vot o e o e e ]

e
n

Normalized coincidence rate

o
| ©
~

Relative delay oy, 07

FIG. 5. Normalized coincidence rate plotted against the relative
delay. The source parameters are as in Sec. IIB. The lines for a
lensless case reproduce the well-known result: The pulsed pump
reduces the visibility of Hong-Ou-Mandel interferometry [39-41].
A time lens with a low focal GDD is unable to restore the visibility,
even at optimal magnification, because of the strong chirp, imposed
on the magnified pulse. A time lens with a high focal GDD imposes
a much weaker chirp and restores the visibility to 100%.

from Eq. (57). In the example considered this time is Tpuised =
1.40&} and is much longer than 7.y. A longer correlation time
may be beneficial for some applications of indistinguishable
photons, such as boson samplers [43,44], because it makes
photons less sensitive to the emission time jitter.

B. Imperfect synchronization

In the case of imperfect synchronization, 8¢ # 0 and the
position of the dip of the average coincidence rate depends
on 8t (see Fig. 6). In addition, this dip is less pronounced.
Substituting Eq. (55) into Eq. (52) and the result into Eq. (56),

Coincidence

rate

0.9

0.7

0.5

Synchro imprecision oy, 6t

0.3

2 0 2 4
Relative delay oy 67

0.1

FIG. 6. Normalized coincidence rate plotted versus the synchro-
nization imprecision §¢ and the relative delay 6t measured in units of
o). The source parameters are as in Sec. Il B. The imaging system
parameters are D = 10 and M = —2.1. The dashed axes illustrate
that the coincidence rate is minimal for 6+ = 0 and 6t = 0.
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Object Time axis Image
E :E ; 4
; : Time

FIG. 7. Schematic representation of the effect of a time lens on
an input waveform in the case of imperfect synchronization of the
source and the time lens. The waveform center has a time imprecision
8t with the time axis of the lens. In the case of negative magnifica-
tion, the output waveform is obtained by stretching [M| times and
inverting the input waveform. As a result, the magnified waveform
experiences a time shift (1 + |M|)|6¢].

we obtain the visibility

2De~ 7%
V= , (63)
T, — T,|\/1 + M2F.F_/D?
where
—29% 64
YTIx T} +F. &)

At high enough D, y tends to 0 and the visibility approaches
that of perfect synchronization, analyzed in the preceding
section. The delay corresponding to the dip (55) takes a simple
form in the limit D — oc:

8Tmin — (1 — M)St. (65)

This result has a simple explanation. When the center of the
single-photon pulse is delayed by |6¢| with respect to the time
axis of the time lens with a magnification M < 0, the image
pulse is shifted at the output by |M§¢| in the opposite direc-
tion (Fig. 7), which gives a total time shift of (1 4 |M])|5¢].
This shift is to be compensated by a time delay, specified in
Eq. (65). For a positive M, the image lies at the same side
of the time axis with the object and the total time shift is
[(1 — M)ét|, again in agreement with Eq. (65). The analysis
of this section shows that, in general, the synchronization
jitter reduces the visibility of the interference picture, but its
effect can be greatly reduced by choosing a time lens with a
sufficiently high focal GDD.

C. Properties of photons after the lens

To make more intuitive the conclusions made above, let
us consider the spectral and temporal shapes of two photons
at position x4 just before the output beam splitter of the in-
terferometer and compare them to those found in Sec. IIB.
The extraordinary photon experiences just a delay, so its tem-
poral and spectral widths are the same as at the crystal exit
at position x; = L. In contrast, the ordinary photon, which
passes through the time lens, changes both its temporal and
spectral shapes. The intensity of the ordinary wave at x4 is
19%(t) = (ES7(t, x4)ESD(t, x4)). Expressing the fields at x4
through the fields at x; = L by the relations given in Sec. II,
we find

1 1 — ldela
1) = —1,[ ——= ), 66
o (1) M| ( i ) (66)

where the delay time is fgelay = 134 + tour + Mt12 — Mt;,. That
is, the temporal width of the ordinary photon is increased
|M| times, as expected for a temporal imaging system with
a magnification M.

To find the spectral shape of the ordinary photon we calcu-
late the JSA at position xy:

/ 1 o o /
o (.2 = 5 f B )ED (W, x0)

x DN gy gy (67)

Expressing the fields at x4 through the fields at x; = L, as
above, we obtain

o N 1o,
Jout(Q, Q) = /KLH12 / G Q. QIR ), (68)
T

where
G, (Q, Q) — /27_[ine—(i/Z)MDf(Q—Q/M)2+i£2t2+i§2t1+i¢’ (69)

is the transfer function for the ordinary photon in the fre-
quency domain. Here ) = toy + 34, 71 = k,L + 112 — tin, and
¢ =¢+ kSL + wot,. The transfer function satisfies the uni-
tarity condition

a2
/ G (2, 21)G,(L2, Qz)g =2m8(2; — ). (70)

As a consequence, the spectral and temporal shapes of the
extraordinary photon, calculated from equations similar to
Egs. (18) and (23), remain unchanged except for a delay, as
anticipated above.

The spectral width of the ordinary photon can be easily
found in the limit Dy — oo, where G,(€2, Q) — ZL8(Q —

Q/M) and
Jout (2, Q) = VMIMQ, Q), (71)

which means that the spectral width of the ordinary photon
decreases |M| times. To find the spectrum of the ordinary
photon in the general case of finite Dy, we perform a Gaussian
modeling of the phase-matching function, as in Sec. IIB.
Substituting Egs. (3), (17), and (19) into Eq. (68), we obtain

1
Jour (2, Q") = Jyexp ( - E(B]]Q2 + 2B, QY

+ BnQ?) +iy(Q, m), (72)

where Bi; = D*(1 + T?), Bi» = D*(1 + T,T,)/M, and By, =
D*(1 + T?)/M? + (T, — T,)*(1 + T?), while the values of Jo,
3, and ¥ (€2, ') can be found in Appendix C. We see that the
spectral correlations (entanglement) between the photons are
still present after the time lens, as indicated by the nonvanish-
ing coefficient Bj;.

The output JSA is evidently nonsymmetric at the optimal
magnification, given by Eq. (59). Thus, the spectral widths of
the photons are different at the optimal magnification for finite
Ds¢. In the case |D| > |T, — T,|, the modulus of the output JSA
can be made symmetric by choosing the magnification

+ Mopt )
V1—(T, - T,)*/D?

which is, however, suboptimal.

Msym = (73)
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Substituting Eq. (72) into Eq. (18), we obtain the spectrum
of the ordinary photon after the time lens in a form of a
Gaussian distribution with the dispersion

LS+ )0 )
o,out D2 (1+T02))7—(1+7;)Te)2/M2

, (74)

where n = Mgpt/M2 + (T, — T,)?/D*. At the optimal mag-
nification and in the limit of high D, n — 1 and 0, out —
o,/|M| = o,, as expected.

Thus, a single-lens temporal imaging system with a mag-
nification M realizes a scaling of the field with the factor |M|
in the temporal domain: A pulse of duration At is stretched
to the duration |M|At. However, in the spectral domain, the
scaling factor is not given by |M|: A pulse of spectral width o
is transformed into a pulse with a spectral width higher than
o /|M| because of an additional chirp imposed by the temporal
imaging system. It is interesting that the highest visibility is
attained at a magnification corresponding to equal durations
of two photons, not to their equal spectral widths.

IV. CONCLUSION

We have considered an application of a time lens for
the light produced in a frequency-degenerate type-II SPDC
pumped by a pulsed broadband source. In this type of
SPDC, the signal and the idler photons have different spectral
and temporal properties. Therefore, they lose their indistin-
guishability and this effect deteriorates the visibility of the
Hong-Ou-Mandel interference. We have demonstrated that by
inserting a time lens in one of the arms of the interferometer
and choosing appropriately its magnification factor, one can
achieve 100% visibility in the Hong-Ou-Mandel interference
and thus restore perfect indistinguishability of the signal and
idler photons.

In our theoretical model, we have taken into account the
fact that for a pulsed source of the SPDC light one has to prop-
erly synchronize in time the source and the time lens in order
to achieve the optimum destructive interference of the signal
and the idler waves. We have studied the effect of desynchro-
nization on the visibility of second-order interference. Our
results show that for large values of the focal GDD of the lens
the effect of the desynchronization can be neglected and one
can still have perfect visibility of the interference, however,
for a nonzero time delay in the interferometric scheme.

In our calculations, we have assumed a Gaussian shape
of the pump pulses for the SPDC source and also used a
Gaussian approximation for the phase-mismatch function of
the nonlinear crystal. These two conditions have allowed us
to obtain several important analytical results, for example, for
the spectra of the ordinary and the extraordinary waves and
also for the temporal shapes of the emitted pulses. We have
also obtained an analytical formula for the optimum value of
the magnification factor of the time lens, which provides the
unit visibility of the Hong-Ou-Mandel interference. We have
given a simple physical interpretation of this result in terms of
the temporal durations of the ordinary and the extraordinary
pulses.

In order to assess the feasibility of our theoretical proposal
in view of the possible experimental realizations, we have

provided quantitative estimations for two possible implemen-
tations of the time lens: based on EOPM and on FWM. Taking
as an example a BBO crystal for the SPDC light source, we
have shown that for both types of time lens our theoretical pro-
posal is experimentally feasible, though for an EOPM-based
time lens, the range of possible input bandwidths is much
shorter than for a FWM-based time lens.

The single-lens scheme considered in this paper does not
allow one to completely eliminate the residual phase chirp
in the temporal image. Our calculations show, however, that
this residual chirp becomes negligible for large values of the
focal GDD of the lens, easily reachable for FWM, but not so
easily accessible for a more practical EOPM. Extension of
our scheme to a time telescope comprising two time lenses,
convergent and divergent, is left for future work. Such a tele-
scope allows one to create a temporal image without phase
chirp. It should therefore be effective in reestablishing the
indistinguishability of the signal and the idler photons for
arbitrary values of the focal GDD of two lenses constituting
the telescope.

ACKNOWLEDGMENTS

This work was supported by the network QuantERA of
the European Union’s Horizon 2020 research and innovation
program under the project Quantum information and commu-
nication with high-dimensional encoding, the French part of
which is funded by Agence Nationale de la Recherche via
Grant No. ANR-19-QUAN-0001.

APPENDIX A: PHOTON SPECTRA AND INTENSITIES

Substituting Eqgs. (3), (19), and (17) into Eq. (18), we
obtain

EOKL>2/ ( (2 + Q)2
Xpl — 52
Q, 202
)Q Q 2
_ (T( + .[8 ) )dQ,,

o}

So(R2) = 7[(

(AL)

This expression is a one-dimensional Gaussian integral and
can be evaluated by using the formula

o0 2 T 2
P +bx dx = - eb /4a.
— 0 a

In this way, we obtain Eq. (20).
Similarly, substituting Egs. (3), (19), and (17) into Eq. (23),
we obtain

KLEy\? 1
Io(t) == O 4_
P T

(o2 + feQ”)z + (1, + TeQ”)z
xexp [ — 552

(A2)

\/ei(foz,)(Iflnf‘En*kéL)

Q Q//Z Q) Q//Z
xexp(—( S+ S+ &) dQdQd.

492
(A3)
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Making a change of variables Q, = Q+ Q' and Q_ =
%(Q — '), we rewrite Eq. (A3) as

L) = i/ eZiQ,(t—to—rv—kj)L)—QZ_/22§d97, (Ad)
where £,% = Q% + 2770, and
; (KLE0>2 1 / (o, + ")’
I= — | exp| -
Q, ) 4n 292
1 /" 2
Q. 1,+ Q1. ,
X exp (—(2 S ) )dmdsz’. (AS)
UY

The integral in Eq. (A4) is evaluated by applying Eq. (A2) and
that in Eq. (A5), by applying this formula twice. As a result,
we obtain Eq. (24).

APPENDIX B: FRAUNHOFER LIMIT FOR DISPERSION
OF A CHIRPED PULSE

In most publications on a time lens, a Fourier-limited pulse
is considered at the input to the temporal imaging system.
However, a single-photon pulse produced by a PDC source in
a sufficiently long crystal may be not Fourier limited, having
a non-negligible frequency chirp. Here we analyze the disper-
sive broadening of a chirped pulse and find the conditions for
the Fraunhofer limit of dispersion.

We consider a classical field with the positive-frequency
part E®)(t) = Yy(t)e™ ™', where wy is the carrier frequency
and Yy () is the envelope amplitude, which we assume to have
a Gaussian distribution with the (intensity) standard deviation
At,

Yo(r) = E06712/4At02, (B1)

where Ej is the peak amplitude. In the frequency domain, we
have

Yo(Q) = / Yo(t)e ™ dt = 27 AtgEge 202, (B2)

so the standard deviation of the intensity spectrum Sy(2) =
[Yo(2)|?> is o9 = 1/2Aty. For the FWHM temporal and
spectral widths T} and f, respectively, we find the time-
bandwidth product TOFQS =4In2 =~ 27w x 0.44, as expected
for a Fourier-limited Gaussian pulse.

This pulse passes through a dispersive medium of length L;
with the dispersion law k;(Q) = k¥ + k| + k/Q?/2, which
we limit to terms up to the quadratic one in the frequency de-
tuning Q = w — wy. The field at the output is simply ¥; () =
Yo (Q)e* 11 which gives in the time domain

. o, A2 .
Yi() = / Ti(Q)e™ ¥ D= = BT ANITRA (B3
T

where E| = Eye*'l1 //1 — iD/2Atg is the new peak ampli-
tude, D; = k{L; is the GDD acquired in the medium, v =
t — k{L; is the time delayed by the group delay in the medium,

C) = D, +4At3/D, (B4)

is the chirp coefficient of the output pulse, and

Aty =/ Ag + D} /AAR (B5)

is the (intensity) standard deviation of the temporal distri-
bution of the outgoing pulse. The spectral distribution is
unchanged [Y1(2)]? = |Y5(22)]? and the spectral standard de-
viation is o = 0y.

Had we considered the Fraunhofer limit for this dis-
persion, we would have obtained the condition D% > 4At§
and the relation At = |Dy|/2At [1,2,6,26]. However, in
our case, we are looking for the Fraunhofer limit for the
second dispersive medium of length L, with the dispersion
law k() = kY + k,Q + k52%/2 on the path of the same
pulse. Similarly to the first medium, we have for the pulse
at the output of the second medium Y5 (Q2) = ¥ (Q)e>(DEk2 =
Yo (Q)ehDLi+k(@DLa] ywhich gives in the time domain

Ya(t) = E267r2/4At227i12/2C2’ (B6)

where E, = Eoei(k?L‘+kgL2)/\/1 — i(D1 4+ D,)/2 A1 is the new
peak amplitude, D, = k5L, is the GDD acquired in the sec-
ond medium, T =t — k{L; — kj L, is the time delayed by the
total group-velocity delay in both media, C; = D; + D, +
4At3/(Dy 4 Dy) is the chirp coefficient of the output pulse,
and

Aty = \/ AR + (Dy + D) /4AR2 (B7)

is the (intensity) standard deviation of the temporal distribu-
tion of the outgoing pulse after the second medium.

The Fraunhofer limit for the dispersion in the second
medium occurs when the second term under the square root
in Eq. (B7) is much greater than the first one, meaning
(D1 + D)2 > 4At6‘ , in which case we can rewrite Eq. (B7)
as Aty = |D; + D,|/2Aty. We can rewrite these two rela-
tions through the characteristics of the pulse entering the
second medium only, if we express (Afy, D) via (Aty, Cy)
by inverting the system of equations (B4) and (BS5). For
this end, we multiply Eq. (B4) by D; and the square of
Eq. (BS) by 4A#3 and obtain the same expression on the right-
hand sides, i.e., C;D; = 4At§ At}. This expression allows us
to exclude D; from Eq. (B5) and A#, from Eq. (B4), ob-
taining Afy = 1/20¢ = 1/201 = Ar(1 + 4At;‘/C12)’1/2 and
Dy = C(1 + C/4At})~!. The two relations of the Fraun-
hofer dispersion limit are thus

(D1 4 Dy2)> > 1/40} = 4Art (1 +4A6 /CP) 2, (BB)
Aty = |Dy + Dy|o,
= Dy +D|(1 + 446t /CH)? 281, (BY)
We see that for a considerable Dy, the condition D3 > 4At}

may be not satisfied and At, # D,/2At; in the Fraunhofer
limit. Instead, Eqgs. (B8) and (B9) should be used. In our
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setup, Dy is the GDD acquired by the ordinary photon in the
nonlinear crystal and D, is the GDD of the dispersive element
before the time lens, and we define D;, = D + D,.

APPENDIX C: PARAMETERS OF THE JSA AFTER THE
LENS

Substituting Eqgs. (3), (17), and (19) into Eq. (68) and
taking a Gaussian integral with the help of Eq. (A2), we
obtain Eq. (72) with X2 = Qg[(l +T2)* + D*/M?], Jo =

kLEye® \/27iD¢/(1 + T2 + iD/M), and

Y(Q,Q) = 0@+ Q)

DM +TA)Q + (1 + T,T)QT
— . (CDhH
4M %2

The phase of the JSA, (2, ), becomes a symmetric func-
tion of its arguments in the limit D — oo, similar to the
modulus of the JSA, analyzed in Sec. III C.
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