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Controlling Anderson localization of a Bose-Einstein condensate via spin-orbit
coupling and Rabi fields in bichromatic lattices

Bar Alluf and C. A. R. Sá de Melo
School of Physics, Georgia Institute of Technology, Atlanta 30332, USA

(Received 30 April 2022; revised 28 January 2023; accepted 14 February 2023; published 15 March 2023)

We perform theoretical studies of the interplay between disorder, spin-orbit coupling (SOC), and Rabi fields,
and show that both SOC and Rabi fields can be used to dramatically control the degree of Anderson localization
of a Bose-Einstein condensate in bichromatic lattices. We obtain ground-state phase diagrams in the SOC and
Rabi field plane for different values of disorder strength and use realistic experimental parameters compatible
with 39K. We find cases of fixed disorder and SOC (Rabi field), where the Rabi field (SOC) reduces the threshold
for localization and controls the localization length. We also show regimes of fixed disorder and Rabi field, where
the extent of the ground-state wave function is periodic in the SOC, leading to alternating regions of stronger
and weaker localization as SOC changes. Lastly, we describe examples of fixed disorder and SOC, where tuning
the Rabi field leads to a strong localization peak.
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I. INTRODUCTION

Recently, the topic of localization in many-particle systems
received substantial attention [1] because experiments studied
the interplay of disorder and interactions in a variety of sit-
uations, including trapped ions [2], ultracold fermions [3–7],
and bosons [8,9], as well as spin systems [10–12]. The inter-
play of disorder and interactions has broad ramifications into
condensed matter [13–15], quantum information theory [16],
statistical mechanics [17], astrophysics [18], and ultracold
atoms [19–21] and has led to the field of many-body local-
ization (MBL), where thermalization may not occur [22,23].
Very recently, bichromatic disorder was used to study MBL
of ultracold fermions 40K [6,7] in optical lattices, where the
interplay of disorder and interactions was investigated in the
time domain. Studies of MBL in ultracold atoms followed
the footsteps of earlier experimental work on Anderson lo-
calization [24] of Bose-Einstein condensates (BECs) using
disorder via speckles [25–27] for 87Rb or bichromatic lat-
tices [28] for 39K. It is well established that laser-speckled
[26,27] and bichromatic [28–31] disorder leads to Anderson
localization of BECs in the absence of SOC and Rabi fields.
Other experiments investigated BECs with SOC and Rabi
field but without disorder [32,33]. Very recently, however, the
interplay of laser-speckled disorder, SOC and Rabi fields was
investigated in harmonically trapped 87Rb [34], where it was
shown that SOC and the Rabi field facilitate transport and
hinder localization [34].

In this paper, we address the general topic of whether
SOC and Rabi fields help or hinder localization for fixed
disorder. This is a question of fundamental and practical
importance because both SOC and Rabi fields are external
knobs that can potentially convert a quantum state from lo-
calized to delocalized and vice versa. To address this issue,
we study the interplay of disorder, SOC, and Rabi fields using
a bichromatic lattice with Raman beams shown schemati-
cally in Fig. 1. We focus on ultracold bosons using realistic

experimental parameters compatible with 39K [28] and ob-
tain ground-state phase diagrams in the SOC and Rabi-field
plane for different values of disorder. Unlike in harmonic
traps with speckles [34], we demonstrate that SOC and Rabi
fields can either enhance or inhibit the localization of BECs
in bichromatic lattices. The SOC and Rabi field produce an
effective local spin inhomogeneity with amplitude controlled
by the Rabi field and period dictated by the SOC that can
either compete or cooperate with the local disorder ampli-
tude and period. We find cases of fixed disorder and SOC
(Rabi field), where the Rabi field (SOC) reduces the threshold
for localization and controls the localization length. We also
show examples of fixed disorder and Rabi field, where the
extent of the ground-state wave function is periodic in the
SOC, leading to alternating regions of stronger and weaker
localization as SOC changes. Lastly, we identify instances of
fixed disorder and SOC, where tuning the Rabi field leads
to a strong localization peak. Our main conclusion is that
SOC and Rabi fields can be used to dramatically manip-
ulate the degree of localization imposed by a bichromatic
lattice.

The remainder of the paper is organized as follows. In
Sec. II, we present a continuum one-dimensional Hamiltonian
compatible with real experimental parameters for 39K [28].
We also discuss the introduction of bichromatic optical po-
tentials and the creation of SOC and Rabi fields. In Sec. III,
we introduce a theoretical model describing a discrete lat-
tice Hamiltonian in the tight-binding approximation including
bichromatic disorder, SOC, and Rabi fields. We use a spin-
gauge transformation to write a discrete matrix Hamiltonian
that makes the physics of localization and delocalization more
transparent. In Sec. IV, we show how the localization proper-
ties of the density distribution can be controlled by the SOC
and Rabi fields. We also obtain the phase diagrams of the in-
verse participation ratio (IPR) in the SOC and Rabi field plane
for different values of disorder strength. We perform vertical
and horizontal cuts of the phase diagrams to demonstrate that
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SOC and Rabi fields can either enhance or inhibit localization,
serving as external control knobs for Anderson localization. In
Sec. V, we compare and contrast our results to recent work in
the literature describing SOC in disordered systems. Finally,
in Sec. VI, we present our main conclusions.

II. CONTINUUM HAMILTONIAN

We investigate a noninteracting 39K BEC [28] with real-
space Hamiltonian

H =
∑
ss′

∫
dx ψ†

s (x)[Kss′ (k̂) + Vss′ (x)]ψs′ (x), (1)

where ψ†
s (x) and ψs(x) are bosonic creation and annihilation

field operators for spin s, labeling two internal states. We show
only x explicitly since the total Hamiltonian (harmonically
confined along y and z) is separable. Realistic conditions in
which a three-dimensional (3D) system can be considered
as one-dimensional (1D) must involve sufficient transverse
confinement of the atoms induced by tight harmonic trapping
along y and z. We consider the parameters used in experiments
with 39K [28], the typical length along the lattice is Lx =
41 μm (micrometers) and the transverse confinement is Lt =
3.6 μm (micrometers), corresponding to a transverse trapping
frequency of ωt = 2π × 40 Hz. This gives an anisotropy ratio
of Lx/Lt = 11.4, which is sufficient to produce the 1D system
that we describe, that is, the atoms are frozen to the ground
state of the transverse harmonic confinement but can move
along the direction of the 1D bichromatic lattice.

The kinetic energy operator in the presence of SOC and
Rabi field is

Kss′ = [εT (k̂)1 − hxσx − hz(k̂)σz]ss′ , (2)

where k̂ = −id/dx and h̄k̂ is the momentum operator. In
Eq. (2), εT (k̂) = h̄2k̂2/2m + ET is the kinetic energy shifted
by ET = h̄2k2

T /2m associated with momentum transfer kT

from the Raman beams. The coefficient hx is a Rabi field
that causes spin flips, while hz(k̂) = h̄2kT k̂/m is the SOC that
connects the momentum operator h̄k̂ to σz. The second term
in Eq. (1) is the bichromatic lattice potential

Vss′ (x) = [
V1(x) + V s

2 (x)
]
δss′ . (3)

The strong lattice, represented by

V1(x) = −c1ER1 cos2(k1x), (4)

is taken to be state independent. The energy scale ER1 =
h̄2k2

1/2m, where k1 = 2π/λ1 is the wave number of the strong
lattice with λ1 = λst = 1032 nm for 39K. The weak lattice,
described by

V s
2 (x) = −cs

2ER1 cos2
(
k2x + φs

2

)
, (5)

is responsible for the bichromatic disorder and may be state
dependent through the coefficient cs

2 and phase φs
2. The wave

number of the weak lattice is k2 = βk1, where β = λ1/λ2 with
λ2 = λwe = 862 nm for 39K. The coefficients c1 and cs

2 are
positive with ratio cs

2/c1 � 1.
Next, we obtain the tight-binding limit of the continuum

Hamiltonian of Eq. (1) and derive the lattice parameters of the
resulting model.

III. LATTICE HAMILTONIAN

Starting from the continuum Hamiltonian in Eq. (1), we
study the tight-binding regime imposed by the strong lattice
and use the lowest-band Wannier function w(x − xi ) = wi(x),
centered around xi, to write the field operators as ψ†

s (x) =∑
i b†

isw
∗
i (x) and ψs(x) = ∑

i biswi(x). Here, b†
is and bis are

the creation and annihilation operators of bosons at lattice site
i with spin s, leading to the Hamiltonian

H =
∑
i jss′

Jss′
i j b†

isb js′ +
∑
i jss′


ss′
i j b†

isb js′ . (6)

The matrix elements dictated by the strong lattice are

Jss′
i j =

∫
dx w∗

i (x)[Kss′
(k̂) + V1(x)δss′ ]w j (x). (7)

The spin-diagonal terms are J↑↑
i j = eikT δxi j Ji j (kT = 0)

and J↓↓
i j = e−ikT δxi j Ji j (kT = 0), where δxi j = xi − x j ,

i = √−1, {i, j} are site indices, and x j = ja, with a = λ1/2
being the spacing of the strong lattice (λ1 = λst ). Here, the
matrix element for zero SOC (kT = 0) is

Ji j (kT = 0) =
∫

dx w∗
i (x)

[
h̄2k̂2

2m
+ V1(x)

]
w j (x). (8)

The spin-off-diagonal terms are J↑↓
i j = J↓↑

i j = −hxδi j , which
are local spin flips caused by hx. For a deep lattice,
V1(x) ≈ −c1ER1 + mω2(x − x j )2/2 in the vicinity of the min-
imum located at x j , the Wannier function is approximated
by w j (x) = (2/πξ 2)1/4e−(x−x j )2/ξ 2

, with ξ = √
2h̄/mω � a.

In this regime, Ji j (kT = 0) ≈ −c1ER1δi j + (h̄ω/2)Bi j , where
h̄ω = √

2c1ER1 and Bi j = ∫
dxw∗

i (x)w j (x) = e−(xi−x j )2/2ξ 2
.

The nearest neighbor Jii±1(kT = 0) contains the factor Bii±1 =
e−a2/2ξ 2 = e−π2 h̄ω/8ER1 . The on-site terms associated with the
strong lattice are Jss′

ii , with spin-diagonal elements J↑↑
ii =

J↓↓
ii = ε0, where

ε0 = Jii(kT = 0) =
∫

dx w∗
i (x)

[
h̄2k̂2

2m
+ V1(x)

]
wi(x) (9)

becomes ε0 ≈ −c1ER1 + h̄ω/2 in the Gaussian regime. The
local spin off-diagonal terms are J↑↓

ii = J↓↑
ii = −hx.

The matrix elements controlled by the weak lattice are


ss′
i j =

∫
dx w∗

i (x)V s
2 (x)δss′w j (x), (10)

and describe the effects of the disorder. Using the periodic
potential V s

2 (x), the local terms of 
ss′
i j become


ss′
ii = 
ss′

cos(2πβi + 2φs) + ηss′
, (11)

where the amplitude of the cosinusoidal disorder is


ss′ = −cs
2ER1

2

∫
dx̃ cos(2βk1x̃)|w(x̃)|2δss′ , (12)

and the disorder reference energies are

ηss′ = −cs
2ER1

2

∫
dx̃ |w(x̃)|2δss′ = −cs

2ER1

2
δss′ . (13)
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Here, x̃ = x − xi and w(x̃) = w(x − xi ) = wi(x) are the
Wannier functions. The local disorder 
ss′

ii and its en-
ergy reference ηss′

are spin diagonal. Using the Gaussian
approximation, we obtain 
ss′ = −(cs

2ER1/2)e−β2k2
1ξ 2

δss′ =
−(cs

2ER1/2)e−4β2ER1 /h̄ωδss′ .
The nonlocal matrix elements Jss′

i j and 
ss′
i j represent hop-

ping and off-site disorder, respectively. While it is crucial to
retain Jss′

i j since it describes the kinetic energy of the bosons,

the off-site disorder 
ss′
i j is exponentially small in comparison

to the on-site disorder 
ss′
ii , that is, |
ss′

i 	= j | � |
ss′
ii |. We con-

sider only hopping between the nearest neighbors j = i ± 1,
as the magnitude of hopping between higher-order neighbors
|Jss′

i j | for | j − i| � 2 is also exponentially small in comparison

to |Jss′
ii±1|.

The simplified lattice Hamiltonian reduces to

H =
∑
iss′

ss′
ii b†

isbis′ +
∑
〈i j〉ss′

Jss′
i j b†

isb js′ , (14)

where the spin-diagonal on-site terms are

ss
ii = ε0 + ηss + 
ss cos(2πβi + 2φs), (15)

while the spin-off-diagonal on-site contributions are 
↑↓
ii =


↓↑
ii = −hx. The presence of SOC (kT 	= 0) and Rabi field

(hx 	= 0) reveal that the Hamiltonian in Eq. (14) is a gen-
eralization of the Aubry-André model [35] used to describe
bichromatic disorder in the absence of SOC and Rabi fields.
The Hamiltonian matrix corresponding to Eq. (14) is

H =

⎛⎜⎜⎜⎜⎜⎝
. . . J 2̄1̄ 0 0 0
J 1̄2̄ �1̄1̄ J 1̄0 0 0
0 J01̄ �00 J01 0
0 0 J10 �11 J12

0 0 0 J21
. . .

⎞⎟⎟⎟⎟⎟⎠, (16)

where {ī, j̄} = {−i,− j}, �ii are 2 × 2 on-site matrices with
elements ss′

ii , and the off-diagonal block matrices

Ji j =
(

eikT δxi j Ji j (0) 0
0 e−ikT δxi j Ji j (0)

)
, (17)

describe the nearest-neighbor hopping ( j = i ± 1) with
Ji j (kT = 0) = Ji j (0). The hopping matrices satisfy the rela-
tion (Ji j )† = (J ji )∗ and δxi j = ±a depending if the matrix
element is above or below the diagonal. Recall that Jii±1(0) ≈
(h̄ω/2)e−π2 h̄ω/8ER1 = J > 0.

We use a spin-gauge transformation (SGT) bi = eikT xiσz b̃i

with bi = (bi↑, bi↓)T , where T means transposition, to re-
move the spin-dependent phase in Ji j . This transforms H
into H̃ via the mapping Ji j → J̃i j and �ii → �̃ii. The new
tunneling matrix J̃i j = Ji j (0)I, where I is the identity, does not
contain the spin-dependent phases. The local spin-diagonal
elements ̃ss

ii = ss
ii remain invariant, however, the spin off-

diagonal elements become

̃
↑↓
ii = 

↑↓
ii e−2ikT xi = −hxe−2ikT xi , (18)

and

̃
↓↑
ii = 

↓↑
ii e2ikT xi = −hxe+2ikT xi . (19)

FIG. 1. The interplay of bichromatic disorder, spin-orbit cou-
pling, and Rabi fields: Two optical lattices of different intensities
and periods create bichromatic disorder and two Raman beams create
spin-orbit coupling and Rabi fields.

The SGT is a local rotation in the direction of the Rabi
field hx by a counterclockwise angle of 2kT xi leading to
the complex field h̃⊥ = hxe−2ikT xi = h̃x − ĩhy, where h̃x =
hx cos(2kT xi ) and h̃y = hx sin(2kT xi ). The SGT has two great
advantages: When hx = 0, the SGT reveals a spin-gauge sym-
metry, where the Hamiltonian is independent of kT , in other
words, its eigenvalues are the same for any value of kT and it
shows that h⊥ and H are π periodic in kT a.

Having discussed the details of the microscopic bichro-
matic lattice model in the presence of SOC and Rabi fields,
we discuss next our results.

IV. RESULTS

Here, we describe the nontrivial effects of SOC and Rabi
fields on the localization properties of the lattice Hamiltonian
in Eq. (14) or the Hamiltonian matrix in Eq. (16) and focus
on the spin-independent disorder. Thus, we take cs

2 and φs to
be spin independent, that is, c↑

2 = c↓
2 = c2 and φ↑ = φ↓ = φ.

In this case, 
ss′ = 
δss′
and ηss′ = ηδss′

, and we set our
energy reference to ε0 + η. In the Gaussian approximation

 ≈ −(c2ER1/2)e−4β2ER1 /h̄ω < 0. Since Jii±1 = J > 0, there
is a qualitative difference in the results depending on the
choice of the phase φ. For reference, we choose the phase
φ = 0 such that the Hamiltonian in Eq. (14) reduces to the
Aubry-André model (AAM) [35] in the absence of SOC and
Rabi fields. The ratio |
|/J ≈ (c2/

√
2c1)e[π2

√
2c1/8−4β2/

√
2c1]

in the harmonic approximation is better described by |
|/J ≈
[c2/(2.86c0.98

1 )]e+2.07
√

2c1 in the experimental range 8 � c1 �
30, easily allowing tuning |
|/J from 0 to 10 [28].

In Fig. 2, we show the effects of kT and hx on the ground
state (GS) |ψ〉 = (. . . , ψi↑, ψi↓, . . .)T of H in Eq. (16). We
display the ground-state density distribution |ψis|2 with nor-
malization

∑
is |ψis|2 = 1 for a strong lattice of N = 201

sites with open boundary conditions, β = 1032/862 like in
39K [28] and |
|/J = 1. The parameters are Fig. 2(a) kT a =
0, hx/J = 0; Fig. 2(b) kT a = π/2, hx/J = 0; Fig. 2(c) kT a =
0, hx/J = 0.5; and Fig. 2(d) kT a = π/2, hx/J = 0.5. The GS
in Figs. 2(a) and 2(b) is spin degenerate (hx/J = 0) and each
spin state is normalized to 1. The GS in Figs. 2(c) and 2(d)
is nondegenerate (hx 	= 0) and the local spin states are mixed
with equal probability since h̃⊥ differs from hx only by a local
phase. Figures 2(a) and 2(b) show the spin-gauge symmetry
for a delocalized GS. Figures 2(c) and 2(d) show that tuning
kT and hx can localize the GS for values of |
|/J < (|
|/J )c,
where (|
|/J )c = 2 is the critical value for the localization
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FIG. 2. Ground-state density distribution |ψis|2 versus lattice site
i for |
|/J = 1, β = 1032/862, and N = 201 sites. The parame-
ters are (a) kT a = 0, hx/J = 0; (b) kT a = π/2, hx/J = 0; (c) kT a =
0, hx/J = 0.5; (d) kT a = π/2, hx/J = 0.5. In panels (a) and (b), the
ground state is doubly degenerate and plots are identical due to
the spin-gauge symmetry. In panels (c) and (d), the ground state is
nondegenerate and plots illustrate the effects of kT a and hx/J .

transition of the AAM without SOC and Rabi field. For ir-
rational values of β, the AAM exhibits duality between real
and momentum space [35–37], which is lost when hx 	= 0 and
kT 	= 0.

A quantum gas microscope [38–44] can detect the lo-
cal probability χi = ∑

s |ψis|2, with normalization
∑

i χi = 1,
and measure the width of the wave function(

�

a

)2

=
∑

is

i2|ψis|2 =
∑

i

i2χi (20)

for given |
|/J , kT a, and hx/J . We define the system size to
be N = 2M + 1, where M is a positive integer belonging to
the set Z+. For total length L = (N − 1)a = 2Ma then 0 <

�/a < (N − 1) = 2M or 0 < �/L < 1. For a fully delocalized
state, the wave function is uniformly distributed (χi = 1/N )
leading to(

�

a

)2

= 1

2M + 1

M∑
i=−M

i2 = 1

3
M(M + 1). (21)

Thus, when the system size grows to infinity (M → ∞) then
�/a → M/

√
3 = (1/2

√
3)L/a. For a fully localized state, χi

exists only on one site, that is, χi = δi0, where δi0 is the
Kronecker delta and the width of the wave function becomes
zero, i.e., �/a = 0.

For the ground states in Fig. 2, where N = 201 and
|
|/J = 1, we have Figs. 2(a) to 2(c) �/a = 34.7 (�/L =
0.174), and Fig. 2(d) �/a = 1.29 (�/L = 0.00646). Notice
that �/a in Fig. 2(b) is the same as in Fig. 2(a) due to the spin-
gauge symmetry when hx/J = 0, while �/a in Fig. 2(c) is the
same as in Fig. 2(a) since hx/J 	= 0 just lifts the ground-state
degeneracy. The very short �/a in Fig. 2(d) shows the strong
effects that nonzero kT a and hx/J can have on localization.

The inverse participation ratio (IPR) is defined as

IPR =
∑

i

χ2
i =

∑
i

(|ψi↑|2 + |ψi↓|2)2 (22)

also provides a measure of the degree of localization. For
a fully delocalized ground state, the local probability χi is
the same at every site, that is, χi = 1/N . Therefore, the IPR
tends to 1/N ∼ a/L and approaches zero when the system
size N → ∞ (L → ∞). In general, when the IPR increases,
the width of the wave function decreases and vice versa.
In particular, for fully delocalized states the IPR = 1/N =
1/(2M + 1) and (�/a) = √

M(M + 1)/3; thus, for large M,
the IPR tends to zero as IPR ∝ (�/a)−1 since IPR ∼ 1/2M
and (�/a) ∼ M/

√
3. However, for a fully localized ground

state χi = δi0 and the IPR tends to 1.
For completeness, we discuss the relation between the IPR

and the localization length ξ . Consider a discrete exponen-
tially localized wave function around xi = 0, that is, ψis =
A exp(−|xi|/ξ ), for a system of size N = 2M + 1, where M
is positive integer (M ∈ Z+). In this case, the normalization
constant is

A = ez/2√
2(e2y+z − 1)

√
coth y − 1

, (23)

where y = a/ξ and z = L/ξ , with L = 2Ma.
The width of the wave function around the origin is(

�

a

)2

= A(y, z)y2 + B(y)yz + C(y)z2

D(y, z)y2
, (24)

where the functions depending on y and z are

A(y, z) = 4e2y(e2y + 1)(ez − 1), (25)

B(y) = −4e2y(e2y − 1), (26)

C(y) = −(e2y − 1)2, (27)

D(y, z) = 4(e2y − 1)2(e2y+z − 1). (28)

We can analyze the general expression in Eq. (24) for the
regime of a � ξ � L, that is, a/ξ � 1 � L/ξ . Taking first
the limit of y = a/ξ � 1 leads to(

�

a

)2

≈ 2ξ 2 − L(L+2ξ )
eL/ξ −1

4a2
, (29)

which becomes in the thermodynamic limit 1 � L/ξ :(
�

a

)2

≈ 1

2

(
ξ

a

)2

. (30)

The IPR for the exponentially localized wave function can
be exactly calculated from Eq. (22) giving

IPR = 1

2
tanh

(
a

ξ

)
coth

(
2a + L

2ξ

)
. (31)

In the limit of a/ξ � 1 the IPR is

IPR ≈
a coth

(
L
2ξ

)
2ξ

, (32)
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FIG. 3. Phase diagrams in the (kT a, hx/J ) plane based on the IPR
for fixed |
|/J: (a) |
|/J = 0.5, (b) |
|/J = 1, (c) |
|/J = 2, and
(d) |
|/J = 2.5. The violet-blue (orange-red) regions reveal more
delocalized (localized) ground states.

which becomes in the thermodynamic regime 1 � L/ξ :

IPR ≈ a/2ξ . (33)

When the wave function is exponentially localized, the IPR is
inversely proportional to 2ξ/a, thus defining the localization
regime.

In Fig. 3, we present the ground-state phase diagrams in
the kT a versus hx/J plane based on the IPR for Fig. 3(a)
|
|/J = 0.5, Fig. 3(b) |
|/J = 1, Fig. 3(c) |
|/J = 2, and
Fig. 3(d) |
|/J = 2.5. Low IPR appears in violet and blue,
reflecting more delocalized areas, while high IPR appears
in orange and red, describing the highly localized regions.
The fingering phenomenon in the panels is the result of
the interplay between the local energies 
 cos(2πβi) and
the local fields h̃⊥ = hxe−i2kT xi . Like H, the IPR is a pe-
riodic function of kT a with period π and reaches larger
values for kT a = π/2 (mod π ) when hx/J is sufficiently
large. This symmetry line occurs because the site-dependent
complex Rabi field h̃⊥ = h̃x − ĩhy becomes staggered, with
h̃x = hx(−1)i and h̃y = 0, adding spin inhomogeneity that
facilitates localization. However, along the symmetry line
kT a = 0 (mod π ) the spin inhomogeneity is absent since
h̃⊥ is uniform, with h̃x = hx and h̃y = 0, thus facilitating
delocalization.

Additional features are seen in Fig. 4. In Fig. 4(a) we
show IPR versus |
|/J for kT a = π/2 and various hx/J =
{0, 0.5, 2, 5}. Figure 4(a), where h̃⊥ = hx(−1)i is staggered,
reveals that increasing hx (the magnitude of spin inhomogene-
ity) enhances localization at fixed values of |
|/J . For hx/J =
0, the system reduces to the AAM, but the IPR does not rise

FIG. 4. IPR versus |
|/J for fixed kT a = π/2 and various hx/J
in (a) and for fixed hx/J = 0.5 and various kT a in (b). IPR versus
kT a for various hx/J and fixed |
|/J = 1 in (c). IPR versus hx/J for
various kT a and fixed |
|/J = 1 in (d).

sharply from |
|/J = 2 because β = 1032/862 is rational.
For β irrational, the rise is sharp at |
|/J = 2 when hx/J = 0
[36]. In Fig. 4(b) we show IPR versus |
|/J for hx/J = 0.5
and various kT a = {0, π/4, 3π/8, π/2}. Figure 4(b) unveils
that increasing kT a from kT a = 0, where h̃⊥ = hx is uniform,
to kT a = π/2, where h̃⊥ = hx(−1)i is staggered, enhances
spin inhomogeneity and thus localization. Figure 4(c) shows
IPR versus kT a for hx/J = {0, 0.5, 2, 5} and Fig. 4(d) dis-
plays IPR versus hx for kT a = {0, π/4, 3π/8, π/2} at fixed
|
|/J = 1. Both panels illustrate the tunability of localization
when either kT a or hx/J are varied.

The discussion above shows the remarkable changes that
the presence of SOC and Rabi fields have in the localization
properties of Bose-Einstein condensates in bichromatic lat-
tices. Our results reveal the delicate interplay between SOC,
Rabi fields, and disorder. Having highlighted that regions of
enhanced or reduced localization can be achieved by tuning
SOC and/or Rabi fields at fixed disorder, thus hindering or
facilitating transport along the bichromatic lattice, we dis-
cuss next connections to and differences from other recent
work.

V. COMPARISON WITH OTHER WORK

Recently, a few papers investigated the interplay between
SOC and disorder for pseudospin-1/2 bosons [45–47]. One
of the papers [45] discussed the interplay between SOC
and random impurity potentials in one dimension, using the
Gross-Pitaeviskii equation. These authors were interested in
spin dynamics when the harmonic trapping potential is sud-
denly switched off. In contrast, our work does not describe
spin dynamics, does not investigate impurity potentials, and
it is not in the continuum. Another work [46] discussed non-
interacting two-dimensional particles in the continuum with a
mixture of Rashba and Dresselhaus SOC and speckle disorder.
The main result of this paper is that the mobility edge that de-
fines the separation between localized and delocalized states
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depends on the mixing angle of the Rashba and Dresselhaus
terms. There is no discussion about the effect of the Rabi
field that should always accompany the SOC in a realistic
experimental situation in cold atoms. We emphasize that the
realization of SOC using Raman beams requires the simulta-
neous presence of a Rabi field, which is completely neglected
in Ref. [46]. In contrast, we focus on one-dimensional systems
with bichromatic lattices and equal Rashba and Dresselhaus
(ERD) SOC. We analyze the ground-state phase diagrams as
a function of SOC and Rabi fields. In particular, we show
reentrances between insulating and conducting states for fixed
Rabi field and changing SOC and vice versa. Lastly, there
have been also studies of nonequilibrium dynamics of inter-
acting bosons (87Rb) in one dimension with ERD SOC and
speckle disorder [47]. This reference discusses a continuum
system with interactions that can have three phases (zero
momentum, magnetic, and stripe), depending on the Rabi
field; and studies their localization properties when a speckle
potential is suddenly turned on in time. In contrast, our work
does not discuss nonequilibrium dynamics or speckle disor-
der. Furthermore, we work with bichromatic lattices and we
study an interplay between ERD SOC, Rabi fields, and the
lattice periodicity, which cannot be found in the continuum
system of their paper.

Having compared our work with that of other recent refer-
ences, we are ready to state our conclusions next.

VI. CONCLUSION

Using realistic experimental parameters compatible with
39K in one-dimensional optical lattices, we obtained the
ground-state phase diagrams in the spin-orbit coupling (SOC)
and Rabi field plane for different strengths of bichromatic
disorder. We showed cases of fixed disorder and SOC (Rabi
field), where the Rabi field (SOC) reduces the threshold for
localization and controls the localization length. We described
regimes of fixed disorder and Rabi field, where the extent of
the ground-state wave function is periodic in the SOC, leading
to alternating regions of stronger and weaker localization as
SOC changes. Lastly, we found examples of fixed disorder
and SOC, where tuning the Rabi field leads to a strong local-
ization peak. We conclude that SOC and Rabi fields can alter
dramatically the degree of localization imposed by bichro-
matic disorder on noninteracting Bose-Einstein condensates.
An important outlook is the study of the interplay between
bichromatic disorder, SOC, and Rabi fields for interacting
bosons in optical lattices [48] and its connection to many-body
localization.
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