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Identifying dynamical signatures of excited-state quantum phase transitions (ESQPTs) in experimentally
realizable quantum many-body systems is helpful for understanding the dynamical effects of ESQPTs. In such
systems, the highly controllable spinor Bose-Einstein condensates (BECs) offer an exceptional platform to study
ESQPTs. In this work, we investigate the dynamical characteristics of the ESQPT in spin-1 BEC by means
of the Loschmidt echo spectrum. The Loschmidt echo spectrum is an extension of the well-known Loschmidt
echo and defined as the overlaps between the evolved state and the excited states of the initial Hamiltonian.
We show that both the time-evolved and long-time-averaged Loschmidt echo spectrum undergo a remarkable
change as the system passes through the critical point of the ESQPT. Moreover, the particular behavior exhibited
by the Loschmidt echo spectrum at the critical point stands as a dynamical detector for probing the ESQPT.
We further demonstrate how to capture the features of the ESQPT by using the energy distribution associated
with the Loschmidt echo spectrum for time-evolved and long-time-averaged cases, respectively. Our findings
contribute to a further verification of the usefulness of the Loschmidt echo spectrum for witnessing various
quantum phase transitions in many-body systems and provide a different way to experimentally examine the
dynamical consequences of ESQPTs.
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I. INTRODUCTION

Understanding the notion of excited-state quantum phase
transitions (ESQPTs) in quantum many-body systems has
attracted a lot of interest in recent years [1–6]. As a gen-
eralization of the ground-state quantum phase transition
(QPT) [7] to excited states, ESQPTs exist in a wide range
of quantum many-body systems, including the interacting bo-
son model [2,8–10], molecular bending transitions [11–13],
the kicked and coupled top models [14–17], the Kerr-
nonlinear oscillator [18,19], the spinor Bose-Einstein con-
densates (BECs) [20–24], the Lipkin-Meshkov-Glick (LMG)
model [2,25–30], as well as the Dicke and Rabi mod-
els [31–35].

ESQPTs are characterized by singularities in the density of
states (DOS). The energy that leads to the divergence of the
DOS is identified as the ESQPT critical energy. In contrast to
the standard QPT, which describes an unsmooth variation of
a system’s ground-state properties with a control parameter,
an ESQPT shows strong effects on a large amount of excited
states and results in nonanalytical evolution in their structure
and energy with both the energy and control parameter. Al-
though ESQPTs extend the QPTs to excited states, they can
take place in the systems with no QPT [36–38]. The ESQPT
occurs only in the thermodynamic limit, but its emergence can
be revealed by scaling analyses in finite systems. It is worth
pointing out that various studies on ESQPTs are focused on
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the systems that are associated with classical counterparts
having a few degrees of freedom, however, the definition of
ESQPTs for any number of degrees of freedom was investi-
gated by the authors of Ref. [4].

The close connection between ESQPTs and several funda-
mental questions in diverse areas of modern physics has led
the study of ESQPTs to become a quite active research field.
There is a vast amount of theoretical studies on the effects
of ESQPTs. It was known that ESQPTs can strongly affect
the quantum dynamics after a quench [31,37,39–45], localize
the eigenstates [29,30], accelerate the time evolution of the
system [46–48], and create the Schrödinger cat states [38].
ESQPTs are also closely related to the onset of chaos [15,
49–51] and different types of dynamical quantum phase tran-
sitions [52–54], as well as the thermal phase transition [55].
The particular role played by the ESQPTs in the thermal-
ization process of isolated quantum systems has also been
revealed recently [56,57]. Moreover, the endeavor to explore
the order parameters of ESQPTs [6,21,33,42,58] provides fur-
ther insights into the excited-state phases.

To date, ESQPTs were experimentally observed in molec-
ular bending transitions [11,12] and microwave Dirac bil-
liards [59] via the singularities in the DOS. However, none
of these systems allows us to experimentally probe the dy-
namical signatures of ESQPTs in a controllable way. In this
context, spinor BECs [60,61] provide excellent platforms to
study the dynamical signatures of ESQPTs, because they have
a high degree of controllability [62–67] and show ESQPTs in
their spectra [20–22,24]. While signatures of the ground-state
QPT and associated dynamical features in spinor BECs were
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theoretically analyzed [60,61,68–71] and observed in numer-
ous experiments [67,72–78], only a few recent studies were
concerned with the characteristics of ESQPTs [21–23].

In this work, we investigate the dynamical signatures of
ESQPT in the spin-1 BEC using the Loschmidt echo spec-
trum, which was proposed in a very recent work [79]. The
Loschmidt echo spectrum extends the conventional concept
of the Loschmidt echo beyond the ground state and is defined
as the overlaps between the evolved state and the excited
states. As the dynamics in a quantum system is governed by
its entire energy spectrum, one can expect that the Loschmidt
echo spectrum will offer more dynamical characteristics of the
system. Since the ESQPT typically affects the full spectrum
of excited states, it is expected that more insights into the
dynamical properties of ESQPT can be obtained through the
Loschmidt echo spectrum. The usefulness of the Loschmidt
echo spectrum in studying of the dynamical quantum phase
transitions (DQPTs) in spin systems has been verified [79],
which shows that the Loschmidt echo spectrum not only be-
haves as a powerful detector of DQPTs but also helps us to
get a better understanding on the physical nature of DQPTs.
Here, we examine its ability to characterize the ESQPT. To the
best of our knowledge, the Loschmidt echo spectrum has not
been used to explore the dynamical signatures of the ESQPT
in previous works.

The ESQPT in the spin-1 BEC is signified by the loga-
rithmic divergence of the DOS and it can lead to an abrupt
change in the structure of eigenstates. The analysis of the
classical limit of the system shows that the onset of ESQPT
can be considered as a consequence of the saddle point in
its classical counterpart. We show that the underlying ESQPT
exhibits strong impact on the time evolution of the Loschmidt
echo spectrum. Both the existence and different phases of
the ESQPT can be reliably identified by the properties of the
Loschmidt echo spectrum and associated energy distribution.
We further display how the ESQPT manifests itself in the
long-time-averaged Loschmidt echo spectrum and associated
energy distribution. The aim of the present work is to ac-
cess the signatures of ESQPT from both time-evolved and
long-time-averaged behaviors of the Loschmidt echo spec-
trum, as well as to provide further evidence of the validity
of the Loschmidt echo spectrum for diagnosing various phase
transitions in quantum many-body systems.

The rest of the article is structured as follows. In Sec. II,
we introduce the considered physical system and its classical
limit and discuss the basic features of the ESQPT. Our main
results are presented in Sec. III, where we report the prop-
erties of the Loschmidt echo spectrum and associated energy
distribution, and reveal their connection with the ESQPT for
time-evolved and long-time-averaged cases, respectively. Fi-
nally, we summarize our results and conclude in Sec. IV.

II. QUANTUM SYSTEM

We consider the spin-1 BEC, which describes N mutu-
ally interacting atoms with three hyperfine spin states m = 0,

±1 and can be experimentally realized by 87Rb and 23Na
atoms [60,61]. Using the single-mode approximation [60]
which decouples the spin and spatial degrees of freedom, the

Hamiltonian of the system can be written as [60,61]

Ĥ

|c| = sign(c)

N

[
â†2

0 â1â−1 + â†
1â†

−1â2
0 + N̂0(N̂1 + N̂−1)

+1

2
(N̂1 − N̂−1)2

]
+ κ (N̂1 + N̂−1). (1)

Here, âm(â†
m) with m = 0,±1 are the bosonic annihilation

(creation) operators for spin state m, N̂m = â†
mâm denote the

atom number operators and satisfy
∑

m N̂m = N̂ . The parame-
ter c refers to the strength of the interspin interaction with c <

0 (c > 0) for ferromagnetic (antiferromagnetic) BEC [60],
while κ ≡ q/|c| represents the effective quadratic Zeeman
shift and can take both positive and negative values by means
of microwave dressing [64,66].

The Hamiltonian (1) conserves the magnetization M̂z =
N̂1 − N̂−1 and parity (−1)N̂0 [21]. In this work, we restrict
our analysis to the even parity subspace with Mz = 0, thus
the Hilbert space has dimension DH = N/2 + 1. Moreover,
we only consider the ferromagnetic spinor BEC with c < 0
and κ � 0. However, we would like to point out that it is
straightforward to generalize our studies to the cases of an-
tiferromagnetic spinor condensate, Mz �= 0 and κ < 0.

For our considered case, it is known that the system
exhibits a ground-state QPT at the critical point κc = 2,
which divides the broken-axisymmetry phase with κ < 2
from the polar phase with κ > 2 [61,69–73]. In addition,
the existence of ESQPTs and the relevant signatures and
applications in spinor BECs were also investigated in recent
works [20–22,24].

The main characteristics of ESQPT in spin-1 BEC have
been unveiled [21]. In the following subsections, we will
briefly review the results in Ref. [21] and perform further
analysis on the features of the ESQPT by focusing on the
eigenstates’ localization property in both the quantum and
classical cases.

A. Excited-state quantum phase transitions

ESQPTs are signified by the clustering of the eigenlevels,
which results in the singularities in the DOS [2,5]. To illus-
trate the ESQPT in the spin-1 BEC, we analyze the spectrum
of Hamiltonian (1) as a function of control parameter κ . In
Fig. 1(a), we show how the rescaled excitation energies, εn =
(En − E0)/N , evolve with increasing κ . Here, En denotes the
nth eigenenergy of Ĥ and E0 is its ground-state energy. One
can see that the excited eigenlevels exhibit an obvious cluster
along the dot-dashed line, which marks the critical energy of
the ESQPT, denoted by εc. We further observe that the critical
energy εc decreases with increasing κ and moves towards to
the known ground-state QPT as κ approaches 2. By utilizing
the mean-field approximation, the explicit dependence of the
critical energy εc on the control parameter κ can be obtained
analytically [see Eq. (5) below]. As a consequence of the
eigenlevels’ cluster, the DOS, ρ(ε) = ∑

n δ(ε − εn), shows
a sharp peak at εc for the cases of κ < 2, as visualized in
Figs. 1(b) and 1(c). In the N → ∞ limit, the peak in the
DOS turns into a logarithmic divergence, which makes up a
prominent signature of the ESQPT.
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FIG. 1. (a) Rescaled energy levels εn = (En − E0)/N as a func-
tion of κ with N = 40. The purple dot-dashed line denotes the critical
energy of ESQPT, as given in Eq. (5). (b), (c) Normalized density of
states ρ(ε)/N for (b) κ = 0.2 and (c) κ = 1.2 with N = 10 000. The
red solid lines are the analytical results, see Eq. (6). (d), (e) Rescaled
participation ratio PR/N as a function of εn for the same values of
κ as in panels (b), (c) with N = 10 000. The vertical dashed lines in
panels (b)–(e) represent the critical energy of the ESQPT obtained
from Eq. (5).

The emergence of the ESQPT is also closely connected
with the localization of the eigenstates, namely, the eigen-
states in the neighborhood of εc are the highly localized
states [29,30]. The degree of localization of the eigenstates
|ψn〉 for a given basis {|αk〉} is measured by the participa-
tion ratio PR = 1/

∑
k |c(n)

k |4, where c(n)
k = 〈αk|ψn〉. For the

spin-1 BEC, the basis consists of the Fock states |αk〉 =
|N−1, N0, N1〉. The extended state has a larger value of PR,
while a small PR indicates the localized state. Figures 1(d)
and 1(e) plot the rescaled participation ratio as a function of
εn for different control parameters. A sharp dip in the behavior
of PR at εn ∼ εc is clearly visible. The appearance of dip in PR

means that the eigenstate at the critical energy is localized in
the Fock basis.

B. Classical limit

More insights into the characteristics of the ESQPT can be
obtained by analyzing the properties of the stationary points
in the corresponding classical system. To derive the classical
counterpart of the Hamiltonian (1), we first note that in the
classical limit with N → ∞, the spin states are described by
the coherent states [21,24,80]

|ξ〉 = 1√
N!

(ξ−1a†
−1 + ξ0a†

0 + ξ1a†
1)N |0〉, (2)

where |0〉 is the vacuum state, ξm = √
Nmeiϕm with ϕm ∈

[−π, π ) and
∑

m Nm = N . Then by using the relation
〈ξ|am|ξ〉 = ξm, it is straightforward to find that the classical

FIG. 2. (a) Energy contours of the classical Hamiltonian (3)
in the phase space. The yellow dashed line denotes the separatrix
given by Eq. (5). (b)–(d) Rescaled Husimi distributions, Q(ζ0, ϕ) =
Q(ζ0, ϕ)/Qmax(ζ0, ϕ) for (b) εn = 0.2909, (c) εn = εc = 0.32, and
(d) εn = 0.347 with N = 300. Other parameter: κ = 0.4.

Hamiltonian with N−1 = N1 is given by [21,60,81]

Hcl = lim
N→∞

〈ξ|Ĥ |ξ〉
N

= κ (1 − ζ0) − 2ζ0(1 − ζ0) cos2 ϕ, (3)

where ζ0 = N0/N and ϕ = ϕ0 − (ϕ1 + ϕ−1)/2. The classical
equations of motion are, therefore, given by

ϕ̇ = ∂Hcl

∂ζ0
= −κ − 2(1 − 2ζ0) cos2 ϕ,

ζ̇0 = −∂Hcl

∂ϕ
= −2ζ0(1 − ζ0) sin(2ϕ), (4)

with the constrained condition d (ϕ1 − ϕ−1)/dt = 0.
By setting ϕ̇ = ζ̇0 = 0, one can find that the classical sys-

tem (3) has three fixed points when κ < 2. They are two
stable points {cos ϕ, ζ0} = {±1, (2 + κ )/4} with the minimal
energy of the classical system Emin = −(κ − 2)2/8, and a
saddle point at ζ0 = 1 with energy Es = 0. In Fig. 2(a), we
plot the energy contours in phase space for the classical sys-
tem. We observe two different structures in the energy surface.
The change in the structure of the classical energy surface
indicates the presence of the separatrix in the classical dynam-
ics. The equation of the separatrix in Fig. 2(a) is determined
by the energy difference Es − Emin, which also corresponds to
the critical energy of the ESQPT,

εc = (κ − 2)2

8
, (5)

with 0 < κ < 2. This result was plotted as the purple dot-
dashed line in Fig. 1(a).

The agreement between the separatrix and the critical en-
ergy of the ESQPT implies that the logarithmic divergence
in the DOS is a consequence of the saddle point in the un-
derlying classical counterpart. To see this, we consider the
semiclassical approximation of the DOS in the subspace with
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N−1 = N1 [21],

ρcl (ε)

N
= 1

(2π )3

∫
Dξδ(ζ−1 − ζ1)δ(ε − Hcl ), (6)

where Dξ = ∏
m dζmdϕmδ(

∑
k ζk − 1). Here, we would like

to point out that ρcl (ε) provides the smooth component in
the Gutzwiller trace formula [82]. The integral in the above
equation can be carried out by employing the property of the
delta-function and the final results for different control param-
eters κ are plotted as the red solid lines in Figs. 1(b) and 1(c).
We see an excellent agreement between the numerical data
and the behavior of ρcl (ε)/N . In particular, ρcl (ε)/N shows
an obvious singularity at the critical energy of the ESQPT.

The existence of the saddle point in the classical system
also explains the localization at the critical energy of the
ESQPT. To see this, we consider the localization behavior of
an eigenstate |εn〉 in the classical phase space, which can be
visualized by the Husimi distribution [83]

Q(ζ0, ϕ) = |〈εn|ξ〉|2. (7)

It is known that the Husimi distribution Q(ζ0, ϕ) offers the
quasiprobability distribution of |εn〉 in the classical phase
space with canonical variables (ζ0, ϕ).

Figures 2(b) to 2(d) plot the Husimi distribution for the
eigenstates with energy below, at, and above the crtical energy
of the ESQPT. For the eigenstate with the critical energy of the
ESQPT [Fig. 2(c)], the Husimi distribution displays a highly
concentrated feature in the phase space. By contrast, the
Husimi distribution for the eigenstates with energy below and
above the ESQPT is extended in the phase space, as seen in
Figs. 2(b) and 2(d), respectively. The behaviors of the Husimi
distribution for different eigenstates are consistent with the
variation of the participation ratio with the eigenenergy.

III. LOSCHMIDT ECHO SPECTRUM AND ESQPT

In the rest of the article, we analyze the dynamical sig-
natures of the ESQPT by means of the Loschmidt echo
spectrum. To this end, we assume that the system is initially
prepared in the ground state ρ(0) = |ψ0〉〈ψ0| of Ĥi with κ =
κi. Then, at t = 0, we suddenly change the control parameter
to a new value κ = κi + δκ and focus on the dynamics of
the system governed by the postquench Hamiltonian Ĥf . As
the changing of the control parameter κ leads to the varying
energy in the system, one can drive the system crossing dif-
ferent phases of the ESQPT by tuning the value of δκ . The
critical quench strength, denoted by δκc, is defined as the one
that takes the system to the critical energy of the ESQPT.
Employing the mean-field approximation, one can find δκc is
given by

δκc = 1 − κi

2
, (8)

where 0 � κi � 2. At this point, it is worth pointing out that
our conclusions of this work are independent of the choice
of κi as long as 0 � κi � 2. Here, as we are focused only on
investigating the dynamical features of ESQPT, the analysis
on the cases with κi > 2(< 0) are left for future study. We
stress that employing the Loschmidt echo spectrum to ex-
plore the quantum many-body dynamics for the critical line

crossing quenches in the spinor BECs remains an open ques-
tion. It was experimentally observed that the spin-1 BEC
undergoes dynamical phase transitions as the control param-
eter quenches from the antiferromagntic (AFM) region [20].
Hence, one can expect to find an abrupt change in the behavior
of the Loschmidt echo spectrum for quenches that cross the
critical line.

After quench, the state of the system at time t is ρ(t ) =
e−iĤ f tρ(0)eiĤf t . To extract the dynamical signatures of the
ESQPT from ρ(t ), we use the Loschmidt echo spectrum [79]

Ln(t ) = Tr[ρnρ(t )] =
∣∣∣∣∣
∑

α

〈ψn|α〉〈α|ψ0〉e−iEαt

∣∣∣∣∣
2

, (9)

where ρn = |ψn〉〈ψn| is the nth eigenstate of Ĥi with associ-
ated energy En and |α〉 is the αth eigenstate of the postquench
Hamiltonian Ĥf with the corresponding eigenenergy Eα , so
that Ĥf |α〉 = Eα|α〉.

The Loschmidt echo spectrum measures how the time-
evolved state spreads in the eigenstates of the initial Hamil-
tonian and its ability to probe the dynamical quantum phase
transitions in quantum many-body systems was investigated in
a very recent work [79]. Since the ESQPT involves the entire
energy spectrum of the system, we would expect that more
dynamical signatures of the ESQPT can be revealed by the
Loschmidt echo spectrum. Notice that the zero component of
the Loschmidt echo spectrum, L0, is the well-known survival
probability, which has been widely used as a dynamical detec-
tor of ESQPTs [29–31,37,43–46,84].

Figsures 3(a) to 3(c) demonstrate how the Loschmidt echo
spectrum evolves as a function of t for different quench
strength δκ with the system size N = 1000 and κi = 0.4,
which determines δκc = 0.8. For the case with δκ < δκc, as
illustrated in Fig. 3(a), the small quench strength can only
scatter the quenched state into the low excited states of the
initial Hamiltonian. As a consequence, the Loschmidt echo
spectrum is highly concentrated in the low Hi eigenenergies,
irrespective of the time. Moreover, small δκ value also leads to
the revival of the initial state, which results in the regular oscil-
lations in t of the Loschmidt echo spectrum. With increasing
δκ , more excited states are involved and the number of excited
states contributing to the Loschmidt echo spectrum increases.
Once the critical quench δκc = 0.8 is reached, the Loschmidt
echo spectrum quickly spreads out over a larger number of
excited eigenenergies and shows a complex dependence on
the time, as seen in Fig. 3(b). The fast spread of the Loschmidt
echo spectrum at the critical quench can be considered as
a result of the saddle point in the corresponding classical
system, which gives rise to the dynamical instability in the
quantum system [47,48,85–88]. As δκ increases further, such
as δκ = 1.2 case shown in Fig. 3(c), the Loschmidt echo also
distributes over a wider range of excited eigenenergies, while
it initially shows a regular oscillations which is followed by
an irregular pattern at later times. The regular behavior in the
evolved Loschmidt echo spectrum is a consequence of the pe-
riodic trajectories in the underlying classical dynamics, while
the long time irregular oscillations are due to the quantum
interference effect on the evolution of the Loschmidt echo
spectrum.
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FIG. 3. (a)–(c) Color plot of the Loschmidt echo spectrum (in logarithmic scale) as a function of t and εn for (a) δκ = 0.4, (b) δκ = δκc =
0.8, and (c) δκ = 1.2. In each panel, the white regions denote Ln(t ) = 0. (d)–(f) Evolving of the energy distribution Pt (ε) [cf. Eq. (10)] as a
function of t for the same values of δκ as in panels (a)–(c). Other parameters: N = 1000, κi = 0.4, and δκc = 0.8 [see Eq. (8)].

A. Energy distribution of the evolved state

The dynamical features observed in Figs. 3(a) to 3(c) are
more visible in Figs. 3(d) to 3(f), where we plot the time evo-
lution of the energy distribution of the evolved state weighted
by components Ln(t ),

Pt (ε) =
∑

n

Ln(t )δ(ε − εn). (10)

It can be considered as the vertical cutting version of the
evolved Ln(t ) at a fixed time and satisfies

∫
dεPt (ε)=1. We

see that the evolution of Pt (ε) shows an obvious difference
between two phases of the ESQPT. Hence, different phases of
the ESQPT can be distinguished by the distinct behaviors in
the evolved Pt (ε) for δκ < δκc and δκ > δκc, respectively. In
addition, the singular behavior of Pt (ε) at the critical quench
stands as a faithful figure of merit for diagnosing the presence
of the ESQPT.

A main feature exhibited by Pt (ε) is the different de-
grees of extension over the excited eigenenergies, which can
be quantified by the variance of Pt (ε) with the definition
given by


(t ) =
∫

dεPt (ε)[ε − 〈ε〉]2, (11)

where 〈ε〉 = ∫
dεPt (ε)ε is the averaging of ε.

Figure 4(a) plots the variance of 
(t ) with increasing t
for three different quench strengths, which are below, at, and
above the critical quench strength. Overall, the initial growth
of 
(t ) is followed by a small fluctuation around the satura-
tion value, regardless of the strength of the quench. However,
the way of 
(t ) growth depends strongly on the quench
strength. For δκ below the critical value, 
(t ) increases with
larger oscillations and takes a long time to reach its saturation
value with small oscillations. On the other hand, even though
the growth of 
(t ) still shows many oscillations for δκ > δκc

case, it saturates to a larger saturation value at a short time

scale. At the critical quench δκ = δκc, 
(t ) undergoes a fast
growth which then quickly saturates to its saturation value
with tiny fluctuations. We further note that the saturation
values of 
(t ) for δκ � δκc are almost independent of the
quench strength.

The rapid increase in 
(t ) at the critical quench can be
explained as follows. The ESQPT associated with the saddle
point in the underlying classical system, which leads to the in-
stability in the quantum many-body dynamics. Consequently,

FIG. 4. (a) 
(t ) as a function of t for several quench strengths
δκ . (b) Time evolution of the energy distribution entropy SP(t ) for
different values of δκ . Other parameters: N = 1000, κi = 0.4, and
δκc = 0.8 [see Eq. (8)].
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FIG. 5. (a) Heat map of the long-time-averaged Loschmidt echo spectrum Ln as a function of δκ and εn with system size N = 1000. The
horizontal dashed line marks the critical energy εc of the ESQPT, while the vertical red dashed line is the critical quench strength from Eq. (8).
(b)–(e) Energy distribution of the long-time-averaged state Pδκ (ε) for different values of δκ with N = 1000. The vertical dashed line in each
panel denotes the critical energy εc of the ESQPT, see Eq. (5). (f) Variance of the energy distribution of the long-time-averaged state as a
function of δκ for N = 1000. The inset shows ∂δκ
 as a function of δκ for N = 1000 (blue solid curve) and N = 2000 (magenta dot-dashed
curve). (g) Entropy of the energy distribution of the long-time-averaged state as a function of δκ for N = 1000. The inset plots ∂δκSP as a
function of δκ for N = 1000 (blue solid curve) and N = 2000 (magenta dot-dashed curve). The vertical dashed line in panels (f) and (g) is the
critical quench strength δκc. Other parameters: κi = 0.4 and δκc = 0.8 obtained from Eq. (8).

the evolved state ρ(t ) is very spread out in the spectrum of the
initial Hamiltonian in an extremely short time, as observed
in Figs. 3(b) and 3(e). This results in the rapid growth in the
variance of the energy distribution.

The observed features of 
(t ) suggest that the underly-
ing ESQPT leaves an imprint in the dynamics of quenched
system. Hence, the evolution of 
(t ) can be employed to
distinguish different phases of an ESQPT. Moreover, the ex-
istence of the ESQPT can be efficiently signified by the rapid
growth behavior in 
(t ).

Figures 3(d) to 3(f) further demonstrate that the complexity
of the evolved Pt (ε) also shows a strong dependence on the
quench strength. To measure the complexity of Pt (ε), we study
the entropy of Pt (ε):

SP(t ) = −
∫

dεPt (ε) ln Pt (ε). (12)

It varies in the interval SP(t ) ∈ [0, ln �ε] with �ε is the width
of the energy spectrum. When the energy distribution is deter-
mined, that is, Pt (ε) = 1, we have SP(t ) = 0, while SP(t ) =
ln �ε implies Pt (ε) is uniform, namely Pt (ε) = (�ε)−1.

Figure 4(b) shows the time evolution of Sp(t ) for the
quench strengths that are the same as in Fig. 4(a). We see that
the evolution of SP(t ) is very similar to the behavior of 
(t ),
apart from small fluctuations around the saturation value. We
also note that SP(t ) saturates at a very short timescale in com-
parison with 
(t ). However, due to the logarithmic definition
in SP(t ), the growth of SP(t ) at the critical quench strength is
not as rapid as in the case of 
(t ). Nevertheless, the similarity

between SP(t ) and 
(t ) means that both of them can be used
to identify the occurrence and different phases of the ESQPT.

B. Long-time-averaged Loschmidt echo spectrum

The signatures of the ESQPT are also reflected in the long-
time-averaged Loschmidt echo spectrum, which is calculated
as

Ln = lim
T →∞

1

T

∫ T

0
Ln(t )dt

= lim
T →∞

1

T

∫ T

0
dt

∑
α,β

〈ψn|α〉〈α|ψ0〉〈β|ψn〉〈ψ0|β〉

× e−it (Eα−Eβ )

=
∑

α

|〈ψn|α〉|2|〈α|ψ0〉|2, (13)

where Hf |α〉 = Eα|α〉, Hf |β〉 = Eβ |β〉, and we carried out
the integration as the energy spectrum of Hf is nondegen-
erate. The Ln can be recognized as the overlap between the
long-time-averaged state ρ̄ = limT →∞

∫ T
0 ρ(t )dt and the nth

eigenstate ρn = |ψn〉〈ψn| of Hi, so that Ln = Tr(ρ̄ρn). Here,
we should point out that the final simplified form in the above
equation only holds for the finite system. In the thermody-
namic limit N → ∞, as energy levels are degenerated at the
ESQPT critical energy, the last equation in (13) is invalid. It is
also worth mentioning that the reciprocal L0 is the participa-
tion ratio of the initial state |ψ0〉 with respect to the eigenstates
of Hf .
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In Fig. 5(a), we plot the long-time-averaged Loschmidt
echo spectrum Ln as a function of δκ and εn for κi = 0.4 and
N = 1000. We see that the ESQPT at δκc = 0.8 leads to a
remarkable change in the behavior of Ln, which, in turn, can
be used to diagnose the onset of the ESQPT. Moreover, Ln

for δκ > δκc also shows a dip at the ESQPT critical energy
εc, as marked by the horizontal dashed line in the figure. The
dip observed in Ln at the critical energy for δκ > δκc case
is a consequence of the localization of the critical eigenstate
|ψc〉 over the spectrum of Hf , which results in the significant
contribution to Ln are the states with small values of |〈ψc|α〉|2.

More information about the effect of the ESQPT are pro-
vided by the energy distribution of the long-time-averaged
state weighted by Ln,

Pδκ (ε) =
∑

n

Lnδ(ε − εn). (14)

Figures 5(b) to 5(e) demonstrate the energy distribution Pδκ (ε)
for several δκ values. One can clearly see that Pδκ (ε) exhibits
distinct behaviors in different phases of the ESQPT. In par-
ticular, due to the localization of the critical eigenstate |ψc〉,
the critical value of Ln is dominated by the large |〈ψc|α〉|2
terms, when taking the system to the ESQPT critical energy.
This means that, for the critical quench strength, the energy
distribution has a sharp peak at the ESQPT critical energy, as
observed in Fig. 5(d). This peak signals the ESQPT singularity
and can be employed to probe the occurrence of the ESQPT.

To quantitatively investigate the features of Pδκ (ε), as we
did for the time-evolved energy distribution Pt (ε), we study
its variance and entropy, which are, respectively, defined by


(δκ ) =
∫

dεPδκ (ε)[ε − 〈ε〉]2,

SP(δκ ) = −
∫

dεPδκ (ε) ln Pδκ (ε), (15)

where 〈ε〉 = ∫
dεPδκ (ε)ε.

In Fig. 5(f) we display 
(δκ ) as a function of δκ for
κi = 0.4 and N = 1000. The variance 
(δκ ) increases with
increasing δκ , but it grows in different rate between two
phases of the ESQPT. The changing of the growth rate in

(δκ ) occurs at the ESQPT critical quench strength due to the
localized eigenstates around the ESQPT critical energy, which
lead to the energy distribution remains almost unchanged for
the quenches around δκc. This is confirmed by the derivative
of the variance with respect to δκ , denoted by ∂δκ
(δκ ),
which is plotted in the inset of Fig. 5(f) for the cases of
different system sizes. As we can see, ∂δκ
(δκ ) shows an
abrupt decrease and reaches its local minimal value near the
critical quench strength. Hence, the variance 
(δκ ) succinctly
captures the signatures of the ESQPT.

The dependence of entropy SP(δκ ) on the quench strength
is plotted in Fig. 5(g). For δκ < δκc, SP(δκ ) grows as δκ in-
creases, while it saturates to a stationary value as δκ increases
for δκ > δκc. This difference in the behavior of SP(δκ ) allows
us to use it to identify different phases of the ESQPT. In the
neighborhood of the critical quench strength δκc, we see a
decrease in SP(δκ ). This means that the entropy SP(δκ ) can
be used as a witness of the ESQPT.

The eigenstates localization associated with the ESQPT
critical point is also the source of the decrease of the entropy
SP(δκ ) near δκc. The localized eigenstates around the ESQPT
critical energy give rise to small values of Pδκ (ε) for the
critical quench, as seen in Fig. 5(d). Hence, the entropy SP(δκ )
would have a local minimal value at δκc. This is more visible
in the inset of Fig. 5(f), where we show how the derivative of
entropy ∂δκSP evolves as a function of δκ for different system
sizes. An obvious dip in the value of ∂δκSP appears near the
critical quench strength, confirming that the entropy SP(δκ )
undergoes a decrease as the strength of quench passes through
its critical value. Increasing the system size N tends to sharpen
the dip and moving its location to the critical value of δκ .

It is also interesting to investigate whether the Loschmidt
echo spectrum can provide insights into the dynamics of
f0 = 〈N̂0〉/N , which has been used to study both ground-state
QPT [68,71] and dynamical phase transition [20] in spin-1
BEC. The time-evolving f0 is given by

〈 f0(t )〉 = 1

N
〈ψ0|eiHf t N̂0e−iHf t |ψ0〉

= 1

N

∑
n,m

A∗
n(t )Am(t )N0,nm

= 1

N

[∑
n

Ln(t )N0,nn + 2
∑
n<m

Rnm

]
, (16)

where N0,k� = 〈ψk|N̂0|ψ�〉, Ak (t ) = 〈ψk|e−iHf t |ψ0〉 is the am-
plitude of Lk (t ), and

Rnm = Re[A∗
n(t )Am(t )N0,nm], (17)

denotes the real part of A∗
n(t )Am(t )N0,nm. Figure 6 plots Rnm

for different quenches at different times. We see that, regard-
less of the quench strength and time, the diagonal terms are
much larger compared to the off-diagonal terms. This implies
that the summation in Eq. (16) is governed by the diagonal
terms, which are directly connected to the Loschmidt echo
spectrum. The Loschmidt echo spectrum can therefore help us
to understand the features that are exhibited in f0 dynamics.

As a final remark of this section, we would like to point
out that the Loschmidt echo spectrum can be experimentally
detected by recent proposed protocols [89–91]. Moreover,
we checked that the dynamical signatures of the ESQPT
revealed in time-evolved and long-time-averaged Loschmidt
echo spectrum can be observed in a several hundred mil-
liseconds for the typical spin-spin interaction strength |c|/h =
2π × 9 Hz [61]. These facts indicate that the experimental
verification of our findings in the spin-1 BEC platform is
achievable.

IV. CONCLUSION

In summary, by investigating the dynamical signatures
of the ESQPT in the spin-1 BEC via the Loschmidt echo
spectrum, we showed the usefulness of the Loschmidt echo
spectrum in the studying of ESQPTs in quantum many-body
systems. We explored how the ESQPT gets reflected in the
behaviors of the Loschmidt echo spectrum and associated
energy distribution.
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FIG. 6. Rnm in Eq. (17) with respect to the nth and mth eigenstates of the initial Hamiltonian for three typical quenches at two times:
(a)–(c) t = 10 and (d)–(f) t = 100. Other parameters: N = 200, κi = 0.4, and δκc = 0.8 obtained from Eq. (8).

The ESQPT in the spin-1 BEC is characterized by the
logarithmic divergence of the density of states, which results
in the localization of the eigenstates around the ESQPT. A
detailed study of the classical limit of the system reveals that
the presence of the ESQPT and the corresponding characteri-
zations are a consequence of the saddle point in the classical
system.

The analysis of the time evolution of the Loschmidt echo
spectrum unveils that the underlying ESQPT leads to a drastic
change in the behavior of the Loschmidt echo spectrum. In
particular, we have seen that the singular behavior in the evo-
lution of the Loschmidt echo spectrum signals the onset of the
ESQPT. We further showed that the occurrence and different
phases of the ESQPT were clearly identified in the properties
of the energy distribution of the evolved state weighted by
the components of the Loschmidt echo spectrum. In addition,
an explicit examination of the long-time-averaged Loschmidt
echo and associated energy distribution demonstrates that they
can also be utilized to probe the ESQPT.

Although our conclusions are verified for spin-1 BEC, we
would expect that qualitatively similar results should also be

found in other systems that exhibit the logarithmic diver-
gence in their density of states. A natural extension of the
present work is to study the classification of the ESQPTs
by performing scaling analyses on the critical behaviors of
the Loschmidt echo spectrum. Classifying the ESQPTs is
nontrivial and remains an open question. It would be also
interesting to explore the relationship between the Loschmidt
echo spectrum and the ESQPTs, which are signified by the
discontinuity in the derivative of the density of states [3–5].
Finally, our findings extend the usefulness of the Loschmidt
echo spectrum in studying of the dynamical quantum phase
transitions [79] to ESQPTs, and open a different way to obtain
a better understanding on the dynamical features of ESQPTs.
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