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Atomic Rydberg-state excitation in strong spatially inhomogeneous fields
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We investigated the Rydberg-state excitation process of a hydrogen atom subjected to spatially homogeneous
and inhomogeneous laser fields by means of ab initio calculations. It is found that, comparing with atoms exposed
to spatially homogeneous laser fields, the excitation probability decreases and the electron tends to occupy the
states with lower principal quantum numbers and angular quantum numbers for atoms in spatially inhomoge-
neous laser pulses. Furthermore, calculations of a quantum model without taking into account ionization of the
electron after it is coherently captured by the Rydberg state are inconsistent with the above-stated findings by
ab initio calculations. Analysis indicates that the aforementioned intriguing features can be attributed to the
enhanced ionization of the Rydberg states by inhomogeneous laser fields since the distributions of Rydberg
states of high principal quantum numbers and angular quantum numbers locate far away from the core where the
inhomogeneous electric fields become significant.
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I. INTRODUCTION

Generations of Rydberg-state atoms and molecules sub-
jected to intense laser pulses have gained significant attention
in the past decade since high-lying Rydberg-state atoms and
molecules can be explored to investigate quantum phenomena
and provide novel quantum objects of mesoscopic size for
probing classical-quantum correspondence [1–3]. Such atoms
and molecules have important applications in the fields of
quantum information [4], precision measurements [5], and
acceleration and deceleration of neutral samples [6–8]. In ad-
dition, the maniputations of electrons in Rydberg-state atoms
and molecules are helpful for controlling chemical reactions
[9] and understanding the physical mechanisms of the pho-
toelectron spectral features and below-threshold harmonic
generation of atoms exposed to intense laser pulses [10,11].

In experiments, Rydberg-state excitation (RSE) has been
detected in atoms and atomic fragments produced from
Coulomb explosion of molecules in intense laser pulses
[12–21]. A model of interference stabilization (IS) has been
put forward to explain the generation of Rydberg-state sam-
ples and the physical reason of interference stabilization is
ascribed to the interference of the amplitudes of transitions
to continuum from the excited Rydberg states, which are co-
herently repopulated by the Raman transitions for atoms and
molecules subjected to laser pulses [22–26]. Another model

*hushlin@mail.sysu.edu.cn
†chenjing@ustc.edu.cn

of frustrated tunneling ionization (FTI) is often employed
to interpret the formation of neutral species in intense laser
fields [13,27] in which electrons are driven by the laser field
after tunneling through the potential barrier formed by the
combined Coulomb and laser fields and a fraction of them are
trapped into highly excited states due to the Coulomb field
of the parent core after the laser pulse is switched off. The
aforementioned FTI mechanism is actually the same picture
of recapture put forward to explain the generation of Rydberg
atoms exposed to strong laser pulses [28]. For the theo-
retical calculations by numerically solving time-dependent
Schrödinger equations, the generation of Rydberg atoms and
peak structures of intensity-dependent Rydberg-state popula-
tions in intense laser fields are ascribed to the mechanisms
of the Freeman-resonance perspective and the continuation
of above-threshold ionization (ATI) to the below-threshold
negative energy region [29–31].

Recently, a quantum model (QM) was proposed to
interpret the formation of Rydberg atoms as a coherent
recapture process accompanying by the ATI process [32]. In
the aforementioned quantum model [32], the electron is first
promoted to the continuum by the laser field, it subsequently
evolves in the external field, and a fraction of the electrons
may be coherently captured into Rydberg states during the
laser pulse, which is different from the above IS and FTI
models. In the quantum model, the ionization process of
the Rydberg-state atom is not taken into account since the
ionization of the Rydberg state is small due to stabilization
[31]. The physical picture of the quantum model is similar to
that of IS and the electron transits from the continuum state to
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the Rydberg states after the transition from the ground state to
the continuum state in both models, so the physical process in
the quantum model can be considered as a generalized Raman
process. More recently, the quantum model was extended
to study atomic Rydberg-state excitation subjected to laser
pulses of long wavelengths [33].

Previous investigations of atomic RSE process mainly fo-
cused on the spatially homogeneous laser fields. Recently, the
features of intense-field ionization and harmonic spectra for
atoms subjected to spatially inhomogeneous fields attracted
considerable attentions [34–41]. The harmonic intensity in the
plateau region can be significantly enhanced and a broadband
xuv continuum can be generated for the hydrogen atom ex-
posed to spatially inhomogeneous fields [42]. It is found that
the inhomogeneity of the enhanced plasmonic field has an im-
portant impact on the ATI process and high-energy electrons
with energies in the near-keV regime can be produced for
the atom subjected to inhomogeneous fields [43]. Recently, it
was demonstrated that the returning energy of the rescattering
electron is enormously increased and the time window of
tunneling ionization where the electron can be driven back to
generate photoelectron holography is evidently broadened for
the hydrogen atom in the spatially inhomogeneous fields [44].

As stated above, the characteristics of atomic ionization
and harmonic spectroscopy in spatially inhomogeneous fields
were investigated extensively and the atomic RSE process is
closely related to atomic ionization [13,28,32]. The Rydberg-
state electron is far away from the parent ion where the
inhomogeneous laser fields become evident, so the features of
atomic RSE process by intense inhomogeneous laser pulses is
an intriguing problem. In addition, it is a question of interest to
utilize the recently proposed quantum model to study atomic
RSE in strong nonhomogeneous laser fields. In the present
work, we investigated the RSE process of hydrogen atom
exposed to inhomogeneous laser fields and found that the
excitation yields and the spatial distribution of Rydberg states
are sensitive to the strengths of the inhomogeneous laser fields
due to the ionization of the Rydberg-state atom by laser fields.
Atomic units (a.u.) are utilized unless otherwise indicated.

II. THEORETICAL CALCULATIONS

A. Time-dependent Schrödinger equation

The interactions between hydrogen atom and intense laser
fields can be modeled by numerically performing the full-
dimensional time-dependent Schrödinger equation (TDSE)
calculations in the length gauge [44–46]

i
∂

∂t
�(r, t ) =

[
−1

2
∇2 − 1

r
+ Vlaser(r, t )

]
�(r, t )]. (1)

The potential Vlaser(r, t ) indicates the interaction of the atomic
electron and the laser field and the field is assumed to be lin-
early polarized along the z axis. Due to the spatial dependence
of the laser field, it has the following formula:

Vlaser(r, t ) = E0 sin2(πt/tmax) sin(ωt )z(1 + βz), (2)

where E0, tmax, and ω denote the maximum electric field, the
duration, and the frequency of the laser pulse, respectively,

and β is a small parameter which characterizes the inho-
mogeneity of the laser field. For the Rydberg-state atom of
the principal quantum number n = 10, the parameter βr is
around 0.3 with β = 0.003 a.u., so the field is strong spatially
inhomogeneous in atomic scale.

The time-varying wave function is expanded in terms of
B-splines and spherical harmonics as

�(r, t ) =
∑
μlm

Cμlm(t )
Bk

μ(r)

r
Ylm(θ, φ), (3)

where k = 7 indicates the order of B-splines [45,47]. The
target atom is in the ground state (1s) and the magnetic
quantum number is a good quantum number, so we take the
magnetic quantum number m = 0. The aforementioned time-
dependent wave function is evolved by the Crank-Nicolson
scheme [45,47] and a cos1/4 absorber function is employed
near the boundary to avoid unphysical reflection of electronic
wave functions. The Rydberg-state probability is calculated
by projecting the wave function onto the corresponding field-
free eigenstates after the conclusion of the strong laser pulse
[45,46] and the ionization probability is written as Pion=
1 − ∑

n |〈ψn(r)|�(r, tmax)〉|2, where ψn indicates the bound
state calculated by a diagonalization scheme of the field-free
Hamiltonian matrix.

In the present work, the truncated radius is rmax = 1000
a.u., 1100 B-splines are employed for the radial wave func-
tion, and the maximum number of partial waves is Lmax = 80.
The hydrogen atom (1s) is exposed to eight-cycle laser pulses
of frequency ω=0.057 a.u. (λ = 800 nm), and the time step
is �t = 0.03 a.u. Convergence of numerical calculations is
reached with the above settings.

B. Quantum model

The Rydberg-state excitation of the hydrogen atom in
strong, spatially inhomogeneous fields is also examined by
the quantum model put forward recently, and the transition
amplitude reads as [32]

Mnlm = (−i)2
∫ ∞

−∞
dt

∫ t

−∞
dt ′

∫
d3p

〈
�d

nlm(t )|V (r)|� (V )
p (t )

〉

× 〈
� (V )

p (t ′)|HI (r′, t ′)|�g(t ′)
〉
, (4)

where t ′ and t represent ionization and capture times, respec-
tively. �g(r, t ) = eiIptψg(r) denotes the field-free ground state
possessing the ionization energy Ip, and the inhomogeneous

field-atom interaction is HI (r′, t ′)=∫ r′
E (r, t ′)dr. |� (V )

p (t )〉
represents the Volkov state with asymptotic momentum p in
the length gauge

|� (V )
p (t )〉 = 1

(2π )3/2
exp

{
i[p + A(r, t )] · r

− i

2

∫ t

dt ′[p + A(r, t ′)]2

}
. (5)

The field-dressed Rydberg state is expressed as |�d
nlm(t )〉 =

ψnlm(r)e−iEnt eiA(r,t )·re−i
∫ t
−∞ dτA2(r,τ )/2, where ψnlm(r) repre-

sents a field-free Rydberg state of the hydrogen atom, which
possesses the principal quantum number n, angular quantum
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number l , and magnetic quantum number m, and the Coulomb
potential is V (r) = −1/r.

Since the distribution of the ground state of the hydrogen
atom is localized, the vector potential and the electric field
are assumed to be spatially homogeneous for the electron
transition from the ground state to continuum states in Eq. (4).
Equation (4) is given by

Mnlm = (−i)2
∫ ∞

−∞
dt

∫ t

−∞
dt ′

∫
d3pVnlm,pVpg exp[iSn(t, t ′, p)],

(6)
where

Vnlm,p = 1

(2π )3/2

∫
d3rψ∗
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exp(ip · r)

r

× exp

[
− i

2

∫ t

dτ [p · A(r, τ ) + A(r, τ ) · p]

]
, (7)

Vpg = 1

(2π )3/2

∫
d3r′ exp{−i[p + A(t ′)] · r′}r′ · E(t ′)ψg(r′),

(8)

and the action is

Sn(t, t ′, p) = −1

2
p2(t − t ′) + Ent + Ipt ′

+ 1

2

∫ t ′

dτ [A2(τ ) + 2p · A(τ )]. (9)

Here the electric field is given by E(r, t ) =
E0 sin2(πt/tmax) sin(ωt )(1 + 2βz)êz with unit vector êz, and
the vector potential is defined as A(r, t ) = − ∫ t

0 E(r, t ′)dt ′.
E0, ω, tmax, and En = −1/(2n2) represent the laser electric
field amplitude, the central frequency, the duration, and the
Rydberg-state energy level, respectively. The integration over
p is obtained by the saddle-point method and numerical
integrations over the recapture time t and the ionization time
t ′ are performed. The probability of the nth Rydberg state is
defined as Pn = ∑

l,m |Mnlm|2 after the laser pulse is switched
off. The detailed calculations can be found in our previous
work [32].

In our simulations, the target atom (hydrogen) is in its
ground state (1s), and 1s wave function is expressed as
ψ1s(r′) = 1√

π
e−r′

with the ionization energy Ip = 0.5 a.u. In
addition, due to the fact that the nonhomogeneous field is
linearly polarized, the magnetic quantum number is conserved
and consequently we can consider only m = 0 in the following
simulations. The laser pulse duration is eight optical cycles of
the wavelength λ = 800 nm.

III. RESULTS AND DISCUSSIONS

In Fig. 1, we depict ionization probabilities and excitation
probabilities as a function of laser intensities for hydrogen
atom in spatially homogeneous and inhomogeneous fields,
which are calculated by TDSE simulations. It is demonstrated
that excitation probabilities and ionization probabilities show
out of phase with increasing laser intensities for β = 0 a.u.,
which has been ascribed to the channel closing effect in
Ref. [31]. As the inhomogeneity parameter β is increased,
the excitation yields tend to decrease while the ionization

FIG. 1. (a, b) Intensity-dependent ionization and excitation prob-
abilities (n > 3) obtained by TDSE simulations for a hydrogen atom
exposed to spatially homogeneous and inhomogeneous laser fields
(the parameter of β characterizes the inhomogeneity of the laser field
and the value of β is given in atomic units).

probabilities tend to increase, which will be discussed further
in the following sections.

To shed more insights on the above intriguing behav-
ior of atomic excitation versus the inhomogeneity parameter
β, we plot the distributions of the Rydberg-state electrons
over different principal quantum numbers for the hydrogen
atom in the presence of spatially homogeneous and inho-
mogeneous laser fields at 172 TW/cm2 and 196 TW/cm2 in
Fig. 2, which are obtained by TDSE calculations. It can be
seen that the maximum of the RSE shifts from the principal

FIG. 2. Distributions of the Rydberg-state electrons over prin-
cipal quantum numbers calculated by TDSE simulations for the
hydrogen atom subjected to spatially homogeneous and inho-
mogeneous laser fields with different peak laser intensities: (a)
172 TW/cm2 and (b) 196 TW/cm2. Normalized probabilities are
shown for visual convenience and the value of β is given in atomic
units.
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FIG. 3. Distributions of the Rydberg-state electrons over angular
quantum numbers of a specific principal quantum number obtained
by TDSE calculations for the hydrogen atom exposed to spatially ho-
mogeneous and inhomogeneous fields with different laser intensities.
(a)–(c) 172 TW/cm2; (d)–(f) 196 TW/cm2. Normalized probabilities
are plotted for visual convenience and the value of β is given in
atomic units.

quantum number n = 6 to n = 4 when the inhomogeneity
parameter increases from β = 0 a.u. to β = 0.006 a.u. for
the same laser intensity. Since the peak probability shows up
in Rydberg states n = 4, 5, and 6 for different inhomogene-
ity parameters β at a specific laser intensity, we depict the
distributions of the Rydberg-state electrons over the angular
quantum numbers obtained by TDSE simulations for a given
principal quantum number when the hydrogen atom is sub-
jected to spatially homogeneous and inhomogeneous fields of
laser intensities 172 TW/cm2 and 196 TW/cm2 in Fig. 3. It
is demonstrated that the electron tends to occupy the Rydberg
state of lower angular quantum number with increasing in-
homogeneity parameters β for the principal quantum number
n = 4 in Fig. 3(a) and analogous phenomena can be found
for the electron lying in the Rydberg states of the specific
principal quantum number in Figs. 3(b) to 3(f).

To further understand the aforementioned distinct atomic
RSE behaviors, QM is also employed to investigate the RSE
process for the hydrogen atom exposed to spatially inhomo-
geneous laser fields. We depict the excitation probabilities
versus laser intensities for the hydrogen atom subjected to
spatially homogeneous and inhomogeneous fields obtained by
QM simulations in Fig. 4(a). It is shown that the variation of
the intensity-dependent excitation probability is not obvious
with the increasing inhomogeneity parameter in Fig. 4(a),
which is evidently different from those obtained by TDSE
simulations in Fig. 1(b). We also plot the distributions of the
Rydberg-state electrons over principal quantum numbers ob-
tained by QM calculations at 172 TW/cm2 and 196 TW/cm2

in Figs. 4(b) and 4(c), and find that the n distribution is almost
independent of the inhomogeneity parameters for the same
laser intensity. In addition, distributions of the Rydberg-state
electrons over angular quantum numbers of a given principal
quantum number are shown in Fig. 5 for laser intensities of

FIG. 4. (a) Excitation probability as a function of laser intensi-
ties for different inhomogeneity parameters β by QM calculations
(n > 3). (b), (c) Distributions of the Rydberg-state electrons over
principal quantum numbers calculated by QM simulations at
172 TW/cm2 and 196 TW/cm2. Normalized probabilities are de-
picted for comparison and the value of β is given in atomic units.

172 TW/cm2 and 196 TW/cm2, which are obtained by QM
calculations, and the results of β = 0 a.u. are close to those
of β = 0.003 a.u. and β = 0.006 a.u. for a specific princi-
pal quantum number at the same laser intensity, while the
Rydberg-state electron prefers to occupy the state of lower
angular quantum number with increasing inhomogeneity

FIG. 5. Distributions of the Rydberg-state electrons over angular
quantum numbers of a specific principal quantum number obtained
by QM simulations for the hydrogen atom in the presence of spatially
homogeneous and inhomogeneous fields possessing different laser
intensities. (a)–(c) 172 TW/cm2; (d)–(f) 196 TW/cm2. Normalized
probabilities are shown for comparison and the value of β is given in
atomic units.
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FIG. 6. Time-varying probabilities of excited states with n = 5
and different angular quantum numbers obtained by TDSE simu-
lations using initial state 1s of hydrogen atom exposed to spatially
homogeneous and inhomogeneous laser fields at 172 TW/cm2 (the
value of β is given in atomic units and T = 2π/ω).

parameters β for the same principal quantum number at the
given laser intensity in Fig. 3. Distributions of the Rydberg-
state electrons over principal quantum numbers and angular
quantum numbers based on QM simulations in Figs. 4 and
5 are significantly different from those obtained by TDSE
calculations in Figs. 2 and 3.

The occurrence of the ionization of the Rydberg-state
electron has been neglected in the QM simulations, which
was taken into account in TDSE calculations, and the above
process may have an important impact on the final forma-
tion of the Rydberg-state atom. Since a substantial fraction
of the electron occupies the Rydberg state n = 5 in Fig. 2,
time-dependent probabilities of Rydberg states of n = 5 with
different angular quantum numbers are plotted in Fig. 6,
which are calculated by TDSE simulations for the hydrogen
atom subjected to spatially homogeneous and inhomogeneous
laser fields at 172 TW/cm2. It is shown that the probabilities
of Rydberg states of n = 5 and different angular quantum
numbers become significant after t = 3T , and the probabili-
ties of Rydberg states with higher angular quantum numbers
decrease significantly with enhancing inhomogeneity param-
eters β after the laser pulses are switched off. The reason is
that the role of inhomogeneous electric fields becomes sig-
nificant for large z with increasing inhomogeneity parameters
β and the distributions of Rydberg states with high angu-
lar quantum numbers are far away from the core, therefore,
Rydberg-state atoms of high angular quantum numbers are
more probable to be detached by the laser fields. As a result,
the Rydberg-state electron tends to occupy states with lower
principal quantum numbers and angular quantum numbers
with increasing β in Figs. 2 and 3. To study the dependence of

TABLE I. Comparison of ionization yields of hydrogen atom
using different initial states (m = 0) in spatially homogeneous and
inhomogeneous laser fields at 172 TW/cm2 and 196 TW/cm2 with
the duration of four optical cycles based on TDSE simulations.

Initial state β = 0 a.u. β = 0.003 a.u. β = 0.006 a.u.

172 TW/cm2

5s 0.6561 0.9792 0.9953
5p 0.5301 0.9846 0.9939
5d 0.6677 0.9847 0.9981
5 f 0.6083 0.9909 0.9961
5g 0.5074 0.9817 0.9976

196 TW/cm2

5s 0.6941 0.9895 0.9961
5p 0.5645 0.9887 0.9973
5d 0.6852 0.9939 0.9976
5 f 0.6521 0.9958 0.9969
5g 0.5703 0.9954 0.9993

the ionization behaviors of Rydberg-state atoms on angular
quantum numbers, Rydberg states of n = 5 with different
angular quantum numbers are employed as initial states in the
TDSE simulations, and we show the ionization probabilities
of the hydrogen atom with different initial states (m = 0)
subjected to spatially homogeneous and inhomogeneous laser
fields at 172 TW/cm2 and 196 TW/cm2 with four optical cy-
cles in Table I. It is demonstrated that the ionization yields of
Rydberg-state atoms with lower angular quantum numbers are
significant compared with that of Rydberg-state atoms with
higher angular quantum numbers, especially for the 5g state
in homogeneous laser fields, while the ionization of hydrogen
atom in Rydberg states possessing higher angular quantum
numbers, especially for the 5g state, gradually becomes evi-
dent with respect to that of the hydrogen atom in other states
of lower angular quantum numbers with increasing β. Conse-
quently, the ionization process of Rydberg-state atoms plays
a vital role in excitation yields and distributions of Rydberg
states versus principal quantum numbers and angular quantum
numbers for the hydrogen atom in spatially inhomogeneous
laser fields.

FIG. 7. (a), (b) Same as those in Fig. 1, but for the hydrogen atom
exposed to 1000-nm laser fields (the value of β is given in atomic
units).
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FIG. 8. Distributions of the Rydberg-state electrons over prin-
cipal quantum number and angular quantum numbers of a given
principal quantum number calculated by TDSE simulations for the
hydrogen atom subjected to spatially homogeneous and inhomoge-
neous fields with the laser pulse of the intensity 131 TW/cm2 and
the wavelength 1000 nm. Normalized probabilities are presented for
visual convenience and the value of β is given in atomic units.

In Fig. 7, the ionization probabilities and excitation prob-
abilities as a function of laser intensities are plotted for the
hydrogen atom subjected to spatially homogeneous and inho-
mogeneous laser fields with the wavelength 1000 nm and the
aforementioned results are obtained by TDSE calculations.
It is also found that the excitation yields tend to decrease
while the ionization probabilities tend to increase with the
increasing inhomogeneity parameter β, which is similar to
those in Fig. 1. In Fig. 8(a), we display the distributions of the
Rydberg-state electrons over the principal quantum number
for the hydrogen atom exposed to the laser pulses of the peak
intensity 131 TW/cm2, the wavelength 1000 nm, and differ-
ent inhomogeneity parameters β, and the electron prefers to
occupy the states of lower principal quantum number with
increasing inhomogeneity parameter, which is analogous to
the results of Fig. 2. Moreover, distributions of the Rydberg-
state electrons over angular quantum numbers of a specific

principal quantum number are shown in Figs. 8(b) to 8(d),
and the electron tends to occupy the state of lower angular
quantum number with increasing inhomogeneity parameter β,
which is similar to those of Fig. 3. Consequently, the excita-
tion yields tend to decrease with enhancing inhomogeneous
laser fields, which can be ascribed to the enhanced ionization
of the Rydberg state by inhomogeneous laser fields since the
distributions of the Rydberg state of high principal quantum
numbers and angular quantum numbers are far away from the
parent ion where the inhomogeneous electric fields become
significant. As the inhomogeneity parameter β is increased,
the ionization yields tend to increase due to the enhanced
ionization of the bound-state electron.

IV. CONCLUSION

In summary, we studied RSE process of the hydrogen atom
subjected to spatially inhomogeneous laser fields by TDSE
simulations. It is demonstrated that the excitation yields de-
crease and the Rydberg-state electron prefers to occupy the
states of low principal quantum numbers and angular quantum
numbers with enhancing spatially inhomogeneous laser fields.
In addition, QM calculations are employed to investigate RSE
process of hydrogen atom in the presence of spatially inho-
mogeneous laser pulses and the above-stated TDSE results
cannot be reproduced by QM simulations since the occurrence
of the ionization process of the electron lying in Rydberg
states is neglected in QM calculations. The distributions of
Rydberg states with high angular quantum numbers are far
away from the parent ion and the impact of electric fields
on the ionization of Rydberg-state atoms become evident for
large z with enhancing inhomogeneous laser fields, so the
above-stated TDSE results are ascribed to the ionization of the
electron after it is recaptured by the Rydberg state in spatially
inhomogeneous laser fields.
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