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Convergent close-coupling calculations of positron scattering from atomic carbon
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We report on the extension of the single-center convergent close-coupling method to positron scattering
on multielectron atoms, along with the development of a technique for separating the direct ionization and
positronium-formation channels in single-center calculations. We have performed calculations of positron
scattering on carbon and present total elastic, momentum transfer, excitation, direct ionization, total ionization,
total inelastic, positronium-formation, stopping power, and total cross sections from threshold to 5000 eV.
We also present oscillator strengths, the scattering length, the hidden Ramsauer-Townsend minimum, the
energy of the positron-carbon virtual state, and the mean excitation energy. Agreement with electron-scattering
experiment and positron-scattering theory for several cross sections has been demonstrated for high energies.
However, discrepancies exist between different theoretical methods at lower energies and for the ionization and
positronium-formation processes.
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I. INTRODUCTION

Positrons have become a significant part of the medical
industry in the past few decades due to their use in positron
emission tomography (PET) scans and positherapy. PET scans
have become critical in the fight against cancer as a noninva-
sive method of accurately imaging tumors inside the body [1].
They are also a powerful tool in biomedical research as they
enable imaging of internal molecular processes occurring in
vivo in real time [1,2]. PET scans can be used to investigate the
pathogenesis of neurological disorders and diseases such as
Alzheimer’s and Parkinson’s disease and could, in the future,
allow for the monitoring and even presymptomatic diagno-
sis of these conditions [3]. Positherapy utilizes positrons to
destroy cancer cells [4]. This treatment has proven useful in
treating cancers where conventional methods are less effective
since the preferential uptake of positron emitters by tumors
as a result of their high metabolic rates leads to targeted
internal radiotherapy [5–7]. Positherapy is a safer alternative
to current radiotherapy approaches due to the rapid clearing
of positron emitters from the body and the low range of the
emitted positrons [8].

Both of these technologies function by introducing a ra-
dioactive tracer into the body, which produces high-energy
positrons as it decays. These positrons release energy into
the surrounding tissue, which in positherapy treatments re-
sults in cancer cell death. After losing sufficient energy,
positrons undergo annihilation and release gamma rays which
can be detected by PET scans and used to resolve an im-
age of the internal biochemical processes occurring inside
the body. Currently, however, quantifiable data on the exact
scattering processes that occur between the emission and an-
nihilation of these positrons are scarce and largely unknown
[9]. These processes slow down the positron and eventually
lead to it annihilating either directly or by first undergoing
positronium formation, a reaction critical for PET scans as
its decay emits 80% of detected gamma rays [10]. Accurate

positron-scattering cross sections are required to calculate
quantities such as positron energy deposition and range distri-
butions in human tissue. These quantities can be used to model
a positron’s journey in positherapy treatments and increase the
accuracy of PET scans, where uncertainty in the positron’s
range leads to image blur [11].

To calculate the cross sections for positron scattering on the
complex molecules relevant in these processes, methods such
as IAM [12,13], IAM-SCAR [14], IAM-SCAR + I [15], and
Monte Carlo [16] rely on accurate cross sections for scattering
on the atoms which compose them. One such atom is carbon,
which constitutes approximately 18% of the human body and
is a major component of biomolecules such as DNA.

Outside the medical industry, another area interested in
positron-carbon scattering is tokamak reactor research since
these reactors rely on materials containing carbon for their
shielding and walls. Due to the large energies involved
in fusion production, electron-positron pair production is a
common event, and runaway positrons are created in large
quantities [17,18]. Only 0.1% of these produced positrons
annihilate within the plasma, with the rest colliding with the
reactor wall [19].

A variety of different theoretical studies have been con-
ducted for electron scattering on carbon, using the B-spline
R matrix with pseudostates (BSR) [20,21], R matrix [22,23],
R matrix with pseudostates (RMPS) [24], complex opti-
cal potential [25], momentum-space coupled-channels optical
(CCO) [26], close-coupling (CC) [26,27], binary-encounter
Bethe (BEB) [28,29], time-dependent close-coupling (TDCC)
[24,30], and time-independent distorted-wave (TIDW) meth-
ods [24]. The only experimental data available for this system
are the total ionization cross sections (TICS) measured by
Brook et al. [31] and Wang and Crawford [32].

Studies for positron scattering have been less thorough,
with fewer calculations previously attempted and no avail-
able measurements. Elastic and total cross sections (TCS)
have been calculated between 100 and 5000 eV using a
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model-potential approach by Reid and Wadehra [33]. Low-
energy elastic scattering cross sections from 0 to 40 eV were
calculated using variational methods by Malik [34] for the s
wave. Elastic integrated and differential cross sections (DCS)
for this system have also been calculated by Dapor and
Miotello [35], Cai et al. [36], and Chaoui and Bouarissa [37],
mainly for use in Monte Carlo simulations. Momentum trans-
fer cross sections (MTCS) were determined for this purpose
by Cai [38] and Dapor and Miotello [35]. Dapor and Miotello
[35] performed these calculations by numerically solving the
Dirac equation, Cai et al. [36,38] calculated cross sections us-
ing the ELSEPA code to also solve the Dirac equation [39], and
Chaoui and Bourissa [37] numerically solved the Schrödinger
equation. Although these previous calculations have been
completed in both relativistic and nonrelativistic approaches,
due to the low atomic number of carbon a nonrelativistic
approach will suffice for the incident energies considered in
this work.

Total cross sections have been evaluated from 1 to 5000 eV
by Singh et al. [40] using a modified spherical complex optical
potential (SCOP) method. Singh and Antony [41] followed
this with calculations of positronium-formation along with to-
tal and direct ionization cross sections using a modified SCOP
and the complex scattering potential–ionization contribution
(CSP-ic) method. Stopping power values for this system have
been presented by Gumus et al. [42] between 50 eV and 10
MeV using a generalized oscillator strength (GOS) model,
earlier models used by Gumus et al. [42], the ICRU 37 re-
port [43], and the PENELOPE program [44]. Another stopping
power calculation for this system was undertaken by Ashley
[45], who used an “optical-data” model to calculate results
from 40 eV to 10 keV.

To date, the theoretical formulation of the convergent
close-coupling (CCC) method has been limited to quasi-one-
and -two-electron targets, those which can be described by
one or two active electrons above an inert core, and hence has
only been applied to positron scattering on hydrogen [46–48],
helium [49–52], the alkali metals [53–56], and magnesium
[57]. All of these calculations were conducted using either
single- or two-center methods. In addition, positron scattering
from noble gases was studied using CCC with a model ac-
counting for one-electron excitations only [58]. As an ab initio
approach which can be validated via convergence studies, the
CCC method has proven useful in providing comprehensive
data sets and verifying the theoretical and experimental re-
sults for these targets. Although theoretical results exist for
positron scattering from carbon, these results are by no means
extensive, with several important cross sections not present
within the literature or only calculated above certain energies.
Furthermore, calculations have only been conducted by one
other method for many crucial cross sections. Consequently,
this system will greatly benefit from large-scale accurate CCC
calculations to verify the existing theory and reduce the gaps
present in the literature.

We have extended the single-center CCC method to allow
for complex structure models accounting for any number of
active electrons with or without an inert core below them.
This has been achieved using the MULT program developed
by Zatsarinny [59] and the multiconfigurational Hartree-Fock
(MCHF) code developed by Fischer [60]. We have utilized

this modified CCC method to generate an accurate target
structure model for C and perform close-coupling calcula-
tions for positron collisions with the carbon atom. We have
produced a comprehensive cross-section data set for this sys-
tem with incident energies between threshold and 5000 eV.
To overcome the limitations of the single-center approach,
we have developed a procedure utilizing a complex model
potential that allows us to obtain estimates for positronium-
formation and direct ionization cross sections. Atomic units
are used throughout the paper unless otherwise stated.

II. CCC METHOD

The two-center close-coupling method is a rigorous ap-
proach to studying positron scattering from atomic or molec-
ular targets. In this formulation, the total scattering wave
function is expanded in terms of both target and positronium
states. Although this approach allows explicit calculation of
the direct ionization and positronium-formation cross sec-
tions, it is both computationally demanding and difficult to
implement. To date, this approach has been applied to a few
atoms (H, He, Mg, and several alkali metals) and a single
molecule (H2) [61,62].

A simpler alternative is the single-center approach, which
utilizes a single expansion in terms of the target states. In
this approach, positronium-formation channels are accounted
for implicitly. The total ionization cross section contains
contributions for single ionization from both direct ioniza-
tion and positronium formation. The major limitations of
this approach are the difficulty disentangling the direct ion-
ization and positronium-formation processes and the issues
arising due to mismatched boundary conditions between the
positronium-formation and direct ionization thresholds. The
single-center method for positron scattering is well docu-
mented in the literature for both atomic [46,51,52,56,58] and
molecular targets [63,64], and hence here we only provide a
summary of the method, with attention given to the modifica-
tions made to accommodate multielectron atoms in the CCC
method. We also provide details on the implementation of
the complex model optical potential technique [65] we have
employed to address the aforementioned limitations of the
single-center approach.

A. Atomic structure calculation

For an atomic target with Ne electrons and nuclear charge
Z , the target Hamiltonian is given by

HT =
Ne∑

i=1

(
−1

2
∇2

i − Z

ri

)
+

Ne∑
i> j=1

1

|ri − r j | , (1)

where ri and r j are the coordinates of electrons i and j. We
utilize a configuration-interaction (CI) representation of the
atomic wave functions:

�N
n

(
x1, . . . , xNe

) =
N∑

i=1

C(n)
i φi

(
x1, . . . , xNe

)
, (2)

where φi are antisymmetrized Ne-electron configurations, C(n)
i

are the CI coefficients, N is the number of configurations,
and xi = (ri, σi ) represents the spatial (ri) and spin (σi)
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coordinates of electron i. The radial functions required for
these configurations are either functions obtained from an
MCHF calculation or the Laguerre basis functions

ϕk�(r) =
√

α�(k − 1)!

(k + �)(k + 2�)!
(2α�r)�+1

× e−α�rL2�+1
k−1 (2α�r), k = 1, . . . , N�. (3)

Here, L2�+1
k−1 are the associated Laguerre polynomials, α� are

exponential falloff parameters, and N� is the number of func-
tions for each �.

The CI coefficients in Eq. (2) are obtained by diagonalizing
HT, and hence the pseudostates �N

n satisfy〈
�N

n

∣∣HT

∣∣�N
m

〉 = εN
n δnm, (4)

where εN
n is the pseudostate energy. For sufficiently large N

the low-lying states accurately represent true eigenstates, and
the pseudostates form an arbitrarily complete basis for the
target space.

B. Scattering calculation

The total scattering Hamiltonian for the positron-atom sys-
tem is given by

H = HT − 1
2∇2

0 + V, (5)

where index 0 represents the positron and V is the positron-
atom interaction potential:

V = V0 +
Ne∑

i=1

V0i. (6)

Here, V0 = Z
r0

is the positron-nucleus potential and V0i =
− 1

|r0−ri| are the positron-electron potential terms. We perform
a multipole expansion of this potential, obtaining

V = 4π
∑
λ,μ

1

2λ + 1

Ne∑
i=1

vλ(r0, ri )Y
∗
λμ(r̂0)Yλμ(r̂i ), (7)

where Yλμ are spherical harmonics, and

vλ(r0, ri ) = V0δλ0 − [min(r0, ri )]λ

[max(r0, ri )]λ+1
. (8)

The Schrödinger equation for the total scattering wave func-
tion is given by

(H − E )|� (+)
i 〉 = 0, (9)

where E is the energy of the collision system. In the single-
center CCC method, Eq. (9) is solved by expanding �

(+)
i in

the set of target pseudostates:

�
N (+)
i =

N∑
n=1

F N (+)
n (r0)�N

n

(
r1, . . . , rNe

)
, (10)

where F N (+)
n (r0) are the positron channel functions. This ex-

pansion is substituted into Eq. (9), which is then transformed
into the coupled Lippmann-Schwinger equations for the T

matrix:〈
k f �

N
f

∣∣T ∣∣�N
i ki

〉= 〈
k f �

N
f

∣∣V ∣∣�N
i ki

〉
+

N∑
n=1

∫
dk

〈
k f �

N
f

∣∣V ∣∣�N
n k

〉〈
k�N

n

∣∣T ∣∣�N
i ki

〉
E (+) − εN

n − εk + i0
,

(11)

where εk = k2

2 is the energy of the plane wave |k〉. The use
of plane waves assumes a neutral target; this method can
be extended to charged targets by choosing a form of the
asymptotic Hamiltonian that allows for scattering from ionic
targets, and using Coulomb waves in place of plane waves.
We perform a partial-wave expansion of the projectile plane
waves and solve the Lippmann-Schwinger equations (11) per
total scattering-system angular momentum J . For calculation
of the V -matrix elements, we utilize a multipole expansion
and standard angular momentum algebra to obtain the reduced
matrix elements:〈

kLM,�N
n ; JM

∣∣V ∣∣k′L′M ′,�N
n′ ; J ′M ′〉

=
∑

λ

4π

2λ + 1

∫ ∞

0
uL(kr0)uL′ (kr1)〈L||Y ∗

λ (r̂0)||L′〉

× δJ,J ′δM,M ′ (−1)L+�′+2λ+J

{
L′ �′ J
� L λ

}

× 〈
�N

n

∣∣∣∣ Ne∑
i=1

vλ(r0, ri )Yλ(r̂i )
∣∣∣∣�N

n′
〉
, (12)

with |kLM〉 representing a partial wave with angular momen-
tum L and angular-momentum projection M. Using the CI
coefficients we have

〈
�N

n

∣∣∣∣ Ne∑
i=1

vλ(r0, ri )Yλ(r̂i )
∣∣∣∣�N

n′
〉

=
∑
mm′

C(n)
m C(n′ )

m′
〈
φn

m

∣∣∣∣ Ne∑
i=1

vλ(r0, ri )Yλ(r̂i )
∣∣∣∣φn′

m′
〉
, (13)

where C(n)
m and C(n′ )

m′ are the CI coefficients of the initial and
final states, respectively, and the sums over m and m′ cover all
configurations. We then write

〈φm||
Ne∑

i=1

vλ(r0, ri )Yλ(r̂i )||φm′ 〉

=
Ne∑

i=1

amm′
i

∫ ∞

0
dri vλ(r0, ri )ϕm(ri)ϕm′ (ri), (14)

where ϕm are the radial functions obtained either from Eq. (3)
or the MCHF calculations, and amm′

i are coefficients which
depend only upon the angular symmetry of the required con-
figurations [59].

Since the potential V is real, we can solve Eq. (11) using
real arithmetic by converting it into the equivalent equa-
tions for the K matrix [66]. An analytic Born completion
technique [67] is also used to accelerate the convergence with
respect to the size of the partial-wave expansion, as the Born
approximation is accurate for high partial waves.
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C. Mass stopping power

Previously, we have calculated mass stopping power for
positron collisions with molecular hydrogen and its ion
[63,68]. This is a useful quantity for mass transport studies
which measure the positron energy loss per unit path length
per unity density:

− 1

ρ

dE

dx
≡ QSP = NA

M
σSP. (15)

Here, NA is Avogadro’s number, x is the path length, ρ is the
density of the target, M is the molar mass of the target, and
σSP is the stopping power cross section. In the single-center
CCC method σSP is obtained using

σSP =
N∑

n=2

(εn − ε1)σn, (16)

where εn and σn are the energy and cross section of the nth
electronic state, with n = 1 referring to the ground state. For
our calculations, energy losses from direct annihilation have
been omitted, but this cross section is expected to be small for
the energies considered in this work.

A useful parameter that can be obtained directly from the
stopping power is the mean excitation energy:

E = σSP

σinel
, (17)

where σinel is the inelastic cross section, which is the sum of
excitation, ionization, and positronium-formation cross sec-
tions. For simplicity, the dependence on the incident positron
energy was removed from the above equations.

D. CCC calculation details

To begin, we utilize an MCHF C+ calculation to obtain
orbitals ranging from 1s to 5s that were optimized for the 2Po

ground state of this ion. All other orbitals are obtained via the
Laguerre basis given in Eq. (3) with N� = 18 − �, �max = 8,
and α� = 1.0. The present close-coupling expansion includes
the states of carbon derived from the configuration sets de-
tailed here. The 2s22pn� configurations were included for all
orbitals up to n = 18 − � with �max = 8. These configurations
are important as all states derived from them are autoionizing
[69], so their inclusion is necessary for a complete description
of TICS. To account for the inner-core correlation, a set of
different configurations had to be included in the structure
model. These included 2s2pn�n′�′ and 2s2pn�2 configura-
tions, where n� and n′�′ were all possible combinations of
the n = 3, n = 4, and 5s orbitals. Also included were 2p3n�

configurations for n = 18 − � with � � 2. The first of these
configurations has strong coupling with the states derived
from 2s22p2 [20]. Additionally, we included 2sn�3 configu-
rations for n� � 3d . The 2p4 configuration was also included
due to its strong mixing with the 1s2s22p2 configuration [20].
To keep calculations at a reasonable size, the 2s2p2n� config-
urations were included only for n = 18 − � with � � 4.

We included the first 943 out of 1797 target states gen-
erated using this basis in the close-coupling expansion,
corresponding to those with excitation energies up to 40 eV
above the ionization energy. Calculations were conducted for
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FIG. 1. CCC convergence study for total ionization cross section.

partial waves up to J = 10 for energies up to 5000 eV. A
smaller close-coupling model was utilized to calculate elastic
DCS for energies above 500 eV, as a large number of partial
waves, even with the analytic Born completion technique, was
required to obtain convergence in the DCS. This model was
similar to the 943-state model but with the 2s2p2n� config-
urations limited to n� � 5s. Excitations were included only
up to 25 eV above the ionization threshold, which generated
a total of 379 states. Integrated elastic cross sections for this
model and the 943-state model were converged within 2% for
500 eV and within 0.5% for energies above 1000 eV.

To obtain converged results for ionization, a 4571-state
Born model with �max = 8 and a maximum n of 25 was also
used. This model had a similar configuration structure as the
previous model but with 2p3n� states for n = 25 − � with
� � 6 and with a 2s2p2n� continuum with �max = 8. Further-
more, all generated states were used, which included states
with excitation energies up to 2057 eV above the ionization
threshold. Using this model, we can approximate the contri-
bution to the ionization cross section from states which were
not included in the CCC calculation. Further details are given
in Sec. IV B 4, where the extrapolation of the total ionization
cross section is presented. This extrapolation is also present
within the direct ionization and total cross sections as they are
calculated from the extrapolated total ionization result.

The TCS was found to be converged for energies under
5 eV and above 18 eV for �max � 6, while the TICS is
converged for energies higher than 20 eV for �max � 6. Con-
vergence studies for the TICS are presented in Fig. 1 for the
575-state �max = 2, 834-state �max = 4, 901-state �max = 6,
and 943-state �max = 8 calculations. The large differences
for energies below 20 eV are representative of positronium
formation as high-�max values are necessary to accurately
model positronium-formation channels in the single-center
approach.

III. CCC-SCALED COMPLEX MODEL
POTENTIAL METHOD

The single-center CCC method suffers from two draw-
backs: the difficulty obtaining accurate cross sections between
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the positronium-formation and ionization thresholds, and the
difficulty disentangling the direct ionization and positronium-
formation processes. To address these issues, we have
developed a complex model-potential technique that uses the
single-center approach. By scaling the model potential to
fit results calculated with the single-center model, we ob-
tain sufficiently reliable estimates for positronium-formation,
direct ionization, and excitation cross sections between the
positronium-formation and ionization thresholds. We provide
a description of this technique here.

A. Complex model potential

The complex model-potential approach requires the calcu-
lation of a complex optical potential (Vopt) given by

Vopt(r, Ei ) = Vst(r) + Vpol(r) + iVabs(r, Ei ), (18)

where Vst is the static interaction potential, Vpol is the polariza-
tion potential, Vabs is the absorption potential, and Ei is the
incident positron energy. The absorption potential accounts
for all inelastic processes.

The static potential Vst is calculated using [70]

Vst(r) = Z

r
− 4π

(
1

r

∫ r

0
dr′ρ(r′)r′2 +

∫ ∞

r
dr′ρ(r′)r′

)
,

(19)

where ρ is the electron density of the target obtained from the
structure calculation. For calculation of Vpol we use

Vpol(r) = − αD

2(r2 + d
1
2 )2

, (20)

where αD is the static dipole polarizability of the target, and
d is an adjustable parameter. The value of d is chosen for
each energy so that the model potential produces the same
elastic cross section as the CCC calculation. For the current
calculation the values of this parameter are presented in Ap-
pendix D. We fit to a smooth interpolation of the single-center
cross section for energies between the positronium-formation
threshold and ionization threshold, where the CCC elastic
cross section is unstable.

For the absorption potential we follow the method of
Staszewska et al. [65], who give

Vabs(r, Ei ) = −ρ(r)

[√
Tloc

2

(
8π

10k3
F(r)Ei

)

× θ
[
k2

i − k2
F(r) − 2�

]
(A1 + A2 + A3)

]
. (21)

Here, � is the absorption threshold, kF(r) is the magnitude of
the Fermi wave vector given by

kF(r) = [3π2ρ(r)]
1
3 , (22)

and θ (x) is the Heaviside step function. Also present is the
local kinetic energy of the projectile, which for positrons is
given by

Tloc = Ei − Vst. (23)

Finally, A1, A2, and A3 are dynamic functions that rely on sev-
eral of the above parameters. The equations for these functions
are provided by Staszewska et al. [65] and are unmodified.

B. Delta variational technique

Positronium formation can not be explicitly included in
the absorption potential formulation as this process can not
be modeled by binary collisions [40]. Therefore to obtain the
cross section for this transition, we utilize the delta varia-
tion technique, which modifies the absorption threshold � in
Eq. (21). Several different versions of this modification exist
in the literature [33,41,71]. To determine which formulation
to use, we compared positronium-formation results for the
H and He targets between this method and two-center CCC
calculations. Based on these studies, we found the approach
of Chiari et al. [71] most appropriate. Here, the absorption
threshold is modified according to

�(E ) = �e − (�e − �p)e−(Ei−�p )/Em , (24)

where �e and �p are the electronic-excitation and
positronium-formation threshold energies, respectively. For
the adjustable parameter Em, Chiari et al. [71] used the energy
for which σinel was found to have a maximum when not using
the delta variation technique. However, we have used the en-
ergy at which the single-center CCC TCS has a maximum as
this gave results for positronium formation in better agreement
with two-center CCC results.

C. Scattering equations

To solve the scattering equations for the complex model
potential, we employ a similar approach used in the CCC
method by solving the Lippmann-Schwinger equations for a
potential scattering system:

〈k f |T |ki〉 = 〈k f |V |ki〉 +
∫

dk
〈k f |V |k〉〈k|T |ki〉
k2

i /2 − k2/2 + i0
. (25)

We perform a partial-wave expansion of the T - and V -matrix
elements and integrate over the singularity at k = ki, giving
the partial-wave Lippmann-Schwinger equation

T�(k f , ki ) = V�(k f , ki ) + P
∫ ∞

0
dk

V�(k f , k)T�(k, ki )

k2
i /2 − k2/2

− iπ

ki
V�(ki, ki )T�(ki, ki ), (26)

where P indicates a principal-value integral. We discretize the
k domain, and after some rearranging obtain∑

n

(δ f ,n − wnVf n)Tni = Vf i, (27)

where Tf i ≡ T�(k f , ki ), and wn contain the integration weights
and the denominator of the integrand for all off-shell k-grid
points, while for the on-shell point it is

wn = − iπ

kn
. (28)

By allowing f to run over the same range as n, i.e., all on- and
off-shell k-grid points, we obtain a set of linear equations that
can be solved to obtain the T -matrix elements. For this com-
plex model potential calculation, the k domain was discretized
into a total of 64 points following the standard approach
detailed by Bray and Stelbovics [72], with convergence tested
through calculations with larger number of points.
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D. Cross-section evaluation and CCC scaling

Once the on-shell partial-wave T -matrix elements T� ≡
T�(ki, ki ) are obtained, the TCS is given by

σtot = 4π3
∞∑

�=0

(2� + 1)|T�|2, (29)

and applying the optical theorem, the elastic cross section is

σel = − 4π2

√
2Ei

∞∑
�=0

(2� + 1)Im(T�). (30)

The inelastic cross section, not including positronium forma-
tion, is then given by

σinel = σtot − σel. (31)

The positronium-formation cross section (σPs) is equal to the
difference between the inelastic cross sections obtained from
calculations with �(E ) = �e and �(E ) given by Eq. (24). By
comparing with two-center CCC results for positron scattering
on H and He, we have found that this approach significantly
underestimates the inelastic and positronium-formation cross
sections. To correct this for systems where two-center cal-
culations are not available, we scale the cross section for
inelastic scattering minus positronium formation to reproduce
the total cross section σtot obtained from the single-center
CCC calculations at high energies. Following this, we scale
the positronium-formation cross section σPs to reproduce the
single-center σtot at the maximum cross section between the
ionization threshold and 10 eV above this threshold. Further
details of this scaling procedure are provided in Appendix A.

We can disentangle the direct ionization by subtracting
the calculated positronium-formation cross section from our
TICS. We have done this for incident energies above 20 eV. To
calculate direct ionization for energies below 20 eV, we have
followed the CSP-ic method [73] and, using our results for
positronium formation and direct ionization, have calculated
the ratio

R(Ei ) = σDI

σin
, (32)

where σDI is the direct ionization cross section and σin is
the direct inelastic cross section, given by σin = σinel − σPs.
The values for σinel are obtained directly from the single-
center CCC calculation for E > 20 eV since the single- and
two-center results for H and He were found to be in close
agreement by 10 eV above the ionization threshold. Using
a cubic spline, we extrapolate the calculated R(Ei ) down to
the ionization threshold, where R(Ei ) is zero by definition.
Following this we can obtain σDI for E < 20 eV by multiply-
ing the σin calculated with the CCC-scaled complex model
potential by R(Ei ). This process is illustrated in Appendix A.

IV. RESULTS

A. Structure

Excitation energies for C target states are presented in
Table I for the 943-state CCC model and compared with
the theoretical results of Wang et al. [21], Stancalie [23],
Dunseath et al. [22], and NIST [74]. Differences between
our calculated energies and NIST results range from 0.009

TABLE I. Excitation energies (eV) for C target states from the
ground state, and the ionization limit.

Ref. Ref. Ref. NIST
State Term CCC [21] [23] [22] [74]

1 2s22p2 3P 0.000 0.000 0.000 0.000 0.000
2 2s22p2 1D 1.372 1.302 1.557 1.545 1.260
3 2s22p2 1S 2.748 2.629 2.602 2.545 2.680
4 2s2p3 5So 3.940 3.963 3.092 3.133 4.179
5 2s22p3s 3Po 7.617 7.527 7.401 8.488 7.481
6 2s22p3s 1Po 7.818 7.750 7.740 8.936 7.680
7 2s2p3 3Do 7.951 8.004 8.340 8.412 7.942
8 2s22p3p 1P 8.897 8.534 8.451 9.456 8.534
9 2s22p3p 3D 9.032 8.649 8.600 9.589 8.642
10 2s22p3p 3S 9.188 8.775 8.772 9.785 8.767
11 2s22p3p 3P 9.332 8.857 9.309 10.390 8.845
12 2s2p3 3Po 9.481 9.379 9.517 9.981 9.326
13 2s22p3p 1D 9.553 9.014 9.443 10.757 8.998
14 2s22p3p 1S 9.766 9.172 10.424 11.370 9.168
15 2s22p3d 1Do 10.166 9.614 9.772 10.719 9.627
16 2s22p4s 3Po 10.258 9.673 10.142 10.810 9.683
17 2s22p3d 3F o 10.271 9.687 9.517 10.809 9.695
18 2s22p3d 3Do 10.288 9.705 9.607 10.888 9.705
19 2s22p4s 1Po 10.301 9.685 9.549 10.834 9.709
20 2s22p3d 1F o 10.333 9.716 9.607 10.947 9.732
21 2s22p3d 1Po 10.370 9.748 9.653 10.970 9.758
22 2s22p3d 3Po 10.404 9.840 13.407 11.018 9.830
Ion. Limit 11.234 11.268
23 2s2p3 1Do 13.600 12.968 14.470 14.645
24 2s2p3 3So 13.279 13.073 13.407 15.366 13.117
25 2s2p3 1Po 15.883 15.401 15.927 16.182

to 0.612 eV, with the difference generally increasing with in-
creasing energy. The ionization limit from our structure model
was within 0.04 eV of the NIST value. For the higher-energy
states, our results are typically in-between the calculations of
Dunseath et al. [22] and other calculations.

Absorption oscillator strengths calculated in the 943-state
CCC model are presented in Table II for three different lower-
level states alongside the theoretical results of Wang et al.
[21], Stancalie [23], Dunseath et al. [22], and NIST [74].
We find generally close agreement between our results and
the results of Wang et al. [21] and NIST [74]; however,
some notable disagreements are present for the 2s22p3d 1F o,
2s22p3d 3Do, and 2s22p3d 1Po states where our calculations
overestimate other results.

The convergence of the energy levels and oscillator
strengths has been established by comparison between the
4571- and 943-state models. Differences between models
were found to be under 1%. The dipole polarizability (αD) of
the 943-state model is 11.61 a3

0, which is in close agreement
with the 11.67 a3

0 result of Das and Thakkar [75] and within
3% of the currently recommended value of 11.3 a3

0 [76].

B. Scattering

1. Total

The present results for the TCS are compared with the
calculations of Singh et al. [40] and Reid and Wadehra [33]
in Fig. 2. Due to the mismatched boundary conditions with
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TABLE II. Oscillator strengths for C.

Lower Upper Ref. Ref. Ref. NIST
level level CCC [21] [23] [22] [74]

2s22p2 3P 2s22p3s 3Po 0.146 0.143 0.124 0.154 0.140
2s2p3 3Do 0.076 0.073 0.098 0.152 0.072
2s2p3 3Po 0.078 0.056 0.028 0.117 0.063
2s22p4s 3Po 0.037 0.027 0.023 0.010 0.021
2s22p3d 3Do 0.144 0.096 0.112 0.132 0.094
2s22p3d 3Po 0.037 0.037 0.340 0.069 0.040
2s2p3 3So 0.143 0.156 0.171 0.269 0.152

2s22p2 1D 2s22p3s 1Po 0.118 0.103 0.128 0.103 0.118
2s22p3d 1Do 0.017 0.012 0.009 0.007 0.013
2s22p4s 1Po 0.015 0.007 0.004 0.010 0.011
2s22p3d 1F o 0.123 0.080 0.061 0.099 0.085
2s22p3d 1Po 0.011 0.011 0.018 0.014 0.009
2s2p3 1Do 0.256 0.224 0.344 0.529
2s2p3 1Po 0.151 0.155 0.351 0.333

2s22p2 1S 2s22p3s 1Po 0.088 0.090 0.021 0.0076 0.094
2s22p4s 1Po 0.008 0.011 0.007 0.001 0.005
2s22p3d 1Po 0.170 0.116 0.050 0.142 0.125
2s2p3 1Po 0.148 0.124 0.122 0.633

channels corresponding to positive-energy pseudostates be-
ing closed while positronium-formation channels are open,
accurate cross sections between the positronium-formation
and ionization thresholds cannot be calculated with the
single-center approach. To address this, we have utilized our
CCC-scaled complex optical potential model to calculate the
total cross section between the positronium-formation thresh-
old and 20 eV. In this model, the direct inelastic component
was scaled by a factor of 1.1 and the positronium formation by
a factor of 2.91 to yield agreement with the CCC total cross
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FIG. 2. Total cross section for positron scattering on carbon.
CCC results are presented alongside theoretical results of Reid
and Wadehra [33] and Singh et al. [40]. For energies between the
positronium-formation threshold and 20 eV the CCC-pot results
were calculated with the CCC-scaled complex model potential calcu-
lation. Below this threshold and above 20 eV the CCC-pot results are
the same as the CCC. The vertical lines represent the positronium-
formation and ionization thresholds.

section. We present this in the figure as CCC-pot, with results
for all other energies in this model obtained from our single-
center calculation. Following analysis of previous single- and
two-center calculations, the single-center approach is believed
to be sufficiently accurate for energies approximately 10 eV
above the ionization threshold, which is why single-center
CCC results are used for energies greater than 20 eV. We have
also included in this figure the CCC results to demonstrate the
difference between the ionization threshold and 20 eV. The
CCC-pot cross section is larger for this energy range as it
includes positronium formation, which cannot be adequately
accounted for by the single-center model. For energies above
55 eV, the TICS component of the TCS is scaled according
to the procedure detailed in Sec. IV B 4. Smooth cubic spline
fitting has been applied for current results in all figures, except
those presenting differential cross sections.

Comparing our TCS to those of Singh et al. [40], we
find good agreement above 70 eV and very close agreement
above 800 eV. For energies between 18 and 70 eV, our results
are slightly lower than those of Singh et al. [40], whereas
from 7 to 18 eV, they are slightly larger. Below 7 eV, the
CCC cross section is significantly lower than these results,
most notably below the positronium-formation threshold of
4.46 eV. For this energy range, the only contribution to the
TCS is the elastic cross section, and the CCC results are up to
a factor of 2 lower than those of Singh et al. [40]. Below the
positronium-formation threshold, the single-center approach
gives practically exact results (as soon as convergence is es-
tablished). Hence, this discrepancy indicates that the potential
is too strong in the calculations of Singh et al. [40], resulting
in a larger absolute value of the scattering length. Another
aspect that differentiates the current method and that of Singh
et al. [40] is that they do not account for virtual positronium
formation. This is an important aspect of positron scattering at
energies below the positronium-formation threshold. For ex-
ample, in positron scattering from helium Gribakin and King
[77] found that it accounted for 20% of the total correlation
potential and that its inclusion was necessary to produce an
accurate elastic cross section at low energies.

The TCS in both methods decreases from 1 eV to the
positronium-formation threshold as a result of the decreas-
ing elastic cross section. Above this threshold, as inelastic
channels open, cross sections quickly rise to a maximum.
This maximum cross section is predicted by the CCC and
Singh et al. [40] to occur at approximately 20 eV, whereas
the CCC-pot approach predicts the maximum at 15 eV. The
model-potential calculations of Reid and Wadehra [33] were
only conducted over an energy range of 100 to 5000 eV, and
their cross section is lower than both the SCOP method of
Singh et al. [40] and the single-center CCC approach.

2. Total ionization

For the total ionization cross section, which is equal to
the sum of direct ionization and positronium formation, the
current CCC results are compared with the results of Singh
and Antony [41] and experimental results for the incident
electron case [31,32] in Fig. 3. The CCC results predict a
double maximum in the cross section, the first due to positro-
nium formation and the second due to direct ionization. Of
these, the first maximum has a larger magnitude. The results
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FIG. 3. Total ionization cross section of positron scattering on
carbon from the positronium-formation threshold to 5000 eV. CCC-
pot results are presented alongside CCC results, the theoretical
results of Singh and Antony [41] and experimental results for elec-
trons incident on carbon measured by Brook et al. [31] and Wang
and Crawford [32].

of Singh and Antony [41] predict a much larger positronium-
formation cross section than the direct ionization, leading to
a less-pronounced shoulder due to direct ionization. The first
maximum due to positronium formation occurs at 10 eV in
both our CCC-pot calculation and the results of Singh and
Antony [41]. Our method, however, predicts this maximum
cross section to be almost 30% lower than that of Singh and
Antony [41]. At high energies, electron and positron results
are expected to be equal due to the exchange, Ps-formation,
and interchannel coupling effects becoming negligible. For
this scattering system, we see this occurs for TICS above
500 eV as the CCC results are within the experimental error
of both electron experiments above this energy. Although in
agreement for high energies, for lower energies large discrep-
ancies exist between the electron results of Brook et al. [31]
and Wang and Crawford [32]. The uncertainties of these two
experiments are, however, significantly different with Wang
and Crawford [32] measurements having an uncertainty of
30% whereas the uncertainty of Brook et al. [31] decreases
with increasing energy, with an uncertainty of 9% at 20 eV de-
creasing to less than 2% by 1000 eV. The results of Singh and
Antony [41] are significantly larger than the CCC-pot results
for energies between 7 and 50 eV and are in disagreement
with the electron experiment results at high energies. Further
analysis of the discrepancies at high energies is provided later
in our discussion of direct ionization in Sec. IV B 3.

As we consider incident energies up to 5000 eV, the ion-
ization from the inner 1s shell becomes possible. We have
performed Born calculations to determine the impact of ion-
ization from this shell, which has an ionization threshold of
approximately 300 eV. This calculation included 1s12s22p2n�

configurations for n � 25 and � � 8 into our 4571-state Born
model, which raised the total number of states to 6380. Com-
paring the TICS between this 6380-state and the 4571-state
model, we found that the difference in TICS was within
1% from 300 to 5000 eV. Distorted-wave calculations for
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FIG. 4. Positronium-formation cross section for a positron in-
cident upon carbon. CCC-pot results are presented alongside
theoretical results of Singh and Antony [41].

electron-impact ionization by Jonauskas [78] have also re-
ported ionization from the 1s orbital to be insignificant.
Hence, errors in our TICS from excluding ionization from this
orbital are expected to be negligible for the considered energy
range.

3. Positronium formation and direct ionization

Presented in Fig. 4 is the positronium-formation cross sec-
tion calculated with our CCC scaled complex model potential
approach alongside the calculations of Singh and Antony [41].
We find that the results of Singh and Antony [41] are sig-
nificantly larger than the present calculation. Although their
results are also from a complex model potential calculation,
we are able to fit our results to accurate single-center calcula-
tions. The errors associated with this approach are analyzed in
Appendix C for H and He targets. For energies below 33 eV,
we expect errors of within 20% for the positronium-formation
cross section, while for energies above this, we expect increas-
ing errors with increasing energy. As σPs rapidly decreases
for higher energies, the impact of these larger errors will be
minimal.

We present in Fig. 5 our current results for direct ionization
alongside the theoretical results of Singh and Antony [41] and
the measurements for the incident electron case from Brook
et al. [31] and Wang and Crawford [32]. For direct ionization,
the CCC-pot results are lower than those of Singh and Antony
[41] above 20 eV, while good agreement is found below 20 eV
down to the ionization threshold. Both calculations predict a
cross-section peak at 60 eV. For energies above approximately
150 eV, direct ionization is by far the dominant component of
the TICS; hence, the same observations at high energy can
be made here as for TICS. The disagreement between the
electron experiments of Brook et al. [31] with the results of
Singh and Antony [41] at high energies is likely a result of
the inaccuracies associated with the CSP-ic method, in which
σDI is predicted from σin based on an expectation that σDI will
be between 70%–80% of σin at its maximum, and 100% for
large energies. From our calculations we predict the direct
ionization cross section to be 66% of σin at the peak at 60 eV,
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FIG. 5. Direct ionization cross section of positron incident upon
carbon. Results calculated from our CCC-pot approach are presented
alongside the theoretical calculation of Singh and Antony [41] and
the experimental results for electrons incident on carbon measured
by Brook et al. [31] and Wang and Crawford [32].

and by 5000 eV we find that ionization still only comprises
71% of σin.

4. Born extrapolation

Our total and direct ionization cross sections were extrapo-
lated using the 4571-state Born calculation for energies above
55 eV. This was accomplished by multiplying the CCC results
by the ratio between the 4571- and 943-state Born TICS. To
confirm the validity of the 4571-state Born calculation, we
utilized the scaling method developed by Kim [79] to compare
TICS results with both electron experiments and BEB calcu-
lations [28], as shown in Fig. 6. For energies above 200 eV,
the scaled Born results are within the error of the experiment
by Brook et al. [31]. For the range 30 to 200 eV, these scaled
Born results are marginally larger than this experiment, and
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FIG. 6. 4571-state plane-wave Born calculations for the total
ionization cross section of an electron scattering on carbon. Born
calculations utilizing the scaling method of Kim [79] are also pre-
sented. These results are compared against the BEB calculations [28]
and the experimental measurements by Brook et al. [31] and Wang
and Crawford [32].
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FIG. 7. 4571- and 943-state plane-wave Born alongside 943-
state single-center CCC and Born extrapolated CCC results for the
total ionization cross section of a positron incident upon carbon.

below 30 eV, they are somewhat lower. The unscaled results
are significantly larger than this experiment for energies below
500 eV. Above 200 eV, the BEB results are in close agreement
with the scaled Born results. The experimental results of Wang
and Crawford [32] significantly overestimate the current and
BEB results, with it in closer agreement with the Born result.
The agreement for scaled Born results with the more accurate
experiment of Brook et al. [31] and other theory provides
direct evidence of the accuracy of our structure model.

In Fig. 7, we present the 943- and 4571-state Born cal-
culations utilized for our extrapolation procedure, along with
the single-center 943-state CCC result and the extrapolated
cross section. The extrapolation has the greatest effect for
energies between 100 and 1000 eV, with the Born and CCC
results converged for energies above 300 eV. The 943-state
model contains all excitations up to 40 eV above the ionization
threshold. We can see this reflected in the figure, with the
4571- and 943-state models being in near perfect agreement
up to 40 eV, in close agreement up to 60 eV, and then above
60 eV, the 4571-state model is noticeably larger. Using the
Born extrapolation procedure, we can capture the states which
become energetically accessible at incident energies above
52 eV without requiring close-coupling calculations, which
would be unfeasible with this number of states.

5. Inelastic

In Fig. 8 we present the inelastic cross section. This
result was calculated using the CCC-pot approach, with
values above 20 eV obtained from the single-center CCC
calculation and values below 20 eV calculated with the CCC-
scaled complex model potential technique. Also included
in this figure are the total excitation, direct ionization, and
positronium-formation cross sections, which make up the total
inelastic cross section. To reiterate, the positronium-formation
results are obtained directly from the CCC-scaled complex
model potential calculation. The direct ionization result is
obtained from subtracting these results from the TICS, and
using the CSP-ic method below 20 eV. As with the inelastic
result, the total bound excitation is obtained below 20 eV
with the CCC-scaled complex model potential and above from
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FIG. 8. The inelastic cross section and its components calculated
through the combination of our single-center CCC and CCC-scaled
complex model potential. Exact details are provided in the text.
Results are presented from the positronium-formation threshold to
5000 eV.

the single-center CCC calculation. The dominant inelastic
process is positronium formation for energies under 25 eV,
excitation from 25 to 31 eV, and direct ionization for ener-
gies above 31 eV. There are no previous measurements or
calculations to which the total inelastic cross section can be
compared.

6. Frozen-core model

In this section, we investigate the importance of including
non-frozen-core configurations in the structure calculations
by comparing the present CCC calculations with CCC calcu-
lations utilizing a frozen-core model. In Fig. 9 we compare
the 943-state CCC TCS and TICS with results obtained
from a frozen-core 248-state CCC model which contains
only the 2s22pn� configuration continuum, with n = 18 − �

and �max = 8. As previously mentioned, the single-center
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FIG. 10. Elastic scattering cross-section results for a positron
scattering on carbon. CCC results are compared with the theoretical
results of Reid and Wadehera [33], Dapor and Miotello [35], Cai
et al. [36], and Chaoui and Bouarissa [37]. Also shown are the NIST
elastic cross-section results for the electron case [80]. The vertical
lines represent the positronium-formation and ionization thresholds.
Note that between these thresholds the single-center calculation does
not yield convergent results.

method is unstable between the positronium-formation and
ionization thresholds due to mismatched boundary conditions.
Therefore, results are not presented for this energy region
in this figure. Between the ionization threshold and 14 eV,
the frozen-core TCS sharply decreases, whereas the 943-state
cross section softly increases. These differences are likely a
result of the frozen-core approach not being stable at ener-
gies so close to the ionization threshold. Above 14 eV, the
frozen-core model underestimates the TCS by up to 25%.
The same is true for the TICS results above 20 eV. However,
below this, the frozen-core model predicts a higher TICS
cross section with a sharper peak. The differences below the
positronium-formation energy between the two models can
largely be ascribed to the insufficient number of available
states in the frozen-core model resulting in a dipole polar-
izability value of 9.44 a3

0, which is 23% lower than in the
943-state model.

Another significant discrepancy between these two models
is that the frozen-core approach predicts an ionization thresh-
old at 10.5 eV, which is almost 10% lower than our 943-state
calculation. This discrepancy also extends to excitation ener-
gies, with the first excitation having a difference of 10% in
its threshold; for each subsequent excitation, this difference
consistently increases. From these observations, it is clear that
the frozen-core structure model is insufficient for this system,
and non-frozen-core configurations are necessary to obtain
accurate results, particularly below the positronium-formation
energy.

7. Elastic

In Fig. 10, the single-center CCC elastic cross section is
compared with the theoretical calculation of Reid and
Wadehra [33], Dapor and Miotello [35], Cai et al. [36],
Chaoui and Bouarissa [37], and results obtained for the
electron case from the NIST electron elastic-scattering
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FIG. 11. Elastic scattering differential cross-section results for
a positron incident upon carbon at 500, 1000, and 5000 eV. CCC
results are presented against the theoretical results of Dapor and
Miotello [35] and Cai et al. [36].

cross-section database [80]. For energies below the
positronium-formation and above the ionization threshold, the
single-center CCC will converge to the true result; however,
the calculation is unstable between these energies. To address
these instabilities in the �max = 8 calculation, the CCC results
between 6 and 11.26 eV are taken from an �max = 4 calcula-
tion. As the single-center calculation cannot yield converged
results for this energy range, the structure present within this
range is likely a result of these instabilities and not a physical
occurrence. Differences between the CCC calculation and
those of Reid and Wadehra [33] are similar to those in the
total cross section, with their results underestimating CCC
over their entire energy range. The results of Cai et al. [36]
agree with CCC above 2000 eV but are significantly lower
for energies below this. This calculation also predicts a dip
in the cross section at 80 eV, which is not seen in the CCC
calculation. The calculations of Chaoui and Bouarissa [37]
are between the calculations of Cai et al. [36] and Reid and
Wadehra [33] for energies above 150 eV, while below this
energy they predict a lower cross section than CCC and
Cai et al. [36]. The calculations of Dapor and Miotello [35]
are in excellent agreement with the CCC results over their
calculated energy range of 500 to 4000 eV. The electron
results from NIST agree with CCC results above 2000 eV,
a much higher energy for electron and positron projectile
agreement than in the total ionization cross-section case.

Differential cross sections for elastic scattering at incident
energies of 500, 1000, and 5000 eV are presented in Fig. 11,
alongside the calculations of Dapor and Miotello [35] and Cai
et al. [36]. There is good agreement between the two calcu-
lations except for angles below 15◦ for 500 eV and 10◦ for
1000 eV. In both these cases, Cai et al. [36] predict a decrease
in the DCS, whereas the CCC DCS has a maximum value
at 0◦. The calculations of Dapor and Miotello [35] are also
in excellent agreement with the CCC results, and predict the
same forward-scattering behavior as CCC. The calculations
of Cai et al. [36] were performed with the ELSEPA [39] code,
which performs Dirac partial-wave calculations for scattering
systems. The method of Dapor and Miotello [35] also solved
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FIG. 12. CCC elastic scattering differential cross-section results
for a positron incident upon carbon at 0.1, 0.2, 0.25, 0.5, 1, and 5 eV.

the Dirac equation but used a nonrelativistic Hartree-Fock
potential for the target structure calculations.

In Fig. 12, we present a selection of CCC elastic DCS
for incident energies between 0.1 and 5 eV. No previous
calculations have been performed for these incident energies.
Calculations were completed to ensure convergence in the
partial-wave expansion, using a technique similar to Green
et al. [81], which uses analytical properties of the long-range
polarization potential. This allows us to describe the cusp
present at low scattering angles for energies �1 eV. This
feature is not present for lower energies as p-wave scattering
is dominant for the triplet ground state of C.

8. Momentum transfer

A useful quantity for Monte Carlo and other simulations
is the MTCS, which measures the average momentum trans-
ferred between the positron and C atom during the elastic
scattering process. As with the elastic cross section, the CCC
results between 6 and 11.26 eV are taken from an �max = 4
calculation. We present the results of our calculation alongside
those of Dapor and Miotello [35] and Cai [38] in Fig. 13.
We find excellent agreement between all calculations above
500 eV. Of the other theoretical methods, only Cai [38] per-
formed calculations below 500 eV, and their calculation is
slightly higher than CCC down to 30 eV, below which CCC
predicts an increase in this cross section. An analysis of the
low-energy behavior of this cross section is provided later.

9. Low-energy study

To demonstrate the impact of polarizability and virtual
positronium formation on the elastic cross section and to
enable calculation of the scattering length, we have calculated
the elastic scattering cross section down to incident energies
of 10−4 eV. Calculations were performed using three CCC
models, the first being a single-state model in which the target
polarizability is not accounted for, the second a model con-
taining all 19 bound states which accounts for the major part
of the polarizability but not virtual positronium formation, and
lastly the full 943-state CCC model in which virtual positron-
ium formation and polarizability are both fully accounted for.
In Fig. 14, we compare the three models, which allows us to
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illustrate the effects of including various reaction channels.
For the 943-state model, the elastic cross section rapidly rises
and reaches an asymptotic value of 318 a2

0. However, the
single-state model is comparatively flat from 1 eV to lower
energies, and the bound-state model decreases before reaching
a constant value of 0.45 a2

0.
From the asymptotic value of the 943-state low-energy

elastic cross section, we can determine the scattering length
via

σel ≈ 4πA2, (33)

where A is the scattering length [82]. Using this we obtain
a scattering length for the e+-C system of A = ±5.03 a0. To
determine the sign, we can use [83]

tan(δ0) = −Ak − παDk2

3a0
, (34)
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wave positron scattering from carbon for the energy range 0.1 to 5 eV.

where δ0 is the s-wave phase shift. Using our δ0 value at
10−4 eV we obtain A = −5.03 a0. The negative value indi-
cates that this system has a strongly attractive nature at low
energies [84]. The magnitude of A is larger than the mean
radius of C, and the scattering cross section is much greater
than the geometric size of the atom at low energies. This
enhancement of the elastic cross section occurs due to the
existence of a virtual level of the positron projectile [85], the
energy of which can be obtained using

ε = 1

2A2
. (35)

From our calculated A the energy of the e+-C virtual state is
found to be ε = 0.537 eV.

As our scattering length is negative this implies the exis-
tence of a Ramsauer-Townsend minimum (RTmin) which will
occur at incident energy [86]

Emin =
(

e2

2a0

)(
3|A|a2

0

παD

)2

. (36)

Using our calculated A and αD values we find Emin to be
2.34 eV. This RTmin occurs as a result of matter wave diffrac-
tion and appears in calculations when long-range polarization
of the target by the incident projectile is taken into account
[87]. Our integrated elastic cross section does not exhibit a
minimum structure at this energy. However, it is observable
when examining the s-wave contribution. This is shown in
Fig. 15 alongside the p, d , and higher-� contributions for 0.1
to 5 eV. It has been demonstrated in the literature that for
positron scattering from noble gas atoms, the contributions
of higher partial waves can result in the RTmin being hidden
in the elastic cross section [81,88,89]. We observe this for
carbon with the p, d , and higher-� cross sections supplement-
ing the decreased s-wave contribution. Over the energy range
considered, we can see that s-wave scattering is dominant
for incident energies below 0.6 eV. Above this, the p wave
is dominant, with the peak p-wave cross section occurring
at 1.5 eV. The RTmin we find in our integrated s-wave cross
section occurs at an incident energy of approximately 2.45 eV,
0.11 eV higher than the value predicted by Eq. (36). This
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FIG. 16. Elastic and momentum transfer cross section for
positron scattering from carbon for the energy range 10−3 to 5 eV.

difference is small and likely due to the omission of higher-
order terms in Eqs. (33) and (34). From this difference, we
can predict an uncertainty in our A of 2%.

Unlike the elastic cross section, in which the occurrence
of a RTmin solely depends on the s-wave phase shift, for the
momentum transfer cross section, the presence of an RTmin

depends on the difference between the s- and p-wave phase
shifts [88]. As a result, even with the RTmin hidden in the
elastic cross section, it can be present in the MTCS. This is the
case for e+-C scattering, where a minimum can be observed at
approximately 1.25 eV in Fig. 16. The elastic and momentum
transfer cross sections become equal when energies are low
enough that scattering is isotropic, which our calculations
predict to occur at energies below 0.01 eV.

10. Excitations

Cross sections for several excitations from the 2s22p2 3P
carbon ground state are presented in Fig. 17. The oscillator
strengths for the 2p3d 3Do and 2s2p3 3Po transitions had
differences over 20% with the results of NIST. We have
therefore scaled the positron-impact CCC cross section by the
ratio between these oscillator strengths and those of NIST for
these excitations, a process we refer to as OOS scaling. The
scaled and unscaled results for these transitions are presented
in the figure. As results for these excitations are unstable
below the ionization threshold, these calculations have been
linearly interpolated between their threshold and the ioniza-
tion threshold. Since there are no previous positron-impact
results for these processes, our results are presented alongside
electron-impact scattering calculations. Due to the different
scattering dynamics for positron and electron projectiles, the
results are only expected to be equal at high energies, typically
greater than 500 eV [63,90,91]. As results for these excitations
have only been calculated to a maximum of 150 eV for elec-
tron impact, comments can only be made regarding general
differences between our positron-impact calculation and the
electron-impact calculations.

For these excitations positron-impact CCC results are typ-
ically closer in magnitude with the 696-state electron-impact
BSR calculations [21] than other electron calculations, a re-
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FIG. 17. Cross section for excitations from the ground state
of carbon to several excited states from threshold to 500 eV.
Positron-impact CCC results are shown alongside electron-impact
calculations from the BSR [21] ( ), R-matrix (RM) [22] ( ),
CCO [26] ( ), and CC [26] ( ) methods. For CCC results which
have been OOS scaled, the unscaled result is shown by ( ) and the
scaled by ( ).

flection of our closer agreement in oscillator strengths. As
expected, differences largely decrease with increasing en-
ergy between the BSR and CCC results, particularly in the
2s2p3 3Do and 2s2p3 3Po excitations. After scaling of the
2p3d 3Do excitation with the NIST oscillator strengths, we
find our positron-impact results to be closer in magnitude to
the CC [26] and BSR electron-impact models.

Our positron-impact CCC results for the 2s2p3 3So

autoionizing-state excitation from the ground state can be
viewed in Fig. 18 with previous theoretical electron-impact
results for this excitation. We have included results for a
positron-impact model in which excitations from 2s2p2n�

were bound to n� � 5s, denoted as CCC (limited model).
The results of this limited model are similar in magnitude to
the electron-impact BEB [28] result at low energy and con-
verge with it for energies above 2000 eV. The electron-impact
R-matrix calculation of Dunseath et al. [22] is larger than
both the BEB results and our CCC results above 25 eV. The
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943-state CCC results are almost a factor of 2 lower than our
limited model values and are larger than the BSR results up to
60 eV, where they appear to meet. The discrepancy between
this calculation of Dunseath et al. [22] and the 943-state model
is not surprising as their oscillator strength for this transition
is almost twice the value we predict. Comparing our two
CCC models, it is likely that the difference between the BSR
and other electron-impact theoretical methods results from an
inadequate description of the 2s2p2n� continuum in the other
approaches.

11. Stopping power and mean excitation energy

In Fig. 19, we present the stopping power, calculated from
the ionization threshold to 5000 eV using Eq. (16). Along-
side the CCC results are those from the Gumus et al. [42],
PENELOPE program [44], and Ashley [45]. As was done for
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FIG. 19. Stopping power of a positron incident on carbon. CCC
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5000 eV.

ionization, the results were extrapolated using our 4571 Born
calculation for energies above 50 eV. In these results, we
cannot utilize the CCC-pot approach as it does not calcu-
late the cross section for each specific excitation. Therefore,
positronium formation is only included implicitly. From 250
to 1000 eV, there is excellent agreement between the CCC
and PENELOPE results. Below 250 eV, the PENELOPE results are
significantly higher than the CCC, with a difference of approx-
imately 200 MeV cm2/g at 50 eV, whereas above 1000 eV,
the PENELOPE result is only slightly larger than the CCC.
The PENELOPE program is a Monte Carlo program that calcu-
lates stopping power using a plane-wave Born approximation
with the Sternheimer-Liljequist generalized oscillator strength
model [92]. Therefore, the large differences at low energies
are not surprising as this approach becomes increasingly in-
accurate for energies below 1000 eV [44]. The results of the
GOS model agree with PENELOPE for energies above 800 eV.
Below this, the GOS model has lower values than both these
models, except for energies below 100 eV, where it is larger
than the CCC results. The calculations of Ashley [45] follow
a similar shape to the CCC calculation but underestimate all
other theoretical results below 1500 eV. Above this energy,
however, there is excellent agreement with the CCC results.

The other theoretical approaches applied to stopping power
are simpler methods that do not directly model the target
structure of the atom or account for positronium formation.
Therefore, while accurate for high energies, with all models
practically equivalent above 1500 eV, they will be inaccurate
at lower energies where scattering is more complex. As a
result of the accurate structure model, the large number of
included states, and the implicit inclusion of positronium for-
mation, the CCC method is expected to model stopping power
over the considered energy range more accurately than these
other methods.

Following directly from the stopping power, we can obtain
the mean excitation energy per Eq. (17). We present our re-
sults from the ionization threshold to 5000 eV in Fig. 20. We
can observe that our mean excitation energy steadily increases
to 500 eV, after which it plateaus and slowly decreases to
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5000 eV. We could not find any other calculations of mean
excitation energy for the e+-C system in the literature.

V. CONCLUSION

Cross sections associated with the total, elastic, momen-
tum transfer, direct ionization, positronium-formation, total
ionization, inelastic, excitation, and stopping power scatter-
ing processes have been calculated for positron scattering on
carbon over energies ranging from thresholds to 5000 eV.
Several quantities of interest have also been determined.
These include the scattering length, the energy of the virtual
positron-carbon state, and the hidden Ramsauer-Townsend
minimum. These calculations were completed using the
single-center CCC approach utilizing different computational
techniques, which have allowed us to extend calculations to
complex open-shell atoms and ions. The calculated target
wave functions are in good agreement with NIST and pre-
vious theory for oscillator strengths and excitation energies.
For the single-center CCC method, results are practically
exact below the positronium-formation threshold and above
approximately 10 eV above the ionization threshold. Between
these energies, the single-center approach is unable to fully
account for the positronium-formation channels. Furthermore,
the single-center approach can only obtain the sum of the
positronium-formation and direct ionization cross section. To
address these issues, we have introduced a complex model
potential technique calibrated to accurate single-center results
(CCC-pot), which allows us to calculate the relevant cross
sections more accurately. An approach like this has not been
utilized in previous applications of the model potential tech-
nique.

The present results have been compared with existing
experimental and theoretical results for both positron and
electron scattering on atomic carbon. TCS, elastic, momen-
tum transfer, and stopping power cross sections were all in
good agreement with previous calculations at high energies.
There are substantial differences between the theoretical cross
sections for positron scattering at low energies. Previous theo-
retical results also significantly overestimate the TICS across
almost the entire calculated energy range. Our calculations,
however, are in excellent agreement with the existing electron-
carbon experiment above 500 eV. The differences between
positron and electron scattering are minimal for high en-
ergies, and their results become practically the same. The
main source of the differences present between CCC TICS
and previous model potential approach calculations [41] is
the positronium-formation process, with the previous theory
being a factor of 1.5 larger than our results at the maximum for
this cross section. It is recommended that further theoretical
and experimental work is conducted for positron scattering on
carbon to address the discrepancies highlighted by this study
between current and past theoretical results. The CCC cross-
section data for positron scattering from carbon are available
at [93].
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APPENDIX A: CCC-SCALED COMPLEX MODEL
POTENTIAL: HYDROGEN ATOM CALCULATION

To demonstrate the efficacy of the CCC-scaled complex
model potential approach, we present calculations for positron
scattering from the hydrogen atom for which both single-
and two-center CCC results are available. We first obtain
the complex model potential results utilizing the same ap-
proach as described in Sec. III. To summarize, we fit the
polarization potential parameter d in our polarization potential
given in Eq. (20) to obtain elastic cross sections equal to the
single-center CCC for each energy. Between the positronium-
formation and the ionization thresholds we instead fit to
a line smoothly connected between these two thresholds.
This is because the single-center approach is unstable be-
tween these two thresholds; this instability can be viewed
in Fig. 22 as a large dip occurring at 10 eV. Elastic cross
sections from our complex model potential are presented in
Fig. 21 alongside single- and two-center CCC results. As
expected, outside of the region between the positronium-
formation and ionization thresholds, elastic results from the
complex model potential are exactly equal to those of the
single-center calculation. Our absorption potential is obtained
following the method of Staszewska et al. [65], with values for
the positronium-formation cross section obtained through the
delta variational technique. With these positronium-formation
values, we can obtain the direct inelastic cross section which
is equal to the bound-state excitations summed with the direct
ionization cross section. Hence, the total cross section con-
tains three components: the direct inelastic cross section, the
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FIG. 21. Elastic cross section for positron scattering on the hy-
drogen atom. Single- and two-center CCC results are compared with
the results obtained using the model potential.
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FIG. 22. The total cross sections and their components for
the unscaled model potential calculation presented from the
positronium-formation threshold to 1000 eV.

positronium-formation cross section, and the elastic cross sec-
tion. The total cross section of this unscaled complex model
potential and its components are presented in Fig. 22. The
first step of the CCC-scaling procedure is to scale the direct
inelastic component of the total cross section to agree at large
energies with the values predicted by the single-center CCC
result. This is presented in Fig. 23, in which this component
has been scaled by a factor of 2.4. Also shown are the single-
center CCC results and the unscaled model potential.

The second step is to scale the positronium-formation
component of the total cross section. We uniformly increase
this cross section so that the CCC-scaled model potential
total cross section reproduces the maximum single-center
total cross section between the ionization threshold and
10 eV above the ionization threshold. For example, this occurs
at 16 eV for hydrogen, so we scale the CCC-scaled model po-
tential result to agree with the single-center CCC at 16 eV. In

 0

 2

 4

 6

 8

 10

 12

 14

 16

 18

 1  10  100  1000

In
te

gr
at

ed
 c

ro
ss

 se
ct

io
n 

(u
ni

ts
 o

f a
02 )

Incident energy (eV)

Mod-pot
Inel-scaled
Unscaled

CCC
Single-center

FIG. 23. Complex model potential total cross-section results for
which direct inelastic cross sections have been scaled to agree
with CCC results for larger energies. In these results positronium-
formation cross sections are currently unscaled. These results are
presented with the single-center CCC results.
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FIG. 24. CCC-scaled complex model potential and CCC single-
center results for the positron-hydrogen total cross section. Here, the
total cross section is comprised of the elastic, scaled direct inelastic,
and scaled positronium-formation cross section.

this case, the positronium-formation cross section was scaled
by a factor of 5.75. The final results are depicted in Fig. 24,
in which scaled positronium formation and inelastic results
are summed with the elastic cross section to obtain the new
total cross section. These results are again shown alongside
corresponding single-center CCC results. The improvement in
results from this scaling procedure is clear when comparing
the unscaled results in Fig. 23 and the final scaled results
in Fig. 24 to single- and two-center CCC results. The CCC-
scaled model potential overestimates the single-center cross
section for energies above 25 eV, resulting in inaccuracies in
the CCC-scaled complex model calculation for the excitation
cross section between 25 and 600 eV. As our subsequent cal-
culations do not require these values, this is not considered an
issue. By construction, the elastic cross section is equivalent to
the single-center CCC results; therefore, this component does
not require any scaling.

We can directly compare the scaled positronium-formation
cross section with the two-center CCC. We present this in
Fig. 25, where it can be seen that our scaled result is both equal
to and has the correct position of the peak cross section of the
positronium formation. However, our calculation somewhat
underestimates the two-center result for energies above and
below this peak. We can obtain direct ionization results for
energies 10 eV greater than the ionization energy by subtract-
ing these values from the single-center total ionization cross
section from our positronium-formation results. For energies
below this point, we rely on the CSP-ic method. First, we
obtain R(E ) values for energies 10 eV above ionization, and
then we fit a spline interpolant to obtain the R(E ) for lower
energies. We can obtain the direct ionization cross section by
multiplying these fitted values by the direct inelastic cross
section obtained from our CCC-scaled complex model poten-
tial. More details of this procedure can be found in Sec. III.
The calculated and fitted R(E ) results are depicted in Fig. 26.
These results rise to a maximum of approximately 0.55 at
50 eV before dropping to an asymptote of approximately 0.4
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FIG. 25. Hydrogen positronium-formation cross section for our
unscaled and CCC-scaled complex model potential presented with
two-center CCC results for energies ranging from the positronium-
formation threshold to 200 eV.

by 1000 eV. This represents that by 1000 eV 40% of the direct
inelastic cross section is composed of direct ionization.

In Fig. 27, we present our results for direct ionization
obtained using the CCC-scaled complex model potential ap-
proach and those obtained via the two-center CCC. We can
observe that differences between these methods mainly occur
for energies less than 75 eV, which directly results from the
errors in our positronium-formation calculation. The peak of
this approach overestimates the two-center CCC, with differ-
ences within 25%. For lower energies, particularly near the
ionization threshold, we find larger differences; however, the
magnitude of the cross section at these energies is small.

We have direct ionization and positronium-formation
results and can now calculate the total ionization cross
section. This is calculated from the summation of our
scaled positronium-formation and direct ionization cross sec-
tions with these results presented in Fig. 28 alongside single-
and two-center CCC results. The benefit of our approach
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FIG. 26. Calculated R(E ) and fitted R(E ) values for positron
scattering from hydrogen.
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FIG. 27. Hydrogen direct ionization cross section for our un-
scaled and CCC-scaled complex model potential presented with
two-center CCC results.

compared to the single-center CCC is clear with our results
in significantly better agreement with the two-center calcu-
lation from positronium-formation threshold to 10 eV above
the ionization threshold. Below the ionization threshold, the
differences between CCC-pot and the two-center calculation
are the same as for the positronium formation. Whereas, from
the ionization threshold to 10 eV above it, the differences are
within 5%.

The excitation cross section can also be calculated us-
ing the direct ionization cross section. For energies higher
than 10 eV above the ionization threshold, we use σexc =
σtot − σPs − σDI − σel where σtot is from our single-center
CCC result. For energies below this, we do the same but
use σtot from our CCC-scaled complex model potential cal-
culation. The total bound excitation cross section is shown
in Fig. 29 alongside single- and two-center CCC results. We
can observe that this approach is a great improvement over
the single center for lower energies, where instabilities in the
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FIG. 28. Hydrogen total ionization cross section from our ap-
proach presented with single- and two-center CCC results. Results
are presented from the positronium-formation threshold to 1000 eV.
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FIG. 29. Total excitation cross section for hydrogen calculated
from our approach alongside single- and two-center CCC results.

single-center calculation for energies near the ionization
threshold have resulted in substantially larger results than
the two-center calculation. We find differences between this
approach and the two-center calculation to be within 5%.

Finally, for the calculation of the total cross section, we
now combine the results of the single-center and CCC-scaled
model potential. For this, we use our single-center results
for energies below the positronium formation and higher
than 10 eV above the ionization threshold. For energies be-
tween the positronium-formation threshold and 10 eV above
ionization, we use the total cross section calculated by the
CCC-scaled model potential. We have compared these results
with the single- and two-center CCC results for hydrogen in
Fig. 30. We find that results are significantly improved from
the single-center CCC calculation for the energies between
the positronium-formation and ionization thresholds. Results
still underestimate the two-center CCC over this energy range,
with our results within 20% of the two-center results. From
the ionization threshold to 10 eV above this threshold, errors
between our results and the two-center CCC are within 10%.
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FIG. 30. Combined results for the hydrogen total cross sec-
tion alongside single- and two-center CCC results.
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FIG. 31. Elastic cross section for positron scattering on the he-
lium atom. Single- and two-center CCC results are compared with
the results obtained using the model potential.

APPENDIX B: CCC-SCALED COMPLEX MODEL
POTENTIAL: HELIUM ATOM CALCULATION

As we have already depicted the process of the CCC scal-
ing of the direct inelastic and positronium-formation cross
sections for the hydrogen model potential calculation, we only
present the final results for the helium atom. Model potential
calculations are undertaken following the same process de-
scribed in Sec. III and Appendix A. As with hydrogen, smooth
elastic cross sections were obtained using a line fit between
the positronium-formation and ionization thresholds. These
elastic cross sections are presented in Fig. 31 alongside single-
and two-center CCC results. First, we present CCC-scaled
model potential total cross-section results in Fig. 32 alongside
single-center CCC results. For this model, the direct inelastic
component was scaled by a factor of 1.51 and the positronium-
formation component by a factor of 6.71. For helium, the
maximum cross section for the single-center calculation oc-
curs at 70 eV, a much higher energy than is observed in the
hydrogen case.
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FIG. 32. CCC-scaled complex model potential, unscaled com-
plex model potential, and CCC single-center results for the positron-
helium total cross section.
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FIG. 33. Helium positronium-formation cross sections for our
unscaled and CCC-scaled complex model potential presented with
two-center CCC results. Results are presented from the positronium-
formation threshold to 1000 eV.

Presented in Fig. 33 are positronium-formation cross
sections for the CCC-scaled complex model potential, un-
scaled complex model potential, and two-center CCC results.
Model potential calculations were completed as described
in Sec. III with scaling applied to the direct inelastic and
positronium-formation cross sections as described in Sec. III
and Appendix A. Unlike hydrogen, our results overestimate
the two-center results across the entire energy range. These
results are within 20% of the two-center results for results
up to 50 eV. As with hydrogen, the energy of our peak cross
section is the same as the two-center calculation.

In Fig. 34, we present the direct ionization result for
this approach against the two-center CCC results. As with
hydrogen, we find that as a result of errors in the positron-
ium formation, our direct ionization overestimates at lower
energies and the peak cross section. We also find that the peak
cross section occurs at the same energy between both methods
at 100 eV. There exists less error here than with hydrogen,
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FIG. 34. Helium direct ionization cross section for our unscaled
and CCC-scaled complex model potential presented with two-center
CCC results.
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FIG. 35. Total excitation cross section for helium calculated
from our approach alongside single- and two-center CCC results.

with all values within 20% of the two-center CCC result. We
also find much better agreement for energies below this peak
cross section than was viewed with hydrogen, likely because
the positronium formation has a much lower magnitude for
helium.

We have also used our method to calculate the total excita-
tion cross section for a helium atom. This is shown in Fig. 35
with single- and two-center CCC results. We see significant
improvement from the single-center results for energies below
10 eV above the ionization threshold, with the cross sec-
tions here having near perfect agreement with the two-center
calculation.

Finally, in Fig. 36 we can find the combined results of
the CCC-scaled complex model potential and single-center
CCC alongside the single- and two-center CCC. As with hy-
drogen over the energy range between positronium formation
and ionization, our results are a significant improvement over
the single-center calculation. As the elastic cross section is
scaled to be equivalent to the single-center CCC result, there
is no point in calculating CCC-pot below the positronium-
formation threshold, as the only process available below this
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FIG. 36. Combined results for the helium total cross section
alongside single- and two-center CCC results.
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FIG. 37. Value of the parameter d required to achieve equiva-
lence with single-center CCC calculation for positron scattering on
atomic carbon. Results are presented from 5 to 5000 eV.

threshold is elastic scattering. Here we find even better agree-
ment than was found with hydrogen, with our total cross
sections having errors of 5% or lower over this energy range.
From the ionization threshold to 10 eV above this threshold,
we find similar errors with results within 5%, again an im-
provement from hydrogen.

APPENDIX C: ERROR ANALYSIS AND LIMITATIONS OF
CCC-SCALED COMPLEX MODEL POTENTIAL

The accuracy of this approach and the improvement it
provides for single-center CCC calculations for both the
hydrogen and helium targets is promising. It justifies its appli-
cation to other targets, as these two targets have very different
scattering behaviors, polarization potentials, and ionization,
excitation, and positronium-formation thresholds. Following
analysis of these systems, we expect positronium formation
to have an accuracy of 20% for energies up to three times
the ionization threshold from this method. Above this, the
difference between this and the two-center results increases

TABLE III. Fit parameters.

i pi qi

1 0.2473 −74.57
2 −10.66 7336
3 3822 4224
4 4.528×104

with increasing energy. Although these results are not partic-
ularly accurate for the highest considered energies due to the
low magnitude of these results, they can still be utilized to
calculate sufficiently accurate direct ionization cross sections.

For direct ionization, we expect the peak cross section to
be within 20% of the two-center value, with energies below
this having higher inaccuracies if the positronium-formation
cross section is significantly larger than the direct ionization.
For higher energies, where the positronium-formation cross
section is small, we expect the accuracy for this cross sec-
tion to be within 5%. For the total excitation cross section, we
expect an error of 5%. Across the energy range in which the
CCC-scaled complex model potential is utilized for the total
cross section, we expect the errors to be within 20%.

Limitations for this approach are that we require the max-
imum of the total cross section to occur after the ionization
threshold to find reasonable estimates for the positronium-
formation cross section. Hence, in conjunction with accurate
single-center CCC results, we expect this method to obtain
sufficiently accurate results for atoms with ionization energies
greater than 10 eV.

APPENDIX D: POLARIZATION POTENTIAL
MODIFICATION PARAMETER

We show in Fig. 37 the parameter d utilized in Eq. (20), for
incident energies 5 to 5000 eV of a positron upon the carbon
atom. This is shown alongside a fit of the form

f (e) = (p1e3 + p2e2 + p3e + p4)

e3 + q1e2 + q2e + q3
, (D1)

where e is the energy of the incident positron. The values of
the fitting parameters are given in Table III. The value of the
parameter d decreases with increasing energy up to 750 eV,
after which it becomes constant.
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