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Quantum simulation of extended electron-phonon-coupling models in a hybrid
Rydberg atom setup
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State-of-the-art experiments using Rydberg atoms can now operate with large numbers of trapped particles
with tunable geometry and long coherence time. We propose a way to utilize this in a hybrid setup involving
neutral ground-state atoms to efficiently simulate condensed-matter models featuring electron-phonon coupling.
Such implementation should allow for controlling the coupling strength and range as well as the band structure
of both the phonons and atoms, paving the way towards studying both static and dynamic properties of extended
Hubbard-Holstein models.
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I. INTRODUCTION

The quest for theoretical understanding of strongly corre-
lated many-body systems is known to be extremely challeng-
ing. Classical simulation methods can become inefficient as
the Hilbert space becomes too large to effectively sample. The
number of parameters needed to describe and store a quan-
tum state grows exponentially with the system size. Quantum
computers hold the promise to overcome this difficulty, but
near-term devices cannot be expected to provide the needed
number of logical qubits and sufficient circuit depth. For
these reasons, analog quantum simulators are among the most
promising tools to study ground-state properties as well as dy-
namics of interacting quantum systems [1–3]. As the approach
of analog simulation is to construct a controllable system that
can reproduce the physics of a different one, it is nonuniversal
and thus the details of experimental implementation matter.
The platforms for quantum simulation must feature some
versatility in tuning the system parameters, scalability in the
number of qubits, and reliable measurement schemes. Over
the past two decades, a wide range of promising quantum
devices that may have some of the desired properties has
emerged [4]. Among the various platforms available, ultracold
neutral atoms [5] and Rydberg atom arrays [6] received a lot
of attention in this respect. A hybrid approach involving a
combination of setups can be promising as well, allowing for
easier implementation of more complex systems with poten-
tially independently tunable properties [7].

Strongly correlated materials can feature a competition
between electron-electron and electron-phonon interactions
which drive the system towards different ordered phases.
Phonon-mediated attraction between electrons can enhance
fermion pairing even when the Coulomb repulsion is strong
[8,9]. In such materials, as well as high-Tc superconductors,
the Hamiltonians cannot generally be treated by perturba-
tive methods because of the lack of a small parameter.
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Computational methods such as exact diagonalization, quan-
tum Monte Carlo, and density-matrix renormalization group
greatly advanced the understanding of many-body systems.
However, as the phonon Hilbert space has to be truncated,
numerical studies typically allow only a small phonon number
and system size.

A number of theoretical proposals for quantum simulation
of electron-phonon models using molecules as well as ions
exist [10–13]. However, they have stringent requirements and
can lack versatility. For example, in order to crystallize the
molecules one needs extremely low temperatures, while in
ion-atom systems the relevant energy scales are quite sepa-
rated. Here we focus on a different type of mixture involving
an array of Rydberg atoms and a ground-state gas. In most
experimental realizations, the Rydberg states are repelled by
optical traps and the laser field must be turned off during
experiments. However, recent developments allow for keeping
the tweezer array on as well as achieving state-insensitive
traps [14,15], leading to long lifetimes and opening the door
towards a new simulation platform.

In this paper, we extend this notion and provide a scheme
for quantum simulation of strongly correlated many-body sys-
tems. To begin, we study the phonon spectrum of a Rydberg
chain, showcasing its tunability. Then we argue that the array
can be seen as a periodic potential for the neutral atoms [see
Fig. 1(a)]. Following that, we derive and study the full system
Hamiltonian which contains atom-phonon coupling. Finally,
we discuss further prospects for quantum simulation in this
setup.

The simplest and widely used Hamiltonian that takes into
account both electron-electron and electron-phonon interac-
tions is the Hubbard-Holstein model:

H = − t
∑
〈i, j〉σ

(c†
iσ c jσ + H.c.) + U

∑
i

ni↑ni↓

+ ω0

∑
i

b†
i bi + g

∑
iσ

niσ (b†
i + bi ), (1)
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FIG. 1. (a) Red-detuned optical tweezers generating the Rydberg lattice (top) and state-insensitive trap for the ground-state atomic cloud
(bottom). (b) The proposed platform. Strongly interacting Rydberg atoms (black balls) are trapped in an array of tweezers (red circles). The
cloud neutral atoms (small blue balls) are placed in a periodic lattice potential due to the Rydberg chain. The lines are to guide the eyes. (c) The
unit cells generating two lattice geometries with the base atoms labeled as A and B; the interactions shown here are strong (weak) for the trivial
(topological) scenario.

where operators ciσ annihilate an electron with spin σ at site
i with niσ = c†

iσ ciσ while bi governs the local phonons with a
single frequency ω0, and g is the onsite coupling strength. The
model features surprisingly rich physics as phonon-induced
interactions compete with the Hubbard term [16], leading
to emergence of two insulating orders with a metallic phase
appearing at their interplay [17–23]. The model can be easily
extended, which considerably increases its complexity. For
instance, one could modify the last term of Eq. (1) by in-
troducing nonlocal electron-phonon coupling He-ph. Within
the second quantization, the extended version of the model
is written as

He-ph =
∑

qi

gqi(b
†
q + bq)ρi, (2)

where ρi = ∑
σ niσ is the electron density and bq is the recip-

rocal representation of the local phonon bi. While retaining
a simple form, this term is rather general and can describe
long-range couplings with nontrivial structure.

Furthermore, the phonon as well as electron dispersion
can be replaced by a richer and more realistic structure. To
showcase this, here we use a zig-zag configuration of Ry-
dberg atoms with anisotropic interactions instead of a more
standard cubic arrangement. This choice is motivated by a
recent experiment [24] which emulated the physics of the
Su-Schrieffer-Heeger model with topological edge states in a
similar setup.

II. TOPOLOGICAL RYDBERG LATTICE

In our approach the Rydberg atoms are constantly indi-
vidually trapped by an array of harmonic potentials (optical
tweezers) and interact with each other via dipolar interactions
which can be induced with external electric field. As shown
in Fig. 1(b), the traps are located at fixed positions forming a
zig-zag chain in the x−z plane. The atom positions are given
by Rnα (t ) = Rn + ρα + unα (t ), where Rn = naẑ are the unit-
cell positions, ρα labels the atoms within a cell with α = A, B
being the base atom label and n the cell position index, and
unα (t ) are the time-dependent displacements. The potential

energy is written as

V = 1

2

∑
n,α

Mα[νn(Rnα − R̄nα )]2

+
∑
nmαβ

(n,α)�=(m,β )

Vdd

|Rnα,mβ |3 [1 − 3(m̂ · R̂nα,mβ )2], (3)

where R̄nα = Rn + ρα are the trap positions and R̂nα,mβ =
R̂nα − R̂mβ . The dipole moment orientation m̂ is defined when
the polar and azimuthal angles θ and φ are given. In a finite
zig-zag chain with anisotropic couplings between the sites,
there are two distinct geometries encoded in ρα [24,25] cor-
responding to forming pairs of dimers and leaving out two
unpaired atoms at the chain edges. For the trivial configura-
tion, we define ρA,B = ∓	/2x̂ ∓ d/2ẑ, and ρA,B = ∓	/2x̂ ±
d/2ẑ for the topological one [see Fig. 1(c)]. Here, the length 	

sets the distance between the two legs, while d is the spacing
between the atoms in the same leg. For simplicity, we fix νn =
ν with νx,y,z = ν and choose Mα = M. Current state-of-the-art
experiments enable an arbitrary three-dimensional setting of
the tweezer traps with separations of the order of single µm.
The trap frequencies can be varied as well and are typically in
the ≈ kHz regime. The interaction between the atoms depends
on the choice of Rydberg states and can remain strong over
the typical trap separation. Furthermore, it can be precisely
tuned by using external electromagnetic fields, for instance
by inducing and orienting the dipole moments [26].

Here for simplicity we use pure dipolar interactions, omit-
ting the subleading quadrupolar and van der Waals terms,
which would result in quantitative modifications of the
phonon spectrum but offer additional tuning possibilities. If
we choose m̂ = (0, 1, 0) (out of the plane), the interactions
become isotropic. Following [24], let us instead fix θ = θm =
cos−1(1/

√
3) where the interaction along the same sublattice

vanishes as m̂ · R̂nα,mβ = ẑ = cos θ and θ = θm.

A. Phonon spectrum

We now turn to the phonon structure of the Rydberg chain,
expanding the potential energy to second order around the
equilibrium configuration. The effective classical Hamiltonian
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FIG. 2. The phonon dispersion relation for (a) the translationally
invariant case and (b) the topological band structure of the finite
chain for N = NbNc = 14, d = 2, 	 = 1, a = 2d, θ = θm, and φ =
0. The edge states are highlighted as yellow stars in panel (b).

is given by

Heff =
Nc∑

n=1

Nb∑
α=1

∑
i=x,y,z

P2
nαi

2Mα

+ 1

2

∑
nm

∑
αβ

∑
i j

unαiD
mβ j
nαi umβ j,

(4)

with Nc being the number of cells and Nb = 2 the number of
base atoms. The harmonic matrix D is given by the second
derivatives of the potential at equilibrium. Interestingly, there
is only one relevant interaction length scale �5 = 3Vdd/Mν2

within this approximation. It is widely tunable by means of the
trap frequencies as well as the choice of the Rydberg level, as
the dipole-dipole interaction strength scales as n4. We further
express all other length scales describing the array geometry
in units of � and energies in the corresponding characteristic
units Mν2�2. Assuming an alkaline-earth atom and 106-Hz
trapping frequency, we obtain � ≈ 104 Bohr radii.

One can now obtain the phonon spectrum by diagonalizing
the 3NcNb × 3NcNb harmonic matrix. On the other hand, if
the translational invariance is applicable, Dβ j

αi (|Rn − Rm|) =
Dβ j

αi (Rp) and one can reduce the problem in the quasimomen-
tum space to the 3Nb × 3Nb dynamical matrix [27] D̃β j

αi (q) =∑
n Dβ j

αi (Rn)eiq·Rn . Here, for each of the N = NbNc allowed q
there are 3Nb normal modes with frequencies ω j (q) and corre-
sponding eigenvectors ξ( j)

α (q) obeying
∑

α ξ( j)
α (q) · ξ( j′ )

α (q) =
δ j, j′ , where j = 1, . . . , 3Nb and α = 1, . . . , Nb. Due to the
chosen geometry, in our example the quasimomentum is
q = qẑ as the system is quasi-one-dimensional. In the trivial
or dimerized configuration, the finite chain has translational
symmetry. Figure 2(a) shows its exemplary dispersion relation
in the quasimomentum space. The system is widely tunable
in terms of band geometry and shows a rich behavior which
exhibits concavity changes and multiple band crossings, as
shown in Fig. 3 for d = 1.5 and 2.5 for the three highest

FIG. 3. Phonon spectrum of the three highest bands highlighting
band crossings with a blue circle. As an example, we show (a) d =
1.5 and (b) d = 2.5, with N = NbNc = 14, 	 = 1, a = 2d, θ = θm,
and φ = 0.

phonon modes. Furthermore, both highest and lowest bands
are changing their concavity with varying the distance d . We
show in Fig. 4 two examples of such concavity change. It
is demanding to find numerically the critical value at which
the concavity changes, as one encounters instabilities in the
atom equilibrium positions. As demonstrated in the figure, it
is located between d = 1.65 and 1.85 for both the first and the
last band. For the topological configuration, the translational
invariance can no longer be assumed. In Fig. 2(b) we show
the dispersion relation calculated from direct diagonalization
of the harmonic matrix. We observe three points which are
disconnected from the bands: one in the first and two in
the fifth band, which we associate with the edge states. It is
important to note that even for larger values of N , we still see
only these three disconnected points.

B. Local phonon couplings

To gain more insight into the phonon mode structure, fol-
lowing [28] we can rewrite the phonon Hamiltonian in terms
of local phonon operators:

H = 1

2

∑
nmi j

[
hi j

nm

(
b†

n,ibm, j + bn,ib
†
m, j

)
+ gi j

nm(bn,ibm, j + b†
n,ib

†
m, j )

]
, (5)

FIG. 4. Phonon spectrum of the (a) first band and (b) last band
for d = 1.65 and 1.85. We can see that there is a concavity change
by varying d between the values shown. Here we set N = NbNc =
14, 	 = 1, a = 2d, θ = θm, and φ = 0.
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FIG. 5. Elements of the interaction matrix g for trivial (top) and
topological (bottom) configurations. We saturated the colors for a
better visualization. The interactions for |n − m| = 1 are alternating
between strong and weak. Here we fixed N = 14, d = 2, 	 = 1, a =
2d, θ = θm, and φ = 0.

where the displacements are quantized as un,i =√
1

2Mn,i
(bn,i + b†

n,i ), with the local frequency n,i defined

as Dii
nn = M2

n,i. Furthermore, the couplings are given by

the matrix g with gi j
nm = (1 − δnmδi j )D

i j
nm/2M

√
n,im, j

and hi j
nm = δnmδi jn,i + gi j

nm, with n, m ∈ [0, N] now being
the overall atom index where N = NbNc [see Fig. 6(d)].
The g matrix has 9N2 elements describing nine possible
couplings between each pair of lattice sites in 3 × 3
directions. We show in Fig. 5 the elements of the interaction
matrix g in a grid. Each box shows nine matrix elements
between the unit cells. In this figure, it is possible to see
the staggered nature of the interactions between cells.
The main difference between topological and trivial is
whether the edges are weakly or strongly interacting with the
bulk.

For visualization we also show in Fig. 6(c) the quantity
J (|n − m|) = ∑

i j gi j
nm for distinct values of |n − m| and d .

FIG. 6. (a) Couplings between local phonons as a function of d
for different pairs n and m for N = 14, d = 2, 	 = 1, a = 2d, θ =
θm, and φ = 0. (b) Trivial and topological geometries where the lines
depict the strong (red thick line) and weak (black dashed line) links
(see text).

The terms with odd |n − m| describe the overall coupling
between two different legs for two cases corresponding to
the majority of weak or strong bonds between the sites.
Such staggered nature can be directly associated with the
Su-Schrieffer-Heeger model. Even |n − m| values provide the
interactions along the same sublattice [see Fig. 6(d)] which do
not vanish even at the magic angle θm due to displacements of
atoms from equilibrium. As the trap separation d decreases,
interactions in general become stronger. However, the intra-
cell couplings feature a maximum near d ≈ 1.8, which is
related to the system geometry and coincides with the con-
cavity change of the lowest band, indicating the presence of
geometric frustration.

We have so far demonstrated that phonons in Rydberg
atom arrays are capable of simulating complex solid-
state systems with highly tunable band structure. Extension
to a two-dimensional setup would enable the occurrence
of chiral edge states. Implementation of driving into the
system with lasers can induce additional nonequilibrium
dynamics [29].

III. GROUND-STATE ATOMS

We proceed to adding the second subsystem composed
of ground-state atoms. Their van der Waals interaction with
the Rydberg atoms can be described by a Fermi pseudopo-
tential with tunable magnitude gcp, omitting off-diagonal
terms which are small due to low dipole moment of the
ground electronic state [26,30]. For the whole array, HRy-a =∑

n,m

∑
α VRy-a(rn − Rmα ). This can be expanded in power

series in Rydberg displacements u, providing a constant
term which forms the periodic potential for the atoms while
the atom-phonon interaction is encoded in the first-order
term. Within the tight-binding approximation, the bare atomic
Hamiltonian without phonons is described by the Hubbard
model

Ha = −t
∑
〈i, j〉σ

(c†
iσ c jσ + H.c.) + U

∑
i

ni↑ni↓, (6)
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FIG. 7. Interaction strength Mj,q for d = 1.5 and d = 2.5. We show two examples where there is a clear distinction between multiband
and two-band regimes. The corresponding phonon spectra and eigenvector component in the z direction are shown in the bottom panels. Here
N = 14, 	 = 1, a = 2d, θ = θm, and φ = 0.

where t is the hopping strength and U is the Hubbard
interaction.

IV. THE ATOM-PHONON HAMILTONIAN

The atom-phonon Hamiltonian is obtained by the second
quantization of the phonon relevant part of the interaction
Hamiltonian, H (1)

Ry-a, as shown in the Appendix B. For our
neutral atomic system, we restrict to the lowest Bloch band
and tight-binding approximation. We used a Gaussian ap-
proximation for the lattice Wannier functions, which for
composite lattices may need to be modified [31–33] but does
not qualitatively impact our results. Overall, the atom-phonon
Hamiltonian is then given by

Ha-ph =
∑

q,k, j,σ

1√
N

Mj,q(b j,q + b†
j,−q)c†

k+q,σ ck,σ , (7)

where the interaction strength is given by

Mj,q =
∑

α

√
h̄g2

cp

2Mαω j (q)
q · ξ( j)

α (q)e−iq·ραρ0(q), (8)

with ρ0 = ∫
dreiq·r|φ0(r)|2 and φ0(r) being the Wannier func-

tion of the lowest Bloch band.
In a zig-zag chain where q = qẑ, the dot product in

Mjq restricts the couplings and as a result transverse states
without a z component do not interact with the atoms. We
observe that the interaction strength is highly dependent on

the phonon energy and structure. Indeed, the other functions
appearing in Eq. (8) will mostly affect the overall strength
of the coupling profile. In order to design the desired in-
teraction between ground-state atoms and phonons one thus
needs to focus on the phonon part. The proposed Rydberg
lattice setup turns out to be perfect for such a situation since
it is a rich and highly controllable platform as discussed
earlier.

In Fig. 7 we show two exemplary situations in which the
coupling term crosses over from a two-band to a multiband
structure. Its overall magnitude can be easily controlled in-
dependently by manipulating the Rydberg-atom interaction
strength. For a better understanding, we show in the bottom
panels of Fig. 7 the phonon spectrum and the z component
of the corresponding states. As we can see, when d is big
compared with the other lengths, only the first and fourth
band are generating noticeable oscillations in the z direction.
Decreasing the distance between the Rydberg atoms, other
bands also acquire vibrational components along the z axis.
This is the limitation of the quasi-one-dimensional platform
as only longitudinal phonons can contribute. In addition, the
atom-phonon coupling to the first phonon band shows a non-
monotonic behavior with d due to the change in the band
shape. As we can see in Fig. 8, from d = 1.5 to 1.65 the
band is flattening, which increases the interaction strength
due to the phonon energy being in the denominator. After the
concavity changing transition, the band starts to widen and
increase in amplitude again.
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FIG. 8. Phonon spectrum of the first band and for many values
of d . In the left panel, the phonon frequency is decreasing with an
increasing d , while in the right panel it is the opposite case. Here
N = 14, 	 = 1, a = 2d, θ = θm, and φ = 0.

V. DISCUSSION

As discussed above, the whole system is described by an
extended Hubbard-Holstein model

Heff = − t
∑
〈i, j〉σ

(c†
iσ c jσ + H.c.) + U

∑
i

ni↑ni↓

+
∑
j,q

h̄ω j (q)b†
j,qb j,q

+
∑

q,k, j,σ

1√
N

Mj,q(b j,q + b†
j,−q)c†

k+q,σ ck,σ , (9)

with nontrivial phonon structure including the possibility for
topological bands and nonlocal couplings. Phonon-induced
interactions can induce long-range attraction between the
fermions and enhance the formation of pairs and conductiv-
ity. While one can study the limiting cases of weak or very
strong coupling analytically, e.g., by means of a generalized
Lang-Firsov transformation [11,16,20,22], we stress that due
to the competition of terms the problem calls for a thorough
numerical study in order to verify and interpret the quantum
simulator output.

A. Experimental feasibility

We now argue that each quantity in (7) can be tuned
with some degree of independence and can reach several
kHz, providing sufficiently fast dynamics to operate within
the Rydberg atom lifetime. Let us first discuss the parame-
ter values achievable in current experiments. For simplicity,
here we work with a quasi-one-dimensional chain with linear
configuration of Rydberg atoms of equidistant separation d .
The van der Waals C6 coefficient between the ground-state
and Rydberg atom grows with the principal quantum number
as ≈ n5 [34], in contrast to n11 scaling for both atoms excited
[35]. Still, this leads to the characteristic range of the potential
R6 = (2μC6/h̄2)1/4 [36] being widely tunable. Assuming a
Rb�-Li pair one obtains R6 ≈ 300 nm already for n ≈ 50,
meaning that interactions within the lattice are strong.

One can then proceed with estimation of the extended
Hubbard-Holstein Hamiltonian parameters. Assuming tight-
binding approximation, we obtain the tunneling coefficient
[11] t ≈ 4E2

r d/π2gcp where Er = π2 h̄2

2md2 and m is the atomic

mass. Note that in order to make t appropriately large, using
light atoms such as lithium seems to be the most conve-

nient option. Meanwhile, Ma-ph ∝
√

h̄g2
cp

2Mω
with M being the

mass of the Rydberg atoms. Even though the coupling term
∝ gcp while t ∝ 1/gcp, tuning the spacing and tweezers trap
frequency allows for manipulating the parameters indepen-
dently. The Hubbard U term is independently tunable using a
magnetic Feshbach resonance [36]. Assuming d ≈ 1 µm and
gcp ≈ 104 Hz, we obtain Ma-ph in the same range and t ≈
3 kHz, comparable to other energy scales. For high enough n
all parameters will exceed the Rydberg level decay rate �, as
highly excited states can reach lifetimes of the order of 1 ms.

Finally, a reliable quantum simulator requires initializing
the system with high fidelity. This may require some optimiza-
tion steps. For instance, direct excitation of a chain of atoms
trapped in tweezers to a Rydberg state at small separation is a
nontrivial task due to the Rydberg blockade phenomenon [6].
In order to circumvent it, one can either utilize optimal control
protocols [37,38] or excite the atoms further away from each
other and then bring them to the designated positions. For
alkali-metal atoms, this protocol can be challenging [39], but
alkaline-earth-based setups [14] can offer an advantage here.
Similarly, loading the lattice efficiently is desired due to the
finite lifetime of the system. Here we would suggest to prepare
the ground-state atoms in a separate set of optical tweezers
and subsequently release them into the lattice.

B. Quantum simulation prospects

Experimentally, the system provides a number of possible
measurements such as time-of-flight and in situ imaging of
atoms, as well as phonon state tomography of the chain.
Studying the dynamics after a quench or under driving should
not impose any additional challenge.

We also notice that a class of extended Hubbard-Holstein
models could also be studied with a possibly simpler system
in the spirit of variational quantum simulation [40,41]. In this
scenario one would use an ansatz for the phonon part in order
to calculate the effective fermionic Hamiltonian classically,
and then find the ground state of the reduced system by im-
plementing it in experiment and obtaining a new candidate
phonon state for the next iteration.

VI. CONCLUSIONS

We have proposed a highly tunable experimental plat-
form for simulation of compound quantum systems. It can
be utilized for exploration of phase diagrams of extended
Hubbard models in various geometric arrangements, possibly
to study the onset of bipolaronic superconductivity. In the fu-
ture, extensions to two- and three-dimensional structures and
designing the system to exhibit flat bands and edge states seem
particularly promising [25,42–46], with exciting prospects for
nonequilibrium dynamics and phonon driving related to recent
breakthrough results on transient superconductivity [47,48].
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APPENDIX A: LOCAL PHONON INTERACTIONS

Below we give some analytical details and important nu-
merical results not shown in the main text. In order to obtain
a good picture of the Rydberg-Rydberg interactions in the
harmonic approximation, we move to the local phonon study,
following Bissbort et al. [28].

We can rewrite the phonon Hamiltonian as

H =
∑
n,i

P2
n,i

2Mn
+ 1

2

∑
n,m,i, j

un,iD
i j
nmum, j

= 1

2

∑
n,i

(
P2

n,i

Mn
+ Dii

nnu2
n,i

)
+ 1

2

∑
n,m,i, j

(n,i)�=(m, j)

un,iD
i j
nmum, j .

(A1)

We can second quantize it defining

un,i =
√

1

2Mnn,i
(bn,i + b†

n,i ), (A2)

Pn,i = i

√
2Mnn,i

2
(b†

n,i − bn,i ), (A3)

where Dii
nn = Mn

2
n,i. The first term in Eq. (A1) is a collection

of local harmonic oscillators 1
2

∑
n,i n,i(b

†
n,ibn,i + bn,ib

†
n,i ).

The second term represents the interaction part of the Hamil-
tonian:

1

2

∑
n,m,i, j

(n,i)�=(m, j)

Di j
nm

2Mn
√

n,im, j
(bn,ibm, j + bn,ib

†
m, j

+ b†
n,ibm, j + b†

n,ib
†
m, j ). (A4)

The full phonon Hamiltonian can be written in a more conve-
nient way:

H = 1

2

∑
nmi j

[
hi j

nm(b†
n,ibm, j+bn,ib

†
m, j ) + gi j

nm(bn,ibm, j+b†
n,ib

†
m, j )

]
,

(A5)

where

gi j
nm = (1 − δnmδi j )D

i j
nm

2Mn
√

n,im, j
, (A6)

hi j
nm = δnmδi jn,i + gi j

nm. (A7)

APPENDIX B: ATOM-PHONON COUPLING

The details about the analytical derivations of the atom-
phonon Hamiltonian can be found in this section. Despite the
textbook character, there are important details specific to the
problem.

The interaction between the two different species is given
by

HRy-a =
Nc∑

n,m

Nb∑
α=1

VRy-a(rn − Rmα ). (B1)

This can be expanded in power series in Rydberg displace-
ments u:

HRy-a =
∑

n

∑
m,α

VRy-a(r − R̄nα − umα )

≈
∑

n

∑
m,α

VRy-a(rn − R̄nα )

−
∑

n

∑
m,α

umα · ∇Rmα
VRy-a(rn − Rmα )

∣∣
R̄nα

≡ H (0)
Ry-a + H (1)

Ry-a, (B2)

with R̄nα = Rn + ρα . The constant term in unα forms the peri-
odic potential and it is already taken into account in Ha. In that
way, the atom-phonon interaction is encoded in the first-order
term. The constant part will be neglected from here. We will
also neglect higher-order terms, O(u2). The gradient can be
straightforwardly evaluated writing VRy-a(r) in the reciprocal
space as VRy-a(r − Rnα ) = 1

V

∑
Q eiQ·(r−Rnα )VQ:

∇Rmα
VRy-a(rn − Rmα )

∣∣
R̄nα

= −i

V

∑
Q

QeiQ·(r−R̄nα )VQ. (B3)

Thus, we can write the second quantized atom-phonon Hamil-
tonian [49]:

Ha-ph =
∑
b,k,σ

∑
b′,k′,σ ′

〈
b, k, σ

∣∣H (1)
Ry-a

∣∣b′, k′, σ ′〉c†
b,k,σ

cb′,k′,σ ′ ,

(B4)

where the relevant indices are the Bloch band b, momentum
k, and spin σ . The coefficients are given by

〈
b, k, σ

∣∣H (1)
Ry-a

∣∣b′, k′, σ ′〉 = −
∫

dr�∗
b,k,σ (r)

×
∑
n,α

unα · ∇Rnα
VRy-a(r − Rnα )

∣∣
R̄nα

�b′,k′,σ ′ (r)

= i

V

∑
n,α,Q

Q · unαe−iQ·R̄nαVQ

∫
dr�∗

b,k,σ (r)eiQ·r�b′,k′,σ ′ (r).

(B5)

The second quantized displacement operator can be written
in terms of its Fourier transform:

unα =
∑

q

3Nb∑
j=1

√
h̄

2Mαω j (q)
ξ( j)
α (q)(b j,q + b†

j,−q)
eiq·Rn

√
N

,

(B6)

where ω j and ξ( j)
α are the eigenvalues and eigenvectors of

the dynamical matrix, j is the phonon band index, and N =
NbNc. We can write e−iQ·R̄nα = e−iQ·Rn e−iQ·ρα , and in Eq. (B5)
will appear

∑
n ei(q−Q)·Rn = Nδq,Q. The atom-phonon Hamil-
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tonian is written as

Ha-ph = i√
N

∑
q, j

∑
b,k,σ

∑
b′,k′,σ ′

√
h̄

2Mαω j (q)
q · ξ( j)

α (q)e−iq·ρα

× Vqαq,b,k,σ,b′,k′,σ ′ (b j,q + b†
j,−q)c†

b,k,σ
cb′,k′,σ ′

=
∑
q, j

∑
b,k,σ

∑
b′,k′,σ ′

1√
N

Mq, j,b,k,σ,b′,k′,σ ′

× (b j,q + b†
j,−q)c†

b,k,σ
cb′,k′,σ ′ , (B7)

where we defined

αq,b,k,σ,b′,k′,σ ′ = 1



∫
dr�∗

b,k,σ (r)eiq·r�b′,k′,σ ′ (r), (B8)

and  = V/N . Let us evaluate the overlap integral above in
terms of the Wannier functions within some approximations.
First, consider the potential is independent of the spin, so
σ = σ ′ and then α is independent of the spin. In terms of the
Wannier functions,

�b,k(r) = 1√
N

∑
R

eik·Rφb(r − R), (B9)

we can evaluate α:

αq,b,k,b′,k′ =
∫

dr�∗
b,k (r)eiq·r�b′,k′ (r)

= 1

N

∑
RR′

e−ik·Reik′ ·R′
∫

dr

× eiq·rφ∗
b (r − R)φb′ (r − R′). (B10)

Within the tight-binding approximation, terms R �= R′ are
vanishing:

αq,b,k,b′,k′= 1

N

∑
R

ei(k′−k)·R
∫

dreiq·rφ∗
b (r − R)φb′ (r − R).

(B11)

In the single band approximation, we fix b = b′ = 0:

αq,k,k′ = 1

N

∑
R

ei(k′−k)·R
∫

dreiq·r|φ0(r − R)|2

= 1

N

∑
R

ei(k′−k)·Reiq·R
∫

dreiq·r|φ0(r)|2, (B12)

but 1
N

∑
R ei(q+k′−k)·R = δq+k′,k and we define ρ0 =∫

dreiq·r|φ0(r)|2. The atom-phonon Hamiltonian takes
the simple form

Ha-ph =
∑

q,k, j,σ

1√
N

Mj,q(b j,q + b†
j,−q)c†

k+q,σ ck,σ , (B13)

where the interaction strength is given by

Mj,q =
∑

α

√
h̄

2Mαω j (q)
q · ξ( j)

α (q)e−iq·ραVqρ0(q). (B14)

Here we set  = 1 and get rid of the i by a rotation (global
phase transformation).

In a zig-zag chain where q = qẑ, the dot product in Mjq
restricts the couplings and as a result transverse states without
a z component do not interact with the atoms:

Ha-ph =
∑

q,k, j,σ

1√
N

Mj,q(b j,q + b†
j,−q )c†

k+q,σ
ck,σ , (B15)

with

Mjq =
∑

α

√
h̄g2

cp

2Mαω j (q)
qξ ( j)

α,z (q)e−iqρz
αρ0(q), (B16)

where a Fermi pseudopotential with magnitude gcp was taken
into account for Vq. Here we used the Ortner et al. approx-
imation for the lattice Wannier functions [11], which for
composite lattices may need to be modified [31–33] but does
not qualitatively impact our results. Thus,

ρ0(q) =
∫

dreiqz|φ0(r)|2 ≈ 8π2 sin(qd/2)

4π2qd − q3d3
. (B17)

Therefore, we aim to study the interactions described by the
following equation:√

2M

h̄g2
cp

Mjq = qρ0(q)√
ω j (q)

∑
α

∣∣ξ ( j)
α,z (q)

∣∣e−iqρz
α , (B18)

where Mα = M. The interaction strength inversely depends
on the eigenvalues ω j and directly depends on the z com-
ponent of the eigenvectors ξ

( j)
α,z , while ρ0 and e−iqρz

α will just
shape the interaction pattern. In other words, to understand
the interaction behavior, one needs both ω j and ξ

( j)
α,z . If we

change ξ
( j)
α,z → −ξ

( j)
α,z (for all j), the orthonormality condition

still holds. That is why there is a modulus in Eq. (B18).
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