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In recent times, device-independent certification of quantum states has been one of the intensively studied
areas in quantum information. However, all such schemes utilize projective measurements which are practically
difficult to generate. In this paper, we consider the one-sided device-independent scenario and propose a self-
testing scheme for the two-qubit maximally entangled state using nonprojective measurements, in particular,

three three-outcome extremal positive operator-valued measures. We also analyze the robustness of our scheme

against white noise.
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I. INTRODUCTION

The existence of nonlocal correlations, as was first realized
by Einstein, Podolski, and Rosen in 1935 [1] as a paradox
and then subsequently by Schrodinger in the same year [2], is
one of the most intriguing features of quantum theory. Con-
sequently, Bell [3,4] proposed a mathematical formulation to
detect whether or not quantum theory is inherently nonlocal,
and thus it is commonly referred to as Bell nonlocality. Apart
from its relevance in the foundations of physics, Bell nonlo-
cality has given rise to an enormous number of applications in
computation, communication, and information theory [5].

A recent application of nonlocality is a device-independent
(DI) certification where, assuming quantum theory and some
other physically well-motivated assumptions, the statistics
obtained from a black box are enough to validate the under-
lying mechanism inside it. The strongest DI certification is
referred to as self-testing. First introduced in Ref. [6], self-
testing allows one to certify the underlying quantum states
and the measurements, up to some freedom based on the
maximal violation of a Bell inequality [7]. In recent times,
there has been increased interest to find protocols to self-test
various quantum systems due to their applicability in various
quantum information tasks. Despite the progress in designing
schemes to self-test various quantum states using projective
measurements, for instance, Refs. [8-18], a scheme that uti-
lizes nonprojective measurements is lacking.

The precision to experimentally generate sets of projective
measurements, which are a prerequisite to observe any form
of nonlocality, reduces as the dimension of the system grows
(see, for instance, Ref. [19]). Thus, a natural question arises
whether noisy measurements or nonprojective measurements
can also be used to self-test quantum states. Further on, to
self-test any state or measurement, one needs to observe the
maximal violation of an inequality which touches the set of
quantum correlations, or simply the quantum set, at a partic-
ular point. It is also an open question in quantum foundations
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whether a point on the boundary of the quantum set in some
scenarios can be saturated by only nonprojective measure-
ments.

Self-testing quantum states using nonprojective measure-
ments is not possible in the standard Bell scenario, the reason
being that the maximal violation of Bell inequalities can al-
ways be achieved by projective measurements. Consequently,
we consider another form of nonlocality, known as quantum
steering [20-22]. To witness quantum steering, one needs to
consider the Bell scenario with an additional assumption that
one of the parties is trusted. In the DI regime, this is referred
to as the one-sided device-independent (1SDI) scenario. The
certification of quantum states and measurements in the 1SDI
scenario has gained recent interest [23—-29] as they are more
robust to noise and require detectors with lower efficiencies
when compared to fully DI scenarios [30,31].

In this paper, we provide a scheme to certify the two-qubit
maximally entangled state

p™) = L(IOO) +[11)) (D
V2

using three three-outcome nonprojective extremal measure-
ments in the 1SDI scenario. For this purpose, we first
construct a steering inequality with two parties such that each
of them chooses three inputs and gets three outputs. We then
use the maximal violation of this steering inequality to obtain
the self-testing result. We finally show that our scheme is
highly robust when the states and measurements are mixed
with white noise.

II. PRELIMINARIES

Before proceeding to the results, let us first describe the
scenario and notions used throughout this work.

A. Extremal positive operator-valued measure (POVM)

Any measurement in quantum theory, usually referred to
as a POVM, is represented as M = {M“}, where M“ are the
measurement elements corresponding to the ath outcome of
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M. These elements are positive semi-definite operators and
> .M¢=1. Now, a POVM that cannot be expressed as a
convex combination of other POVMs is defined as an extremal
POVM. As shown in Ref. [32], the elements M? of any rank-
one extremal POVM can be expressed as M“ = A, |v,) (Val,
where A, > 0 and the elements are linearly independent.

B. Quantum steering scenario

In this paper, we consider a simple scenario to wit-
ness quantum steering, consisting of two spatially separated
parties, namely, Alice and Bob. They locally perform mea-
surements on their respective subsystems which they receive
from a preparation device. Bob can choose among three
measurements denoted by By such that y =0, 1, 2, each of
which results in three outcomes labeled by b = 0, 1, 2. The
measurement performed by Bob might affect the received
subsystem with Alice which is denoted as a,f € Ha, where
alf are positive semidefinite operators. The collection of these
operators 0 = {0}, suchthatb =0, 1,2, y =0, 1, 2} is called
an assemblage.

In quantum theory the operators aby are expressed for any
v, b as

oy = Trp[(1a ® N) pas]. 2

where pap € Ha ® Hp is the state shared between Alice and
Bob and B, = {va} denote Bob’s measurements. Alice is
trusted here, which means that her measurements are known
or she can perform tomography on her subsystem. If the
shared state is not steerable, then the assemblage has a local
hidden state (LHS) model [20] defined as

o) = ppi(bly)es, 3)
A

where ), p(A) = 1, p,(bly) are the probability distributions
over A, and p, are density matrices over H,. As Alice can
perform topographically complete measurements on o, in
general, quantum steering is witnessed by the so-called “steer-
ing functional,” a map from the assemblage {ayb} to a real
number [33].

Instead of checking the steerability of the assemblage,
quantum steering can be equivalently witnessed similar to a
Bell scenario where trusted Alice and untrusted Bob performs
the measurements A, = {M{} and B, = {Nf,’}, respectively,
and obtain the joint probability distribution p = {p(a, b|x, y)},
wherea, b, x,y = 0, 1, 2. Here, a, x denotes the output and in-
put of Alice, respectively. The probabilities can be computed
in quantum theory as

pla, blx,y) = Tr[(M{ @ N}) pag| = Tr(M{o}).  (4)

To witness quantum steering, a steering inequality 3 can now
be constructed from p as

B(P) =) Capypla, blx,y) < Br, ©)

a,b,x,y

where ¢, )y, are real coefficients and B; denotes the
maximum value attainable using assemblages admitting an
LHS model (3). The probabilities one obtains from such

0,1,2

012

Trusted

FIG. 1. Quantum steering scenario. Alice and Bob are spatially
separated and each of them receive a subsystem on which they
perform three three-outcome measurements. They are not allowed
to communicate during the experiment. Once it is complete, they
construct the joint probability distribution {p(a, b|x, y)}.

assemblages are expressed using (3) as

pla, blx,y) =Y p()plalx, p)plalx, 1). ©6)
r

The above representation (6) will be particularly useful to find
the LHS bound of the steering inequality proposed in this
work. In the DI framework, the above-presented scenario is
also referred to as the 1SDI scenario (see Fig. 1).

C. Self-testing

Inspired by [28], we now define self-testing in the 1SDI
scenario.

Definition 1. Consider the above 1SDI scenario with the
preparation device creating a state |y)4p. Alice and Bob
perform measurements on this state and observe the joint
probability distribution {p(a, b|x, y)}. Alice is trusted and her
measurements A, are fixed and Bob’s measurements repre-
sented as B, = {Nyl,7 } are arbitrary. Let us now consider that
the distribution {p(a, b|x, y)} is generated by an ideal experi-
ment with a state |1/)45 and Bob’s measurements B, = {N)}.
Then, the state [) 45 and measurements By, are certified from
{p(a, b|x, y)} if there exists a unitary Ug : Hp — Hp such that

(1 @ Up)|¥)ap = V), - )
and
b T _ xyb
Up TIpN; T3 Uy = N, ®)

where Ilp is the projection onto the support of the local

support pp = Tra(|¥) (¥ [ap)-
Let us now proceed towards the results of this work.

III. RESULTS
We begin by constructing a steering inequality stated using
the joint probability distribution p as
2

W= > plab#alxy=x)< B )

a,b,x=0
Using the fact that Za’b p(a, blx,y) =1 for all x,y, we can
simplify the above steering inequality as

2
W=3-3 pla.alx) < pr. (10)

a,x=0

Alice is trusted and performs the measurements A, =
{M{},=0,1,2, where x = 0, 1, 2 and the measurement elements
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are given as My =
are given by

%|eqx) (€qx|. Here, the vectors |e,,,) € C?

leonh =10}, lens) = 310} + %1),

ena) = 510) - gm, levo) = 1),

ler1) = %§|o> F300, i) = ‘?m) -5,

le20) = %um Fil),  lear) = 7(|o L),
le22) = %(m T+ ). an

Notice that Alice’s measurement is extremal.

Let us now compute the LHS bound S, of the steering
inequality (9). Using (6), we rewrite the steering functional
W from Eq. (10) as

2
W=3-73" > pOplalx. pplalx.h).  (12)

ax=0 A

We focus on the last term in Eq. (12) for each x and notice that
they can be bounded from below in the following way,

2
>3 poptalx. pu)plalx, 1)

a=0 A

> ) p(ymin{p(alx. p;)). (13)
A

where x = 0, 1, 2 and we used the fact that ), p(alx, ) = 1
for any x and A. Now, minimizing over p;, we obtain

> pGymin{plalx, p)} > 7 Gy minmin{plalx, ;)
A A

(14)

Using the fact >, p(1) = 1, we get that the LHS bound is
upper bounded by

2
Br<3-— nglei%z min{p(alx, [{))}. 5)
=0

Notice that since the steering functional W is linear, the min-
imization can be carried out over pure states. Numerically
evaluating the above quantity by putting in Alice’s measure-
ments (11), we find that

Br < 2.673. (16)

For this purpose, we choose a state |y) € C? parametrized
using the Bloch representation as

0 i . 0
) = cos 710) + ¢ sin 510 (a7

where 0 < 0 < /2 and 0 < ¢ < 7. Now, the probabilities
plalx, |¥)) when Alice performs the measurement M¢ are
given by p(alx, |¥)) = |(ea.|¥)|> which are a function of
0, ¢. Then, a simple optimization over the parameters 6, ¢
gives us the local bound (16).

Let us now evaluate the quantum bound By, the maximal
value achievable using quantum states and measurements, of
the steering functional W (9). The quantum bound is in fact
the same as the algebraic bound of W (9), that is, 3 and for
instance can be achieved by )4 = |¢ )4z and Bob’s mea-
surements By = {N{},=0,1,2, such that x = 0, 1, 2. Here, the
measurement elements N = £ | Jax){fax| such that |f, ) =

|ej;§) e C?, that is, (€ | fax) = 0 where |e, ) are specified
in Eq. (11) and * denotes their conjugate.

It is important to note here that to achieve the maximal
violation of the steering inequality (9), all the probabilities

p(a, alx, x) in (10) have to be 0, that is,

pla,alx,x) =0, a,x=0,1,2, (18)

along with the condition that ), p(a, b|x, y) = 1for all x, y.
This simple relation (18) is in fact sufficient to self-test the
unknown state and measurements that result in the maximal
violation of the steering inequality (9). Let us now proceed to
the main result of this work.

Theorem 1. Consider that the steering inequality (10) is
maximally violated by a state |Y)ap € C? ® Hp and three-
outcome measurements By, = {N}’,’} (y =0, 1, 2) acting on H.
Alice is trusted and her measurements A, are given in (11).
Then, there exists a local unitary transformation on Bob’s side,
Up such that

(14 @ Up)|¥) a5 = 97 )5, (19)

and

Us TN, T3 U = 3lej3) (epsl, (20)

where |e, ;) are given in (11) and ITp is the projector onto the
support of pp = Tra(|1¥){V¥|aB).

Proof. We begin by considering a state p4p that maximally
violates the steering inequality (9). However, Bob’s dimension
is unrestricted and thus we can always purify this state by
adding an auxiliary system to Bob. Thus without loss of gen-
erality, we consider that the state that results in the maximal
violation is given by [) 5.

Now, as the dimension of Alice’s Hilbert space is 2, as sug-
gested in Ref. [28] let us consider the Schmidt decomposition
of the state |Y)4p as

Wap = Y Xilsidalti)s, @1)

i=0,1

where the coefficients A; > 0 and satisfy the condition
3", A7 = 1. The local vectors |s;) € C? and |t;) € Hp are or-
thonormal. Notice that the coefficients A; 7% 0 as any violation
of the steering inequality (9) imposes that the state |{)4p is
entangled.

Let us now observe that there exists a unitary Up such that

Uglt;) = |s}) for every i. Thus, the state (21) can be expressed
as
(14 @ Up)lY)ap = (s ® PB)— D lsalsh, @2)
1 0,1
where
Py =~/2)" Ails))(s;]. (23)

i=0,1
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Notice that Pg is full rank as A; # 0 in the state (21). The state
on the right-hand side of Eq. (22) is the two-qubit maximally
entangled state. Thus,

(Ta @ Up)|¥)ap = [¥)ap = (14 @ Pp)lp ™ )ap. (24)

Let us now consider that Bob’s measurements are POVMs
given by B, = {N)’,’} such that b,y =0, 1,2. We can char-
acterize these measurements only on the support of Bob’s
reduced state pg. Thus, we project these measurements onto
the support of pg to get

MeN!TI; = N, (25)

where Ilg = |t)(to| + |71) (1] such that |f;) are specified in

Eq. (21). Now, as shown in Ref. [34], a product of two

positive semidefinite matrices is also positive semidefinite.
—=b . . . .

Thus, N, is also positive semidefinite as I"IB,Nf are both

Hermitian and positive semidefinite matrices. The condition

> P(a blx, y) = 3, p(bly) = 1 imposes that Y, Ny = 15
for all y. Applying the unitary Ug, we arrive at

UsN.U; = N? Vb, y. (26)

Notice from the above formula (26) that 1\7;’ acts on
the Hilbert space C?. Now, evaluating the joint probability
p(a, alx, x) using the state (24) and the measurements (26),
we obtain

(@114 ® Pp)[M; © N{ (14 ® Pp)l¢p™),

27
where M{ denote Alice’s measurement elements and are given
in Eq. (11). Now using the condition (18), we arrive at

pla, alx, x) = (p*|M{ ® PgN{Py|$p™) = 0. (28)

Using the fact that R ® Q|¢*) =1 ® ORT|¢*), where RT
denotes the transpose of R in the standard basis, we get from
Eq. (28) that

pla,alx, x) =

Tr[PsNEPsM{" ]| = 0. (29)

Now, notice ffom (23) that Pz and Nx“ are positive semidefi-
nite. Thus PgN{ Pg is also positive s~emideﬁnite [34]. Now, we
take the eigendecomposition of PgN{ Pp as

PBN;PB = Z ai,a,x|ki,a,x) (ki,a,x|a (30)
i=0,1

such that o; 4
Eq. (29) that

> 0. Expanding M} using (11), we obtain from

> iasl€] ki) =0 31

i=0,1

where we used the fact that for any projector II7 = IT*. As
Nf acts on C2 along with the fact that |e, ) € C? for any a, X,
we expand |k; ) in the basis {le} ), |ejj)} to obtain from
(31) that

PpN{Pg = Baleis) (el (32)

where B, > 0. Then, using the fact that ), N9 = 1 for any
X, we get

Py =) Basles)essl Va. (33)

Thus, B, must satisfy the following condition,
Y BaslefiN el = Zﬂ“ ek (el (34)

for any x, x’ = 0, 1, 2. Solving the above conditions by putting
in the explicit form of |e, ) (11), we get that B8, , = By for
any a, x, d', x'. Thus, from Eq. (33) we arrive at

3
Pl = Poo 1, (35)
2
where we used the fact that ), |e*J-)( *J-| = —]l for any x.
This implies from (24) that
- 3
V) a5 = ﬁ " 16" an (36)

Normalizing the above state, we get that By ¢ = 2/3. Thus,
we have that the state up to some local unitary Up is the two-
qubit maximally entangled state while the measurements from
Eq. (32) are

ol (37)

ax

N¢ = 2leit) e

This completes the proof. |

Robustness against white noise

From an experimental perspective, it is important to find
the robustness of our certification scheme against noise that
might be present in the sources or the detectors. However, to
perform an experiment it is not always necessary to find the
full robustness, which captures the fidelity between the real
and ideal state with respect to the violation of the steering
inequality.

Here, inspired by practical experiments, we find the robust-
ness of our scheme with respect to a specific noise model,
that is, when the ideal states and measurements, that result
in the maximal violation of the steering inequality (9), are
mixed with white noise. For this purpose, let us consider ideal
Bob’s POVMs B, = {§|e:§j)(ezj|}a:0$1,2 where x =0, 1, 2,
and |e,,) given in Eq. (11). We add white noise to every
measurement element and define the new measurement as
Ex = {Nf}u:O,l,Z such that

N® = %((1 —eq e e + %1) (38)
Similarly, adding white noise to the maximally entangled
state, we obtain that the noisy state shared between Alice and
Bob is

pan = (1= 26)167) (¢ lan + S 1. (39)
It is worth noting here that the term 1 — ¢; for any index i is
usually referred to as the visibility parameter. Notice that the
measurement elements and state being positive semidefinite
imposes that noise parameters &, , > 0 for any a, x along with
&y 2 0. Let us denote £ = max{max, {&,}, &}. Without loss
of generality, we can replace all the noise parameters &, , &
in Egs. (38) and (39) with .
Let us now evaluate the steering functional (10), with Alice
being trusted and her measurements are given in (11), using
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the noisy state (39) and noisy Bob’s measurements (38). For
this purpose, let us first compute p(0, 0|0, 0) as

p(0,0[0,0) = 2Tr(leg.0) eool ® NOpas).  (40)

Substituting |eg o) from (11), N(? from (38) and p4p from (39),
we obtain that

p(0,010,0) = 3(3 —2¢). A1)

Proceeding in a similar manner, we obtain for any a,x =
0, 1, 2 that

pla, alx, x) = 5(3 —26). (42)

Thus, the value of the steering functional (10) when the ideal
states and measurements are mixed with white noise is given
by

W =3+2¢>—3e>3(1 —¢). (43)

Therefore, the proposed self-testing scheme is highly robust
against white noise as the value of the steering functional
changes linearly with respect to the noise parameter ¢.

Let us also analyze the robustness of our protocol when the
state shared between Alice and Bob has a noise model of the
form

pas = (1 = 2|9 (1|45 + %1» (44)
where
1
|¢+’8) = ———[|00) + (1 — §)|11)]. (45)
V201 4+ (1 -6)2]

Evaluating the steering functional W (10) using the above
state (44) and noisy Bob’s measurements (38), we get that

W =3—f(,¢) (46)
such that
[, €)
3/28(3 — 26)e + 3e(—3 4 26) + 8% (—=2 + £)(1 + 2¢)
- —3+3(+/2-6)8 '
47)

Thus, even when the state consists of noise along with
an imbalance in the coefficient of the maximally entan-
gled state, our scheme is highly robust as f(§, €) «~ O(3, €)
when ¢, |§] < 1.

IV. CONCLUSIONS

There are a few certification schemes in the prepare-and-
measure scenarios, for instance [35,36], that utilize nonpro-
jective measurements. However, none of these schemes can
certify entangled states. In this paper, utilizing the quantum
steering scenario, we propose a scheme for the certification
of the two-qubit maximally entangled state using nonpro-
jective measurements. Along with it, we also certified three
three-outcome extremal POVMs on the untrusted Bob’s side.
We then show that our scheme is highly robust against the
presence of white noise in the experimental devices. It is worth
noting here that the certification of states using nonprojective
measurements cannot be implemented in the standard Bell
scenario. Thus, we identify a task that can be done using
quantum steering but not using Bell nonlocality. This work
also suggests that quantum steering might be useful towards
designing highly noise-tolerant self-testing schemes, that is,
quantum states might be certifiable using noisy projective
measurements in the quantum steering scenario.

Some follow-up questions arise from our work. First, it will
be interesting to find 1SDI certification of any pure two-qubit
entangled state using only nonprojective measurements. A
challenging problem in this regard would be to find a 1SDI
scheme that can certify states of arbitrary dimension using
only POVMs. In this work, we utilized extremal measure-
ments, however, it will be interesting if one can find similar
certification schemes using nonextremal measurements.

ACKNOWLEDGMENTS

We would like to thank Remigiusz Augusiak for his valu-
able comments. This work is supported by Foundation for
349 Polish Science through the First Team project (No. First
350 TEAM/2017-4/31) and the QuantERA II Programme
(VERIQTAS project) that has received funding from the
European Union’s Horizon 2020 research and innovation pro-
gramme under Grant Agreement No. 101017733.

[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777
(1935).

[2] E. Schrodinger, Math. Proc. Cambridge Philos. Soc. 31, 555
(1935).

[3] J. S. Bell, Phys. Phys. Fiz. 1, 195 (1964).

[4] J. S. Bell, Rev. Mod. Phys. 38, 447 (1966).

[5] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.
Wehner, Rev. Mod. Phys. 86, 419 (2014).

[6] D. Mayers and A. Yao, Quantum Inf. Comput. 4, 273 (2004).

[7] L. gupic’ and J. Bowles, Quantum 4, 337 (2020).

[8] M. McKague, T. H. Yang, and V. Scarani, J. Phys. A: Math.
Theor. 45, 455304 (2012).

[9] C. Bamps and S. Pironio, Phys. Rev. A 91, 052111 (2015).

[10] Y. Wang, X. Wu, and V. Scarani, New J. Phys. 18, 025021
(2016).

[11] L Supié, R. Augusiak, A. Salavrakos, and A. Acin, New J. Phys.
18, 035013 (2016).

[12] A. Coladangelo, K. T. Goh, and V. Scarani, Nat. Commun. 8,
15485 (2017).

[13] S. Sarkar, D. Saha, J. Kaniewski, and R. Augusiak, npj
Quantum Inf. 7, 151 (2021).

[14] L. Mancinska, J. Prakash, and C.
arXiv:2103.01729.

[15] J. Kaniewski, 1. §upié, J. Tura, F. Baccari, A. Salavrakos, and
R. Augusiak, Quantum 3, 198 (2019).

[16] S. Sarkar and R. Augusiak, Phys. Rev. A 105, 032416 (2022).

Schafhauser,

032408-5


https://doi.org/10.1103/PhysRev.47.777
https://doi.org/10.1017/S0305004100013554
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/RevModPhys.38.447
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.26421/QIC4.4
https://doi.org/10.22331/q-2020-09-30-337
https://doi.org/10.1088/1751-8113/45/45/455304
https://doi.org/10.1103/PhysRevA.91.052111
https://doi.org/10.1088/1367-2630/18/2/025021
https://doi.org/10.1088/1367-2630/18/3/035013
https://doi.org/10.1038/ncomms15485
https://doi.org/10.1038/s41534-021-00490-3
http://arxiv.org/abs/arXiv:2103.01729
https://doi.org/10.22331/q-2019-10-24-198
https://doi.org/10.1103/PhysRevA.105.032416

SHUBHAYAN SARKAR

PHYSICAL REVIEW A 107, 032408 (2023)

[17] J. J. Borkata, C. Jebarathinam, S. Sarkar, and R. Augusiak,
Entropy 24, 350 (2022).

[18] L. gupié, J. Bowles, M.-O. Renou, A. Acin, and M. J. Hoban,
Nat Phys. (2023), doi: 10.1038/s41567-023-01945-4.

[19] V. D’ Ambrosio, F. Cardano, E. Karimi, E. Nagali, E. Santamato,
L. Marrucci, and F. Sciarrino, Sci. Rep. 3, 2726 (2013).

[20] H. M. Wiseman, S. J. Jones, and A. C. Doherty, Phys. Rev. Lett.
98, 140402 (2007).

[21] E. G. Cavalcanti, S. J. Jones, H. M. Wiseman, and M. D. Reid,
Phys. Rev. A 80, 032112 (2009).

[22] M. T. Quintino, T. Vértesi, D. Cavalcanti, R. Augusiak, M.
Demianowicz, A. Acin, and N. Brunner, Phys. Rev. A 92,
032107 (2015).

23] I Supi¢ and M. J. Hoban, New J. Phys. 18, 075006
(2016).

[24] A. Gheorghiu, P. Wallden, and E. Kashefi, New J. Phys. 19,
023043 (2017).

[25] S. Goswami, B. Bhattacharya, D. Das, S. Sasmal, C.
Jebaratnam, and A. S. Majumdar, Phys. Rev. A 98, 022311
(2018).

[26] H. Shrotriya, K. Bharti, and L.-C. Kwek, Phys. Rev. Res. 3,
033093 (2021).

[27] S.-L. Chen, C. Budroni, Y.-C. Liang, and Y.-N. Chen, Phys.
Rev. Lett. 116, 240401 (2016).

[28] S. Sarkar, D. Saha, and R. Augusiak, Phys. Rev. A 106,
L040402 (2022).

[29] S. Sarkar, J. J. Borkata, C. Jebarathinam, O. Makuta, D. Saha,
and R. Augusiak, arXiv:2110.15176 [Phys. Rev. Appl. (to be
published)].

[30] C. Branciard, E. G. Cavalcanti, S. P. Walborn, V. Scarani, and
H. M. Wiseman, Phys. Rev. A 85, 010301(R) (2012).

[31] E. Kaur, M. M. Wilde, and A. Winter, New J. Phys. 22, 023039
(2020).

[32] G. M. D’ Ariano, P. L. Presti, and P. Perinotti, J. Phys. A: Math.
Gen. 38, 5979 (2005).

[33] A “steering functional” is defined by a set of Hermitian ma-
trices F; that maps the assemblage to a real number by a
functional of the form }_,  Tr(F/o?).

[34] A. Meenakshi and C. Rajian, Linear Algebra Appl. 295, 3
(1999).

[35] A. Tavakoli, M. Smania, T. Vértesi, N. Brunner, and M.
Bourennane, Sci. Adv. 6, eaaw6664 (2020).

[36] P. Mironowicz and M. Pawtowski, Phys. Rev. A 100, 030301(R)
(2019).

032408-6


https://doi.org/10.3390/e24030350
https://doi.org/10.1038/s41567-023-01945-4
https://doi.org/10.1038/s41567-023-01945-4
https://doi.org/10.1038/srep02726
https://doi.org/10.1103/PhysRevLett.98.140402
https://doi.org/10.1103/PhysRevA.80.032112
https://doi.org/10.1103/PhysRevA.92.032107
https://doi.org/10.1088/1367-2630/18/7/075006
https://doi.org/10.1088/1367-2630/aa5cff
https://doi.org/10.1103/PhysRevA.98.022311
https://doi.org/10.1103/PhysRevResearch.3.033093
https://doi.org/10.1103/PhysRevLett.116.240401
https://doi.org/10.1103/PhysRevA.106.L040402
http://arxiv.org/abs/arXiv:2110.15176
https://doi.org/10.1103/PhysRevA.85.010301
https://doi.org/10.1088/1367-2630/ab6eaa
https://doi.org/10.1088/0305-4470/38/26/010
https://doi.org/10.1016/S0024-3795(99)00014-2
https://doi.org/10.1126/sciadv.aaw6664
https://doi.org/10.1103/PhysRevA.100.030301

