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Forbidden trajectories for path integrals
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The problem of the availability of trajectories for the Feynman path integral is considered. Forbidden
trajectories for single-particle integrals are featured in the case of quantum tunneling across barriers. In the
case of multiparticle systems of indistinguishable identical particles, some limits for the availability of cyclotron
braid trajectories are demonstrated, which leads to the explanation of statistics and correlation in quantum Hall
systems of interacting 2D electrons. The homotopy-type restrictions for trajectories close to general-relativity
singularities are discussed with indication of quantum properties of black holes manifesting themselves at quasar
luminosity or at neutron star merger collapses. The related supplementation to conventional models of accretion
disk luminosity in the close vicinity of the event horizon of a supermassive black hole is proposed and compared
with observations.
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I. INTRODUCTION

The Feynman path integral, originally defined for a single
particle [1], gives the evolution operator matrix element in the

position representation 〈z1|ei
∫ t2

t1
dtĤ (t )/h̄|z2〉, expressed by the

functional integral [2], I (z1, t1; z2, t2) = ∫
dλeiS[λ(z1,t1;z2,t2 )]/h̄,

where S[λ] = ∫ t2
t1
L[λ(z1, t1; z2, t2)] dt is the classical action

for the trajectory λ(z1, t1; z2, t2) with the initial point in the
configuration space z1 at time instant t1 and the final point
z2 at t2. The action is the time integral of the Lagrangian
L for a selected trajectory and is the functional of trajec-
tories with fixed initial and final conditions. This functional
is minimal (extremal) for the real classical trajectory defined
by the Euler-Lagrange equation for the extreme of the action
functional, leading to the classical Hamilton equations with
the Hamilton function H corresponding to the Hamiltonian Ĥ .
The functional integral I (z1, t1; z2, t2) is taken over all possible
classical trajectories linking points z1 and z2 including equally
the extremal and all nonextremal ones, and the squared mod-
ulus of I gives the probability of quantum transition of the
particle between points (z1, t1) and (z2, t2). The functional in-
tegral I is conventionally called a propagator. The equivalence
of quantization by Feynman path integration and of canonical
quantization in Hilbert space has been evidenced [1,2] and the
functional integration quantization occurs very useful and is
widely applied in the field theory and in condensed matter [3].

The path integral quantization is explicitly nonlocal in
distinction to the Schrödinger equation. The latter is a differ-
ential equation for the wave function at a certain potential,
but some global topological constraints must be addition-
ally imposed beyond the Hamiltonian form, which does not
display nonolocal topological conditions. For example, for
bosonic or fermionic particles the Hamiltonian is the same,
and the constraint imposed on the symmetry or antisymmetry
of the wave function in position representation is an external
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condition. The same holds for choosing commutation or anti-
commutation algebra of field operators in second quantization
representation. Path integral quantization is, however, more
general and allows for explicit inclusion of nonlocal factors,
which have roots in topological properties of classical trajec-
tories of particles. The algebraic topology [4,5] can describe
properties of classical trajectories in a system, and some re-
lated global properties cause quantum effects readable via the
path integral, supporting in this way related external condi-
tions needed to be imposed on the equivalent Schrödinger
equation.

In the present paper we will demonstrate several exam-
ples of topological effects in quantum systems, which are
evident in path integral quantization but are not explicit in the
Schrödinger equation without additional restrictions. First, we
will address an elementary example related to single-particle
quantum tunneling.

Next, we will present more complex topological effects
related to multiparticle systems of indistinguishable particles,
their quantum statistics, and quantum correlations conditioned
by particle interaction and governed by the global homotopy
properties of corresponding configuration spaces and restric-
tions imposed onto classical trajectories. The experimental
illustration of topological behavior possible to be explicitly
studied via path integral quantization will be referred to quan-
tum Hall physics in 2D spaces and to specific behavior of
multiparticle systems near gravitational singularity of a black
hole, which may have significant high-energy consequences.

In the following section the examples of constraints im-
posed on trajectories in path integrals are presented. The
supporting detailed calculations and additional comments are
shifted to Appendixes.

II. WHICH TRAJECTORIES ENTER A PATH INTEGRAL?

In the path integral for a single particle [1],

I (z1, t1; z2, t2) =
∫

dλei
∫ t2

t1
L[λ(z1,t1;z2,t2 )]/h̄

, (1)
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the summation over trajectories (integration with the measure
dλ in the space of trajectories) concerns all accessible classi-
cal trajectories linking the initial point z1 in the configuration
space of this particle at time t1 and the final point z2 at time in-
stant t2. Lagrangian L = T − V , where T is the kinetic energy
and V is the potential, integrated over time gives the action
S[λ], a functional over the domain of trajectories. This func-
tional is minimal (extremal) for classical trajectory defined by
the Euler-Lagrange equation, d

dt ( ∂L
∂ ż ) − ∂L

∂z = 0, according to
the least action principle. The family of trajectories contribut-
ing to the Feynman path integral includes also arbitrary not
extremal paths, but those which are classically accessible for
the potential V (z) and for the topology of the configuration
space. The contribution to the propagator I of all trajecto-
ries with the weight eiS[λ]/h̄ reproduces the quantum behavior
of the particle, the same as that in the Schrödinger formu-
lation with the Hamiltonian Ĥ = − h̄2∇2

2m + V (z) (depending
on configuration space, z can be appropriate dimensionality
vector defining position of the particle) [1]. The quantum
Feynman path integral is analogous to the Wiener classical
path integral [6] applied to the Brownian motion [2]. In dis-
tinction to the well-defined Wiener measure for summation
of probabilities [2,6], the summation of complex probabil-
ity amplitudes in a quantum Feynman integral [1] precludes
a proper measure definition [2], and the approach is more
heuristic. Commonly accepted is the discretization method
for explicit summation over trajectories [1,2]. This method
clearly shows which trajectories contribute to the sum, arbi-
trary continuous piecewise paths of segments being minimal
(extremal) for boundary conditions on discrete consecutive
internal points (approximated even by straight line sectors,
without any loss of generality at an infinitesimal time step
of discretization), provided, however, that the real extreme
trajectory exists for each segment. This is an important re-
striction for the discretization procedure, because next the
integration over all internal points is performed in limits of
piecewise trajectory existence. For quadratic Langrangians
these integrals are of Gaussian type, which attain the ana-
lytic form only for infinite limits. However, if the piecewise
trajectory cannot be constructed in some coordination space
region [due to features of the potential V (z) or topological
restrictions imposed] the limits cannot always be infinite. This
problem has been noticed by Pauli [2,7] and also earlier for
Wiener path integrals for Brownian motion with inaccessible
regions [2].

Classical trajectories cannot enter potential barriers of ar-
bitrary height but can be virtually placed in energy region
beyond the potential barrier as nonextremal paths for selected
classical initial and final conditions, which can be also dis-
cretized without any restrictions (note that the discretization
produces continuous but nondifferentiable paths, similarly as
for the Wiener measure). These trajectories lead to quantum
tunneling across the classically inaccessible region expressed
by the Feynman path integral, the same tunneling effect as that
via the solution of the Schrödinger equation. Nevertheless, in
the case of an infinitely high barrier no classical trajectories
beyond the barrier exist and the propagator across the barrier
is zero [8], which is equivalent to the fact that quantum par-
ticles do not tunnel through infinitely high potential barriers
and cannot penetrate such infinite vertical potential walls. This

simple example shows that not all trajectories contribute to
the Feynman path integrals, but only those which are clas-
sically accessible (even piecewise) for a given potential and
topological restrictions. In another example, the 1D oscillator
potential x2 is the parabola also of infinite height, which,
however, does not restrict the possibility of arbitrary piece-
wise trajectory construction (as parabola is infinitely wide),
contrary to a rectangular infinite well or potentials ranged
by vertical asymptotes. Instructive would be also the infinite
potential of a Dirac delta type, which despite its infinity allows
a nonzero transition across it. This is clear due to the fact
that the Dirac delta is not a function but a distribution and
at best can be considered as the limit of the series of finite
height and width ordinary functions with integer 1, which
do not impose restrictions on trajectory existence in a path
integral. The limiting Dirac delta is nonzero only in a single
point (because of limiting value 1 of the integral it is not a
function, however), and this point can be selected as a fixed
one of the discretization points, which does not conflict with
the existence of trajectories on the left and on the right. Using
the property for multiplication for path integral [1, chaps. 2–5]
(with integration over the intermediate time), one gets nonzero
probability transmission from the left to the right. Despite that
the infinite barrier of a finite width also can be considered as
a limit of finite height functions, the nonzero width persists
in the limit, and twice applying the multiplication property
on walls of the barrier we get, however, a multiplicative zero
factor from the inside of the barrier (without any accessi-
ble trajectories there), which causes the whole propagator to
vanish.

The constraint to only accessible trajectories in path in-
tegrals has profound consequences, generally of topological
character, which cannot be easily noticeable in Schrödinger
equation formulation. In the elementary example of vanishing
of the wave function at infinite potential barriers, this property
is evident in path integral quantization, but in the Schrödinger
equation approach it needs a study of limiting behavior of
finite height barriers. The more complicated situations can
occur in collective multiparticle systems of identical particles,
when the restriction to only accessible classical trajectories in
path integrals has experimentally verified consequences; such
topological effects will be discussed in the following section.

III. PATH INTEGRALS FOR MULTIPARTICLE SYSTEMS
OF IDENTICAL INDISTINGUISHABLE PARTICLES

If one considers a N-particle system, then the trajectories
contributing to path integrals are N-strand bunches in the
multiparticle configuration space. Particles can mutually in-
teract, and their dynamics can be restricted additionally by
some external potential or other factors like a magnetic field,
which can influence availability of trajectories. Each particle
contributes with its individual trajectory to the whole multi-
strand classical paths. If particles are distinguishable, then the
configuration space of N-particle system is

PN = MN − �, (2)

where M is the space (mathematically, manifold) on which
all N particles are located, MN = M × M × · · · × M is
the N-fold product of the space M to account individual
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trajectories of all particles, and the space M is accessible for
each particle equally. The set � is the diagonal subset of
MN with coordinates of at least two particles coinciding. �

is removed from the coordination space PN to ensure particle
number conservation. In this case classical multiparticle tra-
jectories are the collections of single-particle individual paths
restricted by the single-particle potential or a magnetic field
and interparticle interaction, avoiding crossing of individual
single-particle paths in M in the same moment, as the di-
agonal subset � is removed from the space PN . This does
not cause topological quantum effects beyond those for the
single-particle case.

The situation changes, however, if particles are identi-
cal and indistinguishable. Quantum indistinguishability of
identical particles is not explicitly imprinted in multiparticle

Hamiltonian Ĥ = ∑N
i ( −h̄2∇2

i
2m + V (zi )) + 1

2

∑
i, j,i �= j U (zi, z j ),

and some external constraint must be imposed onto the
Schrödinger equation (regarding the symmetry or antisymme-
try of a multiparticle wave function as for bosons or fermions,
correspondingly). This constraint is of an external character
and relates to the notion of indistinguishability of particles
against their mutual position swapping expressed by changes
of their numeration, which should not cause any physically
observable effect. Thus, the square of the wave function mod-
ule must be assumed not to change at particle exchanges,
which admits either a plus or minus sign of the wave func-
tion at exchanges of particle coordinate pairs, provided that
the double exchange of the particle pair restores the initial
situation. This conventional reasoning and the related intuitive
definition of particle indistinguishability is, however, mislead-
ing for 2D manifolds M and can be applied exclusively to
3D physical space (or for higher dimension manifolds M).
For a 2D manifold a double exchange of identical indistin-
guishable particles is topologically distinct from the neutral
operation. This needs more precise consideration of particle
indistinguishability.

The rigorous inclusion of the indistinguishability of identi-
cal particles must be done in classical topological terms in the
definition of the multiparticle configuration space, which for
N indistinguishable particles attains the form

FN = (MN − �)/SN , (3)

with the quotient structure by SN , the permutation group
of N-elements. This displays the immunity of the configu-
ration space against arbitrary swapping of indistinguishable
particles expressed by a permutation of their numbering. In
other words, points in FN space are unified if they differ
by numbering of particles only (in PN space such points are
different). The space FN does not have an intuitive geometrical
visualization in contrast to PN . It is counterintuitive to any
imagination of the multidimensional configuration space with
various distributions of differently numbered particles repre-
sented, however, as the single point in FN . A multiparticle
trajectory between point distributions which differ in particle
numbering only is thus a closed trajectory loop in FN space (in
PN is open).

Closed trajectory loops in the space FN form disjoint
classes of closed multistrand continuous trajectories starting
from a certain point in FN and finishing in the same point.

Closed multistrand loops in FN joining the same positions of
N particles distinctly numbered are called braids. These braids
are open multistrand trajectories in PN , but are closed loops
in FN . Closed loops in any topological space (arc-connected)
A can be characterized in a topological sense by the first
homotopy group π1(A) of this space [4]. The π1(A) group
collects disjoined classes of inequivalent loops, which can be
deformed one onto another without cutting within the class
but cannot between different classes. The space A is multiply
connected if the π1(A) group is nontrivial. Otherwise, when
this group is trivial, i.e., π1(A) = {ε} (where ε is neutral
element in the group), the space A is simply connected. If the
space A is the multiparticle configuration space of indistin-
guishable particles, FN , then π1(FN ) is called the braid group
(more precisely, full braid group in distinction to pure braid
group π1(PN )). The full braid group is usually nontrivial for
N � 2 (except for some special cases, which will be discussed
later), and its form depends strongly on the dimension of the
manifold M.

For a 3D manifold M (or of higher dimension) the braid
group π1(FN ) = SN [5,9], i.e., the full braid group, is here
always the ordinary finite permutation group with N! ele-
ments. However, for 2D manifolds, the related braid groups
are infinite and more complicated. For M = R2 (2D plane) the
full braid group is the so-called Artin group [9,10], which is
an infinite and multicyclic group, i.e., is generated by a finite
set of generators. These generators can be chosen as σi, for
i = 1, . . . , N − 1 satisfying the following conditions [9];

σiσi+1σi = σi+1σiσi+1, for 1 � i � N − 2,

σiσ j = σ jσi, for 1 � i, j � N − 1, |i − j| � 2. (4)

The generators σi can be selected as elementary exchanges of
positions of the ith particle with the (i + 1)-th one, at arbitrary
but fixed numbering of all particles [5,9]; cf. Fig. 1. In the case
of the 2D manifold M, σ 2

i �= ε contrary to the 3D M, for which
σ 2

i = ε. The latter condition makes the full braid group simple
in three dimensions and equal to the permutation group SN ,
despite that both the permutation and Artin groups are multi-
cyclic generated by σi, elementary exchanges of neighbors (at
arbitrary though fixed numbering of particles), but with dif-
ferent conditions imposed onto these generators in both cases.
Full braid groups allow us a precise definition of exchanges of
identical indistinguishable particles on arbitrary manifolds. A
particle swapping can be visualized in the space PN as shown
in an example in Fig. 2 and assuming that start and final points
(before and after particle swapping) are the same point in FN ;
then such a picture illustrates graphically a braid from FN .
Note that the true braids in PN must also be closed loops in PN ,
as in any π1 group, and thus must link the same distributions
of particles with the same particle numbering. The braids in
FN are not braids in PN except for braids in FN linking the
initial and final points also with identical numbering, thus
π1(PN ) is a subgroup of π1(FN ) [5,9]) (Fig. 2).

Braids—elements from the full braid group—have a
fundamental significance for the definition of multiparticle
trajectories contributing to path integrals for identical indistin-
guishable particle systems. Open trajectories linking various
points in FN space can be attached at arbitrary point on
their way by some closed loop—the braid, which means that
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FIG. 1. Braid generators σi, i = 1, . . . , N − 1 define exchanges
of the ith particle with the (i + 1)-th one, while other particles are
at rest (at arbitrary but fixed particle numbering). Graphical presen-
tation of σi (a) and σ−1

i (b) is depicted. Braids must be closed loops
in the space FN , thus in the illustration the initial and final particle
orderings are considered as unified. The braid σ 2

i (c), though does
not change the particle ordering, is not a neutral element in the group
ε, unless the manifold M has the dimension >2.

particles can change their numbering on the way; cf. Fig. 3.
The attachment of an arbitrary finite number of braids to
various points of the trajectory in FN is equivalent to the
attachment of a single braid, the group product of all added
braids. As braids are nonhomotopic, i.e., they cannot be con-
tinuously deformed one onto another without cutting, thus
the whole space of multiparticle trajectories decomposes into
disjoint nonhomotopic sectors. The discontinuity between
sectors precludes the definition of the measure dλ for the
path integral on the whole domain of trajectories. Instead,
separate measures can be defined only on disjoined sectors of
the domain and the contributions of all sectors must be finally
added up with arbitrary unitary weight factors (the unitarity of
these weight factors is required to maintain the structure of the

FIG. 2. The full braid group is the group π1(FN ), whereas the
group π1(PN ) is called the pure braid group. An ordering of braided
particles can change for π1(FN ) (left example), but for π1(PN ) must
be conserved (right example). The pure braid group is a subgroup of
the full braid group.

1 2 3

(3) (2) (1)

1
(3)

2
(2)

3
(1)

1
(1)

2
(2)

3
(3)

1 2 3

(1) (2) (3)

Z1

Z2

Z1

Z2

FIG. 3. In FN space a trajectory linking two different points Z1

and Z2 is the multistrand bunch of single-particle paths. The numer-
ation of particles can be varied on the way, i.e., in any intermediate
point of the open trajectory an arbitrary braid from π1(FN ) can be
attached. In principle, an arbitrary finite number of braids can be
attached to multistrand trajectory in various points on the way be-
tween initial and final points in FN ; however, according to the group
structure of π1(FN ), the attachment of all these braids is equivalent
to the attachment of the group multiplication of all of them, which is
also a braid. Braids are nonhomotopic, thus the space of trajectories
decomposes into disjoined sectors numbered by various braids. In
the illustration different braids are attached to the same 3-strand
trajectory in F3 space. Resulting trajectories cannot be continuously
deformed one into another without cutting.

path integral displaying the causality in quantum mechanics
[11]). Sectors in the domain of multiparticle trajectories of
indistinguishable particles are numbered by braids, thus the
weight factors form the unitary scalar representation (1DUR,
1D unitary representation) of the full braid group [5,11,12].
The Feynman path integral for the system of N identical
indistinguishable particles attains thus the form

I (Z1, t1; Z2, t2) =
∑

l

eiαl

∫
dλl e

iS[λl (Z1,t1;Z2,t2 )]/h̄, (5)

where points Z1 = (z1
1, . . . , z1

N ) and Z2 = (z2
1, . . . , z2

N ) are two
different points in multidimensional configuration space FN of
N indistinguishable particles, which define the start and final
points for the propagator I (Z1, t1; Z2, t2) at time instants t1 and
t2, respectively. The discrete index l enumerates braids in the
full braid group, and eiαl , αl ∈ [0, 2π ) is the scalar unitary
representation of the lth braid (the element of 1DUR of the
full braid group). Braid groups are generated by the finite
number of generators, and thus are countable or finite and l is
a discrete index. The trajectory in FN , λl (Z1, t1; Z2, t2), is the
trajectory between Z1 and Z2 but with the lth braid attached
from the full braid group at some intermediate point of this
trajectory. Braids are nonhomotopic, thus the measure in the
path space can be only defined separately on each disjoined
sector of the path space numbered by l; such a family of
measures for path integration is denoted by dλl .

1DURs of braid groups are precisely defined, though the
same braid group can have a variety of distinct 1DURs. Each
one defines a different quantization of the same classical sys-
tem. There are therefore as many different quantum particles
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corresponding to the same classical ones as there are different
1DURs of the full braid group for these classical particles.

For 3D manifolds M the full braid group is always SN

[5,9]. There exist only two 1DURs of SN [5,9], defined on the
group generators σi → {ei0

eiπ , leading to bosons and fermions,
respectively.

The Artin group [10], the full braid group for M = R2,
has, however, an infinite number of 1DURs [9,12–14], σi →
eiα with α ∈ [0, 2π ) corresponding to so-called anyons [15]
(including bosons for α = 0 and fermions for α = π ). Note
that 1DURs of the Artin group are uniform on its generators,
i.e., 1DURs do not depend on the index i of the genera-
tor, which follows from the first equation (4). If one takes
1DUR of both sides of this equation, then bearing in mind
that scalar representations commute (are Abelian), one ob-
tains 1DUR(σi ) = 1DUR(σi+1), which means independence
of 1DUR(σi) from i.

Exchanges of indistinguishable particles defined by braid
groups and their 1DURs display quantum statistics of particles
and in the case of anyons are referred to fractional statistics
[12,13,15].

The equivalence between path integral quantization and
wave function formulation leads to restrictions imposed
onto multiparticle wave functions by 1DURs of the related
braid group [12,14]. If coordinates of the wave function
	(z1, . . . , zN ) (these coordinates represent classical positions
of particles on M) are exchanged in the fashion defined by
some selected braid from π1(FN ), then the multiparticle wave
function must gain a phase factor equal to 1DUR of this
particular braid [14]. This clarifies symmetry or antisymmetry
of wave functions for bosons and fermions, and the phase shift
eiα, α ∈ [0, 2π ) at the exchange of a pair of coordinates for
anyons.

Despite that the exchange of particles looks like the ex-
change of two coordinate indices (simple permutation) in the
multiparticle wave function 	(z1, . . . , zN ), we must, however,
know the braid which actually realizes this exchange in the
related configuration space FN , which essentially depends on
the manifold M. Only for 3D manifolds M (and for higher
dimensionality) these braids are simple permutations, but for
2D manifolds, not. In the latter case, a simple permutation of
coordinate indices in a multiparticle wave function must cause
a phase shift of this wave function eiαl , which is the 1DUR of
the braid (lth one) actually realizing the exchange of particles
in planar geometry prescribed by the simple permutation of
coordinate indices. The actual form of this braid (being not the
permutation in 2D) and its 1DUR (also different than that of
permutation) force the analytic form of the multiparticle wave
function to comply with these transformation requirements.
Thus, we see that the form of braids, their availability in
various physical situations, and their 1DURs are essential for
external constraints needed to be imposed on the solution
of the multiparticle Schrödinger equation (not fermionic or
bosonic, in general), which is equivalent to the explicit role of
1DURs of the braid groups in path integrals given by Eq. (5).

Braid groups depend also on topological factors imposed
on multiparticle systems besides the dimensionality of M. A
simple example of such factors is an infinitely high potential
wall which can occur in some middle place of the manifold
M. The system of N particles in this way can be divided into

particle
1st-rank neighbour
2nd-rank neighbour
3rd-rank neighbour
4th-rank neighbour
5th-rank neighbour

FIG. 4. Two possible classical 2D Wigner lattices: the hexago-
nal and regular ones. In both lattices the consecutive next-nearest
neighbors are marked in different colors. The Bravais elementary
cells in both lattices have the same surface size, S

N (because per the
elementary cell falls one particle in both lattices), but the hexagonal
lattice is more convenient energetically (minimizes the Coulomb
interaction).

subsystems N ′ + N ′′ = N on both sides of the wall. As any
trajectories linking particles form the group N ′ and N ′′ are not
available, thus the full braid group π1(FN ) cannot be defined
as the space FN starts to be not arc-connected and no quan-
tum statistics can assigned to all N particles simultaneously.
Quantum statistics in this case can be assigned separately to
subsets of N ′ and N ′′ particles. If, however, the wall is of a
finite height, then the trajectories linking N ′ and N ′′ particles
are admissible, and the common statistics of all N particles is
restored.

Other examples of forbidden trajectories induced by topo-
logical factors can be associated with a magnetic field in
2D systems of interacting particles and for 3D particles in
folded spacetime close to gravitational singularity. Both these
examples will be presented in the following section.

IV. INACCESSIBLE TRAJECTORIES FOR CHARGED
INTERACTING PARTICLES IN TWO DIMENSIONS AT

PERPENDICULAR MAGNETIC FIELD PRESENCE

The magnetic field is not a potential one but can restrict
trajectories of particles. Charged particles (let us say elec-
trons) in a magnetic field spiral along the field direction,
and no other trajectories are attainable at the magnetic field
presence for free particles. Braids are classes of homotopic
trajectories. Trajectories which belong to the same class can
be continuously deformed one into another without cutting,
but if they belong to different classes, they are nonhomotopic
(cannot be deformed one into another). The braids inside
homotopy classes can be, however, restricted by topological
factors. In the case of 2D particles, their cyclotron orbits are
flat, and therefore of finite size (in 3D not, as the drift along
the magnetic field direction is not ranged spatially). They
can be deformed, but the availability of deformation can be
limited in some special cases. As braids describe exchanges of
particle numbering only, thus braids of size of finite cyclotron
orbits must fit particle positions. In the 2D gas mutual posi-
tions of particles are arbitrary, thus the finite size of planar
cyclotron braids does not impose any restriction. However,
charged particles (e.g., electrons) repulse themselves and at
T = 0 K form a uniform classical distribution on 2D posi-
tive uniform jellium—the classical 2D Wigner crystal with a
hexagonal Bravais lattice or a regular one [16]; cf. Fig. 4. The
Bravais lattices minimize the interaction Coulomb energy of
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A = S/N = ad
d = √3/2 a

a
xi = 1

A’ = 3ad = 3A

A’’ = 4ad = 4A

xi = 3

xi = 4

FIG. 5. The Bravais elementary cells for the hexagonal Wigner
2D lattice for nearest, next-nearest, and next-next-nearest neighbors.
The sizes of elementary cells for consecutive rank neighbors deter-
mine the possible values of xi, which can enter the commensurability
condition (13). Note that the first-rank next-nearest neighbor sublat-
tice contains only 1

3 of all N electrons, while in the regular lattice
(cf. Fig. 6) the first rank next-nearest neighbor sublattice contains N

2
electrons.

charged particles (electrons) distributed on positive uniform
jellium, which is an electrostatic problem at T = 0 K, when
the classical kinetic energy is zero. The hexagonal lattice at-
tains the minimal energy. The regular one has slightly greater
Coulomb energy (classical kinetic energy in both cases is
zero at T = 0 K), but allows a convenient regular distribution
of next-nearest neighbors (of first rank) including half of all
particles, whereas the hexagonal lattice gives only one third of
particles as next-nearest neighbors (of first rank), as illustrated
in Figs. 5 and 6.

Cyclotron braids, even if deformed, must fit to Wigner
crystal distribution of interacting particles in 2D, which can
be expressed as the commensurability of cyclotron orbit size
(the surface size of orbits) with elementary cells of a Bra-
vais lattice including also Bravais sublattices of next-nearest
neighbors of consecutive ranks (here the advantage of a reg-
ular lattice manifests itself for next-nearest neighbors of first
rank). Otherwise, when cyclotron orbits are not commensurate
with particle distribution, neither for nearest neighbors nor for
next-nearest neighbors of arbitrary rank, then braid trajecto-
ries are inaccessible and the braid group cannot be defined.

The size of classical cyclotron 2D trajectories is defined by
the Bohr-Sommerfeld rule. This rule precisely determines the
surface field of 1D classical phase space encircled by a clas-
sical trajectory. The Bohr-Sommerfeld rule can be applied to
components of 2D kinematic momentum of a single electron
at a constant perpendicular magnetic field, Px = −ih̄ ∂

∂x and
Py = −ih̄ ∂

∂y − eBx (e is the electron charge), which define the

effective 1D phase space, Y = Px
eB and Py, because [Y, Py]− =

ih̄ [independently of magnetic field gauge, though here we
used the Landau gauge for concreteness, A = (0, Bx, 0), B =
rotA = (0, 0, B)]. The smallest surface in this effective phase

xi = 1

xi = 2

xi = 4

b

b = 

A = S/N = bb = ad

√3/2 a

A’ = 2bb = 2ad = 2A

A’’ = 4bb = 4ad = 4A

FIG. 6. The Bravais elementary cells for the regular Wigner 2D
lattice for nearest, next-nearest, and next-next-nearest neighbors (a
is the distance between electrons in hexagonal lattice and d is the
height in the triangle as in Fig. 5). The sizes of elementary cells
for consecutive rank neighbors determine the possible values of xi,
which can enter the commensurability condition (13).

space (according to the Bohr-Sommerfeld rule) determines the
smallest classical cyclotron orbit size, h

eB ; it is the surface
of the quantum of magnetic flux h

e conserved despite any
deformation, h = 2π h̄ (details are shifted to Appendix A).
This invariant surface size of the 2D cyclotron orbit plays
the role of a topological factor limiting braid groups and their
1DURs.

For magnetic field sufficiently large that the gap between
Landau levels (LLs), proportional to the magnetic field, is
much larger than Coulomb interaction between electrons,
one can consider separately electrons filling consecutive LLs
in a multiparticle system with the size of cyclotron orbits
(2n + 1) h

eB , where n is the Landau index (cf. Appendix A).
Moreover, one can distinguish between two opposite spin ori-
entations of electrons as the Zeeman splitting is of the order of
the gap between LLs, and opposite spin electron subsystems
can be considered separately. Spin orientation does not influ-
ence the cyclotron orbit size and does not change homotopy
of trajectories. Due to the indistinguishability of electrons,
cyclotron braids must be consistent with LLs structure and
magnetic field flux quantization. This consistency expresses
itself via the commensurability condition of cyclotron orbit
size and surface of classical Wigner crystal Bravais cells in-
cluding sublattices of next-nearest neighbors of consecutive
ranks, which ensures possibility of the exchanging of inter-
acting 2D electrons. Such a commensurability condition is
the homotopy invariant for a particular LL. Note that LL
structure and related size of cyclotron orbits are single-particle
properties (Landau quantization of a single 2D electron in
a perpendicular magnetic field). Such a prequantization has
been justified for path integration quantization of a single
particle in a magnetic field via the equivalence to geometrical
quantization [17,18]. As we aim to consider quantum statis-
tics and correlations in a multielectron system in a magnetic
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field, we adopt the similar concept of prequantization of the
single particle. This allows for the identification of homotopy
invariants separately for particular LLs including spin.

The commensurability condition of a Wigner crystal el-
ementary cell (existing only for interacting particles) with
cyclotron orbits (or braids) is a multiparticle property. For a
fixed number of electrons N per surface S of the sample and
the rigidly defined surface size of cyclotron orbits in particular
LLs (via the Bohr-Sommerfeld constraint imposed on surface
of the classical orbit; cf. Appendix A) one can get all ad-
missible LL filling rates ν = N

N0
(N0 = BSe

h is the degeneracy
of LLs, a single-particle property) via the commensurability
condition for braids in the classical Wigner lattice of these
electrons. This reproduces the hierarchy of the quantum Hall
effect observed experimentally, including integer (IQHE, inte-
ger quantum Hall effect [19]) and fractional (FQHE, fractional
quantum Hall effect [20]).

The simplest commensurability condition for electrons in
the lowest LL (LLL) with spin orientation along the magnetic
field has the form

S

N
= h

eB
, (6)

which means that the size of the elementary cell in a Bravais
lattice of a classical Wigner crystal, S

N , perfectly fits the sur-
face size of a single-loop cyclotron orbit of electrons in the
LLL, i.e., the quantum of magnetic field flux h

e divided by the
magnetic field B (in the above equation S is the sample surface
and N is the number of indistinguishable electrons). In this
case the braids, which must be half of cyclotron loops [21],
can exchange the closest neighboring electrons. The commen-
surability condition (6) is a homotopy invariant; it is robust
against braid deformations, i.e., it confines topologically the
homotopy of trajectories. If one takes into account that the
degeneracy of Landau levels is N0 = BSe

h , the equation (6)
can be rewritten as N

N0
= 1. Thus we see that the cyclotron

commensurability condition (6) occurs at the completely filled
LLL, i.e., at filling factor ν = N

N0
= 1. However, this is not

only complete filling of this level (which would happen even
in the noninteracting gas), but (6) expresses the strong corre-
lations in the interacting planar system of electrons, for which
a Wigner crystal can be defined. The wave function corre-
sponding to this correlated state must transform at coordinate
exchanges as 1DUR of the full braid group (the Artin group
in this case). Assuming original electrons to be fermions, this
1DUR is σi → eiπ . As the multiparticle wave function in the
lowest Landau level must be an analytical function [22], thus
the only possible form of this function is

	ν=1(z1, . . . , zN ) = A
N∏

i> j

(zi − z j )e
− ∑N

i |zi|2/4l2
B , (7)

where A is the normalization constant, lB =
√

h̄
eB is the

magnetic length, and the envelope function e− ∑N
i |zi|2/4l2

B is
the interaction independent factor for any multiparticle wave
function in the LLL [because the single-particle state in the
LLL at cylindrical gauge of magnetic field is f (z)e−|z|2/4l2

B ,
where f (z) is an arbitrary analytic function [22], which can
be chosen as ∼zn, n = 0, . . . , N0 − 1 displaying Landau level

degeneracy]. The polynomial part of the wave function (7) is
uniquely derived from 1DUR of the full braid group in the
interacting system. The 1DUR, σi → eiπ forces the mono-
mial (zi − zi+1) in the wave function, because the exchange
of the ith particle with the (i + 1)-th one is the rotation
on the complex plane of the complex number zi − zi+1 by
the angle π , which must produce in the wave function the
phase shift eiπ , just as the monomial zi − zi+1. This reasoning
can be generalized onto (zi − z j ), as the exchange of the ith
particle with the arbitrary jth one is realized by the braid
σiσi+1 . . . σ j−1 . . . σ−1

i+1σ
−1
i , which has also 1DUR eiπ .

One can notice that the polynomial in Eq. (7) is just the
Vandermonde determinant of the Slater function of N = N0

noninteracting fermions in the LLL [the envelope part is the
same as in (7)],∣∣∣∣∣∣∣∣∣∣

1, z1, . . . , zN0−1
1

1, z2, . . . , zN0−1
2

. . .

1, zN , . . . , zN0−1
N

∣∣∣∣∣∣∣∣∣∣
=

N∏
i> j

(zi − z j ). (8)

Due to (8) we see that the same multiparticle wave function
(7) is the ground state of interacting particles (here electrons),
i.e., for a strongly correlated state at ν = 1 corresponding
to IQHE, and, on the other hand, is the ground state of the
gaseous system of noninteracting particles at ν = 1, which
is not the IQHE state. The energies of this same state in
the Hilbert space are different in both these cases, as they
correspond to two different Hamiltonians,

Ĥ1 =
N∑

i=1

(−ih̄∇i − eAi )2

2m
+

N∑
i, j,i> j

e2

4πεε0|ri − r j |

+ ρ2
0

2

∫
S

d2r
∫

S
d2r′ e2

4πεε0|r − r′|

− ρ0

N∑
i=1

∫
S

d2r
e2

4πεε0|r − ri| , (9)

for an interacting electron system, and

Ĥ2 =
N∑

i=1

(−ih̄∇i − eAi )2

2m
, (10)

for gaseous noncorrelated particles. In (9) the first term
is the kinetic energy [the same as in (10)], and the next
three terms describe electron-electron, jellium-jellium, and
electron-jellium interactions, respectively. In above formulas,
Ai is the vector potential of magnetic field B for ith elec-
tron; it is convenient to choose it in symmetric gauge, Ai =
1
2 (−Byi, Bxi, 0) for circular geometry of the sample with the
surface S; ρ0 = N

S is the uniform charge density of the jellium,
and ε0 and ε are dielectric constant and material permittivity,
respectively. For a correlated state of the system described
by the Hamiltonian (9) the energy is negative counted from
the bottom of the LLL and depends on N (can be calculated;
cf., e.g., Refs. [23,24]), whereas for the gaseous system it
is zero (in the same scale) and particle independent. The
lowering of the energy due to correlations (6) of interacting
electrons is small and stabilizes this state only if this energy
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gain is not washed out by the temperature chaos kBT (kB

is the Boltzmann constant). Thus IQHE is observable at ex-
tremely low temperatures of the scale of the energy gain due
to correlations, much lower than the gap between LLs. The
“accidental” coincidence of the multiparticle wave function
for the correlated state (7) with the gaseous Stater determinant
for a completely filled lowest Landau level in a gaseous sys-
tem follows from the same full braid group for the gas and for
the correlations due to interaction (6) occurring at complete
filling of the LLL.

However, if the LLL is fractionally filled (N < N0), then
such a coincidence disappears and the multiparticle wave
functions for interacting electrons are different than those for
noninteracting gaseous particles. For interacting electrons the
pattern of braid correlation changes, and the corresponding
wave function is governed by the 1DUR of a different braid
group associated with different correlations. In the gaseous
system no correlations exist (as the Wigner crystal does not
exist without interaction) except for fermionic (for electrons)
representation of full braid group of gaseous system, which
results in the Slater function for arbitrary filling rate ν < 1
(with the degeneracy

(N0

N

)
, the number of combinations of

N elements from N0). The wave function of interacting N
electrons is, however, different. In general, it is a linear com-
bination of all

(N0

N

)
degenerated states of a gas, which span

the appropriate subspace in the Hilbert space. For some spe-
cific filling fractions the multiparticle states will be correlated
states with lower energy (the energy gain due to correlations
for Hamiltonian (9)), provided that for this filling rate some
commensurability of the cyclotron orbit with a Wigner crystal
is admitted. These specific filling rates create the so-called
hierarchy of FQHE [21] and are observed experimentally
[20,25].

An example of such a situation is the state at frac-
tional filling ν = 1

q (q odd integer) of the LLL described by
the multiparticle Laughlin wave function [26]. To identify
theoretically other filling rates for correlated states (FQHE
states) many various approaches have been proposed, like
the Haldane-Halperin model [27,28] of daughter states of
consecutive anyon generations (anyons are associated with
quasiparticles or quasiholes for the Laughlin state [26]), the
composite fermion (CF) model of hypothetical quasiparticles
created from electrons and pinned to them auxiliary fictitious
magnetic field quanta [29], or the Halperin model of multi-
component Laughlin states [30]. The anyonic model [27,28]
has been abandoned early, as the size of daughter wave func-
tions quickly exceeds the sample size, and the CF fermion
model partly elucidates the FQHE hierarchy in the LLL, but
not of so-called enigmatic states in the LLL and fails in higher
LLs. Moreover, the trial wave functions in the CF model
[31] do not keep the required symmetry and can be treated
as only variational functions. The Halperin multicomponent
model perfectly agrees with energy gain (from experiment and
from numerical simulation of toy systems) for some chosen
correlated states, but is unable to predict in advance which
states it concerns.

In order to account for all LL filling rates at which the
FQHE correlations occur one must consider available cy-
clotron braid trajectories for interacting electrons in two

FIG. 7. The braid σ 2k+1
i with additional k loops is also the ex-

change of the ith particle with the (i + 1)-th one, in the illustration
for k = 1 (right). In the case when σi cannot be implemented as being
too short, the braids σ 2k+1

i , i = 1, . . . , N − 1 take the role of braid
group generators (in the simplest case σ 3

i ). They generate a cyclotron
braid subgroup.

dimensions. To be more specific, let us consider a larger
magnetic field than that B at which IQHE occurred, let us
say 3B, at which the size of the single-loop cyclotron orbit
in the LLL is h

e3B and is far too small to match even nearest
neighbors in the Wigner crystal lattice, h

e3B < S
N [if compared

to (6) for the same S and N]. Such short cyclotron braids (with
the size of single-loop cyclotron orbits) are thus inaccessible,
i.e., the simplest exchange braids σi cannot be defined for
electrons in the LLL at the field 3B. Nevertheless, some other
braids (also exchanges of nearest neighbors; cf. Fig. 7), σ 3

i ,
i = 1, . . . , N − 1 can be of a larger size (cf. Appendix A)
sufficient to match nearest electrons in the Wigner lattice.
The braids σ 3

i , i = 1, . . . , N − 1 (more generally, σ 2k+1
i ) can

generate the new braid group: the subgroup of the initial full
braid group and called a cyclotron braid subgroup. This is
related to the fact that the multiloop cyclotron trajectory in the
LLL has a larger size than the single-loop one in the case when
single-loop cyclotron orbits, and braids built of their pieces
are too short and cannot match even nearest particles (cf.
Appendix A). The multiloop cyclotron orbit with 2k + 1 loops
(k integer) has the size (2k+1)h

eB in the LLL in the case when too
small single-loop orbits cannot define braids σi. The related
new elementary braids, half of the multiloop cyclotron orbits,
σ 2k+1

i , are the exchanges of closest electrons with additional k
loops (in the example, for field 3B, k = 1). The proof of this
fact follows from the Bohr-Sommerfeld constraint imposed on
orbits in multiply connected space [32]. This proof is briefly
presented in Appendix A, and it displays the essential differ-
ence between σ 2k+1

i in two situations: in the case when σi

can be implemented, then the braid σ 2k+1
i is simply (2k + 1)

times repeating σi (and σ 2k+1
i is of the same size as σi in

this case); however, when σi cannot be implemented as it is
too short (is the forbidden trajectory), the braid σ 2k+1

i is not
multiple exchange, as σi does not exist. In the latter case σ 2k+1

i
(i = 1, . . . , N − 1) take the role of the elementary exchanges
of closest neighboring electrons, the ith with the (i + 1)-th
one, and have a larger size.

The braid subgroup generated by σ 2k+1
i (called the cy-

clotron braid subgroup [21]) has different 1DURs than the full
braid group, and these new 1DURs decide on braid symmetry
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and the shape of the corresponding multiparticle wave func-
tion. For an exemplary 3B magnetic field, the multiparticle
wave function attains the form of the Laughlin function,

	ν=1/3(z1, . . . , zN ) = B
N∏

i> j

(zi − z j )
3e− ∑N

i |zi|2/4l2
B , (11)

and the filling fraction is 1/3 (because degeneracy of LLs
grows linearly with magnetic field and gives ν = N

N0
= 1

3 for
3B).

The detailed mathematically rigorous derivation of the
Laughlin function is presented in Ref. [33]. In short, when the
full braid group had the 1DUR σi → eiα , then the projective
1DUR for the cyclotron subgroup must be σ 2k+1

i → ei(2k+1)α

(for original fermionic electrons one must choose α = π ).
This projective 1DUR defines the symmetry of the polyno-
mial part of the multiparticle wave function of interacting
2D electrons at field (2k + 1)B (in the simplest case, 3B).
This polynomial must be of the form of a Jastrow polynomial∏N

i> j (zi − z j )2k+1 as in the Laughlin function (11), because
the monomial (zi − z j )2k+1 is induced by the 1DUR of the
braid σ 2k+1

i (i.e., σ 2k+1
i → ei(2k+1)π ) at the rotation of the

complex number (zi − z j ) by the angle π (exchange of xi

with x j coordinates of the multiparticle wave function). Thus
this monomial must be of the form (zi − z j )3 (for k = 1) as
1DUR(σ 3

i ) = e3π .
The cyclotron subgroup (when inaccessible braids σi are

removed from the braid group) describes simultaneously the
new commensurability condition (new correlation pattern,
new homotopy invariant),

(2k + 1)h

eB
= S

N
. (12)

For example, for k = 1 the condition (12) is satisfied at 3B
[cf. Eq. (6)], for which the degeneracy of the LLL equals
N0 = 3BSe

h and ν = N
NO

= 1
3 ; this is the most pronounced man-

ifestation of FQHE. The generalization to other k is evident
and leads to the derivation of Laughlin functions for ν =
1
q , q = 2k + 1 [33].

In the case when the q-loop cyclotron orbit does not fit the
nearest neighbors in the Wigner lattice, one can consider the
commensurability of each loop separately taking into account
also next-nearest neighbors in the Wigner lattice. In this way
one can define the general commensurability condition [21],

SB

N
= h

x1e
± h

x2e
± · · · ± h

xqe
, (13)

which gives the most general filling fraction for various phases
of FQHE in the LLL, i.e., the complete FQHE hierarchy in the
LLL,

ν = N

N0
=

(
1

x1
± 1

x2
± · · · ± 1

xq

)−1

, (14)

where N0 = BSe
h is the degeneracy of LLs (the single-

particle property). In the above formulas the particular xi =
1, 2, 3, . . . , (i = 1, . . . , q, q = 2k + 1) is the ratio of all elec-
trons to next-next nearest neighbors in the Wigner lattice; for
consecutive ranks of next-nearest neighbors each of xi can
attain independently of i the values 1 (for nearest neighbors

in hexagonal lattice), 2 (for first rank next-nearest neighbors
in regular lattice), 3 (for first rank next-nearest neighbors in
hexagonal lattice), 4 (for second rank next-nearest neighbors
in hexagonal lattice), and so on (cf. Figs. 5 and 6). The ±
between components in (13) and (14) display two possible
circulations of consecutive loops in the q = 2k + 1-loop cy-
clotron orbit, congruent or inverse (in the shape of an eight,
in the latter case). The FQHE hierarchy (14) perfectly fits
experimental data in GaAs and graphene [25,33–37]. For
x1 = · · · = xq = 1 (and + instead of all ±) one gets ν = 1

q
as for Laughlin functions [26], xi larger than 1 define subsets
of differently correlated electrons in a similar manner as in
the Halperin multicomponent state [30]. The specific choice,
x1 = · · · = xq−1 = 1 and xq = y � 1 (and ± before only the
last term) gives the CF hierarchy [29], ν = 1

(q−1)y±1 . More
than single xi larger than 1 describe the so-called enigmatic
FQHE states in the LLL that is inaccessible for CF model [21].

Various forms of the cyclotron braid subgroup conditioned
by the availability of specific cyclotron braids corresponding
to the general commensurability pattern (13) explain the ori-
gin of FQHE hierarchy and elucidate former partial heuristic
models, like Halperin multicomponent generalization of the
Laughlin function [30] or CF model [29]. In Halperin theory
[30] the trial wave function in the form of the multicompo-
nent Laughlin function for the electron system variationally
divided into subsystems corresponds actually to subsets of
next-nearest neighbors of various rank in the electron Wigner
lattice commensurate with selected loops of multiloop orbit
as given in (13). This condition defines precisely the re-
lated generators of the cyclotron subgroups and also uniquely
shapes (via 1DURs of particular cyclotron braid subgroups)
the multiparticle wave functions [21], as briefly summarized
in Appendix B. The subsets of electrons creating sublattices of
particular rank of next-nearest neighbors in the Wigner crystal
are just those subsets of electrons featured in the Halperin
multicomponent wave functions [30]. In the CF model the
Jain’s hierarchy ν = 1

(q−1)y±1 [29] is the subcase of (14) for
a specific choice x1 = x2 = · · · = xq−1 = 1 and xq = y (and
last ± maintained). Only in this case the multiloop cyclotron
orbit structure can be imitated by fictitious auxiliary field flux
quanta (q − 1 of them) attached to electrons in the CF model.
Jain suggested further [29] that his parameter y is the Landau
index in the model artificial system of noninteracting spinless
fermions in a resultant magnetic field reduced by an average
field of fluxes pinned to electrons. This is, however, confusing,
as actually y = xq and is linked to the rate of next-nearest
neighbors in Wigner lattice, xq. This integer, similarly as the
other xi in Eq. (13), equals N

N ′ where N ′ is the number of
next-nearest neighbors of some rank in the Wigner lattice
of N electrons. This mixing of the sense of the integer y
causes in the CF model the next error: the CF wave function
is artificially assumed in the form of a gaseous function in
yth completely filled LL in Jain’s model system of spinless
gaseous fermions and projected onto the LLL (to remove
poles existing in gaseous functions in higher LLs but pre-
cluded in the LLL also for interacting electrons). Such a trial
CF wave function has a correct rank of the polynomial part
(for y = 1, 2, 3, 4) because yth spinless LL is filled with N

y
electrons (similar to the number of next-nearest neighbors for

032207-9



JANUSZ E. JACAK PHYSICAL REVIEW A 107, 032207 (2023)

xq = y), but it does not keep the braid symmetry exhibited by
exact multielectron wave functions (as given in Appendix B).
Thus the CF trial wave functions can be treated as the varia-
tional wave functions only (the variational degree of freedom
corresponds here to the arbitrariness in the definition of the
projection onto the LLL from higher LLs in CF construction).
The proper-symmetry wave functions for hierarchy (14) are
presented in [21] (cf. Appendix B).

We see thus that FQHE is the result of changing the ac-
cessibility of cyclotron braid trajectories when the magnetic
field varies. The same occurs for FQHE in higher LLs, which
agrees with the FQHE observation in higher LLs [38] in
GaAs and in graphene, including bilayer graphene [34,39].
Discussion of cyclotron orbits and related braids availability
explains all up-to-date observed features related to FQHE
in GaAs 2DES in the graphene monolayer and bilayer and
also in fractional Chern topological insulators without any
magnetic field (substituted, however, by the Berry field). This
is visualized both in the shape of multiparticle wave functions
and, equivalently, in quantum statistics (and correlations) de-
scribed in the framework of path integral quantization. The
universal aspect of similar FQHE manifestations in differ-
ent materials, like GaAs 2DES, the graphene monolayer or
bilayer, and Chern topological insulators, is linked with the
forbidden braid trajectories in varying homotopy classes of
trajectories in response to a similar topological factor (mag-
netic field or Berry field).

The results presented in this paragraph and related to
FQHE are invoked here in order to demonstrate the ex-
perimentally verifiable effects of inaccessibility of some
trajectories in path integrals. They were formerly presented in
even more issues for a variety of materials used in Hall exper-
iments (GaAs and graphene, for both single layers and double
layers). It is interesting to mention an experiment which al-
lows the observation of the homotopy change of trajectories
by a macroscopic factor on demand—a vertical electric field
applied to a double-layer Hall system (bilayer graphene in
this experiment [40]), which on demand can block hopping
of carriers between layers in one way along the electrical
field. This, however, completely precludes hopping of closed
multiloop trajectory between layers (all loops must be placed
thus in a single layer, but without the electrical field, loops can
be shared between both layers), and the effect is visible in the
experiment as the change of FQHE hierarchy upon switching
on and off this electrical field (the experiment is simple as the
voltage required is of order of 1 V [40].

V. HOMOTOPY OF TRAJECTORIES CLOSE
TO GENERAL-RELATIVISTIC GRAVITATIONAL

SINGULARITY

Let us now consider constraints imposed onto classical
trajectories close to the gravitational singularity associated
with the notion of a black hole. The related folded spacetime
can be described in terms of general-relativistic metric satisfy-
ing the Einstein equations for gravitation. The Schwarzschild
metric [41] is the solution of general-relativistic Einstein
equations for a spherical nonrotating and uncharged body with

the mass M,

−c2dτ 2 = −
(

1 − rs

r

)
c2 dt2 +

(
1 − rs

r

)−1
dr2

+ r2(dθ2 + sin2θ dφ2), (15)

where τ is the proper time, t is the time measured infinitely
far from the massive body, r, φ, θ are rigid spherical coor-
dinates, the same as for a remote observer, and rs = 2GM

c2

is the Schwarzschild radius defining the event horizon (G is
the gravitation constant, c is the light velocity in the vac-
uum). Equation (15) defines the curved spacetime for r > R,
where R is the radius of a central body and for R = 0 is
addressed to a black hole without charge and angular mo-
mentum. The Schwarzschild metric has a singularity at r =
0, which is an intrinsic curvature singularity surrounded by
the event horizon sphere with the radius rs, the region from
which neither matter nor light can escape. The Schwarzschild
metric has also a singularity on the event horizon r = rs,
because of the second term in Eq. (15). This singularity is,
however, apparent (called a coordinate singularity) and dis-
appears when changing to other coordinates. The metric (15)
is, however, defined only on the exterior region r > rs or on
the interior region r < rs; in the latter region, the timelike
intervals became spacelike and conversely. This is also an
artificial property related to specific choice of coordinates;
in this case, the choice of ordinary spacetime coordinates is
the same as of a remote observer. If, however, one changes to
another coordinate system corresponding to a different slicing
of the same folded spacetime onto its spatial and time parts,
the ostensible singularity at the event horizon disappears, but
the horizon is still and universally defined as the boundary
surface of an area close to the central singularity from which
any matter or light cannot escape. In the metric (15) a remote
observer can notice the matter falling onto event horizon of
the black hole infinitely long, i.e., the falling matter achieves
the event horizon at t → ∞ and it never crosses the horizon
for this observer. If one changes to other coordinates, e.g.,
using proper time instead of t , the matter can smoothly pass
the event horizon within a finite period of the proper time
and then also within a finite period of the proper time any
motion terminates in the central singularity. This has been
demonstrated in various coordinates in metrics proposed by
Lemaitre, Eddington-Finkelstein, Kruskal-Szekeres, Novikov,
or Gullstrand-Painlevé [42–44]. Each of these specific metrics
displays a different slicing of the same curved spacetime
into space and time its components, with emphasizing of
the Kruskal-Szekeres metric, being the maximally extended
solution of the Einstein equations (analytic in the whole ac-
cessible domain) [43,44]. However, there does not exist a rigid
time-independent space coordinate system describing simul-
taneously the outer and inner regions with respect to rs. Hence,
the stationary metric (15), the Schwarzschild metric, describes
the falling of matter on the event horizon in infinite time in
ordinary coordinates of a remote observer. In this metric, the
spatial inner volume below the event horizon is zero, though in
nonstationary coordinates it is nonzero [42–44] and particles
pass the event horizon and terminate their motion in central
singularity within a finite period of the proper time.
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The outer vicinity of the event horizon, r > rs, is well
described by (15) in the stationary system of coordinates
(t, r, θ, φ), the same as for a remote observer. In this region
one can thus use the same path integral (1) or (5), without
having to modify the coordinates of position and time. This
convenient opportunity allows for the easy study of trajecto-
ries expressed in ordinary rigid and stationary coordinates and
to observe the change of the homotopy of these trajectories
as they approach the event horizon. In this case a topological
factor which precludes availability of trajectories except for
spirals with single cross-points is the curvature of gravita-
tionally folded spacetime close to the singularity, as will be
demonstrated below.

The qualitative change of the trajectory homotopy takes
place at the so-called photon sphere rim at the distance from
the central singularity 1.5rs, i.e., 0.5rs beyond the horizon.
The photon sphere rim in the metric (15) is defined by the
innermost unstable circular orbit for any particle, even mass-
less. Any particle, massive or massless, unavoidably spirals
onto the event horizon if it passes the photon sphere rim in an
inward direction. Beneath the photon sphere rim no circular
orbits are possible. This is quite different in comparison to
the Newton gravitation center, for which circular orbits are
available at an arbitrary small distance from the pointlike
gravitation center. For a Newton gravitation center various
conic section trajectories are accessible for particles arbitrar-
ily close to the center. Even though for a large distance from
the gravitation center the Schwarzschild trajectories can be
approximated by conic sections (slightly modified with some
additional precession of elliptical orbits, like that observed for
Mercury in the Sun’s gravitation), in proximity of the event
horizon the difference in accessible trajectories is essential.
Conic sections allow formation of closed arbitrarily small
local loops from pieces of various trajectories because conic
sections can cross in two points (like a circle with ellipse,
hyperbole, or parabola). This is in contrast to spirals below the
innermost unstable circular orbit, where accessible spirals can
intersect in a single point only. Outside the photon sphere the
situation changes and closed trajectories are possible because
deformed conic sections are admissible here. The innermost
unstable circular orbit (the photon sphere rim) separates
two different space regions with different classes of homo-
topy of trajectories. The proof of the above is presented in
Appendix C.

An exchange of two particle positions in some manifold
requires the existence of two oppositely directed different
trajectory sectors joining these points, which together form
a local closed loop in this manifold. The absence of such
closed trajectory loops for particles beneath the photon sphere
rim precludes the possibility of mutual interchanges of par-
ticle positions in systems of N identical indistinguishable
particles located on some manifold M∗ ⊂ R̃3 [R̃3 is the 3D
position space R3 folded according to the metric (15)], and
M∗ is the subset of the rotationally symmetrical region with
r ∈ (rs, 1.5rs). Particles located in M∗ have admissible trajec-
tories exclusively in the form of short spirals directed onto
the event horizon. No other trajectories are possible here. It is
unreachable to form a closed loop from pieces of these spirals,
as different spirals defined by Eqs (C5) and (C6) can inter-
sect only in a single point (in contrast to conic-section-like
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FIG. 8. Radii of stable (red) and unstable (blue) circular orbits in
Schwarzschild geometry. The innermost circular stable orbit occurs
at r = 3rs (point P on the level of dashed line in blue color), whereas
the innermost unstable circular orbit occurs at r = 1.5rs (asymptotic
dotted line in green color). Below r = 1.5rs no circular orbits exist.

trajectories); cf. Eq. (C6) in Appendix C with the integral
in limits r ∈ (rs, 1.5rs). The homotopy type of trajectories
cannot be changed by local interaction, and trajectories for
particle exchanges are not available here also for interacting
particles. The topological constraint induced by the space
curvature in folded spacetime close to the gravitational sin-
gularity essentially limits the availability for trajectories. If
on a manifold M∗ N identical indistinguishable particles are
located, then the multiparticle configuration space of these
particles, FN = (M∗N − �)/SN , becomes simply connected,
whereas for any M beyond the sphere r = 1.5rs, FN = (MN −
�)/SN is multiply connected.

For a simply connected space the first homotopy group
of this space is trivial, while for multiply connected it is
nontrivial [4]. For any manifold located in a spherical re-
gion r ∈ (rs, 1.5rs) the related braid group is trivial but for
r > 1.5rs is equal to SN , as usual in three dimensions. For
r > 1.5rs the fermionic or bosonic quantum statistics can be
assigned [5,9] contrary to the region r ∈ (rs, 1.5rs).

The more detailed calculations from Appendix C are il-
lustrated in Fig. 8; the upper curve (the red one in this figure)
gives positions of stable circular orbits of a particle with small
mass m, m 
 M in the metric (15) (with respect to angular
momentum of the particle L, one of the motion integers),
and the lower curve (the blue one) gives positions of unstable
circular orbits (also with respect to L). The upper curve (the
red one) terminates in the point P at r = 3rs. This point
defines the innermost stable circular orbit. It is at r = 3rs,
L = √

3mcrs, and energy (the second integer of a particle

motion in gravitational field) E0 =
√

8
9 mc2 (point P in Fig. 8);

cf. the derivation in Appendix C. The position of the inner-
most unstable circular orbit is at r = 1.5rs for L → ∞ and
E0 → ∞; it is an asymptotic value defined by the horizontal
dotted line in Fig. 8, marked in green . The orbit r = 1.5rs

is also the unstable circular orbit for photons (by taking the
limit m = 0), thus it defines the photon sphere rim in the
Schwarzschild metric.

032207-11



JANUSZ E. JACAK PHYSICAL REVIEW A 107, 032207 (2023)

The homotopy class of trajectories is immune to a change
to distinct curvilinear coordinates at another choice of metric
for the same gravitational singularity. The homotopy of tra-
jectories is the same in arbitrary equivalent metric, precluding
particle interchanges below the innermost unstable circular
orbit. Hence, for the inner of the event horizon, where the dy-
namics of particles is also completely controlled by the central
singularity and particles must unavoidably travel to the singu-
larity point along short spirals towards the origin despite any
value of energy and angular momentum of particular particles
and any strength of interparticle interaction, the exchanges of
particles are inaccessible. This is visible in Kruskal-Szekeres
[43,44] or Novikov [42] coordinates. Interparticle interaction
does not change the trajectory homotopy; though locally it
can deform trajectories from its free particle shape, it cannot,
however, produce closed cycles from one-way directed spirals
governed in an overwhelming manner by central singularity
both beneath the event horizon and beyond it up to the sphere
with the radius of the innermost unstable circular orbit. This
topological property, the qualitative change of the trajectory
homotopy at the innermost unstable circular orbit, is schemat-
ically illustrated in Fig. 9.

Because of the division by the permutation group SN in
the definition of FN space (3), this space is not intuitive, and
differently numbered particle configurations are unified to the
same point in FN , which is counterintuitive. Despite such a
limitation in the intuitive geometrization of braids, there must
be available trajectories in M that are able to connect particle
pairs at some fixed but arbitrary their numbering. In partic-
ular, they are needed to be possible for the exchange of two
particles along two distinct oppositely directed trajectories in
M joining these two particles when other particles are at rest.
This pair of trajectories creates a local loop in M. Due to the
indistinguishability of identical particles, if such a possibility
exists for two selected particles, then it holds also for any
other pair of particles. The existence of circular orbits (for
r � 1.5rs) ensures trajectory topology sufficient to particle
interchange. Two particles located at the ends of an arbitrary
diameter of a circle can exchange their positions along such
semicircular trajectories (as illustrated in Fig. 9). The exis-
tence of circular trajectories (even if deformed by interparticle
interaction) ensures in a topological sense the possibility of
the nontrivial braid group implementation.

The closure of single-particle orbits in M does not mean
the closure of loops in FN , but some pieces of closed single-
particle orbits in M (e.g., semicircles of circular geodesics)
allow for the organization of elementary braids [of generators
of the braid group σi, i.e., of exchanges of particles the ith
with the (i + 1)-th one at some fixed numbering of particles,
conserving simultaneously positions of the rest of particles
[5,9]]. In other words, the generators of the braid group, σi,
i = 1, . . . , N − 1, are N-strand trajectory bunches exchanging
only the ith particle with the (i + 1)-th one when the other
particles remain at rest, at arbitrary but fixed particle num-
bering. This exchange of the ith and (i + 1)-th particles must
be, however, available in the manifold M. It means that for
a trajectory linking particle the ith with the (i + 1)-th one
in M, there must exist another trajectory linking inversely
particle the (i + 1)-th with the ith one; i.e., individual particle
trajectories must be able to intersect at two points.

1.5 rs

rs

circular orbit
trajectories can intersect in two
points (creating a closed loop)

central
singularity

1 2
1.5 rs

rs

1.5 rs

rs

spiral trajectories
can intersect only
in a single point

particle exchange
possible (closed
loops are available)

particle exchange
impossible
(closed loops are 
not available)

(a)

(b)

particle

spiral orbit

1.5 rs

rs

above the photon sphere rim

below the photon sphere rim

FIG. 9. Simplified pictorial illustration of the change of trajec-
tory homotopy at passing the innermost unstable circular orbit of
a black hole. If conic section-type trajectories are available, then
the particle position interchanges are possible. Conic section-type
trajectories beyond the photon sphere can intersect in two points, and
local closed loops can be constructed from pieces of such trajectories
(upper picture). When only short spiral trajectories are admitted
beneath the photon sphere rim and particles unavoidably fall towards
the event horizon (lower picture), then particles cannot mutually
interchange positions (these spirals can intersect in only one point
and do not create loops needed for particle exchange). Beyond the
photon sphere circular orbits are possible, which topologically allows
particle exchanges; beneath the innermost unstable circular orbit at
r = 1.5rs (the rim of the photon sphere) none of the circular orbits
are accessible.

Below the innermost unstable circular orbit (at r = 1.5rs

for L → ∞) no closed orbit is possible. The dominating term
in the effective potential [cf. Appendix C, Eqs. (C7) and (C8)]
is here ∼−L2

r3 , which causes an unavoidable spiral movement
towards the event horizon of any particle despite its energy
and angular momentum and local mutual interaction between
particles. The phase shift for such spirals is all the more
limited the larger E0 for given L. From pieces of these short
spirals it is impossible to form any closed local loop required
for local particle interchanges [spirals given by Eq. (C6) can-
not intersect in two points simultaneously, in contrast to conic
sections].

Outside the photon sphere closed loops are possible be-
cause trajectories are quasiconic sections which admit local
closed loops formed from their pieces, which allows im-
plementation of braids realizing particle interchanges. The
photon sphere rim separates thus two distinct regions in the
neighborhood of the black hole—the inner of the photon
sphere simply connected and outer multiply connected. The
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change of the homotopy class of the multiparticle configu-
ration space causes local removal of the quantum statistics,
which cannot be assigned for a trivial braid group [if π1(FN ) =
{ε} then 1DUR must be eiα = 1, because ε·ε = ε for the
neutral group element ε, which gives 2α = α and α = 0; this
is not bosonic statistics as ε does not describe any particle
interchange]. In particular, no fermions or bosons can be as-
signed if particles cannot interchange.

VI. QUANTUM COLLECTIVE TRANSITION BENEATH
THE INNERMOST UNSTABLE CIRCULAR ORBIT

OF A BLACK HOLE

1DURs of the braid group determine quantum statistics of
particles for which classical multiparticle trajectory loops in
the configuration space FN (exchanges of particles) are defined
by this braid group [5,11,15]. For π1(FN ) = SN , as for arbi-
trary 3D M beyond the photon sphere, there exist two distinct
scalar unitary representations, σi → ei0 = 1 and σi → eiπ =
−1 defined on the generators of SN , σi (i = 1, . . . , N − 1),
which are exchanges of the ith and (i + 1)-th particles. These
two representations define bosons and fermions, respectively.
The coincidence of these representations with the unitary ir-
reducible representations of the rotation group O(3) covered
by SU (2) in 3D space leads to the Pauli theorem on spin and
statistics [45]. The linkage between representations of both
groups is detailed in Appendix D. For π1(FN ) = {ε} as for
M∗ beneath the photon sphere rim of the black hole, the only
existing representation is ε → 1 (by virtue of ε · ε = ε), and
it does not define any quantum statistics, neither bosons nor
fermions, because the trivial braid ε is not the exchange of
particles.

Thus, for particles beneath the photon sphere rim [the
sphere with the radius of the innermost unstable circular orbit
in metric (15)] any quantum statistics of these particles cannot
be assigned. This does not violate the Pauli theorem on spin
and statistics, as the latter is not defined for a trivial braid
group without any linkage to rotations in three dimensions
governed over particle spin. In particular, fermions cannot be
assigned, and particles with half spin lose their statistics.

The other theorem by Pauli, the so-called exclusion princi-
ple, asserts that quantum particles of fermionic type cannot
share any common single-particle quantum state. Fermions
cannot approach a space region already occupied by another
fermion, and thus they mutually repulse themselves. This
is called the quantum degeneracy repulsion, and the related
pressure is the origin of stopping the collapse of white dwarfs
or neutron stars. In the former case the degeneracy pressure of
electrons plays the role [46], whereas in the latter case that of
neutrons [47–49].

The exclusion principle for fermions leads also to the
formation of the so-called Fermi sphere in the case of a
large number of identical fermions in some volume, when
the chemical potential μ (the energy increase by adding a
single particle to the considered multiparticle system) is much
greater than the temperature of the system in energy scale,
kBT , where kB is the Boltzmann constant. In such a case, re-
ferred to as a quantum degenerate Fermi system, the particles
are forced to occupy some consecutive in energy single-
particle states one by one, resulting in the great accumulation

of the energy. For example, free electrons in a normal metal
in room temperature with the typical concentration of order
of 1023 (of order of the Avogadro number) per cm3 constitute
the large Fermi sphere with Fermi radius in momentum space
pF � 1.5 × 10−24 kg m/s and with accumulated total energy
∼3 × 1010 J/m3. This energy cannot be released in normal
conditions because all fermions are blocked in their single-
particle stationary states by the Pauli exclusion principle, i.e.,
all lower single-particle states are occupied, and thus there is
no room for fermions to jump from higher energy states to
lower ones.

The situation changes, however, when quantum statistics
cannot be defined below the photon sphere rim of a black hole.
When quantum statistics cannot be assigned in some space
region, then in the system of indistinguishable fermions the
Fermi sphere collapses entering this space region. The energy
accumulated in the Fermi sphere can be released here.

The Fermi momentum pF , the radius of the Fermi sphere
in the degenerate homogeneous quantum liquid of fermions,
depends only on particle concentration [16,50],

pF = h̄(3π2ρ)1/3, (16)

where h̄ = 1.05 × 10−34 J s is the reduced Planck constant
and ρ = N

V is the concentration of fermions, i.e., N is the num-
ber of particles in the spatial volume V . The Fermi momentum
is independent of the interaction of fermions according to the
Luttinger theorem [50,51]. This follows from the fact that the
phase space volume V 4

3π p3
F with the position space volume

V and the volume of momentum space of spherical shape
4
3π p3

F corresponds to n = V 8π p3
F

3h3 of single-particle quantum
states according to the Bohr-Sommerfeld rule [52] (here the
additional factor 2 accounts for doubling of states for 1

2 spin
of fermions, and h = 2π h̄ is the Planck constant). If all these
states are filled, i.e., when n = N , then one gets (16). The
formula for the Fermi momentum, as quasiclassically derived
by the Bohr-Sommerfeld rule (immune to interaction), is inde-
pendent of interaction of fermions in a Fermi liquid even with
arbitrary strong particle interaction. With Fermi momentum
the Fermi energy is linked, the kinetical energy of a particle
with Fermi momentum (the chemical potential of fermions at
T = 0 K is equal to the Fermi energy and weakly changes
with the temperature growth [50]).

The whole Fermi sphere collects the energy per spatial
volume V (neglecting interaction of fermions),

E =
∑

p

ε(p) f (ε(p))

= V

(2π h̄)3

∫
d3pε(p) f (ε(p))

=
∫ pF

0
d p

∫ π

0
dθ

∫ 2π

0
dφp2sinθε(p)

V

(2π h̄)3

= V

2π2h̄3

∫ pF

0
d pp2ε(p), (17)

where the sum runs over occupied states only, which is guar-
anteed by the Fermi-Dirac distribution function f (ε(p)) =

1
e(ε(p)−μ)/kBT +1 →T →0 1 − �[ε(p) − εF ] [here �(x) is the Heav-
iside step function and εF = ε(pF ) = μ(T = 0), and μ is
the chemical potential], p, θ, φ are spherical variables in
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TABLE I. Fermi momentum pF [according to Eq. (16)], Fermi energy εF = ε(pF ) [for the relativistic case of kinetic energy ε(p) =√
c2 p2 + m2

nc4 − mnc2, mn = 1.675 × 10−27 kg, the mass of the neutron] and total energy of the Fermi sphere E [according to Eq. (17)]
released at the decay of statistics for exemplary density ξ and radius r of a neutron star merger (n total number of neutrons in the star).

ξ [kg/m3] r [km] n pF [kg m/s] εF [GeV] E [J]

5 × 1018 10 1.13 × 1058 4.52 × 10−19 0.32 1.84 × 1047

2 × 1018 10 4.7 × 1057 3.37 × 10−19 0.2 4.8 × 1046

1.0 × 1019 8 1.08 × 1058 5.57 × 10−19 0.58 3 × 1047

2.5 × 1018 8 2.97 × 1057 3.62 × 10−19 0.24 3.5 × 1046

momentum space, and ε(p) is the kinetical energy of
a fermion equal to p2

2m (in the nonrealtivistic case),√
p2c2 + m2c4 − mc2 (in the relativistic case) or cp (in the ul-

trarelativistic case). The factor V
(2π h̄)3 is the density of quantum

states, i.e., the number of single-particle quantum states in the
element of the phase space V d3p. The energy estimation (17)
holds also for nonzero temperatures, if kBT 
 μ � εF (i.e.,
when a Fermi liquid is quantumly degenerated). For example,
in metals εF � 90 000 K (in units assuming kB = 1) and the
Fermi sphere practically does not change even at the melting
temperature.

In another example, a neutron star at the Tolman-
Oppenheimer-Volkoff limit [47,48] with the density of order
of 1018 kg/m3 (i.e., of the order of 2.3 Sun masses compressed
to the compact neutron star with a radius of ca. 10 km), the
neutron Fermi sphere energy attains the range of 1047 J, just as
energy of frequently observed cosmic short giant gamma-ray
bursts (assuming the isotropy of their sources); cf. Table I.
The Fermi energy in this case εF � 3.7 × 1012 K (at kB = 1
units), which is much greater than the supposed temperature
of the neutron star, of order of 106 K.

The same holds for any quantumly degenerated fermion
system even at high temperature, i.e., when the chemical
potential—the energy increase caused by addition a single
particle to multiparticle statistical system [at T = 0 the chem-
ical potential equals εF = ε(pF ) and weakly depends on the
temperature growth]—is much greater than the actual thermal
energy kBT , kB = 1.38 × 10−23 J/K is the Boltzmann con-
stant, and T is the absolute temperature in the system.

The coincidence of the energy stored in the Fermi sphere of
neutrons in a neutron star at the Tolman-Oppenheimer-Volkoff
limit with the energy of short giant gamma-ray bursts may
support the concept that the source (yet unknown) of some
of these bursts is a collapse of the Fermi sphere of neutrons
when the total star is compressed to the volume inside its
own photon sphere. At the decay of the Fermi sphere of
neutrons, the latter liberated from the Pauli exclusion prin-
ciple constraint fall apart on electrons and protons, charge
particles interacting with the electromagnetic field. Rapidly
allowed jumping of these particles onto their ground state at
the decay of the neutron Fermi sphere will release a giant
flux of isotropic electromagnetic radiation along the Fermi
golden rule for quantum transitions [52], with the dominant
component of gamma radiation because of the large value of
Fermi energy in this case (cf. Table I).

The next example of the decay of a Fermi sphere of
fermions at passing the photon sphere rim of a black hole

would be a quantum contribution to quasar luminosity.
Quasars are sources of giant electromagnetic radiation, so
they are visible from cosmological distances with luminosity
exceeding hundreds of times the luminosity of a whole large
galaxy. There are already known over a million quasars, the
majority at a distance between 3 and 13 billion light years
from us. Quasars are considered as supermassive active black
holes (with mass of order of 109 Sun masses) consuming a
surrounding matter, which fall down onto the gravitational
singularity in the form of a vast accretion disk. Various chan-
nels of gravitational energy transfer to radiation from the
accretion disk are taken into account, mostly due to temper-
ature radiation of hot gas of electrons and ions heated to
millions K due to matter compression. Nonthermal compo-
nents of radiation are related with a bremsstrahlung or inverse
Compton effect in the dense plasma close to the event horizon
of the black hole, conventionally assumed at the distance not
closer than 6rs.

If one considers an accretion disk of a quasar, then the
density of electron and proton plasma (assuming accretion of
neutral hydrogen) grows with falling of the matter towards
the Schwarzschild horizon. The originally diluted neutral gas
(of a hydrogen cloud) ionizes itself due to friction in the
accretion disk and eventually becomes a degenerate Fermi
liquid despite the high local temperature. This Fermi liquid
attains an ultrahigh concentration in an increasingly flattened
and compressed region in vicinity of the event horizon. For
two-component plasma both Fermi spheres of electrons and
protons contribute to the energy storage. At the same concen-
tration of electrons and protons (due to the neutrality condition
of plasma in the disk) electrons accumulate larger kinetic en-
ergy because of lighter mass [the relativistic kinetic energy of
the electron and proton is ε(p) =

√
c2 p2 + m2c4 − mc2 with

m = me = 9.1 × 10−31 kg and m = mp = 1.67 × 10−27 kg,
respectively]. The energy accumulated in the Fermi spheres
of electrons and protons can be released in the form of the
electromagnetic radiation if the Pauli exclusion principle is
locally waived at the rim of the photon sphere, due to local
decay of quantum statistics. Charged particles couple to a
electromagnetic field, and the collapse of their Fermi spheres
is accompanied with the emission of photons in agreement
with the Fermi golden rule [52] for quantum transitions be-
tween initial states of particles in the Fermi sphere and their
ground state.

In the case of quasars surrounded by the abundance of
the matter as in the cosmological epoch, when accretion of
the gas is limited only by the uppermost density of matter
compression (similar to the density of neutron star at the
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Tolman-Oppenheimer-Volkoff limit or to the density of atom
nuclei), the continuous decay of Fermi spheres of electrons
and protons in accretion plasma crossing the photon sphere
of supermassive central black hole releases photons with total
energy in the amount of 30% of infalling mass (quasars con-
sume typically ca. 0.1 Earth mass per second, and 30% of this
mass is converted into radiation). This radiation contributes
to the luminosity of quasars with ca. 1040 W from the close
vicinity of the event horizon (at the rim of the photon sphere
at r = 1.5rs from the singularity) in better agreement with
observations than only radiation from more distant regions
of the accretion disk. The detailed quantitative estimation,
including a general gravitation correction to the density at
the innermost unstable circular orbit of the black hole, is
presented in Appendix E.

The topological effect of the change of homotopy class of
particle trajectories at passing the innermost unstable circular
orbit of a black hole seems to modify also premises for the
discussion of the information paradox for black holes and
related problems. Since the illuminating papers of Hawk-
ing [53] and Bekenstein [54], who pointed out the entropy
behavior of black holes in view of the second law of ther-
modynamics, the problem of the fate of information encoded
in matter falling into a black hole is still open. The proposed
temperature of black holes and the Hawking-Unruh radiation
[53,55] are considered as breakthrough quantum properties of
black holes. However, it has been proved [56] that this radi-
ation is fully random, which causes the information paradox.
Trials to solve it via the quantum entanglement of particle-
antiparticle pairs at the event horizon and the escape of a
particle associated by falling to the inside of the black hole
of its antiparticle partner, encountered, however, problems
with entanglement properties. Hawking radiation [53] has
been resolved to the entanglement of two particles: escaping
and falling into a black hole. Simultaneously, new Hawking
radiation must be entangled with the old Hawking radiation,
which leads to a conflict with the principle called “monogamy
of entanglement.” To avoid this problem, the entanglement
must somehow get immediately broken between the infalling
particle and the outgoing particle. Breaking this entangle-
ment would release large amounts of energy, thus creating
a searing black hole firewall at the black hole event horizon
[57]. This resolution causes, however, a violation of Einstein’s
equivalence principle, which states that free falling is indis-
tinguishable from floating in empty space. No entanglement
between the emitted particle and previous Hawking radiation
would require black hole information loss, a controversial
violation of unitarity.

Polchinski with coauthors [57] stated that the paradox may
eventually force us to give up one of three time-tested prin-
ciples: Einstein’s equivalence principle, unitarity, or existing
quantum field theory. The firewall concept is one possible
information paradox solution. The Hawking-Unruh radiation
has not been observed as of yet, and the firewall idea is
still controversial as it breaks Einstein’s equivalence princi-
ple [57]. Moreover, the holographic formulation for quantum
gravitation by Maldacena [58] strengthened the belief that the
information should be conserved during the falling of matter
into black holes in accordance with unitary quantum evolu-
tion. Thus, the fundamental premises of quantum mechanics

and of gravitation remain still in conflict in the case of black
hole quantum behavior, which poses a significant problem for
future quantum gravitation theory [57,58].

In the scenario proposed in the present paper, the matter
deprived of quantum statistics at passing the photon sphere
rim does not form a conventional system of particles but a
specific quantum state of particles which cannot mutually
interchange their positions, resembling an idealized perfect
crystal in the third law of thermodynamics. For a remote
observer the entropy of these particles would be even zero,
if speculating they form a pure quantum state. Only due to the
Unruh effect [55] the mixed state would be noticed by an ac-
celerating observer (in particular, in a proper system attached
to falling particles). The related Hawking-Unruh radiation is
random [56], completely independent of a matter state but is
related to the kinematic property in general relativity and the
equivalence principle still holds at passing the event horizon.
Instead at the rim of the photon sphere the radiation is released
due to the decay of quantum statistics and waving out of the
Pauli exclusion principle. This radiation is emitted according
to the Fermi golden rule in an unitary manner. Thus, the
entropy of the falling matter could be taken away with this
radiation before crossing the event horizon. This radiation
is somewhat similar to a firewall, but in distinction to that
proposed by Polchinski and coauthors [57], it is visible for
a remote observer (the Polchinski’s firewall must be invisible
for a remote observer as it would associate the entanglement
breaking at passing the event horizon, which is unobservable
for a distant observer).

We do not go here to a conclusion as the problem of the
entropy change at local disappearance of quantum statistics
needs a separate consideration, but we can point only to
some related aspects: (1) the information in condensed mat-
ter is encoded mainly in matter organized according to the
Pauli exclusion principle, (2) the local waving out of quan-
tum statistics restrictions allows the reducing of entangled
states described by nonseparable symmetric and antisymmet-
ric multiparticle wave functions of indistinguishable particles
to separable states, and (3) at passing the photon sphere rim by
a single particle in a pure state nothing happens, which does
not violate the classical Einstein’s equivalence rule for such a
particle.

VII. SUPPLEMENT TO THE CONVENTIONAL MODELS
OF ACCRETION DISK AND COMPARISON WITH

OBSERVATIONS

The collapse of Fermi spheres of degenerate Fermi sys-
tems at passing the innermost unstable circular orbit in the
Schwarzschild metric (the photon sphere rim of a nonrotating
uncharged black hole) does not conflict with the conventional
models of the accretion disks of quasars [42,59]. The latter
are based on the Shakura-Sunyaev classical hydrodynamic ap-
proach to plasma in an accretion disk [59], where the inverse
transfer of the orbital momentum is modeled by friction and
turbulence factors allowing the increase of plasma internal
energy on the cost of the black hole gravitational energy
[60–62]. Then hot plasma irradiates energy by thermal ra-
diation [59,63]. This gives, however, only soft photons, and
to elucidate giant luminosity of quasars (or microquasars) in
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the x-ray range the mechanism of inverse Compton scattering
of soft photons on hot electrons or ions is invoked [64]. The
model of a hot accretion disk, originally proposed by Shapiro
et al. for microquasar Cignus X-1 with a 15 Sun masses
black hole [64], assumes an extremely high temperature of
the inner part of the accretion disk (109 K for electrons and
1011 K for ions) to ensure sufficient energy of charge carriers
needed for Comptonization of soft photons (the identification
of a sufficiently abundant soft photon source is not clear,
however). Though the Comptomization mechanism in this hot
accretion disk model is adjusted to x-ray radiation luminosity
of Cignus X-1, the generalization of the model to extremely
luminous giant quasars with supermassive black holes (∼109

Sun masses or larger) [65] is problematic, since the tem-
perature 109–1011 K of hot plasma in a vast disk seems to
be unrealistic. Nevertheless, some numerical simulations of
developments of the Shakura-Sunyaev and Thorne-Novikov
model [42,59] done recently by Fragile et al. [66], allow one
to match observable luminosities of some not distant (z < 0.3)
active binary black hole objects [67], but rather not super-
luminous remote quasars [65]. Higher radiation efficiency
has been modeled within a conventional classical magneto-
hydrodynamic approach by inclusion of a hypothetical giant
magnetic component to accretion plasma in the case of a
spinning black hole [68], assuming, however, an unrealistic
accretion mass rate to gain sufficiently large luminosity.

All hydrodynamic or magneto-hydrodynamic models of
matter accretion onto a black hole are applicable, however,
only relatively far from the event horizon of the black hole. In
all such models the inner edge of the accretion disk is assumed
to be located well above the photon sphere of the black hole
(the latter coincides with the radius of the innermost unsta-
ble circular orbit in the Schwawrzschild metric, at r = 1.5rs,
rs = 2GM

c2 ), i.e., even more distant than the innermost stable
circular orbit with the radius 3rs (conventionally assumed the
inner edge of the accretion disk is at ∼6rs [64]).

The collapse of the Fermi spheres described in the present
paper takes place at the rim of the photon sphere at r =
1.5rs, in the region completely neglected in conventional hy-
drodynamic models of matter accretion [42,59,66,68], thus
this mechanism does not interfere with thermal (including
bremsstrahlung) and Comptonization mechanisms for radi-
ation emission from more distant parts of the accretion
disk (typically for r > 6rs). Inclusion of the quantum ef-
fect of Fermi sphere collapse at the photon sphere rim (r =
1.5rs) can, however, considerably supplement developments
of the Shakura-Sunyaev-Thorne-Novikov classical hydrody-
namic approach [42,59] not applicable in proximity of the
event horizon. The release of high-energy photons (depend-
ing on the accretion mass rate, the black hole mass, and
governed by the Fermi momentum in compressed plasma)
due to Fermi sphere collapse can add to the total luminosity
of quasars and microquasars, allowing for the avoidance of
some parameter-fitting problems and shortages of conven-
tional classical models [66,68].

The rejection of the quantum statistics in a system of indis-
tinguishable identical particles at passing the rim of the photon
sphere is a general property of any black hole, regardless of its
mass. The energy per unit volume stored in the Fermi sphere
of a degenerate Fermi system is a monotonic function of the

density of matter. Its maximum is attained for the uppermost
possible density of compressed electron-hadron plasma, as
in extremely bright quasars or in the case of neutron star
mergers exceeding the Tolman-Oppenheimer-Volkoff stability
limit (the uppermost density of compressed Fermi liquid is
of the order of the density of hadrons in atom nuclei). In
the case of quasars the collapse of electron and proton Fermi
spheres in the stream of ionized matter in an accretion disk
gives the steady luminosity ∼1040 W for ∼109 Sun masses
supermassive black holes consuming ca. 10 Sun masses per
year (0.1 Earth mass per second) for a long time (as assessed
in Appendix E). In the case of a neutron star merger which
exceeds the Tolman-Oppenheimer-Volkoff limit of ca. 2.3
Sun masses compressed to uppermost density of hadrons, the
merger rapidly collapses due to the relief of internal pressure
caused by local recall of the Pauli exclusion principle, when
the entire star is smaller than its own photon sphere. The
released energy due to collapse of a neutron Fermi sphere in
the neutron star merger reaches 1047 J; cf. Table I (this energy
partly escapes from the photon sphere of a rising black hole in
the form of a short giant burst of gamma rays). In both these
extremal cases of the matter compression (in superluminous
quasars and at collapse of neutron star mergers) the efficiency
of mass to radiation conversion is ca. 30%, not achievable
in any other physical mechanism except for matter-antimatter
annihilation (the efficiency of nuclear fusion in stars is only of
order of 0.7% for the mass to energy conversion rate).

In the case of not extremal matter compression in the
accretion disk of black holes (as in many active galactic nuclei
or in microquasars with a lower rate of the matter influx) the
radiation emitted due to Fermi sphere collapse is less intensive
(the mass to energy conversion rate is lower than 30%) and
softer, but still contributes to the total luminosity and can
help to explain radiation properties of observed binary black
hole systems [65,67]. In particular, the Fermi sphere collapse
can help to elucidate the relatively short-lasting brightening
of active galactic nuclei, like the recently observed for AGN
1ES 1927+654 [69]. The 100-fold increase of its luminosity
within a few months period would be associated with ac-
cidental increase of the matter consumption rate during the
corresponding time. If this accidental matter influx is not ex-
tremal, then photons emitted due to the Fermi sphere collapse
may not reach over-MeV energy and are not able to produce
electron-positron pairs in the ergosphere of this spinning black
hole. However, the massive isotropic flux of lower energy
photons caused by the Fermi sphere collapse of electrons
and protons may push electron-positron pairs created in the
ergosphere according to the Blandford-Znajek electromag-
netic mechanism [70] towards the event horizon, lowering in
this way their evaporation to jets across ergosphere nodes.
The model by Blandford-Znajek [70] gives the theory of jet
formation for spinning Kerr-like black holes, where due to
dragging of the reference frame in a Kerr metric the magnetic
field carried with the accretion matter rotates. The rotation
of the ergosphere causes the magnetosphere inside it to ro-
tate, and the outgoing flux of angular momentum results in
extraction of energy from the black hole. The magnetic field
beams in the form of jets and electrons and positrons diffuse
across nodes of the ergosphere and next are highly accelerated
in magnetic field beams in jets producing intensive x-ray
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radiation. The hypothetical source of electron-positron pairs is
a strong electrical field created by the rotating magnetic field
frozen in the ergosphere. The sufficient intensity of the electric
field to generate particle-antiparticle pairs in the ergosphere is,
however, speculative. A collapse of Fermi spheres in plasma
approaching the Kerr black hole would be helpful here, as it
can supply the abundance of over-MeV photons in the case
of extreme matter influx, when the energy of these released
photons can reach GeV level and can produce a large number
of electron-positron pairs, which are able to power up jets
besides the Blandford-Znajek mechanism. Nevertheless, in
the case when the released photons are sub-MeV at a smaller
rate of matter consumption by a black hole, then they cannot
produce additional electron-positron pairs inside the ergo-
sphere but can push towards the event horizon those created
according to the Blandford-Znajek mechanism, reducing their
supply to jets. This could explain the temporal change in the
radiation spectrum during a brightening episode consisting
in an optical 100-fold increase of the optical luminosity and
simultaneous lowering of x-ray radiation (the latter probably
due to reduction of the amount of electrons and positrons in
the jet, the source of x-ray radiation in jets), without the need
to speculate on remagnetization of the AGN and quenching
of its jets by an oppositely magnetized gas cloud during this
episode [69]. When the Fermi energy in accreting plasma does
not exceed MeV, then the collapse of a Fermi sphere can
produce an increase of the luminosity with lower frequency
(just as has been observed for AGN 1ES 1927 + 654) and,
simultaneously, can temporarily reduce the intensity of x-ray
radiation from jets, also in agreement with observations.

VIII. CONCLUSIONS

The important role of the availability of classical trajecto-
ries for Feynman path integrals is demonstrated. This method
of quantization is especially convenient to identify quan-
tum effects rooted in topological homotopy-type constraints
imposed onto trajectories which enter functional integrals.
Despite some popular belief, not all trajectories can con-
tribute to path integrals, but only those which are classically
accessible. This is visible in the path integral approach to
single-particle tunneling across barriers and in path integral
generalization to multiparticle systems. For indistinguishable
identical particle systems, path integrals are especially sensi-
tive to constraints imposed on trajectories by their topological
homotopy properties. The paths in this case are linked to
so-called braids displaying indistinguishability of particles
leading to quantum statistics and correlation phenomena. In
topologically rich systems of interacting 2D electrons ex-
posed to a strong magnetic field, the availability of braids is
changing with varying magnetic field value. Braid trajectories
are admitted only at the commensurability of multiloop cy-
clotron orbits with distribution of interacting electrons in two
dimensions, which results in the definition of complete FQHE
hierarchy. The consistency of such topological approach with
experimental observations of FQHE in conventional semicon-
ductor 2D systems, in a graphene monolayer and bilayer, and
even in fractional Chern topological insulators (in which the
magnetic field is substituted by the Berry field) evidences a
topological character of quantum Hall physics.

Another consequence of the homotopy restrictions im-
posed on classical trajectories occurs in spacetime folded
by general-relativity gravitational singularity. The homotopy
transition between a multiply and simply connected configu-
ration space of identical indistinguishable particle systems at
passing the photon sphere rim of a black hole results in high-
energy phenomena, which can help clarify the astrophysical
observations. This homotopy transition results in a quantum
mechanism of transfer of gravitation energy into radiation in
the accretion disk of a black hole with the efficiency up to 30%
mass to energy conversion rate, which is actually encountered
in superluminous quasars and is beyond the explanation abil-
ity of conventional models of quasar luminosity. The same
mechanism can be responsible for the creation of some kind
of giant gamma-ray bursts (their source is unknown as of yet)
at neutron star merger collapses, when also ca. 30% of the
merger mass is converted into radiation. The agreement with
these two independent astrophysical high-energy phenomena
supports the model of Fermi sphere decay in the vicinity of a
black hole due to the change of the availability of braid tra-
jectories for indistinguishable particles approaching the event
horizon.

The spin and statistics are closely related as pointed out in
Pauli theorem. This theorem holds not only in three dimen-
sions where exclusively fermion- and boson-type statistics
are available, but also in two dimensions where fractional
anyon statistics are admitted, in agreement, on the other hand,
with nonquantized spin in two dimensions [related with U(1)
rotational symmetry]. In the 2D case of charged indistinguish-
able particles exposed to a magnetic field (or Berry field in
topological Chern insulators) the Pauli theorem must be again
generalized to account for specific quantum statistics respon-
sible for fractional quantum Hall effect (including composite
fermions and their generalizations) and fractional Chern in-
sulators. Spin of particles is governed by a rotational group
independently of constraints imposed on braid properties of
particles as is illustrated in the case of a general relativis-
tic gravitation singularity. Similarly for a single particle the
spin can be well defined but not the quantum statistics. From
these examples it follows that quantum statistics of the same
classical particles can change in response to the topolog-
ical constraints imposed on the multiparticle system. This
reflects the fundamental role of the availability or restrictions
regarding the identical particle exchanges and expressed in
homotopy braid group terms, which for a multiparticle system
of indistinguishable particles can vary in response to topolog-
ical constraints and can modify quantum statistics of the same
classical counterparts.

APPENDIX A: SIZE OF CYCLOTRON ORBITS
FOR 2D ELECTRONS

Let us consider a 2D electron in a perpendicular magnetic
field B. The x and y components of its kinematic momentum
are [for vector potential in Landau gauge A = (0,−Bx, 0),
B = rot A = (0, 0, B)]

Px = −ih̄ ∂
∂x ,

Py = −ih̄ ∂
∂y − eBx.

(A1)
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The commutator [Px, Py]− = ih̄eB (it is invariant with respect
to magnetic field gauge). Two variables Y = Px

eB and Py are
conjugated, as [Y, Py]− = ih̄, and they can be considered as
generalized 1D position and momentum. By application of
the Bohr-Sommerfeld rule [52] to this generalized 1D phase
space, one obtains

�SY,Py = �

∮
Py dY = h, (A2)

where �SY,Py is the smallest portion of the 1D phase space
(Y, Py), h = 2π h̄. The phase space (Y, Py) is in fact the renor-
malized space (Px, Py ). The closed trajectory in (Px, Py ) space
is repeated in the space (x, y), with the renormalization factor

1
(eB)2 and turned by the angle π/2, because of the Lorentz

force, F = dP
dt = e dr

dt × B, where r = (x, y) and P = (Px, Py).
Thus, from (A2) one obtains

�Sx,y = �

∮
y dx = h

eB
, (A3)

which is the smallest 2D cyclotron orbit in (x, y) of an electron
(�Sx,yB = �0 = h

e is the magnetic field flux quantum).
The cyclotron orbit (A3) is single-loop. If, however, the

elementary trajectory between turning points in the Bohr-
Sommefeld rule is the path with additional k loops, then
the smallest piece of 1D phase space (Y, Py) is (2k + 1)h
[32]. Such a situation happens when loopless σi braids cannot
match the nearest neighbors in Wigner lattice. The elementary
trajectory in this case can be σ 2k+1

i , i.e., the cyclotron braid
with additional k loops, and such a simplest trajectory must
be taken in the Bohr-Sommerfeld rule instead of σi, which
results in (2k + 1) times larger size of the phase space orbit.
Hence, instead of (A3) one obtains

�Sx,y = (2k + 1)h

eB
, (A4)

which defines the size of (2k + 1)-loop cyclotron orbit
(σ 2k+1

i )2 (the effective magnetic field flux quantum in the
correlated state of electrons defined by braid generators σ 2k+1

i

equals �k = (2k+1)h
e ).

The sizes of cyclotron orbits, single-loop (A3) and (2k +
1)-loop (A4), refer to the LLL. In higher LLs cyclotron orbits
are proportional to the factor (2n + 1), with n, the Landau
index, because the kinetic energy in consecutive LLs scales
linearly with Landau index, just ∼(2n + 1). Hence the cy-
clotron orbit size in arbitrary LLs equals

�Sx,y = (2n + 1)(2k + 1)
h

eB
, (A5)

where n is the Landau index, (2k + 1), the number of loops in
the orbit.

Note that the size of cyclotron orbit in particular LLs is
immune to interparticle interaction in a collective state of
electrons, because the Bohr-Sommerfeld rule holds indepen-
dently of interaction (as the quasiclassical approximation is
not perturbative with respect to interaction). In 2D systems
of interacting electrons, cyclotron orbits can be deformed but
their surface (A5) is conserved and universal.

APPENDIX B: GENERAL FORM OF CYCLOTRON BRAID
GENERATORS FOR ADMISSIBLE TRAJECTORIES FOR
2D INTERACTING ELECTRONS IN MAGNETIC FIELD

AND CORRESPONDING WAVE FUNCTIONS FOR FQHE
HIERARCHY IN THE LLL

The general homotopy invariant for cyclotron electron cor-
relations of 2D electrons has the form as given by Eq. (13),

BS

N
= h

x1e
± h

x2e
± · · · ± h

xqe
, (B1)

where q = 2k + 1 is the number of loops of cyclotron or-
bit and xi indicates the fraction of next-nearest neighbors
in a Wigner lattice commensurate with the ith loop. The
form of the invariant (B1) results from the commensurability
condition for a single-loop cyclotron orbit with next-nearest
neighbors of some rank. If the total number of these neigh-
bors is N

x , then the single-loop commensurability condition is
BS
N/x = h

e , which gives the form of components (each per single
loop) in (B1). The ± in (B1) indicates a possible inverted
(−) or congruent (+) circulation of a loop with respect to the
preceding one.

To the invariant (B1) corresponds the filling rate given by
Eq. (14),

ν =
(

1

x1
± 1

x2
± · · · ± 1

xq

)−1

, (B2)

because ν = N
N0

and the degeneracy of LLs, N0 = BSe
h .

To the invariant (B1) there correspond generators for the
related cyclotron subgroup, which have the following form:

b j = (
σ jσ j+1 . . . σ j+x1−2σ j+x1−1σ

−1
j+x1−2 . . . σ−1

j

)
× (

σ jσ j+1 . . . σ j+x1−2σ j+x1−1σ
−1
j+x1−2 . . . σ−1

j

)±1

. . .

× (
σ jσ j+1 . . . σ j+xq−2σ j+xq−1σ

−1
j+xq−2 . . . σ−1

j

)±1
,

j = 1, . . . , N ′ N ′ = N − max(xi ), (B3)

where the segment(
σ jσ j+1 . . . σ j+xi−2σ j+xi−1σ

−1
j+xi−2 . . . σ−1

j

)
(B4)

defines the exchange of the jth electron with the ( j + xi )-th
one as prescribed in (B1) for the ith loop of a q-loop cyclotron
orbit. For xi = 1 (the nearest neighbors) this segment (B4) is
simply σ j .

The generators (B3) define elementary exchanges of elec-
trons. Not all transpositions are possible but only those
defined by the generators. Scalar unitary representation of
generators (B3) is ei(1±1±···±1)π , as for original electrons σ j →
eiπ and σ−1

j → e−iπ . Therefore, the segment (B4) must gen-
erate the polynomial factor to the multiparticle wave function,

N ′,N/xi∏
j=1,k=1; j<mod( j,xi,1)+(k−1)xi

(z j − zmod ( j,xi,1)+(k−1)xi ) (B5)

[N ′ is the collection of admissible values of j at which the
generator (B3) can be defined; it is equal to N − max(xi ) for
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xi entering (B3)] as the projective scalar unitary representation
of this segment is eiπ (or e−iπ if it enters as an inverted
operator). In the above formula mod( j, xi, 1) is the rest of the
division of j by xi with offset 1. Thus the total multiparticle
wave function corresponding to generators (B3) acquires the
form

	(z1, . . . , zN )

= A
N ′,N/x1∏

j=1,k=1; j<mod( j,x1,1)+(k−1)x1

(z j − zmod( j,x1,1)+(k−1)x1 )

×
N ′,N/x2∏

j=1,k=1; j<mod( j,x2,1)+(k−1)x2

(z j − zmod( j,x2,1)+(k−1)x2 )

× . . .

×
N ′,N/xq∏

j=1,k=1; j<mod( j,xq,1)+(k−1)xq

(z j − zmod( j,xq,1)+(k−1)xq )

× e−i
∑N

i=1 |zi|2/4l2
B , (B6)

for both two possibilities of scalar unitary representations
related to ± in (B1) causing only an unimportant change of
sign.

One can notice from Eq. (B6) that in the case of x1 = x2 =
· · · = xq = 1 and only + instead of ± in (B1), the Laugh-
lin function is reproduced for ν = 1

q . The envelope part of

function (B6), e−i
∑N

i=1 |zi|2/4l2
B , is correct only in GaAs, and

this envelope changes in graphene according to the different
explicit form of single-electron LL functions in graphene [71].

The examples of the wave function (B6) for various ν from
the general FQHE hierarchy given by Eq. (B2) are presented
in Ref. [33] including the related energy calculation.

APPENDIX C: HOMOTOPY OF PARTICLE
TRAJECTORIES IN THE VICINITY OF THE EVENT

HORIZON IN SCHWARZSCHILD METRIC: DERIVATION

Let us consider trajectories of particles (with mass m van-
ishingly small in comparison to central mass M) in the upper
neighborhood of the Schwarzschild event horizon. These tra-
jectories coincide with geodesics in the metric (15). Because
of the spherical symmetry of the gravitational field described
by (15) these geodesics must lie in planes and without any loss
of generality one can consider the geodesic plane θ = π

2 . The
geodesics for a particle with the mass m can be determined in
various equivalent classical dynamics formulations, e.g., by
solution of the Hamilton-Jacobi equation,

gik ∂S

∂xi

∂S

∂xk
− m2c2 = 0, (C1)

with gik metric tensor components corresponding to metric
(15) [72]. Equation (C1) attains for the Schwarzschild metric
(15) the following form:

(
1 − rs

r

)−1
(

∂S

c∂t

)2

−
(

1 − rs

r

)(
∂S

∂r

)2

− 1

r2

(
∂S

∂φ

)2

− m2c2 = 0, (C2)

with the function S in the form

S = −E0t + Lφ + Sr (r). (C3)

In the above formula the quantities E0 and L are the particle
energy and its angular momentum, respectively. E0 and L are
constants of motion. Equation (C1) can be also applied to
define trajectories of photons assuming in (C1) m = 0.

If one substitutes Eq. (C3) into Eq. (C2), then one can find
∂Sr
∂r . By the integration of this formula one obtains

Sr =
∫

dr

[E2
0

c2

(
1 − rs

r

)−2
−

(
m2c2 + L2

r2

)(
1 − rs

r

)−1
]1/2

.

(C4)

Geodesics are thus defined by the condition ∂S
∂E0

= const,
which gives radial dependence of the trajectory r = r(t ), and
by the condition ∂S

∂L = const, determining the angular de-
pendence φ = φ(t ) of the particle trajectory. The condition
∂S
∂E0

= const gives

ct = E0

mc2

∫
dr(

1 − rs
r

)√( E0
mc2

)2 − (
1 + L2

m2c2r2

)(
1 − rs

r

) .

(C5)
The condition ∂S

∂L = const results in the relation

φ =
∫

dr
L
r2

[E2
0

c2
−

(
m2c2 + L2

r2

)(
1 − rs

r

)]−1/2

. (C6)

Equation (C5) can be rewritten in a differential form,

1

1 − rs/r

dr

cdt
= 1

E0

[
E2

0 − U 2(r)
]1/2

, (C7)

with the effective potential,

U (r) = mc2

[(
1 − rs

r

)(
1 + L2

m2c2r2

)]1/2

, (C8)

where E0 and L are energy and angular momentum of the
particle, respectively.

Equation (C7) allows for the definition of an accessible
region for the motion via the following condition, E0 � U (r).
Moreover, the condition E0 = U (r) defines circular orbits.
Limiting circular orbits can be thus found by the determi-
nation of extrema of U (r). Maxima of U (r) define unstable
orbits, whereas minima stable ones (depending on parameters
E0 and L, which are integrals of the motion). The conditions
U (r) = E0 and ∂U (r)

∂r = 0 (for extreme) attain the explicit form

E0 = Lc

√
2

rrs

(
1 − rs

r

)
,

r

rs
= L2

m2c2r2
s

[
1 ±

√
1 − 3m2c2r2

s

L2

]
, (C9)

where the sign + in the second equation corresponds to stable
orbits [minima of U (r)] and the sign − to unstable ones
[maxima of U (r)]. Positions of stable and unstable circular
orbits depend on energy E0 and angular momentum L.

This is illustrated in Fig. 8; the upper curve (red one in this
figure) gives positions of stable circular orbits (with respect to
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angular momentum L) and the lower curve (blue one) gives
positions of unstable circular orbits (also with respect to L).
The related value of E0 is given by the first equation of the
system (C9).

APPENDIX D: PAULI THEOREM ON CONNECTION
BETWEEN STATISTICS AND SPIN

Pauli theorem on spin-statistics connection [45] states that
quantum statistics of particles with half spin must be of
fermionic type, while those of particles with integer spin
of bosonic type. This theorem is supported by the quantum
relativistic reasoning that within the Dirac electrodynamics
for spinor-described particles, the Hamiltonian formulation is
admitted for simultaneously particles and antiparticles, and
to ensure positively defined kinetic energy of free particles,
the field operators defining particles (and antiparticles) must
anticommute, and thus are of fermionic type [73]. Such a
proof is confined, however, to free particles and to 3D po-
sition space, the manifold on which particles are located. A
wide discussion of Pauli theorem on spin-statistics connection
including various trials of its proof is presented in [74,75],
where also a rigorous proof of this theorem in the case of
noninteracting particles is provided. The Pauli theorem holds,
however, also for arbitrarily strongly interacting particles.
This is visible in terms of topology as the actual proof of
Pauli theorem must invoke homotopy-type reasoning in view
of a braid group-based quantum statistics definition [76]. The
Pauli theorem follows from the coincidence of unitary irre-
ducible representations of the rotation group, which define
quantization of spin or angular momentum [77] with unitary
representations of braid groups nominating quantum statistics
[5]. The agreement between unitary representations of both
groups arises due to the overlap of some elements of the
braid group and the rotation group. The representations which
are uniform on group generators must thus agree for whole
groups. The half spin representation of the rotation group must
agree with the odd representation eiπ = −1 of the braid group
for 3D manifold (and fermions), whereas the integer angular
momentum representation of the rotation group must agree
with even ei0 = 1 representation of the permutation group
(and bosons). Such an approach allows simultaneously for the
extension of Pauli theorem onto 2D manifolds with anyons
(which, in general, are neither fermions nor bosons). For 2D
position space the rotation group is Abelian, which causes
that spin in two dimensions is not quantized and perfectly
agrees with the continuous scalar unitary representations of
the Artin braid group defining anyon fractional statistics. Such
a topological proof of Pauli theorem is immune to particle
interaction.

To be more specific, let us note that for 3D manifolds,
the rotation group O(3) has the covering group SU (2), and
the irreducible unitary representations of SU (2) fall into two
classes assigning integer and half-integer angular momenta.
These two classes agree with only two possible scalar unitary
representations of the permutation group SN , which is the
braid group for 3D manifolds. The representations of both
groups coincide as they have some common elements. How-
ever, for 2D manifolds the rotation group O(2) is Abelian
and isomorphic with the U (1) group possessing just the same

continuous unitary representations eiα , α ∈ [0, 2π ), as the
Artin group, which is the braid group for M = R2. Thus,
in 2D space the Pauli theorem also holds for not quantized
spin assigned by s = α

2π
and similarly continuously changing

anyon statistics defined by eiα numbered by α ∈ [0, 2π ).
Quantum statistics and spin, though they coincide via the

agreement between unitary representations of rotation and
braid groups, are in fact independent to some extent, and one
can imagine a situation when the spin is still defined but the
statistics is not, as in the case of the absence of a nontrivial
braid group. Such a situation occurs in an extremely strong
gravitational field inside the black hole and close to its event
horizon, beneath the photon sphere rim, as is demonstrated in
the present paper.

APPENDIX E: ASSESSMENT OF EFFICIENCY OF THE
COLLAPSE OF FERMI SPHERES OF ELECTRONS
AND PROTONS IN THE ACCRETION DISK CLOSE
TO EVENT HORIZON OF A QUASAR INCLUDING

GENERAL-RELATIVISTIC CORRECTIONS

The matter falling onto the black holes of superluminous
quasars must convert up to ca. 30% of its mass into radiation
to explain its observable luminosity and simultaneously the
rate of the increase of central black hole mass over a long
time period of their activity to be consistent with observed
masses of supermassive black holes in galaxies. As the giant
black holes in nearer galaxies are of a size at most on the
order of billions masses of the Sun, the estimation of the
mass consumption rate for quasars with luminosity of order of
1040 W is typically ca. 10 Sun masses per year (i.e., of order
of 0.1 Earth mass per second), in an extreme case of 1000 Sun
masses per year (10 Earth masses per second).

Central black holes in quasars vary between 105–109 of
solar masses, as have been measured using a reverberation
mapping. Several dozen nearby large galaxies, including our
own Milky Way, that do not have an active center and do not
show any activity similar to a quasar, are confirmed to contain
similar supermassive black holes in their centers. Thus it is
now thought that all large galaxies have giant black holes of
this kind, but only a small fraction have sufficient matter in the
right kind of orbit at their center to become active and power
radiation in such a way as to be seen as quasars.

For concreteness of the estimation let us assume that the
central black hole in a quasar consumes 5.6 M� per year,
i.e., ca. 0.06 Earth mass per second. Let us assume the stable
uniform in time process of matter accretion. The transport of
matter across the disk is steady, thus we can perform calcula-
tions, e.g., per a single second. Using Eqs. (16) and (17) one
can assess the energy stored in the Fermi spheres for electrons
and protons, if all the electrons and protons from the gas mass
equal 0.06 Earth mass, are compressed to the spatial volume
V per second. The local Fermi momentum

pF (r) = h̄(3π2ρ(r))1/3 = h̄

(
3π2 n

V (r)

)1/3

, (E1)

where r is the distance from the center. pF (r) is constant in
time and grows across the disk with increasing local concen-
tration ρ(r) = dn

dV = n
V (r) , the same for electrons and protons.
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The latter equality holds for steady accretion, and n is the total
number of electrons (or protons) per second, compressed in
total to the volume V (r) at the distance r from the origin with
central gravitational singularity. This means that portions dn
of electrons and protons in infinitely small consecutive periods
dt incoming in radial direction towards the central singularity
compressed to dV at radius r add up in a single second time
period to the total constant flow of mass (in the example,
of 0.06 × MZ kg/s, the Earth mass MZ = 5.97 × 1024 kg),
and as the whole is compressed locally at r to the volume
V (r). The locally accumulated energy in the Fermi spheres
of electrons and protons grows with lowering r due to the
increase of the compression caused by the gravitational field.
This energy is proportional to V (r) and, moreover, depends on
V (r) via the local Fermi momentum (E1) and in accordance
with Eq. (17) can be written as

E (r) = Ee(r) + Ep(r),

Ee(r) = V (r)

2π2h̄3

∫ pF (r)

o
d pp2

(√
p2c2 + m2

ec4 − mec2

)
,

Ep(r) = V (r)

2π2h̄3

∫ pF (r)

o
d pp2

(√
p2c2 + m2

pc4 − mpc2
)
,

(E2)

where the energy Ee(p) refers to electrons (protons).
At the critical radius r∗ close to the Schwarzschild zone

(we argue that r∗ = 1.5rs) the decay of quantum statistics
takes place due to the topological reason, and both Fermi
spheres of electrons and protons collapse. The amount of
energy given by Eq. (E2) per one second can be thus released
in vicinity of the Schwarzschild zone due to collapse of Fermi
spheres. This released energy per second can contribute to the
observed luminosity of a quasar (1040 W). This undergoes by
portions dn of particle flow incoming to an r∗ region in infinite
small time periods dt , adding up in total to 0.06 × MZ kg per
second. The value of the energy released depends on the local
Fermi momentum and attains 1040 J at a sufficiently high level
of compression, i.e., at sufficiently small V (r∗) determined
from the self-consistent system of Eqs. (E1) and (E2) if one
assumes E (r∗) = 1040 J.

To the initial mass of a gas (assuming to be composed of
hydrogen H) contribute mostly protons (ca. 2000 times more
massive than electrons), thus the total number of electrons,
the same as the number of protons, equals n � 0.06MZ/mp �
2.14 × 1050 per second. Simultaneously solving Eqs. (E1)
and (E2), assuming n = 2.14 × 1050 in volume V (r∗) and
released energy E (r∗) = 1040 J, we find the volume of plasma
compression V (r∗) = 0.5 × 105 m3 and electron or proton
Fermi sphere radius pF (r∗) = 5.4 × 10−19 kg m/s. Electrons
and protons (their amount per second) are compressed to
the same volume V (r∗) (due to neutrality of plasma), hence,
their concentration at r∗, ρ(r∗) = 4.3 × 1045 1/m3. The mass
density at r∗ (including mass equivalent to the energy stored
up in Fermi spheres of electrons and protons) is thus ξ (r∗) =
0.06MZ
V (r∗ ) + E (r∗ )

c2V (r∗ ) � 9 × 1018 kg/m3, similar to mass density in
neutron stars at the Tolman-Oppenheimer-Volkoff limit (be-
ing of order of hadron density in atom nuclei). This is the
uppermost mass density at the critical r∗, which evidences the
self-consistency of the model. This limit regulates the matter

consumption by a black hole, when the supply of the matter to
an accretion disk is unlimited in the black hole surroundings.
The released energy of E (r∗) = 1040 J is equivalent to 30% of
the infalling mass of 0.06 Earth mass (per second). It means
that the compressed plasma with degenerate Fermi liquid of
electrons (and also of protons) is at r = r∗ 30% more massive
than initial remote diluted gas. This increase of mass is caused
by the gravitational field of the central black hole, which
compresses both systems of fermions and accumulates the
energy in their Fermi spheres.

The energy of the gravitational field is accumulated in
Fermi spheres of electrons and protons. The ratio of total
Fermi sphere energies of electrons and protons is En(r∗ )

Ep(r∗ ) �
1.4. The Fermi energy of electrons with Fermi momentum
pF (r∗) = 5.48 × 10−19 kg m/s equals εF = 1 GeV (it is the
upper possible energy of emitted photons), which in thermal
scale (in units of kB = 1) is of order of 1013 K; this makes the
electron liquid quantumly degenerated at lower temperatures
(quasars are not source of thermal gamma radiation, thus
their actual temperatures are much lower). The Fermi energy
of protons with Fermi momentum pF (r∗) = 5.48 × 10−19 kg
m/s equals εF = 0.4 GeV (it is the upper possible energy
of emitted photons by jumping of protons), which in the
thermal scale (in units of kB = 1) is of order of 4 × 1012 K;
thus for the temperature of plasma of order of 106−9 K (the
most realistic is 106) protons also form the degenerated Fermi
liquid.

The release of energy due to the collapse of the Fermi
sphere of charged particles undergoes according to the Fermi
golden rule scheme for quantum transitions [52], when such
transitions are admitted by the local revoking of the Pauli
exclusion principle. Charged carries (electrons and protons)
couple to the electromagnetic field, and the matrix element
of this coupling between an individual particle state in the
Fermi sphere and its ground state is the kernel of the Fermi
golden rule formula for transition probability per time unit for
this particle. This interaction depends also on electromagnetic
field strength, thus the increasing number of excited photons
strengthens the coupling in the similar manner as at stimu-
lated emission (known from, e.g., laser action) and accelerates
quantum transition of the Fermi sphere collapse.

Note that the above estimation of the energy accumulated
in Fermi spheres at the critical distance from the gravitational
singularity has been done in conventional rigid coordinates,
time and space-spherical coordinates (t, r, θ, φ) of the re-
mote observer. The Schwarzschild metric (15), though written
in the rigid and stationary coordinates, describes the folded
spacetime. Even if in Eq. (E1) one replaces V (r) by the proper
volume at the distance r from the central singularity, then
according to the Schwarzschild metric (15) one obtains for
the elementary proper volume the formula

dV =
(

1 − rs

r

)−1/2
drr2sinθ dθ dφ, (E3)

which is only by the factor (1 − r
rs

)−1/2 greater than dV =
drr2sinθ dθ dφ in the remote observer coordinates neglecting
curvature. At r∗ = 1.5rs this factor is ca. 1.7, which gives the
reduction of pF caused by gravitation curvature by a factor ca.
1.7−1/3 � 0.84, which does not change orders in the above
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estimations. The change of pF by one order of magnitude
would need the closer approaching the Schwarzschild hori-
zon, at r � 1.000001rs, i.e., rather distant from the critical
r∗ = 1.5rs. Hence, for the rough estimation of the effect of

Fermi sphere collapse the correction (E3) is unimportant and
can be included as the factor 0.84 to the right-hand side of
Eq. (E1), which does not change the orders in the energy
estimation.
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