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Quantum conditional entropies and steerability of states with maximally mixed marginals
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Quantum steering is an asymmetric correlation which occupies a place between entanglement and Bell
nonlocality. In the paradigmatic scenario involving the protagonists Alice and Bob, the entangled state shared
between them is said to be steerable from Alice to Bob if the steering assemblage on Bob’s side does not admit
a local hidden state (LHS) description. Quantum conditional entropies, on the other hand, provide for another
characterization of quantum correlations. Contrary to our common intuition, conditional entropies for some
entangled states can be negative, marking a significant departure from the classical realm. Quantum steering and
quantum nonlocality, in general, share an intricate relation with quantum conditional entropies. In the present
contribution, we investigate this relationship. For a significant class, namely the two-qubit Weyl states, we show
that negativity of conditional Rényi 2-entropy and conditional Tsallis 2-entropy is a necessary and sufficient
condition for the violation of a suitably chosen three settings steering inequality. With respect to the same
inequality we find an upper bound for the conditional Rényi 2-entropy, such that the general two-qubit state
is steerable. Moving from a particular steering inequality to local hidden-state descriptions, we show that some
two-qubit Weyl states which admit a LHS model possess nonnegative conditional Rényi 2-entropy. However,
the same does not hold true for some non-Weyl states. Our study further investigates the relation between
nonnegativity of conditional entropy and LHS models in two-qudits for the isotropic and Werner states. There
we find that, whenever these states admit a LHS model, they possess a nonnegative conditional Rényi 2-entropy.

‘We then observe that the same holds true for a noisy variant of the two-qudit Werner state.
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I. INTRODUCTION

The study on correlations unachievable within the classical
paradigm has been an integral constituent of theoretical [1]
and experimental [1] probes in quantum information pro-
cessing. Entanglement [2] is the supreme contributor to such
studies. However, entanglement, although a form of quantum
nonlocality, is not the strongest among such correlations. Bell
nonlocality [3] constitutes a stronger correlation significant
both from a foundational [4] and pragmatic perspective [4].
The recent spurt in device-independent security protocols [5]
provided for a driving force to studies on Bell nonlocality.

Quantum steering [6], on the other hand, lies between these
two forms of correlations and is usually asymmetric in nature.
Schrodinger was the first to notice this phenomenon [7,8]
and considered it to be intriguing that the first party can, by
choosing a measurement, steer the state on the other side
into an eigenstate of position or momentum. However, apart
from being a thought-provoking fundamental question this
phenomenon did not receive much attention till the work of
Wiseman, Jones, and Doherty [9]. Although Schrodinger first
employed the term “steering” in this context, it did not refer
to the modern and precisely defined notion of quantum steer-
ing. The authors in [9] formulated steering in the language
of quantum information processing and gave an operational
interpretation to it [9]. In the modern perspective steering
denotes the impossibility to describe the conditional states at
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one party by a local hidden state (LHS) model. Much like Bell
nonlocality, quantum steering also has gained prominence
recently due to its significance in semi-device-independent
communication scenarios [10]. An interesting observation
here is that, although entanglement is necessary for steering
and Bell nonlocality, it is not sufficient.

In any theory of information processing, entropies [11]
play a key role as they prove to be efficient quantifiers of
information content. The Shannon entropy [12] in classi-
cal information theory and its quantum counterpart, the von
Neumann entropy [13], are the paradigmatic examples. How-
ever, these are not the only versions of entropy to be used.
Rényi o entropies [14], Tsallis o entropies [15], and their
quantum analogues [16] are used in different scenarios. In
quantum information theory, we broadly distinguish tasks as
falling into two regimes: (i) the asymptotic regime, where
many identically and independently distributed quantum sys-
tems appear and (ii) the single shot regime, where scenarios
involve only a single quantum system. While in (i) von Neu-
mann entropies play a significant role, in (ii) it is the Rényi
o entropy that takes center stage [16]. Quantum entropies
have not only played their part in information processing,
but also have been used in the establishment of entropic Bell
inequalities [17], entropic steering inequalities [18,19], and
entropic uncertainty relations [20], which, in turn, is at the
heart of quantum cryptography [21].

Quantum entropies generalizes classical entropies in a way
and thus it is a function of the density matrix. In this perspec-
tive, consider a bipartite system shared between Alice and Bob
and ask the question “What amount of information Bob has
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to learn in addition to the knowledge he already possesses
to know the whole system?”. The answer to this question
is provided by conditional entropies. In the classical realm,
conditional entropies are always nonnegative in consonance to
our intuition. However, in the quantum situation conditional
entropies can be negative [22] marking a radical departure
from classical notions. In fact, certain entangled states possess
negative conditional entropy. An operational interpretation to
quantum conditional von Neumann entropy was given by the
authors in [23] akin to the classical Slepian-Wolf theorem
[24]. Recently, the negativity of conditional von Neumann
entropy was identified as a resource [25-27]. In another recent
work [28], it was noted that in any axiomatic characterization
of conditional entropy, this negativity is inevitable.

The present work investigates the relation between these
two extremely significant measures of quantum correlations,
namely, steering and conditional entropies. Probes were made
to see this in case of Bell-Clauser, Horne, Shimony, and
Holt (CHSH) inequalities [29] and conditional von Neumann
entropies in two-qubit systems [30]. The relation of Bell’s in-
equalities with quantum o entropies were investigated in [31].
As noted before, entropies were also used to form entropic
Bell’s inequalities [17] and entropic steering inequalities [18].
However, to the best of our knowledge, these studies have not
been done in the framework of steering and LHS models. Our
work tries to bridge this gap.

We start with two-qubit systems and probe the relation
of conditional entropies with the violation of a three-
settings steering inequality, quite prominently known as the
Cavalcanti, Jones, Wiseman, Reid (CJWR) inequality [32].
We show that, for the Weyl states (states with maximally
mixed marginals), the negativity of conditional Rényi 2-
entropy is necessary and sufficient for the violation of the
CJWR inequality. Upper bounds to the conditional entropy
of generic two-qubit quantum states are also provided which
guarantees the violation of the inequality. We then move from
a particular steering inequality to LHS models. We use a suf-
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where dimH, = dy and dim Hpg = dg. The Hermitian op-
erators gin for i = A, B are generalizations of the Pauli
matrices, i.e., they are orthogonal Tr[g),g,] = 28,,, and trace-
less, Tr[g),] = 0 and for single-qubit systems they coincide
with the Pauli matrices. The coefficients a,,, b, € R are the
components of the generalized Bloch vectors 4, b of the sub-
systems A, B, respectively. The real coefficients ¢, are the
components of the correlation tensor. For two-qubit systems
the density matrices can be represented as

1 N
p2®2=Z|:H2 xh+aoc®l,+1,®b.d
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Here & refers to the vector of qubit Pauli matrices.

ficient criteria for unsteerability [33] and find that, whenever
Weyl states are unsteerable due to the criteria, they possess
a nonnegative conditional Rényi 2-entropy. However, some
non-Weyl states present a different picture. We extend our
study to two-qudit systems and observe the behavior of LHS
models of the isotropic and Werner states [34] vis a vis con-
ditional Rényi 2-entropies. We observe, whenever the states
admit a LHS model, they have nonnegative conditional Rényi
2-entropy. We then introduce white noise in the Werner states
and note that the LHS model of the transformed state exhibits
the same characteristic.

The paper is arranged as follows. In the next section we
revisit some key notions important for our work and fix the
notations. In Sec. III, we study the relation between violation
of the CJWR inequality and conditional entropy of two-qubit
systems. In Sec. IV, we proceed to investigate the LHS mod-
els in two-qubit systems. We then explore the relation with
LHS models in two-qudits in Sec. V. We then end with the
concluding remarks.

II. NOTATION AND PRELIMINARIES

In this section we fix the notations and recapitulate some
notions important for the study. Our work is done in finite-
dimensional Hilbert spaces. Quantum states are described
by density operators p, i.e., a positive-semi-definite (o > 0),
Hermitian (which also follows from positivity) with unit trace.
o € B(H, ® Hp), where B(H, ® Hpg) (also known as the
Hilbert-Schmidt space) represents the bounded linear opera-
tors acting on Hy ® H. Hy, X = A, B denote the underlying
Hilbert space. S(.), Sq(.), Sg (.) denote, respectively, the von
Neumann, Rényi « entropy and Tsallis « entropy of the quan-
tum state being discussed.

A. Bloch-Fano decomposition of density matrices

For bipartite quantum systems, the density matrices can be
represented as [30]

dz 1 dffldlszl
®]IB+anHA® "+Z Ztnlng,?,@gﬁ]a (l)
n=1

m=1 n=1

(

An interesting class of states is the locally maximally mixed
states or Weyl states which in the two-qudit systems (up to
local unitaries) is given by

d>—1
P = [JIA®HB+ D wg, ®g3} 3)

The reduced marginals of such states are maximally mixed,
ie., Tralpl™'] = Iy /d and Trg[p) "] = Ip/d.

B. Quantum entropies

The von Neumann entropy of a quantum state p is defined
as

S(p) = —Tr[plog, pl, “4)

where the logarithms are taken to the base 2. The von
Neumann entropy has a special association with the eigen-
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values of the density matrix, i.e., it is a function of the
eigenvalues. The corresponding conditional von Neumann en-
tropy (CVNE) is given by S(A|B) = S(p) — S(pp).

The Rényi « entropy is given by

Sa(p) =

log, [Tr(p%)]l, o >0, #1. 5)

-«
The von Neumann entropy is the limiting case of the Rényi
a entropy as o« — 1. The corresponding conditional Rényi o
entropy (CRAE) is given by S, (A|B) = Sq(p) — Su(pB)-
Tsallis o entropy is given by

Sa(p) = [Tr(p*) =11, «>0,a#1.  (6)

l -«
The corresponding conditional Tsallis o entropy (CTAE) is

given by [35]
ST(A|B) = M_
(@ — DTr(p)

C. Quantum nonlocality
1. Bell nonlocality

Consider two parties, Alice and Bob to be spatially
separated, sharing some quantum state psp. They perform
measurements denoted by A,, B, respectively, on their par-
ticles, the inputs being labeled by x and y. The corresponding
outcomes at Alice’s and Bob’s side are labeled as a and b.
Now, for some hidden variable A and probability distribution
q(A), if all joint probabilities p(a, b|x, y) can be expressed as

pla, blx,y) = fAdMI(k)P(aIx, M)p(bly, 1), )

then we say that the state is local or has a local hidden variable
(LHV) model. Here, p(alx, 1) & p(bly, A) are said to be the
local response functions of Alice and Bob, respectively, and
q(A) is the probability distribution of the hidden variable A. If
Eq. (7) does not hold, we say that it is nonlocal and hence will
violate a suitably chosen Bell’s inequality [3].

2. Bell-CHSH Criterion

The Bell-CHSH criterion [29] gives a Bell’s inequality in
the two-qubit scenario when there are two parties performing
measurements in a two input-two output scenario. A neces-
sary and sufficient condition for its violation was provided in
[36]. Let p be a two-qubit density operator and its correlation
tensor be given by T = [t,,,]. Suppose that the largest two
eigenvalues of matrix TTT are A; and A,. Then the state p
violates the CHSH inequality iff their sum is greater than
1, i.e.,, A + X, >1 [36]. One should note here that a state
may satisfy the Bell-CHSH criterion, however, it may still be
nonlocal (through the violation of any other Bell’s inequality).

3. Quantum Steering

Quantum steering is an asymmetric form of nonlocality,
counted on the ability of Alice to steer the state on Bob’s
side with a choice of measurement on her side. Although the
concept of steering is not new, dating back to the contributions
of Schrodinger [7,8], the operational formulation was pro-
vided only in [9]. The notion of steering can be conveniently
expressed in the language of steering assemblages. Suppose

that there are two parties Alice and Bob spatially separated,
sharing quantum state p4p. Now Alice performs some type of
measurement, say x on her part of the state and the outcome
obtained is a. Bob remains with unnormalized conditional
state g4, (steering assemblage) for each measurement of
Alice. Now if Bob’s conditional state p,|, can be expressed as

Pue = / dAp(W)plalx, 1oy ®)
A

where o, is the hidden state (on Bob’s side) with probability
p()) and p(a|x, 1) is the local response function of Alice, then
we say that the state psp is unsteerable or has local hidden
state (LHS) model. Otherwise, the state p4p is steerable from
Alice to Bob. Steerability is an asymmetric trait. A state
which is steerable from Alice to Bob might not be steerable
from Bob to Alice.

4. CJWR inequality for steering

Cavalcanti, Jones, Wiseman and Reid (CJWR) derived a
series of correlators based inequalities [32] for verifying steer-
ability of p :

Ll
Filp.v) = —= ;m, ®B)| <1, ©)

with
Al=iy-o, B=1-0, (10)
where #; € R3are unit vectors whereas 9; € R3 denote  or-

thonormal vectors. v = {ity, itp, ..., i, 01, 0y, ..., U,} stands
for the collection of measurement directions, (A; ® B;) =
Tr[p(A; ® B;)]. Violation of Eq. (9) ensures both way
steerability of p in the sense that it is steerable from A to
B and vice versa. In particular, for n = 3, CJWR inequality
[Eq. (9)] for three settings takes the form
3

> (A ®B)

=1

<L (1)

1
F3(,O,V)= %

In [37], the analytical expression for the violation of the
linear inequality [Eq. (11)] was given. Any two-qubit state
shared between A and B is both-way Fj; steerable if

TR = 1, (12)

with T being the correlation tensor. One must note here that
entanglement is only a necessary criterion for Bell nonlocality
and steering.

III. CONDITIONAL ENTROPIES AND STEERABILITY
FOR TWO-QUBIT STATES

In this section we investigate the relation between condi-
tional entropies and F3 steerability for two-qubit Weyl states.
We start our discussion with the Werner state, which is a
special kind of Weyl state.

A. Werner states
1. Relation with conditional von Neumann entropy

Consider the two-qubit Werner state py*'(p) = %[Hz ®
I, — Z?=1 p(o; ® o;)]. Conditional von Neumann entropy is
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given by

1
SCAIB) e = —3(

CVNE is negative for p > 0.747614. The Werner state is
F; steerable for p > 0.57735. Thus, if the Werner state has
negative CVNE then it is three-steerable.

2. Relation with other a-conditional entropies

We see here the relation between F; steerability and CRAE
for the two-qubit Werner state. The Table I below notes nega-
tivity of CRAE fora = 2, 3,4, 5.

Note that the Werner state is F; steerable iff the conditional
Rényi 2-entropy is negative, a fact that we prove to be true
for all two-qubit Weyl states in the next subsection. Since
Sg (A|B) > 0 & S,(A|B) > 0[35], we arrive at the same con-
clusion for the conditional Tsallis 2-entropy.

B. Weyl states
We consider the Weyl states in two-qubits given by

1
py = 4[H2®H2+Zr,<a, ®ol)} (14)

i=1

The conditional Rényi 2-entropy of pweyl is given by
S52(A[B) wen = 1 —log, (1 +24242) and Fy(p)) =

Ji2+12+13. A simple algebraic calculation shows

that S>(A|B), v < 0 4 F3(pweyl) > 1. We thus have the

following theorem

Theorem 1. The two-qubit Weyl state is F3 steerable iff its
conditional Rényi 2-entropy is negative.

The same conclusion follows for the conditional Tsal-
lis 2-entropy due to its equivalence with conditional Rényi
2-entropy.

C. Two-qubit general state

We now consider the general two-qubit state p5
whose decomposition is given in Eq. (2). Its condi-
tional Rényi 2-entropy (CR2E) is given by S$:(A|B),s =
log,[ 242|[p|P

2L 1@l P+ 1B+ T2
norm, ||T||? = Te(TT), and it is F; steerable if ||T|| =
VTr(TTT) > 1. An algebraic calculation shows that the state

is F; steerable <> Sz(A|B)px < 10g2[ 141]B)1?

\au2+uhu2 I

], where ||.|| denotes the Euclidean

We thus have the following theorem.
Theorem 2. The two-qubit general state is F3 steerable iff

its CR2E< log, - LB,

HIAH +Hh\

TABLE I. Negativity of CRAE.

o 2 3 4 5

Negative CRAE L < p

7 % <p 045786 <p 0.432041 <p

— 1—
_p) log, (

143 143
p)—( 4p)10g2( 4p)—1. (13)

(

D. Absolute nonviolation of the CJWR inequality by the Weyl
states for a certain purity threshold

An interesting class of states, which we denote by AF3, is
the collection of states which preserve F3 unsteerability even
under global unitary operations. In [38], the authors proved
that a quantum state will remain F; unsteerable under arbitrary
global unitary operations iff its purity < % Therefore, we have

()] < 5

2
S1+i+3+5<2

< $2(A|B) jyen 2 0. (15)
2

In fact, the preceding shows that whenever the Weyl states
are F3 unsteerable, the unsteerability is robust even against
global unitary operations. However, this observation does not
hold true for a generic two-qubit state, for which we have the
following result.

The purity for a general two-qubit state is given by
Trl(p5)*] = ;11 + llall* + [1BI1*> + ||T||*] and CR2E is given
by S2(AIB),s = log,[ —22P° 1 Now, Tr{(pf)] <

11| P+ IBI P+ T |2
% = S2(A|B) o > 0. We thus have the following theorem.

Theorem 3. 1f p5 € AF; then CR2E is nonnegative.

E. Non-Weyl state
We now consider the state p§ = Blyg)(¥al + (1 —
B),/2 ®1,/2, where [y) = cosB8]|00) + sinf|11) and B €
[0, 1]. The state is F3 steerable and its conditional Rényi
2-entropy is negative when cos46 < 2’3 2_1 for 6 € (0, Z)U
%,n)U(n,S—”)U( Zn)andﬁe(m,l].Thus,the
state violates the CJWR inequality if and only if it possesses

a negative conditional Rényi 2-entropy, for the above restric-
tions on 6 and 8.

IV. CONDITIONAL ENTROPIES AND LHS MODELS IN
TWO-QUBITS

The CJWR inequality being a particular steering in-
equality, satisfaction of it does not imply that the state is
unsteerable. There may be other steering inequalities that the
state violates. Therefore, it is worthwhile to see the relation
between unsteerability (in terms of admitting LHS models)
and conditional entropies.

In [33], a sufficient condition for the unsteerability of states
was proposed, which is stated below. A two-qubit state of
the form py = }T[]Iz QRIL,+dsd1,+ Zi:’wz T.o; ® o;] is
unsteerable if max:[(@ - %)% + 2||T£[|] < 1, where % is a unit
normal vector and ||.|| corresponds to Euclidean norm [33].
We now present below our findings for some categories of
states admitting LHS model.
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A. Weyl states admitting local hidden-state models

For the Weyl states in two qubits, the sufficient con-
dition for unsteerability reads max;[2||7TX|]] < 1. Without
loss of generality we take the singular values of T as #; >
tp 2 t3. The condition thus gives, #; < % Since the con-
ditional Rényi 2-entropy for the Weyl state is given by
$2(A|B) e = 1 — log, (1 + 1t} + 1] + 1), we have that #; <

% implies Sz(AlB)pweyl > 0. Thus, whenever Weyl states obey
2

the sufficient criteria for unsteerability, they have a nonnega-
tive conditional Rényi 2-entropy.

B. LHS models for non-Weyl states

Consider a two-qubit non-Weyl state [33], ,0’2” = plve) (W
+(1-plpt @1, %) = cos x|00) + sinx|11),
pf = Trp(|) (Yxl); 0<x<Z, 0<p<1. Sufficient
condition for unsteerability of the state is given by

where

2p—1
Q—-pp*

Here, we observe that S>(A|B),n <O for some parame-

[cos(2x)]> > (16)

ter in the above range, one instance being p = \/iz,x =

% arccos[vV %(12 —42)].

However, on mixing white noise with the state we arrive at
a different observation, which we note below.

A state pj admits LHS model if there exists a unit trace
operator Oup such that O4p admits LHS model and p) =
rOap + (1 — r)g ® Op [39]. Consider now Oxp = ,og’l.

S2(A|B),, is nonnegative for

rz+4r2p2 —p2 -2

4x > ) 17
oS 2p* —r?2 — p*(1 — 2r?) 17
and pj is unsteerable for
22p-1) -2 -pyp’
cosdx > 2= . (18)
Let h(r,p) = 0p-D-Copp’ AP op2 g e

Q2-p)p’ 2p*—r*—p*(1-2r?)
0,%1rel0,1], p [0, 1].
Then, h(r, p) is nonnegative, some instances being

r=0, pe[2—+/3,11; re[0.132151,0.981434], pe

(v Hf%, 1]; »r =1, p = 1. Thus, implying that whenever the
state p;, admits an LHS model its conditional Rényi 2-entropy
is nonnegative for the above restrictions on r and p.

V. LHS MODELS IN d ® d SYSTEMS AND CONDITIONAL
ENTROPIES

A. Isotropic states

For the isotropic state in d ® d dimensions, given
by o =nlYa)(Wal + (1 =g ® g,  where |yq) =
\/LE Z;j:_ol |ii), the conditional Rényi 2-entropy is nonnegative
forn € (#, ﬁ].

The isotropic state admits an LHS model for projec-
tive measurements when 7 < ’Z":Il [9] where H; =1+
1/2+1/3+---+1/d. Since, H; = In(1 4 2d), after sim-

plifying the aforementioned upper bound we obtain 75 €
(#, %] where In is the logarithm taken in base e.
In the above intervals, the state is also entangled. Now if

we consider the function f(x) = \/% - %, then f is
1 1

positive for x > 3. Further in the case d = 2 since =>3
whenever the isotropic states admit an LHS model its condi-
tional Rényi 2-entropy is nonnegative. Thus, in this case the
isotropic states admitting LHS model forms a subset of the

states having nonnegative conditional entropy.

B. Werner states

If dy = dg = d then the state in Eq. (1) denoted by p$ has
its CR2E given by

d +2||b|?
14+ 2Ha||22i-2Hbll2 + 4Hde”2

$2(A|B) ¢ = log, 19)

We have S2(A|B)p5 is
IWd*(d — 1) —2d|al* + 2d(d — 1)||b]|%].

for the Werner state p)*" = d;:’" dLZ - ﬁ% where V is the

flip operator and given by V|ij) = |ji), CR2E is given by

nonnegative  iff ||T|| <

Therefore,

d3
S2(A|B)pwer =1 — ). 20
2( | )pd ng (d2+4||T||2) ( )
Here, ||T||? = {[T44H),
CR2E is nonnegative for the Werner state when
d«/d —1
7l < ——5— (2D

2 9
and it admits the LHS model, when n <1 — % [9]. After
solving the above inequality we obtain

Vd*—1
7

Tl < (22)

Define a function g(d) = d‘@ — */d;i’l for d > 2. Then
g(d) > 0 for d > 2. Thus, if the Werner state has LHS model
then its CR2E is nonnegative Yd > 2. Consider now, 10!1 =
rOap + (1 — )% ® Op, with O = pJ°".

So, p/; admits LHS model for

1

<1--, 23
n p (23)

and the CR2E of p), is nonnegative for
<41 (24)

TS VAT

_ _d-1 1y, .

Let F(r,d)= rm_(l_i)’ 0<r<1; d>2. Then

F (r,d) is nonnegative for 0 < r < 1;d > 2. Thus, if the state
p,; has the LHS model then its CR2E is nonnegative.

VI. CONCLUSION

The work here studies the relation between conditional
entropies of quantum systems and their steerability. We ob-
serve that, in the two-qubit scenario, states with maximally
mixed marginals violate the CJWR steering inequality (a
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particular three-settings steering inequality) iff they have neg-
ative conditional Rényi 2-entropy. For the general two-qubit
state, an upper bound to its conditional Rényi 2-entropy is
given which guarantees violation of the CJWR inequality.
Using a pertinent sufficiency criteria, we show that whenever
Weyl states in two-qubits are unsteerable (irrespective of any
particular inequality), they have a nonnegative conditional
Rényi 2-entropy. We extend our study to include LHS mod-
els in two-qudit systems, particularly for the isotropic and
Werner states, and find that whenever they admit LHS models,
they possess a nonnegative conditional Rényi 2-entropy. A
noisy variant of the two-qudit Werner state exhibits the same
trait.

We observe that the relation between quantum conditional
entropies and Bell-type inequalities is intricate where the
present work suggests that no direct relation exists for a

generic quantum state. However, we find that states with max-
imally mixed marginals do have a special role to play here
pertaining to the establishment of a direct relationship. Thus,
a significant area of future research could be to explore the
relation between local hidden-state models and conditional
entropy for states with maximally mixed marginals in arbi-
trary d ® d dimensions apart from the states already discussed
here. Another direction that warrants attention is to explore the
relation for multipartite systems.
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